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Preface

In this text, we define the Heegner module of an elliptic curve over a global
field. For global ground fields of positive characteristic, Drinfeld proved that
certain elliptic curves are the images of Drinfeld modular curves. On these
modular curves are points corresponding to Heegner points on classical mod-
ular curves. These points, called Drinfeld-Heegner points, correspond to gen-
erators of the Heegner module of the elliptic curve. Furthermore, for the case
of a Weil elliptic curve over the rational field Q, the Heegner module of the
curve is generated by the corresponding Heegner points.

The cohomology of the Heegner module of an elliptic curve over a global
field induces elements in the cohomology of the elliptic curve. As an applica-
tion, we prove the Tate conjecture for a class of elliptic surfaces over finite
fields. This case of the Tate conjecture is essentially equivalent to the con-
jecture of Birch and Swinnerton-Dyer for a corresponding class of elliptic
curves over global fields and is also equivalent to the finiteness of the Tate-
Shafarevich groups of these elliptic curves. This application is parallel to V.A.
Kolyvagin’s proof of the conjecture of Birch and Swinnerton-Dyer for a class
of Weil elliptic curves over the field of rational numbers.

Paris, March 2004 M.L. Brown
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1

Introduction

The points of departure of this text are twofold: first the proof by Drinfeld
in 1974 ([Dr1], see also Appendix B) of an important case of the Langlands
conjecture for GL2 over a global field of positive characteristic and second the
proof by Kolyvagin [K] in 1989 of the Birch Swinnerton-Dyer conjecture for
a class of Weil elliptic curves over the rational field Q.

A consequence of Drinfeld’s work is that an elliptic curve E over a global
field F of positive characteristic with split multiplicative reduction at a place is
an image of a Drinfeld modular curve (see Appendix B, §B.11). The analogues
of Heegner points on elliptic curves over the rational field Q may be then
constructed on the curve E; these points on E are called Drinfeld-Heegner
points.

These Drinfeld-Heegner points satisfy relations given by the action of the
Hecke operators on the Drinfeld modular curves. We may then define, by gen-
erators and these relations, a Heegner module attached to the elliptic curve
E. The Drinfeld-Heegner points of E generate a subgroup of E which is a ho-
momorphic image of the Heegner module; nevertheless, the Heegner module
is an object distinct from E. The cohomology of the Heegner module may be
computed to a large extent (see Chapter 6). As an application of the coho-
mology of the Heegner module, we may then prove under suitable hypotheses
the Tate conjecture for the elliptic surface over a finite field corresponding to
the elliptic curve E/F (see Chapter 7).

The final part of the proof of the Tate conjecture (see Chapter 7) is parallel
to Kolyvagin’s calculation with “Euler systems” (see [R]). In particular, the
derived cohomology classes of Kolyvagin transposed to the present case of
elliptic curves over function fields arise naturally as part of the cohomology
of the Heegner module.

Chapter 7 of this text is the sequel to the paper [Br2], in which we con-
sidered the Tate conjecture for surfaces equipped with a rational pencil of
elliptic curves; here we consider the general case of surfaces with an irrational

M.L. Brown: LNM 1849, pp. 1–11, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



2 Introduction

elliptic fibration. Furthermore, for the original case of a rational pencil of el-
liptic curves, we give much more complete results and eliminate some of the
technical hypotheses of the main theorem 1.1 of the first paper [Br2].

In this chapter below, we summarise the main results of this text.

1.1 Statement of the Tate conjecture

Let
k be a finite field of characteristic p with q = pm elements;
k̄ be an algebraic closure of k;
C/k be a smooth projective irreducible curve over k;
F be the function field of the curve C;
X/k be an elliptic surface over C; that is to say,X/k is a smooth projective

irreducible surface, equipped with a morphism f : X → C with a
section such that all fibres of f , except a finite number, are
elliptic curves;

E/F be the generic fibre of f : X → C, which is an elliptic curve E
over F ;

∞ be a closed point of C.

The zeta function ζ(X, s) of X is defined by the formula

ζ(X, s) =
∏

x∈X(k̄)

1
1− |κ(x)|−s .

By Grothendieck and Deligne, for every prime number l �= p the zeta function
takes the form

ζ(X, s) =
4∏

i=0

Pi(X, q−s)(−1)i+1

where we have

(i) Pi(X, t) = det(1− tΘ| H i
ét(X ×k k̄,Ql))

P0(X, t) = 1− t, P4(X, t) = 1− q2t,

where Θ is the Frobenius automorphism of X ×k k̄ relative to k;

(ii) Pi(X, t) ∈ Z[t] is independent of the prime number l for all i;

(iii) the roots of Pi(X, t) in C have absolute values equal to q−i/2.

Let ρ(X) be the rank of the Néron-Severi group NS(X) of X/k. The Tate
conjecture for this particular case of a surface over a finite field can be stated
in one of these three equivalent ways:
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(a) If l �= p, the cycle map

NS(X)⊗Z Ql → H2
ét(X ×k k̄,Ql(1))Gal(k̄/k)

is an isomorphism.
(b) The multiplicity of q as an inverse root of P2(X, t) is equal to ρ(X).
(c) The order of the pole of ζ(X, s) at s = 1 is equal to ρ(X).

[For more details see [Br2, Introduction], [T1], [T3].]

1.2 The Drinfeld modular curve XDrin
0 (I)

Let A be the coordinate ring Γ (C \ {∞},Oc) of the affine curve C \ {∞}. Let
I be a non-zero ideal of A.

The curve XDrin
0 (I) is the coarse moduli scheme of Drinfeld modules of

rank 2 for A equipped with an I-cyclic subgroup (Definition 2.4.2); this curve
is compactified by a finite number of cusps which correspond to “degenerate”
Drinfeld modules. The points of XDrin

0 (I)/F correspond to pairs (D,Z) where
D is a Drinfeld module of rank 2 for A and Z is a finite closed sub-group
scheme of D which is isomorphic to A/I, as an A-module-scheme.

This modular curve XDrin
0 (I) is an analogue for the global field F of the

classical modular curve X0(N) which is the coarse moduli scheme of elliptic
curves equipped with a cyclic subgroup of order N , where N is a positive
integer.

[For more details see, §2.4.]

1.3 Analogue for F of the Shimura-Taniyama-Weil
conjecture

Let E/F be an elliptic curve which admits “split Tate multiplicative reduc-
tion” at ∞. Let I be the non-zero ideal of the ring A which is the conductor,
without the place at ∞, of the elliptic curve E.

Thanks to the work of Drinfeld on the Langlands conjecture for GL(2),
there is a finite surjective morphism of curves

ψ : XDrin
0 (I)→ E.

This result is the analogue for the global field F of the Shimura-Taniyama-
Weil conjecture proved by Wiles [W] for semi-stable elliptic curves over Q.

[For more details, see §4.7 and Appendix B.]
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1.4 Drinfeld-Heegner points

Let K be a field which is an quadratic extension of F where the place ∞
remains inert; K is said to be an imaginary quadratic extension of F .

Let D be a Drinfeld module for A of rank 2 with complex multiplication
by an order O of K; let Z be an I-cyclic subgroup of D. Then the pair (D,Z)
represents a point on the modular curve XDrin

0 (I) (see §1.2).
If the quotient Drinfeld module D/Z has the same ring of endomorphisms

O as D then the point (D,Z) on the modular curve XDrin
0 (I) is called a

Drinfeld-Heegner point (see chapter 4).
If (D,Z) is a Drinfeld-Heegner point and ψ : XDrin

0 (I) → E is a finite
surjective morphism of curves, where E is an elliptic curve over F (see §1.3),
then the point ψ(D,Z) is called a Drinfeld-Heegner point of the elliptic curve
E.

The Drinfeld-Heegner points (D,Z) and ψ(D,Z) are rational over the ring
class field K[c], where c is the conductor of the order O of K relative to A
(see §§2.2,2.3).

1.5 Heegner sheaves

Let E/F be an elliptic curve equipped with a finite surjective morphism of
curves

ψ : XDrin
0 (I)→ E.

where I is the conductor, without the place at ∞, of E (see §1.3).
Let F sep be a separable closure of the field F . The set of Drinfeld-

Heegner points of E generates a subgroup H of the abelian group E(F sep) of
F sep-rational points of E. The groupH equipped with its action by the Galois
group Gal(F sep/F ) is then a sheaf of abelian groups for the étale topology of
Spec F (see chapter 4) where for any étale morphism U → Spec F we have

Γ (U,H) =
{
f : U → E | the geometric points of

| the image of f are Drinfeld−Heegner

}
.

Evidently H is a subsheaf of the étale sheaf defined by the elliptic curve E.
In the same way, the set of Drinfeld-Heegner points of XDrin

0 (I) defines a
sheaf of sets for the étale topology on Spec F . Furthermore, a sheaf of abelian
groups may be defined for the étale topology on the curve C and which is the
subsheaf generated by the Drinfeld-Heegner points of the sheaf defined by the
Néron model of E over C .

1.6 Hecke operators

Let z be a closed point of C \ {∞} let mz be the maximal ideal of the ring A
defined by z. If z is not in the support of Spec A/I, the Hecke operator Tz is
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defined on the curve XDrin
0 (I) by

Tz : (D,Z) �→
∑

H

(D/H, (Z +H)/H)

where H runs over the mz-cyclic subgroups of D and the right hand side of
this formula is a divisor on XDrin

0 (I).
[See §4.5 for more details.]

1.7 Bruhat-Tits buildings with complex multiplication

Let ∆(SL2(F )) be the euclidean Bruhat-Tits building for SL2 of the field F
equipped with its discrete valuation associated to a closed point z. For this
case of SL2, the building ∆(SL2(F )) is a tree.

Let L be the set of vertices of ∆(SL2(F )). Then a Bruhat-Tits tree with
complex multiplication is a couple (∆(SL2(F )),Exp) where Exp, called an
exponent function, is a map of sets (see chapter 3)

Exp : L → Z.

We are principally concerned with Bruhat-Tits buildings with complex
multiplication which arise in the following way. Let

M be a reduced 2-dimensional commutative F -algebra;
R be the discrete valuation ring of F associated to the closed point z;
π be a uniformising parameter of R;
S be the integral closure of R in M .

As M is a 2-dimensional vector space over F , the R-lattices contained in
M correspond surjectively to the elements of L. Two R-lattices Λ1, Λ2 in M
correspond to the same point in L if and only if they are equivalent, that is,
Λ1 = aΛ2 for some a ∈ F ∗.

To each lattice equivalence class [Λ] ∈ L, where Λ ⊂ M is a lattice of M ,
is associated the ring of endomorphisms EndMR (Λ) which is the subring of M
preserving Λ:

EndMR (Λ) = {m ∈M | mΛ ⊂ Λ}.
The ring EndMR (Λ) is uniquely determined by its conductor ideal [S :EndMR (Λ)],
which is an ideal of R, and depends only on the lattice class of Λ. The con-
ductor [S : EndMR (Λ)] is of the form πExp([Λ])R, where the exponent of the
conductor Exp([Λ]) is an integer; this defines a map

Exp : L → Z.

This pair (∆(SL2(F )),Exp) is a Bruhat-Tits building with complex multi-
plication. When the algebra M is not reduced, a Bruhat-Tits building with
complex multiplication may also be defined (chapter 3).
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This construction may be globalised to define a Bruhat-Tits net with com-
plex multiplication for any excellent Dedekind domain R (see §§3.9, 3.10, 3.11).

1.8 Bruhat-Tits buildings with complex multiplication
and Drinfeld-Heegner points

Let (D,Z) be a Drinfeld-Heegner point on XDrin
0 (I) relative to the imaginary

quadratic field extension K of F (see §1.4). Let z be a closed point of C \{∞}
where z is not in the support of Spec A/I; let Tz be the Hecke operator at z.
Then

Tz(D,Z)

is a divisor on XDrin
0 (I) whose irreducible components are also Drinfeld-

Heegner points.
The Drinfeld module D, which has complex multiplication by an order of

K, corresponds to an A-sublattice Λ of rank 2 of K, under the equivalence
between Drinfeld modules of infinite characteristic and lattices. Hence D cor-
responds via Λ to a vertex v of the Bruhat-Tits building ∆(SL2(F )) with
respect to the discrete valuation on F corresponding to z. The irreducible
components of Tz(D,Z) then correspond to the neighbouring vertices of v in
∆(SL2(F )). The exponents at z of the conductors of the endomorphism rings
of these components of Tz(D,Z) are then the values of an exponent function
Exp on the corresponding vertices of ∆(SL2(F )).

The endomorphism rings of the components of Tz(D,Z) are in this way de-
scribed by a Bruhat-Tits tree with complex multiplication (∆(SL2(F )),Exp)
with respect to z (see §§3.6-3.8).

1.9 Classification of Bruhat-Tits buildings with complex
multiplication

LetM , R, z be as in §1.7. Let (∆(SL2(F )),Exp) be the corresponding Bruhat-
Tits tree with complex multiplication.

We prove that there are precisely 4 distinct forms of the Bruhat-Tits trees
with complex multiplication (∆(SL2(F )),Exp), that is to say, 4 distinct forms
of the exponent functions Exp; there are 3 forms corresponding to the splitting
of the place z in the quadratic extension of algebras M/F and there is a 4th
form when M is not a reduced algebra.

We give a simple formula for the exponent functions Exp in terms of the
standard metric on the euclidean building ∆(SL2(F )) (see theorems 3.7.3,
3.7.5 and figures 1, 2, 3, and 4 of §3.8).
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1.10 The Heegner module of a galois representation

Let

ρ be a finite dimensional continuous representation over a local field L of
the galois group Gal(F sep/F ), where F sep denotes the separable
closure of F ;

K/F be an imaginary quadratic field extension;
R be a subring of L such that the character of ρ takes its values in R.

We construct a discrete galois R-module H(ρ) over Gal(Ksep/K) called
the canonical Heegner module attached to ρ and K/F with coefficients in R.

The Heegner module H(ρ) is defined by generators and relations over the
ring R. The generators are the symbols < b, c > where c runs over all effective
divisors on Spec A and b runs over all divisor classes of Pic(Oc), the Picard
group of the order Oc of K with conductor c. The relations are explicitly given
in (5.3.5)-(5.3.8); they are derived from the action of the Hecke operators on
Drinfeld-Heegner points.

The most important case of this construction of H(ρ) arises from elliptic
curves. Suppose that E/F is an elliptic curve equipped with a finite surjective
morphism of curves

ψ : XDrin
0 (I)→ E.

For any prime number l different from the characteristic of F , the curve E
provides a continuous l-adic representation

σ : Gal(F sep/F )→ EndQl(H
1
ét(E ×F F sep,Ql)).

Let K/F be an imaginary quadratic extension field of F in which all primes
dividing the conductor of E, except∞, split completely. The character of this
representation σ takes its values in Z. The Heegner module H(σ) attached
to σ and K/F is then an abelian group equipped with the structure of a
discrete Gal(Ksep/K)-module; it is also equipped with a galois-equivariant
homomorphism (see examples 5.3.18)

f : H(σ)(0) → E(F sep)

where H(σ)(0) is the direct summand of H(σ) generated by the symbols
< b, c > where c runs over all effective divisors on Spec A prime to a particular
finite exceptional set of prime divisors. The image of this homomorphism is
precisely the subgroup of E(F sep) generated by the Drinfeld-Heegner points;
that is to say, the image f(H(σ)(0)) may be considered as a sheaf of abelian
groups for the étale topology on Spec K and it coincides with the Heegner
sheaf H of E, as in §1.5.

[See chapter 5 for more details.]
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1.11 Cohomology of the Heegner module

As in the preceding section §1.10, let H(ρ) over Gal(Ksep/K) be the Heegner
module over R attached to ρ, K/F , and R.

The Heegner module H(ρ) is an abelian representation of Gal(Ksep/K) in
that the action of this galois group factors through an abelian quotient.

More precisely, let K[c] be the ring class field of K over F with conductor
c (§2.3). Then H(ρ) may be expressed as a direct limit

H(ρ) = lim−→Hc

where c runs over all effective divisors on Spec A and Hc is a Gal(K[c]/K)-
module and is an R-module of finite type. This direct limit (which under a
simple hypothesis is a direct union; see corollary 5.9.4) defines a filtration on
H(ρ) and gives this Heegner module the structure of a discrete module over
the abelian galois group

Gal
(⋃

c

K[c]/K
)
.

For any R-algebra S and any prime divisor z in the support of c, we
attempt to determine in Chapter 6 the galois cohomology groups

Hi(Gal(K[c]/K[c− z]),Hc ⊗R S), for i ≥ 0.

This is the first step in the determination of the galois cohomology groups

H i(Gal(Ksep/K),H(ρ)⊗R S), for i ≥ 0.

The most precise results we obtain are for the case where S is an infinitesimal
trait that is to say an artin local ring which is a quotient of a discrete valuation
ring.

[See chapter 6 for more details.]

1.12 The Tate conjecture and the Heegner module

Let E/C be the Néron model of the elliptic curve E/F . Then E can be con-
sidered as a sheaf of abelian groups on C for the étale topology.

The Tate-Shafarevich group of E/F is defined by
∐∐

(E,F ) = H1
ét(C, E).

As k is a perfect field, this says that
∐∐

(E,F ) is the group of principal
homogeneous of E/F which are everywhere locally trivial. Thanks to the work
of Artin, Tate and Milne, the finiteness of the group

∐∐
(E,F ) is equivalent

to the Tate conjecture for the elliptic surface E/k of §1.1.
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Suppose that E/F is an elliptic curve equipped with a finite surjective
morphism of curves over F

ψ : XDrin
0 (I)→ E.

For any prime number l different from the characteristic of F , we have a
continuous l-adic representation

ρ : Gal(F sep/F )→ EndQl(H
1
ét(E ×F F sep,Ql)).

Let K/F be an imaginary quadratic extension field of F in which all primes
dividing the conductor of E, except ∞, split completely. As in §1.10, let
H(ρ) = lim→ Hc be the Heegner module attached to ρ and K/F and the ring
of coefficients Z; we have a morphism of sheaves for the étale topology over
Spec K

f : H(ρ)(0) → E.
The morphism of sheaves f provides homomorphisms of cohomology

groups

(
Hc ⊗Z

Z

nZ

)Gal(K[c]/K) → H1
ét(Spec K[c], En)Gal(K[c]/K)

for all integers n ≥ 1 prime to the characteristic of F and all c prime to a
finite exceptional set of divisors, where En is the n-torsion subgroup of E.
This gives rise (see (7.14.5)) to the fundamental Heegner homomorphism, for
all n prime to a finite exceptional set of prime numbers,

(
Hc ⊗Z

Z

nZ

)Gal(K[c]/K) → H1
ét(Spec K,E).

The subgroups of H1
ét(Spec K,E) coming from the calculation of the coho-

mology of the Heegner module H(ρ), by a fine analysis in Chapter 7, enables
us to show, under suitable hypotheses, the finiteness of the Tate-Shafarevich
group
∐∐

(E,F ) and hence to prove the Tate conjecture for E/k.

1.13 Statement of the main result on the Tate
conjecture

In this section, let F be a global field of positive characteristic and with exact
field of constants k; fix a place ∞ of F with residue field equal to k. Let E/F
be an elliptic curve with an origin and with split multiplicative reduction at
∞. Then E/F is equipped with a map of F -schemes

π : XDrin
0 (I)→ F

where I, which is an ideal of A, is the conductor of E without the component
at ∞ (see §1.3). Let K be an imaginary quadratic extension field of F for
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which every prime dividing the conductor of E/F , except∞, splits completely
in K/F . Let < 0, I1, 0, π > be a Drinfeld-Heegner point of E(K[0]) (for the
notation, see (4.8.2)). Put

x0 = TrK[0]/K < 0, I1, 0, π >∈ E(K).

Let ε = ±1 be the sign in the functional equation of the L-function of E/F .

1.13.1. Theorem. Suppose that K �= F ⊗Fq Fq2 and that x0 has infinite
order in the group E(K). Let E/k (resp. E ′/k) be a proper smooth model of
the Néron model of the elliptic curve E/F (resp. E ×F K/K). Then we have:
(i) E(F ) is a finite abelian group if ε = +1, and is an abelian group of rank
1 if ε = −1;
(ii) E(K) is an abelian group of rank 1;
(iii) The Tate conjecture holds for the elliptic surfaces E/k and E ′/k (see §1.1);
(iv) The Birch-Swinnerton-Dyer conjecture holds for the elliptic curves E/F
and E ×F K/K (see [Br2, Introduction]);
(v) The Artin-Tate conjecture holds for the elliptic surfaces E/k and E ′/k
provided that char.(F ) �= 2 (see [Br2, Introduction]).

1.13.2. Remark. In this extension of the main theorem 1.1 of [Br2], the hy-
potheses stated therein have been largely eliminated. It is probable that the
hypothesis that p �= 2 in part (v) of the above theorem 1.13.1 can be dispensed
with completely.

1.14 Heegner points on the classical modular curve
X0(N)/Q

In this paper, we apply the methods developped to the Tate conjecture for
elliptic surfaces over finite fields. Nevertheless, the work below applies equally
to classical Heegner points on elliptic curves over Q and in this way goes
beyond prior work of Kolyvagin on the Birch-Swinnerton Dyer conjecture. In
particular, the Bruhat-Tits trees with complex multiplication, global Bruhat-
Tits nets, Heegner sheaves, and Heegner modules, defined in Chapters 3,4,
and 5, and the cohomology of the Heegner module computed in Chapter 6,
with minor modifications, also apply to elliptic curves over Q.

1.15 Prerequisites and guide

Prerequisites for reading this text are scheme theory, class field theory, and a
basic knowledge of Drinfeld modules and elliptic curves ([H), [N], [DH], [Si1],
and [Si2] respectively). Group cohomology is used throughout but almost all
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the basic definitions are given. Etale cohomology, except for §§5.4,5.5, is hardly
used until the final chapter 7 (see [M2]).

Drinfeld’s proof of a particular case of the Langlands conjecture for GL2

is presented in Appendix B but only the statement of the result and its impli-
cations for elliptic curves over function fields are required to follow the main
text (see §B.11 and notably theorem B.11.17). Rigid analytic modular forms
and rigid analytic spaces are sketched in Appendix A; but this is inessential
for understanding the main text.

The important results not covered in this text are the following:
(i) Igusa’s determination of the Galois action on torsion points on elliptic

curves over function fields [I].
(ii) The relation between the conjectures of Tate, Artin-Tate, for surfaces

over finite fields and the Birch Swinnerton-Dyer conjecture for
elliptic curves over function fields (see [T1], [T3], [M1]).

It is unnecessary to read the whole text to follow the proof of the Tate
conjecture theorem 1.13.1. For this, it is sufficient to read the following:

(a) Examples 5.3.18(1) and the definition of the Heegner module
in §§5.3.1-5.3.11.

(b) That part of section 5.6 on Kolyvagin elements notably
proposition 5.6.12.

(c) Case (1) of the table 6.10.7 (z remains prime in K/F and is
prime to c) on the galois invariants of the Heegner module.

(d) Chapter 7.

For a clear presentation of a special case of Kolyvagin’s work on elliptic curves
over Q, see [GB2].
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Preliminaries

This chapter contains preliminaries on orders in quadratic extension fields,
ring class fields, complex multiplication of Drinfeld modules, and Drinfeld
modular curves. Proofs in this chapter are usually omitted as the results of
this chapter are essentially well known.

In this chapter and the chapters 3 and 4, we extend the results of Section 2
of the paper [Br2] to the general case of global fields of positive characteristic
p > 0. In [Br2, §2], the ground field is assumed to be the rational function field
F = k(T ) and in some instances the characteristic p is assumed to be different
from 2. The results of [Br2, §2] generalise with few changes; nevertheless, some
differences arise because the affine coordinate ring A (see §2.1 below) need
no longer have class number 1. We shall give much more complete results
than those of [Br2, §2] and indeed give complementary results for the case of
rational function fields.

2.1 Notation

The following notation is fixed for the rest of this paper:
k is a finite field with q = pm elements;
θ is the Frobenius x �→ xp;
C/k is an integral smooth 1-dimensional projective k-scheme, where k is

the exact field of constants (a curve);
∞ is a closed point of C/k;
Caff is the affine curve C \ {∞};
A is the coordinate ring H0(Caff ,OCaff ) of the affine curve Caff ;
F is the fraction field of A (that is, the function field of C/k);
κ(z), where z is a closed point of C, is the residue field at z;
K/F is a quadratic extension field of F ;
B is the integral closure of A in K.

M.L. Brown: LNM 1849, pp. 13–30, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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2.2 Orders in quadratic field extensions

(2.2.1) We list below various elementary properties of orders in quadratic field
extensions; these are easily verified and most proofs are omitted.

(2.2.2) One says that K/F is imaginary if the point ∞ is inert or ramified in
the quadratic field extension K/F .

(2.2.3) The ring B is a finite A-module [ZS, Vol. 1, Ch. 5, §4, Th. 9] and is a
Dedekind domain.

(2.2.4) An order O in K with respect to A is an A-subalgebra of B whose
field of fractions is equal to K.

(2.2.5) The conductor of an order O is [B : O]A, which is an ideal of A.
We then have that Spec A/[B : O]A is a zero dimensional closed subscheme

of Spec A to which we may associate an effective divisor c on Caff

c =
∑

p∈ Spec A

p.ordp[B : O]A

which we also call the conductor of O. We have c = 0 if and only if O = B.

(2.2.6) There is a bijection (as in [Br2, §2.4]) between orders Oc of K with
respect to A and effective k-rational divisors c on the affine curve Caff , where
c is the conductor of Oc. This is written

c �→ Oc = A+BI(c)

where I(c) is the ideal of A cutting out the effective divisor c.

(2.2.7) For effective divisors c, c′ on Caff we have c ≥ c′ if and only if Oc ⊂ Oc′ .
Let

f : Spec Oc′ → Spec A

be the structure map. If c ≥ c′ then the map Spec Oc′ → Spec Oc obtained
from inclusion is finite and is an isomorphism outside the closed subscheme
of Spec Oc′ given by

f−1{p ∈ Spec A| ordp(c) > ordp(c′)}.

(2.2.8) The units of the order Oc are given by

O∗c =
{
A∗, if c �= 0;
B∗, if c = 0.
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(2.2.9) Let p be a maximal ideal of A which is contained in the support of the
effective divisor c on Caff . Then there is a unique prime ideal of Oc lying over
p. This prime ideal is equal to, in the notation of (2.2.6),

p + I(c)B.

(2.2.10) Let p be a maximal ideal of A. Let c be an effective divisor on Caff

whose support contains p that is to say

c = m.p + (prime to p)

where m ≥ 1. Let q1, . . . , qi (i ≤ 2) be the prime ideals of B lying over p.
Let p1 = q1 ∩ Oc, which is the unique prime ideal of Oc lying over p. Let Bp

denote the semi-local ring

(B − q1 − . . .− qi)−1B = B ⊗A Ap.

The quotient of unit groups of the localizations

B∗p/O
∗
c,p1

is a finite group and the natural map B → Bp induces an isomorphism of
finite multiplicative groups

B∗p/O
∗
c,p1
∼= (B/pmB)∗/(A/pm)∗.

Furthermore, if B̂p and Ôc,p1 are the corresponding completions of these semi-
local rings with respect to their jacobson radicals then we have a natural
isomorphism of quotients of multiplicative groups

B̂∗p/Ô
∗
c,p1
∼= B∗p/O∗c,p1

.

(2.2.11) Suppose now that c ≥ c′ are effective divisors on Caff where c is as
in (2.2.10) above and

c′ = m′.p + (prime to p)

where m ≥ m′ ≥ 1, so that p is in the support of both c and c′.
Let U(m,m′, p) denote the subgroup of “higher principal units” of

(B/pmB)∗/(A/pm)∗ that is the group given as the kernel of the natural sur-
jective homomorphism

U(m,m′, p) = ker
{
(B/pmB)∗/(A/pm)∗ → (B/pm

′
B)∗/(A/pm

′
)∗
}
.
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Let p1 be the unique prime ideal of Oc which lies over p. Let p′1 be the unique
prime of Oc′ lying over p. The quotient of unit groups of the localizations

O∗c′,p′1/O
∗
c,p1

is a finite abelian group; we have a natural isomorphism of groups obtained
from (2.2.10)

O∗c′,p′1/O
∗
c,p1
∼= U(m,m′, p).

Furthermore, if Ôc′,p′1 and Ôc,p1 are the corresponding completions of these
local rings with respect to their maximal ideals then we have a natural iso-
morphism of quotients of multiplicative groups

Ô∗c′,p′1/Ô
∗
c,p1
∼= O∗c′,p′1/O

∗
c,p1
.

(2.2.12) Let c ≥ c′ be effective divisors on Caff . The inclusion map Oc ⊂ Oc′
then gives rise to a surjective homomorphism of abelian groups, where Pic(R)
denotes the Picard group of a ring R,

tc,c′ : Pic(Oc)→ Pic(Oc′).

(2.2.13) In the case where c′ = 0 and c > 0, the kernel ker(tc,0) of the homo-
morphism tc,c′ of Picard groups of (2.2.12) is given, by

ker(tc,0) ∼=
(B/I(c)B)∗

(A/I(c))∗
/(B∗/A∗)

where I(c) is the ideal of A cutting out c.

[In order to prove this, for any effective divisors c ≥ c′ on Caff put
X = Spec Oc′ , Y = Spec Oc, and j : X → Y the map obtained from the
inclusion Oc ⊂ Oc′ . We then obtain an exact sequence of sheaves of abelian
groups for the Zariski topology on X

0→ j−1O∗Y → O∗X → H→ 0

where j−1O∗Y denotes the inverse image sheaf [H, p.65] and where H is a
skyscraper sheaf with support contained in the set of the points of X where
c and c′ differ. The long exact sequence of cohomology then gives an exact
sequence

0→ O∗c → O∗c′ → H0(X,H)→ H1(X, j−1O∗Y )→ H1(X,O∗X)→ 0

where we evidently have H1(X,H) = 0. Furthermore we have

H1(X, j−1O∗Y ) = Pic(Oc)

H1(X,O∗X) = Pic(Oc′).



2.2 Orders in quadratic field extensions 17

This gives the exact sequence of abelian groups

(2.2.14) 0→ O∗c → O∗c′ → H0(X,H)→ Pic(Oc)→ Pic(Oc′)→ 0.

In the particular case where c′ = 0, we have by (2.2.10)

H0(X,H) =
(B/I(c)B)∗

(A/I(c))∗
.

This with the exact sequence (2.2.14) gives the expression above for the kernel
ker(tc,0) in the case where c > c′ = 0.]

(2.2.15) In the case where c > c′ > 0, for the kernel ker(tc,c′) of the surjective
homomorphism

tc,c′ : Pic(Oc)→ Pic(Oc′)

we have an isomorphism

ker(tc,c′) ∼=
(B/I(d)B)∗

(A/I(d))∗
∏

p∈ Supp (c′)

U(mp,m
′
p, p).

The product is over all maximal ideals p of A in the support of the divisor c′.
Here the symbols are given by

c =
∑

pmp.p;
c′ =
∑

pm
′
p.p;

d =
∑

p �∈ Supp (c′)mp.p is the greatest effective divisor which is ≤ c and
prime to c′;

I(d) is the ideal of A defining the effective divisor d.

[This formula follows immediately from (2.2.10), (2.2.11), (2.2.13) and the
exact sequence (2.2.14): with the notation above and that of (2.2.13) we have
the isomorphism

H0(X,H) ∼=
(B/I(d)B)∗

(A/I(d))∗
∏

p∈ Supp (c′)

U(mp,m
′
p, p). ]
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2.3 Ring class fields

In this section we give some generalities on ring class field extensions associ-
ated to orders in imaginary quadratic extensions.

(2.3.1) Let

K/F be an imaginary quadratic field extension, with respect to ∞
(§2.2, (2.2.2));

B be the integral closure of A in K;
Kab be the maximal abelian separable extension field of K;
JK be the idèle group of K;
JK/K

∗ be the idèle class group of K;
[−,Kab/K] : JK/K∗ → Gal(Kab/K) be the Artin reciprocity map.

The homomorphism [−,Kab/K] is injective and its image consists of ele-
ments of Gal(Kab/K) whose restrictions to Gal(k̄/k) are integral powers of
the Frobenius automorphism, where k̄ is the algebraic closure of k.

(2.3.2) Let

Oc be an order of K, relative to A, with conductor c (§2.2, (2.2.6));
Av, for a place v distinct from ∞ of F , denote the localization of the ring

A at the maximal ideal corresponding to v;
Âv be the completion of Av with respect to the topology defined by the

maximal ideal of Av;
Ôc,v be the completion of the semi-local ring Oc ⊗A Av with respect to

the topology defined by its jacobson radical, that is to say
Ôc,v = Oc ⊗A Âv;

Gc = K∗∞
∏
v �=∞ Ô

∗
c,v be the subgroup of the idèle group JK whose

components are the units of Ôc,v for all places v �=∞ of F , and K∗∞
for the component at v =∞, and where in the product v runs over
all places of F .

For a given place v �=∞ of F , that part Ô∗c,v of the product for Gc is a sub-
group of (B⊗AAv)∗ which is the unit group of the product of the completions
of B at all the places of K lying over v. Note that distinct places of K may
give rise to the same restriction on Oc. Then K∗Gc/K∗ is an open subgroup
of finite index in the idèle class group JK/K∗; hence via the reciprocity map
K∗Gc/K∗ corresponds to a finite abelian galois extension field K[c] of K.

(2.3.3) The field extension K[c]/K defined in (2.3.2) is called the ring class
field extension with conductor c.
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(2.3.4) The Artin reciprocity map induces an isomorphism

Pic(Oc) ∼= Gal(K[c]/K).

If p is a prime ideal of B which is unramified inK[c]/K, then this isomorphism
associates the Frobenius element at p of the abelian Galois group Gal(K[c]/K)
to the Cartier divisor class [p ∩ Oc] in Pic(Oc) of the locally free Oc-module
p ∩Oc of rank 1.

(2.3.5) Let c ≥ c′ be effective divisors on Caff . Then by (2.3.4), the galois
group Gal(K[c]/K[c′]) is naturally isomorphic to the kernel

(2.3.6) ker(Pic(Oc)→ Pic(Oc′)).

Let I(c) be the ideal of A defining the conductor c. By (2.2.13) we then obtain
that if c �= 0 there is a natural isomorphism

(2.3.7) Gal(K[c]/K[0]) ∼=
(B/I(c)B)∗

(A/I(c)))∗
/(B∗/A∗).

More explicitly, if c �= 0 and

c =
∑

p

mp.p

then we have the natural group isomorphism

(2.3.8) Gal(K[c]/K[0]) ∼=
{ ∏

p∈Supp(c)

(B/pmpB)∗/(A/pmp)∗
}
/(B∗/A∗).

(2.3.9) In general, if c > c′ > 0 then by (2.2.15) and (2.3.5) we obtain a
natural isomorphism

(2.3.10) Gal(K[c]/K[c′]) ∼=
(B/I(d)B)∗

(A/I(d))∗
∏

p∈ Supp (c′)

U(mp,m
′
p, p).

The product here is over all maximal ideals p of A in the support of the divisor
c′ and, as in (2.2.15), the divisor d is the greatest effective divisor ≤ c and
prime to c′ and

mp = ordpc, m′p = ordpc
′.

(2.3.11) The numerical order of the Galois group Gal(K[c]/K[c′]) is given by
these formulae. For any prime divisor z of Caff , define an integer (z,K/F ) in
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Z by the recipe

(z,K/F ) =






−1, if z is inert in K/F
+1, if z splits completely in K/F
0, if z ramifies in K/F .

If n is a positive integer then from (2.3.8) we have that K[n.z]/K[0] is a field
extension of degree

|κ(z)|n−1(|κ(z)| − (z,K/F ))/|B∗/A∗|.

The extension K[z]/K[0] is cyclic if z is inert or splits completely in K/F ,
but need not be cyclic if z is ramified in K/F .

(2.3.12) Let z be a prime divisor in Supp(c) where c ∈ Div+(A), c �= 0.
(a) If c− z �= 0 then the field extension K[c]/K[c− z] has degree equal to

{
|κ(z)| − (z,K/F ), if z �∈ Supp(c− z)
|κ(z)|, if z ∈ Supp(c− z).

(b) If z �∈ Supp(c − z) and either z is inert or split completely in K/F then
Gal(K[c]/K[c− z]) is cyclic of order prime to the characteristic of F .

On the other hand, if either z ∈ Supp(c− z) or z is ramified in K/F then
Gal(K[c]/K[c − z]) is a direct sum of cyclic groups of prime order equal to
the characteristic of the field F .
(c) The group Gal(K[c]/K[c− z]) is pure that is to say a direct sum of cyclic
groups of the same order.

[Part (c) follows from (b). The parts (a) and (b) follow from the explicit
description of the group G = Gal(K[c]/K[c− z]) given in (2.2.15) and (2.3.9)
by considering the separate cases as we now check. Let p be the prime ideal
of the affine coordinate ring A corresponding to the point z.

Case 1. Assume that z �∈ Supp(c− z).
Then we have an isomorphism

G ∼=






(B/pB)∗/(A/p)∗ if c− z �= 0

(B/pB)∗/(A/p)∗

B∗/A∗
if c− z = 0.

(a) Suppose that p is inert in the field extension K/F .
As B/pB is a finite field its group (B/pB)∗ of non-zero elements is cyclic.

Hence the group G is cyclic of order prime to the characteristic of F .
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(b) Suppose that p is split completely in the field extension K/F .
We have an isomorphism of rings

B

pB
∼=
A

p
× A

p
.

Hence we have the isomorphism of groups

G ∼=






(A/p)∗ if c− z �= 0
(A/p)∗

B∗/A∗
if c− z = 0.

Again (A/p)∗ is a finite cyclic group as it is the group of units of a finite field;
hence the group G is cyclic of order prime to the characteristic of F .

(c) Suppose that p is ramified in the field extension K/F .
Let π be a local parameter of the infinitesimal trait B/pB (definition

6.7.5). Then we have an isomorphism

(B/pB)∗/(A/p)∗ ∼= (B/π2B)∗/(A/p)∗.

As the residue field of B/pB is isomorphic to A/p we obtain an isomorphism
of groups

(B/pB)∗/(A/p)∗ ∼= (A/p)+

where (A/p)+ is the additive group if the field A/p. If the field extension
K/F admits ramified primes such as p then we have B∗ = A∗ and hence G is
isomorphic to the additive group of the field A/p and hence is a direct sum
of cyclic groups of order equal to the characteristic of F .

Case 2. Assume that z ∈ Supp(c− z).
Let r ≥ 1 be the order of z in the divisor c− z. Then G is isomorphic to

a kernel as follows

G ∼= ker{(B/pr+1B)∗/(A/pr+1)∗ → (B/prB)∗/(A/pr)∗}.

(a) Suppose that p is inert in the field extension K/F .
As p is inert in K/F the infinitesimal traits B/pr+1B (definition 6.7.5)

and A/pr+1 have the same local parameter π Hence G is isomorphic to the
kernel of the natural homomorphism

G ∼= ker{(B/πr+1B)∗/(A/πr+1A)∗ → (B/πrB)∗/(A/πrA)∗}.

It follows that there is an isomorphism

G ∼= (B/πB)+/(A/πA)+

where (B/πB)+, (A/πA)+ are the additive groups of the finite fields B/πB,
A/πA. Hence G is a direct sum of cyclic groups of order equal to the charac-
teristic of F .
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(b) Suppose that p is split completely in the field extension K/F .
Let p1, p2 be the distinct prime ideals of B lying over p. Then we have

isomorphisms

(B/pr+1B)∗/(A/pr+1)∗ ∼= (B/pr+1
1 )∗ × (B/pr+1

2 )∗/(A/pr+1)∗ ∼= (A/pr+1)∗.

Hence we have a group isomorphism

G ∼= ker{(A/pr+1)∗ → (A/pr)∗}.

As r ≥ 1 it follows that we have an isomorphism G ∼= (A/p)+; that is to say
G is isomorphic to the additive group of the finite field A/p. Hence G is a
direct sum of cyclic groups of order equal to the characteristic of F .

(c) Suppose that p is ramified in the field extension K/F .
Let π be a local parameter of the infinitesimal trait B/pB (definition

6.7.5). Then we have an isomorphism

(B/pr+1B)∗/(A/pr+1)∗ ∼= (B/π2(r+1)B)∗/(A/pr+1)∗.

Hence we have an isomorphism

G ∼= ker{(B/π2(r+1)B)∗/(A/pr+1)∗ → (B/π2rB)∗/(A/pr)∗}.

As the residue field of B/pB is isomorphic to A/p, we obtain an isomorphism
G ∼= (A/p)+ where (A/p)+ is the additive group if the field A/p. Hence G is
a direct sum of cyclic groups of order equal to the characteristic of F . ]

(2.3.13) Suppose that c ∈ Div+(A) and z is a prime divisor of Caff .

(a) The primes ramified in K[c]/K are precisely the primes in the support
of c.

(b) The extension K[c]/K is split completely at the place of K lying
above ∞.

(c) If z �∈ Supp(c) then for any positive integer n, the galois extension
K[c+ nz]/K[c] is totally ramified at all places of K[c] above z.

[For the proof, assume that the prime divisor z of Caff is not in the support
of c. As in (2.3.2), let

Gc+nz = K∗∞
∏

v �=∞
Ô∗c+nz,v

be the subgroup of the idèle group JK which corresponds to the ring class field
K[c+nz] via the reciprocity map. Write CK for the idèle class group JK/K∗.
Then we have a commutative diagram of abelian group homomorphisms
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0→ Gal(K[c+ nz]/K[c]) → Gal(K[c+ nz]/K) → Gal(K[c]/K)→ 0
↑ ↑

CK/K
∗Gc+nz/K∗ → CK/K

∗Gc/K∗

where the horizontal morphisms form an exact sequence and the vertical ar-
rows are the reciprocity isomorphisms. Let w be a prime of K lying over
the prime z of F . Let U denote the subgroup of CK given by the idèles
(1, 1, . . . , 1, aw, 1, . . .) where aw is the w-component of the idèle and aw is a
unit in the completion ofK at w (i.e. aw is a unit of the corresponding discrete
valuation ring). By the above diagram, (2.3.8), and (2.3.10), the image of U in
Gal(K[c+nz]/K) is precisely the subgroup Gal(K[c+nz]/K[c]). It follows that
the inertia group of w in Gal(K[c+ nz]/K) is equal to Gal(K[c+ nz]/K[c]).
Therefore the primes of K above z are unramified in the extension K[c]/K
and the primes above z in K[c] are totally ramified in the field extension
K[c + nz]/K[c]. This proves (c); parts (a) and (b) are obvious by class field
theory. ]

2.4 The Drinfeld moduli schemes YDrin
0 (I), XDrin

0 (I), Md
I

We give a few brief remarks on the basic geometric properties of the Drinfeld
moduli schemes YDrin

0 (I), XDrin
0 (I), andMd

I . For some further details on these
moduli schemes as well as the moduli scheme Md

H , see appendices A and B.
For properties of the generic fibres of these moduli schemes, which are curves
over global fields of positive characteristic, see [Ge].

(2.4.1) Let I be a non-zero ideal of A. Let S be a locally noetherian A-scheme
and D/S a Drinfeld module of rank 2 for A. We may assume that D is a
standard Drinfeld module given by the pair (GL, φ), where L is a line bundle
L on S, where GL is the additive S-group scheme SpecOS

⊕∞
n=0 L⊗n, and

where φ : A→ End(GL) is a k-algebra homomorphism.

2.4.2. Definition. An I-cyclic subgroup Z of D/S is a finite flat subgroup
scheme Z/S of GL/S and a homomorphism of A-modules

ψ : A/I → GL(S)

such that there is an equality of relative Cartier divisors of GL/S
∑

m∈A/I
ψ(m) = Z.

2.4.3. Remark. For the case where A = Fq[T ], an I-cyclic subgroup of D/S
was defined in [Br2, Definition 2.6.1]. The above definition is an immediate
generalisation of this case.
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This method of defining supplementary structures on moduli problems, by
equality of Cartier divisors, is due to Drinfeld. It equally applies to moduli
of elliptic curves (see [KM]); by this means some technical difficulties that
formerly arose in the theory of moduli of elliptic curves are avoided.

(2.4.4) Let YDrin
0 (I) denote the coarse moduli scheme of rank 2 Drinfeld mod-

ules equipped with a cyclic I-structure; that is to say, YDrin
0 (I) is a coarse

moduli scheme for the functor on the category A− Sch of locally noetherian
A-schemes given by

A− Sch→ Sets

S �→






S − isomorphism classes of pairs (D,Z) where
D/S is a Drinfeld module of rank 2 and Z/S is an

I − cyclic subgroup of D






(2.4.5) If L is an algebraically closed field then the L-valued points of YDrin
0 (I)

are represented by pairs (D,Z) where D/L is a Drinfeld module of rank 2 for
A and Z/L is an I-cyclic subgroup of D.

(2.4.6) For any integer d ≥ 0, let Md
I denote the coarse moduli scheme of

Drinfeld modules for A of rank d equipped with a full level I-structure.
If Spec A/I contains at least two elements thenMd

I is a fine moduli scheme
for Drinfeld modules of rank d equipped with a full level I-structure [Dr, Prop.
5.3]. In this case, Md

I is a smooth k-scheme and the map Md
I → Spec A is

smooth over Spec A outside of the closed subscheme Spec A/I (see [Dr, Cor.
to Prop. 5.4]).

(2.4.7) The k-scheme YDrin
0 (I) is normal and 2-dimensional. Furthermore,

YDrin
0 (I) is an A-scheme of finite type. Provided that Spec A/I has at least

2 elements, then YDrin
0 (I) may be obtained as the quotient by a finite group

of the fine moduli scheme M2
I .

Let F [0] be the Hilbert classs field of F , that is to say F [0] is the maximal
unramified abelian extension of F which is split completely at ∞. We write
Y Drin

0 (I)/F for the generic fibre of the A-scheme YDrin
0 (I)/A. Then the exact

field of constants of Y Drin
0 (I)/F is F [0] (see [GR, §8.3]).

As the generic fibre of YDrin
0 (I)/A is a smooth curve defined over the field

F [0] we have that the normal surface YDrin
0 (I) is fibred over Spec A[0], where

A[0] is the integral closure of A in the Hilbert class field F [0] of F . Further-
more, YDrin

0 (I) as a k-scheme has only a finite number of isolated singular
points. These singular points only occur at points corresponding to the super-
singular Drinfeld modules of finite characteristic dividing I. By blowing up
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these singular points we obtain a smooth surface which is the minimal smooth
desingularisation of YDrin

0 (I).

(2.4.8) The A-scheme YDrin
0 (I) may be compactified to a scheme XDrin

0 (I)/A
by adding the cusps to the surface YDrin

0 (I). The generic fibre of XDrin
0 (I)/A

is a smooth curve defined over F [0] and written XDrin
0 (I)/F [0].

Write J(I)/F [0] for the jacobian of the smooth curve XDrin
0 (I)/F [0].

2.4.9. Theorem. The abelian variety J(I)/F [0] has good reduction at all
places of F [0] prime to I and ∞. The cusps of XDrin

0 (I)/F [0] generate a
torsion subgroup of J(I)(F ), where F is the algebraic closure of F .

Proof. That J(I)/F [0] has good reduction at all places prime to Supp I and
∞ follows from the modular interpretation of the reduction of the scheme
YDrin

0 (I) at such places. That the cusps generate a torsion subgroup is a
consequence of [G, Chapter VI, Corollary 5.12]. �

(2.4.10) Let

F∞ be the completion at ∞ of F ;
F∞ be the algebraic closure of F∞;
F̂∞ be the completion at a place above ∞ of F∞;
Ω = F̂∞ − F∞ be the Drinfeld “upper half-plane”.

The group GL(2, A), of invertible 2 × 2-matrices with coefficients in A,

acts on Ω via homographic transformations; that is to say, if g =
(
a b
c d

)
∈

GL(2, A) and ω ∈ Ω, then we have

gω =
aω + b
cω + d

.

Let Γ be a discrete subgroup of GL(2, A). Then the quotient space Γ\Ω may
be equipped with the sructure of a rigid analytic space over F∞ (see [Dr],
[GR]).

Let Γ0(I) be the congruence (discrete) subgroup of GL(2, A) given by

Γ0(I) = {
(
a b
c d

)
∈ GL(2, A) | c ≡ 0 (modulo I)}.

Fix an embedding σ : F [0] ↪→ F̂∞. Then the set Y Drin
0 (I)(F̂∞) of F̂∞-valued

points of the curve Y Drin
0 (I)/F [0] is also a rigid analytic space over F∞ and
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there is an isomorphism of rigid analytic spaces

Y Drin
0 (I)(F̂∞) ∼= Γ0(I)\Ω.

[For more details on Drinfeld moduli schemes as rigid analytic spaces, see
appendices A and B.]

2.5 Complex multiplication of rank 2 Drinfeld modules

(2.5.1) For any non-zero ideal I of A such that Spec A/I contains at least two
elements, let M1

I be the fine moduli scheme of rank 1 Drinfeld modules for A
with a full level I-structure (see (2.4.6)). Let

M1 = lim← M1
I

where I runs over all ideals of A such that Spec A/I contains at least two
elements.

(2.5.2) Let JfF be the idèle group of F without the component at ∞; that is
to say, the idèle group of F is JF = F ∗∞ × J

f
F . The group F ∗ is a subgroup

of JfF and we write JfF /F
∗ for the quotient group i.e. the idèle class group

without the component at ∞.

(2.5.3) The group JfF /F
∗ acts onM1 as follows. Let S be a locally noetherian

A-scheme; let D/S be a Drinfeld module of rank 1 for A equipped with a
homomorphism of A-modules

ψ : F/A→ D(S)

such that for any non-zero ideal I of A the restriction of ψ to I−1/A is a full
level I-structure on D.

As the A-module F/A is torsion and the annihilator of every element is
a finite group, the action of A on F/A extends to a module action of the
profinite completion Â of A on F/A. Let a ∈ Â be a non-zero element; the
kernel P of a on F/A is finite. The divisor H ⊂ D which is equal to

H =
∑

b∈P
ψ(b)

is an A-invariant subgroup scheme of D; hence the quotient D/H is a rank
1 Drinfeld module for A. Define the map ψ1 : F/A → (D/H)(S) so that the
following diagram is commutative

ψ
F/A → D(S)
a ↓ ↓
F/A → (D/H)(S)

ψ1
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Then the restriction of ψ1 to I−1/A, for any non-zero ideal I, is a full level
I-structure of D/H . This defines an action on the left by the multiplicative
monoid Â − {0} on the pairs (D,ψ) and hence an action of Â − {0} on M1.
The non-zero elements of A contained in Â act trivially on M1. Hence we
obtain an action of the quotient Â−{0}/A−{0} of multiplicative monoids on
M1; this quotient of monoids is a group isomorphic to JfF /F

∗ and this defines
the action of JfF /F

∗ on M1.

2.5.4. Main Theorem of Complex Multiplication. (Drinfeld [Dr, §8]).
The scheme M1 is the spectrum of the ring of ∞-integers of the maximal
abelian extension of F which is split completely at∞. Furthermore, the action
of JfF /F

∗ on M1 coincides with the galois action of Gal(F sep/F ) on M1 via
the reciprocity map JF /F

∗ → Gal(F sep/F ). �

(2.5.5) LetD be a Drinfeld module of rank 2 for A of infinite characteristic and
defined over a field L. Let End(D) denote the A-algebra of endomorphisms of
D.

The Drinfeld module D is said to have complex multiplication if End(D)
is commutative and

dimF End(D)⊗A F = 2.

In this event, K = End(D)⊗A F is an imaginary quadratic field extension of
F and End(D) is an order Oc of K relative to A of conductor c, say.

By the main theorem of complex multiplication of Drinfeld modules,D can
be defined over the ring class field K[c] of K. There are precisely [K[c] : K]
isomorphism classes of Drinfeld modules of rank 2 with complex multiplication
by Oc and they are permuted transitively by the Galois group Gal(K[c]/K).

(2.5.6) A finite group G is called generalised dihedral if there are subgroups
H,C2 of G such that H is an abelian normal subgroup, C2 is a cyclic subgroup
of order 2, and G is the semi-direct product of H and C2, that is to say there
is a short exact exact sequence of finite groups

0 → H → G
f→ C2 → 0

where the restriction of the homomorphism f to the subgroup C2 is the iden-
tity.

Assume that G is generalised dihedral with the corresponding abelian sub-
groups H,C2 as in the previous definition. Then the elements of C2 act via
conjugation on H . Let HC2 be the subgroup of H which is invariant under
the action of C2. Let σ be the non-trivial element of the subgroup C2. Then
there is a norm homomorphism

NC2 : H → HC2 , h �→ hσhσ−1.
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The composition law on the group G is then completely determined by the
two abelian groups H,C2, the homomorphism NC2 : H → H , and the relation

hσ = NC2(h)σh
−1 for all h ∈ H.

2.5.7. Proposition. (i) The finite group Gal(K[c]/F ) is generalised dihedral.
There is a short exact sequence of groups where Gal(K[c]/K) is an abelian
normal subgroup and Gal(K/F ) is a cyclic subgroup of order 2 of Gal(K[c]/F )
and the restriction of f to Gal(K/F ) is the identity

0→ Gal(K[c]/K)→ Gal(K[c]/F )
f→ Gal(K/F )→ 0.

(ii) The group Pic(A) is naturally isomorphic to a subgroup of
Gal(K[c]/K)Gal(K/F ) and the norm homomorphism
NK/F : Gal(K[c]/F )→ Gal(K[c]/F )Gal(K/F ) factors as

Gal(K[c]/K)→ Pic(A) ↪→ Gal(K[c]/K)Gal(K/F ).

Proof. Let F [0] be the maximal unramified abelian extension of F which is
split completely at ∞. Then F [0] is a subfield of K[c], as the join F [0].K of
the fields F [0] and K in the separable closure of K is an abelian unramified
extension of K which is split completely at the prime of K above ∞. The
reciprocity maps give a commutative diagram

∼=
Pic(A) → Gal(F [0]/F )

NK/F ↑ ↑
Pic(Oc) → Gal(K[c]/K)

∼=

where the horizontal maps are the reciprocity isomorphisms. The vertical
homomorphism Pic(Oc) → Pic(A) is the norm NK/F and the homomor-
phism Gal(K[c]/K) → Gal(F [0]/F ) is the restriction of the galois group
Gal(K[c]/K) to the subfield F [0] of K[c].

The restriction of the galois group Gal(K∞/F∞) to K[c] gives a homo-
morphism

Gal(K∞/F∞)→ Gal(K[c]/F )

whose image is a subgroup C2 of Gal(K[c]/F ) order 2.
The restriction homomorphism Gal(K[c]/F ) → Gal(K/F ) gives rise to

the exact sequence of galois groups

0→ Gal(K[c]/K)→ Gal(K[c]/F )→ Gal(K/F )→ 0.
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In particular, Gal(K[c]/K) is an abelian normal subgroup of Gal(K[c]/F ) and
we have that Gal(K[c]/F ) is a semi-direct product of the subgroups C2 and
Gal(K[c]/K). This proves that Gal(K[c]/F ) is a generalised dihedral group
and proves part (i).

Let Ca(Oc) be the group of Cartier divisors on Spec Oc. Then we have a
short exact sequence of abelian groups

0→ K∗ → Ca(Oc)→ Pic(Oc)→ 0.

The group Gal(K/F ) acts on the component groups of this exact sequence;
taking invariants, we obtain the commutative diagram whose rows are short
exact sequences, as H1(Gal(K/F ),K∗) = 0,

0 → F ∗ → (Ca(Oc))Gal(K/F ) → (Pic(Oc))Gal(K/F ) → 0
∼=↑ ↑ ↑

0 → F ∗ → Ca(A) → Pic(A) → 0

The canonical isomorphisms

Ca(B) ∼= Div(B), Ca(A) ∼= Div(A)

where Div(B) is the group of Weil divisors on the normal scheme Spec B,
then shows that the natural homomorphism

Ca(A)→ Ca(B)

is injective. Taking c = 0 in the previous diagram, it follows that the homo-
morphism

Pic(A)→ (Pic(B))Gal(K/F )

is an injection. As this injection factors through the homomorphism

(Pic(Oc))Gal(K/F ) → (Pic(B))Gal(K/F )

it follows that the homomorphism

Pic(A)→ (Pic(Oc))Gal(K/F )

is injective.
The above diagram with c = 0 provides the commutative diagram with

exact rows

0 → F ∗ → Div(A) → Pic(A) → 0
∼=↓ ↓ ↓

0 → F ∗ → Div(B)Gal(K/F ) → Pic(B)Gal(K/F ) → 0
NK/F ↑ NK/F ↑ NK/F ↑

0 → K∗ → Div(B) → Pic(B) → 0

A diagram chase shows that the subgroup NK/F (Pic(B)) is contained in the
image of Pic(A) in Pic(B).
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Suppose now that c ≥ 0 is any divisor of Div+(A). We have the exact
sequence of abelian groups, from (2.3.8),

0→ I → Pic(Oc)→ Pic(B)→ 0

where the kernel I is the subgroup

I ∼=
{ ∏

p∈Supp(c)

(B/pmpB)∗/(A/pmp)∗
}
/(B∗/A∗).

It follows that the norm NK/F : Pic(Oc) → Pic(Oc) lies in the commutative
diagram

0 → I → Pic(Oc) → Pic(B) → 0
NK/F ↓ NK/F ↓
NK/F (Pic(Oc))

∼=→ NK/F (Pic(B))

It follows from this and that the subgroup NK/F (Pic(B)) is contained in the
image of Pic(A) in Pic(B), that we have NK/F (Pic(Oc)) is contained in the
subgroup Pic(A) of Pic(Oc). This proves (ii).

The composition law of the group Gal(K[c]/F ) may be written as follows.
Let σ be the non-trivial element of order 2 of the subgroup C2 of Gal(K[c]/F ).
Let h ∈ Gal(K[c]/K). Then we have σhσ−1 ∈ Gal(K[c]/K) and

hσhσ−1 = NK/F (h) ∈ Pic(A). �

2.5.8. Remark. A different proof of this proposition for the rational function
field case is given in [Br1, Prop. 2.5.6].



3

Bruhat-Tits trees with complex multiplication

Let

E be a global field;
S be a non-empty set of places of E containing all the archimedean places,

if any;
E′ be a quadratic extension field of E;
R be the ring of S-integers of E;
Λ be an R-sublattice of rank 2 of E′;
EndE

′
R (Λ) = {m ∈ E′| mΛ ⊆ Λ} be the subring of E′ of elements which
are R-endomorphisms of Λ.

The principal problem of this chapter is to determine this ring of endomor-
phisms EndE

′
R (Λ) of the lattice Λ.

For the case where R is a discrete valuation ring, we introduce in §3.6
“Bruhat-Tits trees with complex multiplication” which describe precisely the
ring of endomorphisms EndE

′
R (Λ). We show that for the case of rank 2 lattices

over discrete valuation rings only 3 types of Bruhat-Tits trees with complex
multiplication arise; these are represented diagrammatically in the figures 1,
2, and 3 of §3.8. A 4th type also occurs for the case of non-reduced quadratic
algebras (figure 4 of §3.8).

For the general case of rings of S-integers of global fields, we define a
“Bruhat-Tits net” in §3.10 which is essentially a union of all the local Bruhat-
Tits trees; a Bruhat-Tits net resembles pictorially a spider’s web.

The results of this chapter are applied in the next to the action of the
Hecke operators on Drinfeld-Heegner points. The results here apply equally
to the action of Hecke operators on classical modular curves.

M.L. Brown: LNM 1849, pp. 31–74, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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3.1 The Bruhat-Tits building ∆ for SL2 of a discretely
valued field

We shall describe the Bruhat-Tits building ∆(SL2(L)) of the group SL2(L)
relative to the discrete valuation v of a field L. For more details see [Bro2,
Chap. 5, §8] and Appendix B, §B.1.

(3.1.1) Let

R be a discrete valuation ring;
L be the fraction field of R;
π ∈ R be a local parameter of R;
v be the corresponding discrete valuation on L normalised so that v(π) = 1.

(3.1.2) Let V be a 2-dimensional vector space over L. A lattice in V is a
finitely generated R-submodule of V which generates V as a vector space
over L. Evidently, a lattice is then a free R-module of rank 2.

(3.1.3) We may define these relations between lattices of V :

(1) Two lattices Λ,Λ′ of V are equivalent if there is a ∈ L∗ such that

aΛ = Λ′.

Equivalence of lattices is an equivalence relation. For a lattice Λ in V we
write [Λ] for the corresponding lattice class.

(2) Two lattice classes [Λ], [Λ′] of V are incident if they admit
representative lattices Λ,Λ′ such that

πΛ ⊂ Λ′ ⊂ Λ.

The relation of incidence is symmetric and reflexive amongst the lattice
classes.

(3.1.4) The group GL2(L) acts in a natural way on the set of lattice classes of
V . This permutation action is transitive and the stabilizer of a given lattice
class is the product of the subgroup of homotheties of GL2(L) with the group
of automorphisms of the lattice.

(3.1.5) Fix a lattice class [Λ0] of V . For any lattice class [Λ] of V there is
(by (3.1.4)) an element g ∈ GL2(L), uniquely determined up to multiplication
by a homothety and an automorphism of Λ0, such that g[Λ] = [Λ0]. Let
det(g) ∈ L∗ be the determinant of g; the parity of the integer v(det(g)),
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which is the valuation of det(g), is independent of the choice of g and depends
only on [Λ] and [Λ0].

The type of the lattice class [Λ] is defined to be the parity of the integer
v(det(g)).

(3.1.6) The set L of lattice classes of V with the relation of incidence is a
plane incidence geometry.

A flag in the plane incidence geometry L is a set of pairwise incident
elements; the flag complex associated to L is a simplicial complex ∆ which
has L as a vertex set and the finite flags as simplices. The type of a vertex
of the simplicial complex ∆ is then the type of a lattice class as described
in (3.1.5).

The Bruhat-Tits building ∆(SL2(L)) is then the flag complex ∆ equipped
with the labelling of vertices given by their type. Indeed, ∆ is a Euclidean
building as its apartments are Euclidean Coxeter complexes [Bro2, Chap.
VI,§2].

(3.1.7) The underlying simplicial complex of the Bruhat-Tits building
∆(SL2(L)) of SL2(L) is a tree.

Fix a lattice Λ = Re1 ⊕ Re2 in V ; then a fundamental apartment Σ of
∆(SL2(L)) is an (infinite) line in the tree ∆ with vertices [Rπae1 ⊕ Rπbe2]
where the exponents a, b ∈ Z run through all positive and negative integers.
All other apartments of ∆(SL2(L)) are of the form gΣ where g ∈ GL2(L).

(3.1.8) The standard metric d on the Euclidean building ∆(SL2(L)) is defined
as follows. Given any two points x, y of ∆(SL2(L)) there is an apartment E
containing x and y and which is a Euclidean space with metric dE ; put

d(x, y) = dE(x, y).

It is readily checked that this is independent of the choice of apartment E.
This defines the metric d on ∆(SL2(L)) up to multiplication by a real scalar.
For more details, see [Bro2, Chap VI,§3].

It is convenient to normalise the standard metric d by setting the distance
between any two adjacent vertices of the tree ∆(SL2(L)) to be 1.

3.2 Lattices in quadratic extensions: elementary results

We give some preliminary results on rank 2 lattices over an excellent discrete
valuation ring. The straightforward proofs here are omitted.
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(3.2.1) Let

R be an excellent discrete valuation ring;
L be the field of fractions of R;
π be a local parameter of R;
v be the discrete valuation on L normalised so that v(π) = 1;
V be a 2-dimensional vector space over L with basis e1, e2;
Λ0 be the R-sublattice of V given by

Λ0 = Re1 ⊕Re2.

(3.2.2) For a sublattice Λ1 of Λ0, the invariants inv(Λ) of Λ1, relative to Λ0,
are a pair of non-negative integers (n1, n2) where 0 ≤ n1 ≤ n2, and where
there is an isomorphism of R-modules

Λ0

Λ1

∼=
R

(πn1)
⊕ R

(πn2)
.

If Λ is an R-lattice of V , the invariants inv(Λ) of Λ relative to Λ0 are then
defined to be the sequence of invariants of aΛ relative to Λ0 minus v(a) where
a is any element of L∗ such that aΛ ⊂ Λ0; that is to say

inv(Λ) = (n1, n2) ∈ Z2

where (n1 + v(a), n2 + v(a)) are the invariants of aΛ relative to Λ0. It is easily
checked that the sequence inv(Λ) is uniquely determined by the lattice Λ and
is independent of the choice of the element a ∈ L∗.

(3.2.3) The index [Λ0 : Λ] is the fractionary ideal of R given by

[Λ0 : Λ] = (πn1+n2)R

where inv(Λ) = (n1, n2). As Λ and Λ0 are isomorphic R-modules, there is an
invertible linear map l : V → V such that l(Λ0) = Λ; the index is then also
given by the formula

[Λ0 : Λ] = det(l)R.

(3.2.4) Let Λ be an R-sublattice of V . Then Λ has a basis over R of the form
ae1 + be2, de2 where a, b, d ∈ L, a �= 0, d �= 0. We have Λ ⊂ Λ0 if and only if
a, b and d all belong to R.
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We have these formulae for the index and invariants of Λ

[Λ0 : Λ] = adR

inv(Λ) =
{

(v(b), v(ad/b)), if |a| < |b| > |d|
(v(a), v(d)) or (v(d), v(a)), otherwise.

(3.2.5) Let Λ,Λ′ be sublattices of Λ0 with bases overR of the form ae1+be2, de2
and a′e1 + b′e2, d′e2 respectively. Then we have Λ ⊃ Λ′ if and only if

a divides a′

d divides d′

b′ ≡ a
′

a
b (modulo d).

The index [Λ : Λ′] is given by

[Λ : Λ′] =
a′d′

ad
R.

(3.2.6) Let Λ and Λ′ be the two lattices of (3.2.5). Then we have Λ = Λ′ if
and only if there are units ε1, ε2 ∈ R∗ such that

a = ε1a′

d = ε2d′

b′ ≡ a
′

a
b (modulo d).

(3.2.7) Let Λ be the lattice of (3.2.5). The distinct sublattices of Λ of index
πR are those with a basis over R either given by

πae1 + πbe2, de2

or given by
ae1 + (b+ rd)e2, πde2

where r ∈ R runs through representatives of the residue field R/πR of R. In
particular, the set of such lattices bijects with the elements of the projective
line P1(R/πR).

[This follows from the properties (3.2.4) and (3.2.6).]
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3.3 Lattices in quadratic extensions: discrete valuation
rings

Let R, v, π, L be as in the preceding section §3.2. Let

M/L be a finite dimensional commutative L-algebra;
S be the integral closure of R in M ;
Λ be an R-lattice in M ;
EndMR (Λ) be the endomorphism ring of the lattice Λ with respect to M ,

that is to say EndMR (Λ) is the subring ofM given by {x ∈M | xΛ ⊂ Λ}.

All the propositions of this section are proved in the next section §3.4.

3.3.1. Proposition. Assume that the algebraM is a 2-dimensional L-vector
space. Then we have:
(i) The algebra M is L-isomorphic to one of these algebras

(a) a field;
(b) the direct product L× L, where L is embedded diagonally in

the product;
(c) the non-reduced algebra L[ε]/(ε2).

(ii) The algebra M is equipped with a multiplicative norm

NM/L :M → L.

(iii) For any lattice Λ of M , the ring EndMR (Λ) is a lattice in M and is a
subring of S.

3.3.2. Proposition. Assume that the algebraM is a 2-dimensional L-vector
space. Let S be the integral closure of R in M .
(a) If M is a field then S is a discrete valuation ring and is a free R-module
of rank 2 with a basis 1, τ for some τ ∈ S.
(b) If M is L-isomorphic to L× L then S is R-isomorphic to R×R.
(c) If M is L-isomorphic to L[ε]/(ε2) then S is isomorphic to the R-algebra
R⊕ Lε.
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3.3.3. Definitions. (i) For any non-empty subset E of L we put

v(E) = inf
e∈E
v(e).

(ii) Let Λ be an R-lattice in the 2-dimensional algebraM . The endomorphism
ring EndMR (Λ) is an R-lattice contained in the integral closure S (proposition
3.3.1(iii)).

IfM is reduced, then S is an R-lattice (proposition 3.3.2) and the conduc-
tor of EndMR (Λ) is defined to be

[S : EndMR (Λ)].

If M is not reduced we may fix an R-lattice Λ0 of M and then the conductor
of EndMR (Λ) is defined to be

[Λ0 : EndMR (Λ)].

The conductor of Λ, in all cases, is a fractionary ideal of R of the form
παR. The integer α ∈ Z is the exponent Exp(Λ) of the conductor of Λ. That
is to say, we have

Exp(Λ) = v([Λ0 : EndMR (Λ)])

where Λ0 = S if M is reduced.

3.3.4. Proposition. Assume that M is a reduced 2-dimensional L-algebra.
For an R-lattice Λ in M , we have

Exp(Λ) = max(inv(Λ)− v(Λ ∩ L), v([S : Λ])− v(NM/L(Λ)).

3.3.5. Remarks. (i) To explain the notation of this last proposition, inv(Λ)−
v(Λ∩L) is the set of two integers λ− v(Λ∩L) where λ runs over the integer
invariants of Λ; the maximum in the formula for Exp(Λ) in the proposition
3.3.4 is then the maximum of a set of 3 integers.

(ii) This last proposition 3.3.4 and its proof are similar to [K, §1, Proposition
2], which considered the case of endomorphism rings of rank 2 lattices over Z.

(iii) The subring EndMR (Λ) ofM is uniquely determined by the integer Exp(Λ)
(relative to Λ0 if M is not reduced). That is to say, the ring of endomomor-
phisms of a lattice Λ is determined up to isomorphism by one integer Exp(Λ).

[This may be seen directly; it also follows from the proof of proposition
3.3.4 given in §3.4.]

(iv) The next result follows immediately from the definition of Exp(Λ) (defined
relative to some fixed lattice Λ0 if M is not reduced).
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3.3.6. Proposition. IfM is 2-dimensional over L, then Exp(Λ) depends only
on the equivalence class [Λ] of the lattice Λ and hence Exp is induced from
a map L → Z where L is the set of vertices of the Bruhat-Tits building
∆(SL2(L)) with respect to the discrete valuation v (cf. §3.1). �

3.4 Proofs of the propositions of §3.3

In this section, we prove Propositions 3.3.1, 3.3.2, and 3.3.4.

Proof of proposition 3.3.1. (i) As M is a commutative artin ring, we have that
M is a direct product of local L-algebras. As M is a 2-dimensional L-algebra
we conclude that M falls into one of these three distinct possibilites:

(a′) M is a quadratic field extension of L;
(b′)M is a direct productM ∼= L×L of two copies of L where the structure

map L→ L× L is the diagonal;
(c′) M is a local non-reduced L-algebra.

The cases (a′) and (b′) correspond with the cases (a) and (b) of the propo-
sition. Suppose that the algebra M is of type (c′) above i.e. M is a local
non-reduced L-algebra. Let N be the nil-radical of M . Then N is a proper
ideal of M and is a sub-L-vector space of M . Hence we have

dimLN = 1.

Therefore the quotient algebra M/N is L-isomorphic to L. Let ε ∈ N be a
basis of the vector space N . Then we have N2 ⊆ N ; the case where N2 = N is
excluded by Nakayama’s lemma. Therefore we have N2 = 0 and hence ε2 = 0.
We obtain then that M is isomorphic to L[ε]/(ε2); that is, M is of type (c) of
the proposition. This is the required result.

(ii) The norm NM/L : M → L is defined as follows: if x ∈ M then NM/L(x)
is the determinant of the L-linear map on M defined by multiplication by x.

(iii) As Λ is a free R-module of rank 2, we have that EndMR (Λ) is isomorphic to
an R-submodule of the free R-moduleM2(R) of 2×2 matrices with coefficients
in R. Hence EndMR (Λ) is a finitely generated R-module. Evidently, EndMR (Λ)
generates M as an L-vector space; hence EndMR (Λ) is a lattice in M . �

Proof of proposition 3.3.2. In the case (c), whereM is isomorphic to L[ε]/(ε2),
it is evident that ε is an element integral over R and hence that the integral
closure S of R is equal to R⊕ Lε. This proves the result in this case.

If M is an étale L-algebra then S is a finite R-module; hence as R is a
discrete valuation ring we obtain that S is a free R-module of rank 2. This
proves the result in this case.
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The remaining case to consider is where M/L is reduced and is not étale
and hence M lies in possibility (a); that is to say, M is a purely inseparable
quadratic extension field of L. As R is an excellent ring (see (3.2.1)), the ring
S, which is the integral closure of R in M , is a finite R-module. As S is a
torsion free R-module and M is 2-dimensional over L it follows that S is a
finite free R-module of rank 2. It then follows (see (3.2.4)) that the elements
1, τ form a basis of S over R for some element τ of S. �

Proof of proposition 3.3.4. The normNM/L :M → L (cf. Proposition 3.3.1(ii))
is given by x.xσ where σ : M → M is an involution if M/L is étale and σ is
the identity if not.

We fix a basis 1, τ for the free module S over R of rank 2 (see Proposition
3.3.2). Let Λ be an R-lattice contained in M . Then Λ is a free R-module of
rank 2 and, by (3.2.4), has a basis

(3.4.1) aτ + b, d

where a, b, d ∈ L and a �= 0, d �= 0.
Let I be the ideal of R given by

(3.4.2) I = {c ∈ R | cτΛ ⊆ Λ}.

Then we have

(3.4.3) EndMR (Λ) = R⊕ τI

and
Exp(Λ) = v(I).

Let c ∈ R. We have
cτd ∈ Λ

if and only if there are α, β ∈ R such that

cτd = α(aτ + b) + βd;

this occurs if and only if a divides cd and there is β ∈ R such that

(
cd

a
)b+ βd = 0.

Hence we have cτd ∈ Λ if and only if a divides cd and a divides cb.



40 Bruhat-Tits trees with complex multiplication

Furthermore, we have
cτ(aτ + b) ∈ Λ

if and only if there are γ, δ ∈ R such that

(3.4.4) cτ(aτ + b) = γ(aτ + b) + δd.

Write TrM/L(τ) for the trace τ + τσ of τ . As τ satisfies its own characteristic
equation, we have

τ2 = τTrM/L(τ) −NM/L(τ).

Hence equation (3.4.4) becomes

c(aTrM/L(τ) + b)τ − caNM/L(τ) = γaτ + (γb+ δd).

Hence γ, δ ∈ R exist satisfying (3.4.4) if and only if

γ = cTrM/L(τ) +
cb

a

and

δd = −γb− caNM/L(τ) = − c
a

[
b2 + baTrM/L(τ) + a2NM/L(τ)

]

= − c
a
NM/L(aτ + b).

Hence γ, δ ∈ R exist satisfying (3.4.4) if and only if ad divides cNM/L(aτ + b)
and a divides cb.

In summary, we have shown that c ∈ R belongs to I if and only if these
three conditions are fulfilled:

a divides cd
a divides cb
ad divides cNM/L(aτ + b).

We therefore have that the exponent Exp(Λ) of the conductor is given by
the expression

(3.4.5) Exp(Λ) = max(0, v(a/d), v(a/b), v(ad/NM/L(aτ + b)).

By (3.2.4), the (unordered) invariants of Λ are

(3.4.6) inv(Λ) =
{
v(b), v(ad/b), if |a| < |b| > |d|
v(a), v(d), otherwise.

Any element λ of Λ is of the form

λ = µ(aτ + b) + νd
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where µ, ν ∈ R. We then have, where TrM/L denotes the trace from M to L,

NM/L(λ) = µ2NM/L(aτ + b) + µνdTrM/L(aτ + b) + ν2d2.

As TrM/L(τ) ∈ R we obtain that

v(dTrM/L(aτ + b)) ≥ min(v(ad), v(bd)).

We then obtain, as both d2 and NM/L(aτ + b) are elements of NM/L(Λ),

min(v(NM/L(aτ + b)), v(d2)) ≥ v(NM/L(Λ))

≥ min(v(NM/L(aτ + b)), v(ad), v(bd), v(d2)).

Hence we have

min(v(NM/L(Λ)), v(ad), v(bd)) = min(v(NM/L(aτ + b)), v(ad), v(bd), v(d2)).

From (3.4.5) and as [S : Λ] = adR, we obtain,

max(0, v(a/b), v([S : Λ])− v(NM/L(Λ))) =

(3.4.7) max(0, v(a/d), v(a/b), v(ad/NM/L(aτ + b))) = Exp(Λ).

We then have that the exponent Exp(Λ) is given by

(3.4.8) Exp(Λ) = max(0, v(a/d), v(a/b), v([S : Λ])− v(NM/L(Λ))).

By (3.4.6) we easily obtain, as Λ ∩ L = dR,

(3.4.9) max(inv(Λ)− v(Λ ∩ L)) = max(0, v(a/d), v(a/b)).

For in the case where |a| < |b| > |d| we have that max(inv(Λ) − v(Λ ∩ L))
takes the value v(a/b) and otherwise it takes the value max(v(a/d), 0). We
then obtain from (3.4.8) and (3.4.9) that the exponent Exp(Λ) is given by

Exp(Λ) = max(inv(Λ)− v(Λ ∩ L), v([S : Λ])− v(NM/L(Λ))

which is the formula of the proposition. �

3.5 Explicit formulae for the conductor Exp(Λ)

Let R, v, π, L,M, S be as in the preceding sections §§3.2,3.3.
The next proposition is an explicit formula for the valuation of the norm

NM/L(Λ) of an R-lattice Λ of M when R is an excellent henselian discrete
valuation ring. As a corollary, we obtain explicit formulae for the exponent
Exp(Λ).
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3.5.1. Proposition. Assume that M is a reduced 2-dimensional L-algebra
and R is an excellent henselian discrete valuation ring. There is a basis 1, τ
of S over R such that for any R-lattice Λ of M with R-basis aτ + b, d, where
a, b, d ∈ L, we have:
(i) v(NM/L(Λ)) = 2 min(v(a), v(b), v(d)) if v is inert and unramified in M/L;
(ii) v(NM/L(Λ)) = min(2v(a) + 1, 2v(b), 2v(d)) if v is ramified in M/L;
(iii) v(NM/L(Λ)) = min(v(a+ b), v(d))+min(v(b), v(d)) if v splits completely
in M/L.

From proposition 3.3.3 and the formulae (3.2.4) (or more directly from the
formula (3.4.8)), we obtain the next corollary.

3.5.2. Corollary. Under the hypotheses of proposition 3.5.1, we have
Exp(Λ) = max

(
0, v(a/d), v(a/b), v(d/a), v(ad/b2)

)
if v is inert and unramified

in M/L;
Exp(Λ) = max

(
0, v(a/d), v(a/b), v(d/a)−1, v(ad/b2)

)
if v is ramified inM/L;

Exp(Λ) = max
(
0, v(a/d), v(a/b), v(ad/b(a+b))

)
if v splits completely inM/L.

�

Proof of proposition 3.5.1. An element λ of Λ is of the form

λ = α(aτ + b) + βd, where α, β ∈ R.

The norm of λ takes the form

(3.5.3) NM/L(λ) = α2a2NM/L(τ) + αa(αb+ βd)TrM/L(τ) + (αb+ βd)2

where TrM/L denotes the trace from M to L. We obtain that

(3.5.4) v(NM/L(λ)) ≥

min(2v(αa) + v(NM/L(τ)), v(αa(αa + βd)) + v(TrM/L(τ)), 2v(αb + βd)).

We have the evident inequality

v(αa(αb + βd)) ≥ 2 min(v(αa), v(αb + βd));

hence we obtain from (3.5.4) as v(TrM/L(τ)) ≥ 0

v(NM/L(λ)) ≥ min(2v(αa)+v(NM/L(τ)), 2v(αa)+v(TrM/L(τ)), 2v(αb+βd)).

As v(α) ≥ 0 and v(β) ≥ 0, we obtain
(3.5.5)
v(NM/L(Λ)) ≥ min(2v(a) + v(NM/L(τ)), 2v(a) + v(TrM/L(τ)), 2v(b), 2v(d)).
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(i) Assume v is inert and unramified inM/L. Take τ ∈ S such that the images
of 1, τ form a basis of the residue field of the discrete valuation ring S over
the residue field of R. We then have

(3.5.6) v(NM/L(τ)) = 0, v(TrM/L(τ)) ≥ 0.

By (3.5.5) we obtain

(3.5.7) v(NM/L(Λ)) ≥ 2 min(v(a), v(b), v(d)).

On the other hand, we have d ∈ Λ and

(3.5.8) v(NM/L(d)) = 2v(d);

furthermore we have aτ + b ∈ Λ and from (3.5.4) and (3.5.6) we obtain

(3.5.9) v(NM/L(aτ + b)) ≥ min(2v(a), 2v(b)).

If v(a) �= v(b) then aτ and b have different valuations and in this case we have

(3.5.10) v(NM/L(aτ + b)) = min(2v(a), 2v(b)).

Suppose that v(a) = v(b); if v(NM/L(aτ + b)) > 2v(a) then the image of
τ +(b/a) in the residue field of S would be zero; but this contradicts that 1, τ
form a basis of the residue field of S over the residue field of R. Hence we have
in this case v(NM/L(aτ + b)) = 2v(a) and equality again holds in (3.5.9). We
have therefore shown that equality holds in (3.5.7); that is to say, we have

v(NM/L(Λ)) = 2 min(v(a), v(b), v(d)).

(ii) As v is ramified inM/L, we have thatM is a field, S is a discrete valuation
ring, and S/R totally ramified with ramification index 2. We may take τ ∈ S
to be a local parameter for the discrete valuation ring S and then 1, τ is a
basis of S as an R-module by Nakayama’s lemma. Denote by v∗ the extension
of the valuation v to M such that v and v∗ coincide on L; we then have
v∗(τ) = 1/2. We have

v(NM/L(τ)) = v(π) = 1

v(TrM/L(τ)) ≥ v(π) = 1.

From (3.5.5) we obtain

(3.5.11) v(NM/L(Λ)) ≥ min(2v(a) + 1, 2v(b), 2v(d)).

We have d ∈ Λ and hence we obtain

v(NM/L(Λ)) ≤ v(NM/L(d)) = 2v(d).
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Furthermore, aτ and b have distinct valuations, as v∗(τ) does not lie in the
value group of v on L. Hence we have

v(NM/L(Λ)) ≤ v(NM/L(aτ+b)) = 2 min(v∗(aτ), v(b)) = min(2v(a)+1, 2v(b)).

We obtain finally that equality holds in (3.5.11) that is to say we have

v(NM/L(Λ)) = min(2v(a) + 1, 2v(b), 2v(d)).

(iii) Suppose that the valuation v is split completely in M/L, that is to say
the valuation v has two inequivalent extensions to M . By proposition 3.3.1,
we have that M is either isomorphic to L×L or is a quadratic field extension
of L which must be separable as v splits. Hence S is a semi-local ring which
is a free R-module of rank 2.

Let κ be the residue field of R. Then S⊗Rκ is a 2-dimensional commutative
algebra over κ; hence S ⊗R κ is one of the 3 possibilities given by proposition
3.3.1. If S ⊗R κ were a field then S would be a discrete valuation ring and
hence v would not split in M which is a contradiction. If S ⊗R κ were not
reduced then again S would be a discrete valuation ring and hence v would
not split in M which is a contradiction. Hence the only possibility is that
S ⊗R κ is equal to κ × κ; in particular S ⊗R κ is an étale κ-algebra. Hence
for all prime ideals p of R, the κ(p)-algebra S ⊗R κ(p) is étale; hence as S is
R-flat, we have that S is an étale R-algebra. As R is henselian, S is a direct
product of local R-algebras; as S is a free R-module of rank 2 we obtain an
isomorphism of R-algebras

f : S ∼= R×R.

Hence M is L-isomorphic to the algebra L× L.
We may select τ ∈ S such that f(τ) = (1, 0). Then 1, τ is a basis of

S over R. Furthermore, the non-trivial element of Gal(M/L) is induced by
the exchange of the two factors in R × R. Hence we have for λ ∈ Λ, where
λ = α(aτ + b) + βd and α, β ∈ R,

λ = (α(a+ b) + βd, αb+ βd).

Hence we have
NM/L(λ) = (α(a + b) + βd)(αb + βd)

and we obtain

v(NM/L(λ)) = v(α(a + b) + βd) + v(αb+ βd)

≥ min(v(a+ b), v(d)) + min(v(b), v(d)).

As this latter term is independent of λ, we have

(3.5.12) v(NM/L(Λ)) ≥ min(v(a+ b), v(d)) + min(v(b), v(d)).
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If A,B ∈ L then it is immediately checked that for a suitable choice of
α, β equal to 0 or 1 in L we have the simultaneous equalities

v(αA+ β) = min(v(A), 0)

and
v(αB + β) = min(v(B), 0).

Putting A = (a+ b)/d and B = b/d we obtain that for some choice of α, β =
0, 1 we have, where λ = α(aτ + b) + βd,

v(NM/L(λ)) = min(v(a+ b), v(d)) + min(v(b), v(d)).

Hence we have equality in (3.5.12), as required. �

3.6 Bruhat-Tits trees with complex multiplication

(3.6.1) Let R, v, π, L be as in §3.2. Let

∆(SL2(L)) be the Bruhat-Tits building of SL2(L) with respect to the
discrete valuation v (see §3.1);

L denote the set of vertices of the Bruhat-Tits tree ∆(SL2(L)).

(3.6.2) Let M be a 2-dimensional commutative L-algebra. Fix an R-lattice
Λ0 of M ; if M is reduced we take Λ0 to be the integral closure of R in M
(proposition 3.3.2).

A Bruhat-Tits building with complex multiplication by M is a triple

(∆(SL2(L)),ExpM,Λ0
,M)

where ExpM,Λ0
is the map

ExpM,Λ0
: L → Z.

defined as follows. Let x ∈ L. Select an R-lattice Λ of M whose equivalance
class [Λ] is equal to x. Then the ring of endomorphisms EndMR (Λ) is the subring
of M preserving Λ (see §3.3)

EndMR (Λ) = {m ∈M | mΛ ⊂ Λ}.

The integer ExpM,Λ0(x) is defined to be the exponent of the conductor of
the R-lattice EndMR (Λ) relative to the lattice Λ0 (see Definition 3.3.3 and
proposition 3.3.1(iii)).

The abelian group M∗ acts, as a subgroup of GL2(L), on the vertices
of ∆(SL2(L)) and preserves the function ExpM,Λ0 ; hence M∗ is a group of
automorphisms of the triple (∆(SL2(L)),ExpM,Λ0

,M).
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(3.6.3) The pair
(∆(SL2(L)), f)

where f is a map of sets
f : L → Z

is a Bruhat-Tits tree with complex multiplication if for some 2-dimensional
commutative L-algebraM the triple (∆(SL2(L)), f,M) is a Bruhat-Tits build-
ing with complex multiplication by M , that is to say f = ExpM,Λ0

for a
suitable R-lattice Λ0 as in (3.6.1).

3.7 The standard metric and Bruhat-Tits trees with
complex multiplication

In this section we give a formula for the exponent function on a Bruhat-
Tits tree with complex multiplication in terms of the standard metric on the
building (theorems 3.7.3 and 3.7.5).

(3.7.1) Let R, v, π, L be as in §3.2. Let

d be the standard metric on the Euclidean Bruhat-Tits building∆(SL2(L)),
with respect to v, normalised so the distance between adjacent
vertices is 1 (see §3.1 or [Bro2, Ch. VI,§3]).

M be a 2-dimensional commutative L-algebra;
S be the integral closure of R in M ;
(∆(SL2(L)),ExpM,Λ0

,M) be a Bruhat-Tits tree with complex
multiplication by M where Λ0 = S if M is reduced (see (3.6.2)).

3.7.2. Definition. Let N be an R-subalgebra ofM . Then an ideal of the ring
N which is also an R-lattice of M is called a lattice ideal of N .

[IfM is a field and N = S, the integral closure of R inM , then every non-
zero ideal of N is a lattice ideal, as S is a discrete valuation ring (proposition
3.3.2). But if M is not a field then S always has non-zero ideals which are not
lattice ideals (by proposition 3.3.2).]

3.7.3. Theorem. If M is a reduced algebra then for any R-lattice Λ of M
we have

Exp(Λ) = d([Λ], [I])

where I is the unique lattice ideal of S, up to multiplication by an element of
L∗, for which the distance d([Λ], [I]) is minimum.



3.7 The standard metric and Bruhat-Tits trees with complex multiplication 47

(3.7.4) Suppose that M is not reduced. Then M is L-isomorphic to L[ε]/(ε2)
(see proposition 3.3.1). We fix the lattice Λ0 to be the R-subalgebra R ⊕ εR
of the integral closure S = R ⊕ εL of R; Λ0 then depends only on the choice
of ε. We take exponents of conductors with respect to Λ0.

The lattice ideals of Λ0 are not necessarily of exponent 0; for example the
lattice ideal of Λ0

I = πnR⊕ εR, where n ≥ 1,

has ring of endomorphisms EndMR (I) = R ⊕ π−nεR and has exponent
ExpM,Λ0(I) = −n.

3.7.5. Theorem. Suppose that M is not reduced. For any R-lattice Λ of M
we have

|Exp(Λ)| = min
I
d([Λ], [I]).

where the minimum runs over all lattice ideals I of Λ0 such that Exp(I) = 0.

One possible proof of these results is obtained by passing to the henseli-
sation of R and directly checking the many diverse cases using the explicit
formulae of corollary 3.5.2. In this section, we prove these theorems 3.7.3 and
3.7.5 by a different method.

Let κ = R/(π) be the residue field of the discrete valuation ring R. Recall
that EndMR (Λ) denotes the subring of M formed of endomorphisms of the
lattice Λ whereas Endκ(Λ⊗R κ) denotes the ring of κ-vector space endomor-
phisms of Λ⊗R κ. The reduction homomorphism of R-modules Λ → Λ⊗R κ
induces a homomorphism of R-algebras

fΛ : EndMR (Λ)→ Endκ(Λ⊗R κ).

.

3.7.6. Lemma. We have an isomorphism of R-algebras

fΛ(EndMR (Λ)) ∼= EndMR (Λ)⊗R κ.

Proof of lemma 3.7.6. On the one hand, it is clear that πEndMR (Λ) lies in the
kernel of fΛ. On the other hand if u ∈ ker(fΛ) then we have

u(Λ) ⊂ πΛ.

Hence π−1u is an element of the L-algebra M ; therefore multiplication by
π−1u defines an R-linear map of M such that

(π−1u)(Λ) ⊂ Λ.
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Hence we have π−1u ∈ EndMR (Λ) and therefore we obtain u ∈ πEndMR (Λ).
This gives the isomorphism of R-algebras

fΛ(EndMR (Λ)) ∼= EndMR (Λ)/πEndMR (Λ)

as required. �

3.7.7. Lemma. Assume either that M is reduced and Exp(Λ) ≥ 1 or that
M is not reduced. Let κ be the residue field of R. We have an isomorphism
of R-algebras

EndMR (Λ)⊗R
R

(π2)
∼=

R

(π2)
[ε]

(ε2 − πµε)
where

µ =
{

1, if κ has characteristic 2, S/R is étale, and Exp(Λ) = 1;
0, otherwise.

Proof of lemma 3.7.7. Suppose that M is reduced. The algebra S is a free R-
module of rank 2 hence we may select an R-basis of S of the form 1, s where
s ∈ S \ R.

Suppose that M is not reduced. Then we may choose s ∈ M such that
s2 = 0 and we have equalities of R-algebras M = L[s] and S = R ⊕ εL (see
proposition 3.3.1). We may fix the R-lattice Λ0 = R ⊕ sR.

In both cases where M is or is not reduced, we obtain an equality of
R-algebras

EndMR (Λ) = R ⊕ sπnR.
where

n = Exp(Λ).

The exponent Exp(Λ) here is relative to Λ0 ifM is not reduced and is relative
to S if M is reduced.

Suppose first either that n ≥ 2 or that M is not reduced. We have

(sπn)2 =
{
π2(πns)(πn−2s) ∈ π2EndMR (Λ), if n ≥ 2
0, if M is not reduced.

Hence putting ε = sπn (modulo π2) we have ε2 = 0 (modulo π2). We obtain
the isomorphism of R-algebras

(3.7.8) EndMR (Λ)⊗R
R

(π2)
∼=

R

(π2)
[ε]

(ε2)
.

This proves the lemma in these cases, as S/R is étale only if M is reduced.
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Suppose now that n = 1 and M is reduced. As s is integral over R, we
have that s satisfies an equation of the form

s2 = as+ b, where a, b ∈ R.

We obtain
(πs)2 = aπ2s+ π2b.

As π2b ∈ π2R we obtain the isomorphism of R-algebras, putting ζ = πs,

(3.7.9) EndMR (Λ)⊗R
R

(π2)
∼=

R

(π2)
[ζ]

(ζ2 − aπζ)

Case 1. Assume the characteristic of κ is not equal to 2. Then the change of
variable

ε = ζ − aπ
2

shows that ε2 ∈ π2R and the isomorphism (3.7.9) reduces to the isomorphism
(3.7.8).

Case 2. Assume that the characteristic of κ is equal to 2 and that S is not
étale over R. Then a is divisible by π. Again the isomorphism (3.7.9) reduces
to the isomorphism (3.7.8).

Case 3. Assume that κ has characteristic 2 and S is étale over R; we have
that a is not divisible by π and hence that a ∈ R∗. The change of variable
ε = a−1ζ then reduces the isomorphism (3.7.9) to the form

EndMR (Λ)⊗R
R

(π2)
∼=

R

(π2)
[ε]

(ε2 − πε) .

This algebra contains a nilpotent element ε of order 4 and hence it is not
R-isomorphic to R[ε]/(π2, ε2). This proves the lemma.�

3.7.10. Definition. The star st(x) of a vertex x of the Bruhat-Tits tree
∆(SL2(L)) is the set of adjacent vertices to x, distinct from x, in ∆(SL2(L)).
That is to say, the star st(x) is the set of vertices of ∆(SL2(L)) whose distance
from x is exactly 1, with respect to the normalised standard metric.

Let Λ be an R-lattice of M corresponding to the vertex x of ∆(SL2(L)).
Then Λ⊗R κ is a 2-dimensional vector space over κ. Let P1(Λ ⊗R κ) be the
set of κ-rational points of the projective line over κ; that is to say P1(Λ⊗R κ)
may be identified with the set of 1-dimensional κ-subspaces of Λ⊗R κ.
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3.7.11. Definition. The star map is a bijection of sets

ψx : st(x)→ P1(Λ⊗R κ)

defined as follows. Let x′ ∈ st(x) be an adjacent vertex to x in ∆(SL2(L)).
Select a representative R-lattice Λ′ of the class x′ such that

πΛ ⊂ Λ′ ⊂ Λ.

The correspondence

x′ = [Λ′] �→ Λ′/πΛ ⊂ Λ⊗R κ

defines the bijection ψx.

3.7.12. Lemma. Let Λ and Λ′ be R-lattices of M such that [Λ] and [Λ′] are
adjacent distinct vertices of the Bruhat-Tits building ∆(SL2(L)).
(i) We have

(3.7.13) |Exp(Λ)− Exp(Λ′)| ≤ 1.

(ii) We have
Exp(Λ′) ≤ Exp(Λ)

if and only if the endomorphisms in fΛ(EndMR (Λ)) have a common 1-dimensional
eigenspace U on Λ⊗R κ and ψ[Λ]([Λ′]) = U .
(iii) Assume either that Exp(Λ) ≥ 1 and M is reduced or that M is not
reduced. Then we have

|Exp(Λ)− Exp(Λ′)| = 1.

Proof of lemma 3.7.12. We may assume that Λ and Λ′ verify πΛ ⊂ Λ′ ⊂ Λ.
(i) For any u ∈ EndMR (Λ) we have

(πu)(Λ′) ⊆ πΛ ⊂ Λ′.

This shows that πu ∈ EndMR (Λ′) and hence that we have

πEndMR (Λ) ⊆ EndMR (Λ′).

We obtain the inequality for the exponents of the conductors

Exp(Λ′) ≤ Exp(Λ) + 1.

By the symmetry between Λ and Λ′ we then obtain the inequality (3.7.13).
(ii) Suppose now that

Exp(Λ′) ≤ Exp(Λ).
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Then EndMR (Λ) is a subring of EndMR (Λ′). But ψ[Λ](Λ′) corresponds to a 1-
dimensional subspace of Λ⊗Rκ namely Λ′/πΛ, and hence this subspace is pre-
served by the elements of fΛ(EndMR (Λ)); as it is 1-dimensional, this subspace
Λ′/πΛ is therefore a common eigenspace of all elements of fΛ(EndMR (Λ)).

Conversely, suppose that the endomorphisms in fΛ(EndMR (Λ)) have a com-
mon 1-dimensional eigenspace U ⊂ Λ⊗R κ. Then U corresponds to a unique
R-lattice Λ′ such that πΛ ⊂ Λ′ ⊂ Λ. As U is preserved by the elements of
fΛ(EndMR (Λ)), for every element u ∈ EndMR (Λ) we have

u(Λ′) ⊆ Λ′.

That is to say the elements of EndMR (Λ) preserve Λ′. Hence the endomorphism
ring EndMR (Λ) is a subring of EndMR (Λ′); we have in consequence the inequality
of exponents

Exp(Λ′) ≤ Exp(Λ).

(iii) Assume either that Exp(Λ) ≥ 1 and M is reduced or that M is not
reduced. By lemma 3.7.7 we have that the R-algebra EndMR (Λ) takes the form

(3.7.14) EndMR (Λ) = R⊕Rη

where η satisfies a relation of the form

η2 ≡ µπη (modulo π2) where µ = 0 or 1.

According to lemma 3.7.7 we may take µ to be zero unless κ has characteristic
2, Exp(Λ) = 1, and S/R is étale in which case we take µ to be 1.

Assume that

(3.7.15) Exp(Λ) = Exp(Λ′).

We then have that the R-algebra EndMR (Λ) is isomorphic to EndMR (Λ′). As
the endomorphism η⊗Rκ is non-zero and nilpotent on Λ⊗Rκ, it has a unique
1-dimensional eigenspace namely its kernel. Therefore by part (ii) above, the
1-dimensional κ-vector space Λ′/πΛ lies in the kernel of the endomorphism
η ⊗R κ on Λ⊗R κ. Hence we have ηΛ′ ⊂ πΛ; as π is not a zero divisor of M
we have π−1η ∈M and also

(π−1η)Λ′ ⊂ Λ.

Hence we have, as η2 ≡ µπη (modulo π2),

η2Λ′ ⊂ πηΛ′ + π2Λ′

and therefore, as ηΛ′ ⊂ πΛ,

η((π−1η)Λ′) = π−1(η2Λ′) ⊂ π−1(πηΛ′ + π2Λ′) = ηΛ′ + πΛ′ ⊂ πΛ.
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This shows that (π−1η)Λ′ mod πΛ lies in the kernel Λ′/πΛ of η⊗κ on Λ⊗Rκ.
That is to say we have

(π−1η)Λ′ ⊂ Λ′.
Hence the lattice Λ′ is stable under the endomorphism π−1η, an endomor-
phism which does not lie in EndMR (Λ) by (3.7.14). But this contradicts the
hypothesis (3.7.15), which asserts that the endomorphism rings of Λ and Λ′

are equal; hence this assumption (3.7.15) is false.
By part (i), we have that Exp(Λ) and Exp(Λ′) differ by at most 1. As

we have shown that Exp(Λ) �= Exp(Λ′), the only remaining possibility is
|Exp(Λ)− Exp(Λ′)| = 1, as required.�

3.7.16. Lemma. (i) Suppose either thatM is reduced and Exp(Λ) ≥ 1 or that
M is not reduced. Then all vertices but one of the star st([Λ]) have exponent
Exp(Λ) + 1; the exceptional vertex in st([Λ]) has exponent Exp(Λ)− 1.
(ii) Suppose that Exp(Λ) ≥ 0. There is a unique chain C of distinct vertices
in ∆(SL2(L))

(3.7.17) C : [Λ1], [Λ2], . . . , [Λn]

where Λ = Λ1, Λ2, . . . , Λn are R-lattices of M , such that [Λi], [Λi+1] are adja-
cent, for all i, Exp(Λi+1) = Exp(Λi)− 1, for all i, and Exp(Λn) = 0.

Proof. (i) By lemmas 3.7.6 and 3.7.7, we have isomorphisms of κ-algebras

fΛ(EndMR (Λ)) ∼= EndMR (Λ)⊗R
R

(π)
∼= κ[ε]/(ε2).

Hence the elements of fΛ(EndMR (Λ)) have a unique 1-dimensional common
eigenspace on Λ⊗R κ namely the kernel of ε. By lemma 3.7.12(ii), there is a
unique lattice Λ′ such that πΛ ⊂ Λ′ ⊂ Λ for which

Exp(Λ′) ≤ Exp(Λ).

By lemma 3.7.12(iii) this lattice has exponent equal to Exp(Λ) − 1. For all
other lattices Λ′′ �= Λ′ verifying πΛ ⊂ Λ′′ ⊂ Λ we then obtain from lemma
3.7.12(ii) and (iii)

Exp(Λ′′) = Exp(Λ) + 1.

As the lattices Λ′′ verifying πΛ ⊂ Λ′′ ⊂ Λ correspond to the elements of
st([Λ]) this proves the statement above.
(ii) We construct the chain C by induction. We put Λ = Λ1. Suppose the
sequence (3.7.17) has been constructed up to [Λi] where i ≥ 1. If Exp(Λi) > 0,
by part (i) we may find a unique vertex x of st([Λi]) for which any R-lattice
Λi+1 of M in the class x satisfies

Exp(Λi+1) = Exp(Λi)− 1.
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This constructs the sequence (3.7.17) up to [Λi+1]. If, on the other hand,
Exp(Λi) = 0 then the sequence (3.7.17) stops with [Λi].

Clearly, this sequence C of (3.7.17) of vertices is finite, is uniquely de-
termined by the initial vertex [Λ], and terminates with a vertex [Λn] where
Exp(Λn) = 0 and Λn is a lattice ideal of Λ0, as required. �

We now come to the proofs of the main results of this section, theorems
3.7.3 and 3.7.5.

Proof of theorem 3.7.3. We now assume that the algebraM is reduced. Let Λ
be an R-lattice in M . The proof is in several steps.

Step 1. Let C : [Λ1], [Λ2], . . . , [Λn] be the chain associated to Λ = Λ1, as in
lemma 3.7.16. Then we have Exp(Λ) = d([Λ], [Λn]) = n− 1.

As Exp(Λi+1) = Exp(Λi)− 1, for all i = 1, . . . , n− 1, we obtain

(3.7.18) Exp(Λ) = Exp(Λn) + n− 1 = n− 1.

As the chain C consists of distinct adjacent vertices, without repetition, of
∆(SL2(L)) we have that C forms the set of vertices of a shortest path joining
[Λ] and [Λn] in the Bruhat-Tits tree ∆(SL2(L)); that is, we have demonstrated
the equality

Exp(Λ) = d([Λ], [Λn]).

Step 2. Suppose that I is a lattice ideal of S. Then we have d([Λ], [Λn]) ≤
d([Λ], [I]) with equality if and only if [I] = [Λn].

The distance d([Λ], [I]) is measured by constructing a sequence V of dis-
tinct vertices

(3.7.19) V : u1 = [Λ], u2, . . . , um = [I]

of the tree ∆(SL2(L)) such that ui+1 ∈ st(ui) for all i; we then have

d([Λ], [I]) = m− 1.

In this sequence V , we have, by lemma 3.7.12(i) and Step 1,

Exp(u1) = n− 1, Exp(um) = 0, |Exp(ui)− Exp(ui+1)| ≤ 1 for all i.

We must then have m ≥ n and equality holds if and only if

Exp(ui+1) = Exp(ui)− 1 for all i.

But then we have m = n if and only if ui+1 is the unique exceptional vertex
of st(ui) for all i; that is to say m = n if and only if the sequence V coincides
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with the chain C of lemma 3.7.16. We have therefore shown

d([Λ], [Λn]) ≤ d([Λ], [I])

where equality holds if and only if [I] = [Λ].

Step 3. We have Exp(Λ) = minI d([Λ], [I]) where the minimum runs over all
lattice ideals I of S and the minimum is attained by a lattice ideal I whose
class [I] is uniquely determined by [Λ].

This follows from Steps 1 and 2. �

Proof of theorem 3.7.5. The proof here is similar to that of theorem 3.7.3 and
is also in several steps. We assume that the algebra M is not reduced. Let Λ
be an R-lattice in M .

Step 1. If Exp(Λ) < 0 then there is at least one chain C of distinct vertices in
∆(SL2(L))

(3.7.20) C : [Λ1], [Λ2], . . . , [Λn]

where Λ = Λ1, Λ2, . . . , Λn are R-lattices of M , such that [Λi], [Λi+1] are adja-
cent, for all i, Exp(Λi+1) = Exp(Λi) + 1, for all i, and Exp(Λn) = 0.

The argument here is similar to that of the proof of lemma 3.7.16. We put
Λ1 = Λ where Exp(Λ) < 0. Assume the sequence (3.7.20) has been constructed
from [Λ1] up to [Λi]. The vertices adjacent to [Λi] are in bijection with the
points of the projective line over the residue field of R; in particular, at least
three vertices are adjacent to [Λi]. Hence by lemma 3.7.16 we may find at
least one vertex x of st([Λi]) for which any R-lattice Λi+1 of M in the class x
satisfies

Exp(Λi+1) = Exp(Λi) + 1.

This constructs the sequence (3.7.20) from [Λ1] up to [Λi+1] provided that
Exp(Λi) < 0. If, on the other hand, Exp(Λi) = 0 then the sequence (3.7.20)
terminates with [Λi] and then the class [Λi] is that of a lattice ideal of Λ0 of
exponent 0.

Step 2. Let C : [Λ1], [Λ2], . . . , [Λn] be a chain associated to Λ = Λ1, as in
lemma 3.7.16 and Step 1. Then we have |Exp(Λ)| = d([Λ], [Λn]) = n− 1.

As Exp(Λi+1) = Exp(Λi)± 1, for all i = 1, . . . , n− 1 and where the signs
are here either all positive or all negative, we obtain

|Exp(Λ)| = n− 1± Exp(Λn) = n− 1.

As the chain C consists of distinct adjacent vertices, without repetition, of
∆(SL2(L)) we have that C forms the set of vertices of a shortest path joining
[Λ] and [Λn] in the Bruhat-Tits tree ∆(SL2(L)); that is, we have demonstrated
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the equality
|Exp(Λ)| = d([Λ], [Λn]).

Step 3. Suppose that I is a lattice ideal of Λ0 of exponent 0. Then we have
d([Λ], [Λn]) ≤ d([Λ], [I]).

The proof is similar to the proof of step 2 of the proof of theorem 3.7.3.
The distance d([Λ], [I]) is measured by constructing a sequence V of distinct
vertices

V : u1 = [Λ], u2, . . . , um = [I]

of the tree ∆(SL2(L)) such that ui+1 ∈ st(ui) for all i; we then have

d([Λ], [I]) = m− 1.

In this sequence V , we have, by lemma 3.7.12(i) and Step 2,

|Exp(u1)| = n− 1, Exp(um) = 0, |Exp(ui)− Exp(ui+1)| ≤ 1 for all i.

We must then have m ≥ n and equality holds if and only if

Exp(ui+1) = Exp(ui)± 1 for all i

and where the signs here are either all positive or all negative. We have there-
fore shown

d([Λ], [Λn]) ≤ d([Λ], [I]).

Step 4. We have |Exp(Λ)| = minI d([Λ], [I]) where the minimum runs over all
lattice ideals I of Λ0 of exponent 0.

This follows from Steps 2 and 3. �

3.7.21. Remark. (Maximal orders in the indefinite quaternion algebraM2(L)).
For this remark suppose that L is a non-archimedean local field. Let R be the
ring of valuation integers of L and let π be a local parameter of R. LetM2(L)
be the non-commutative L-algebra of 2 × 2 matrices over L. Let V be a 2-
dimensional L-vector space on which M2(L) acts with its usual action. In
particular, if V is a 2-dimensional commutative L-algebra, then V may be
considered a subalgebra of the 4-dimensional algebra M2(L).

We have in this chapter considered the commutative R-subalgebras of
M2(L) of rank 2 over R.

The non-commutative orders of the quaternion algebra M2(L) have the
following properties (see [V] pp.37-41 for proofs and more details).

An order of End(V ) is said to be maximal if it is not strictly contained in
another order.

(1) The maximal orders of End(V ) are the rings End(Λ) where Λ runs over
the R-lattices of rank 2 of V .
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(2) If Θ is an (rank 4) R-lattice of End(V ) then there are 2 orders associated
to Λ

Ol(Θ) = {h ∈M2(L) | hΛ ⊆ Λ}

Or(Θ) = {h ∈M2(L) | Θh ⊆ Θ}.
A lattice Θ is said to be normal if the orders Ol(Θ) and Or(Θ) are maximal.

(3) The normal lattices of rank 4 of End(V ) are the lattices End(Λ,Λ′) where
Λ,Λ′ are rank 2 R-lattices of V .

(4) The maximal orders of M2(L) are conjugate to M2(R).

(5) Let O = End(Λ), O′ = End(Λ′) be two maximal orders of End(V ) where
Λ,Λ′ are rank 2 R-lattices of V . We may assume that Λ ⊆ Λ′; then there are
bases (f1, f2) and (f1πa, f2πb) of Λ,Λ′, respectively, over R where a, b ∈ N.
The integer |a − b| depends only on the orders O,O′. The distance between
the orders O,O′ is defined to be d(O,O′) = |a− b|.

For example, we have

d(M2(R),
(
R π−nR
πnR R

)
) = n.

(6) An Eichler order of level πn is defined to be the intersection of 2 maximal
orders of End(V ) of distance n.

(7) Let O be an order ofM2(L). Then the following properties are equivalent:
(a) there is a unique pair of maximal orders O1, O2 such that O = O1∩O2;
(b) O is a Eichler order;

(c) there is an integer n ∈ N such that O is conjugate to
(
R R
πnR R

)
;

(d) O contains a subring isomorphic to
(
R 0
0 R

)
.

(8) Let O be a maximal order of End(V ). The maximal orders situated at a
distance n from O are the extremities of paths without a return of origin O
and length n.

(9) The maximal orders of End(V ) form a tree where two orders are joined
by a line of the tree if and only if their distance apart is equal to 1.



3.8 Classification of Bruhat-Tits trees with complex multiplication 57

3.8 Classification of Bruhat-Tits trees with complex
multiplication

We retain the notation and hypotheses of (3.7.1).
There are precisely 4 distinct types of Bruhat-Tits trees (∆(SL2(L)),Exp)

with complex multiplication by the algebra M . They correspond to the de-
composition of the valuation v in the extension of algebras M/L (see Figures
1, 2, 3 and 4).

(3.8.1) If M is reduced, v is inert and unramified in M/L, then (Figure 1)

Exp(Λ) = d([Λ], [S]).

[For if v is inert in the extension M/L then M is a field and π is a local
parameter of the discrete valuation ring S. Hence all lattice ideals of S are
equivalent as R-lattices. Therefore only one vertex, namely [S], of ∆(SL2(L))
has exponent equal to 0; all other vertices have exponent ≥ 1. The formula of
(3.8.1) above now immediately follows from theorem 3.7.3. See Figure 1.]

(3.8.2) Assume that M is reduced and v is split completely in M/L. Then
S is a semi-local ring. Let p1, p2 be the 2 maximal ideals of S lying over the
maximal ideal of R. Then p1, p2 are lattice ideals of S. Let [n], where n ∈ Z,
denote the lattice equivalence class given by

[n] =
{

[pn1 ], if n ≥ 0,
[p−n2 ], if n ≤ 0,

where pni = S if n = 0. Any lattice ideal of S is equivalent as an R-lattice to
[n] for some n ∈ Z.

We have (Figure 2)

Exp(Λ) = min
n∈Z

d([Λ], [n]).

[The vertices [n], n ∈ Z, are distinct in the building ∆(SL2(L)). Furthermore,
[n] and [n+ 1] are adjacent vertices for all n ∈ Z as we have

πpni ⊂ pn+1
i ⊂ pni , for i = 1 or 2, and for all n ∈ N.

We have evidently Exp([n]) = 0 for all n ∈ Z. As p1p2 = πS, it follows that
any lattice ideal of S is then equivalent as anR-lattice to either pn1

1 or pn2
2 . The

semi-local ring S is a principal ideal ring, as its localisations at the maximal
ideals are discrete valuation rings. Hence the ideals pni are principal for all
n ≥ 0 and all i. The formula above follows directly from theorem 3.7.3.]
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(3.8.3) Suppose M is reduced and that v is ramified in M/L. Then S is a
discrete valuation ring. Let m be the maximal ideal of S. The vertices [S]
and [m] are adjacent and distinct in ∆(SL2(L)); every lattice ideal of S is
equivalent to either [S] or [m].

We have (Figure 3)

Exp(Λ) = min
[
d([Λ], [S]), d([Λ], [m])

]
.

[As v is ramified in M/L we have that M is a field; hence S is a discrete
valuation ring contained in M . As

πS ⊂ m ⊂ S,

the vertices [S] and [m] are adjacent and distinct in ∆(SL2(L)). We have
m2 = πS. Hence the lattice ideals of S are equivalent as R-lattices either to S
or to m. The formula stated above then follows directly from theorem 3.7.3.
We may then construct Figure 3.]

(3.8.4) Suppose M is not reduced. Then for some non-zero element ε ∈M we
have M = L[ε] where ε2 = 0; furthermore, we have S = R ⊕ Lε. Fix a lattice
Λ0 = R⊕Rε which is a subring of S.

We have (Figure 4)

|Exp(Λ)| = min
I
d([Λ], [I])

where the minimum runs over all lattice ideals I of Λ0 of exponent 0.

[This follows directly from theorem 3.7.5.]

(3.8.5) Alternative arguments. Instead of using theorems 3.7.3 and 3.7.5, one
may use directly lemma 3.7.12 or corollary 3.5.2 to construct at least part of
the Figures 1,2,3 and 4. For example:

(1) Assume that M is reduced and v is inert and unramified in M/L. By
lemma 3.7.6 we have that the κ-algebra fS(EndMR (S)) is isomorphic to the
residue field S/πS of the discrete valuation ring S. As the extension of residue
fields κ ⊂ S/πS is non-trivial, there is an element ε of fS(EndMR (S)) whose
characteristic polynomial over κ has no roots rational over κ; hence ε has no
κ-rational eigenspaces on S ⊗R κ. It follows from lemma 3.7.12(ii) that if Λ
is a sublattice of S such that [Λ] and [S] are adjacent distinct vertices in the
Bruhat-Tits building ∆(SL2(L)) then we have

Exp(Λ) > Exp(S) = 0.
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Again by lemma 3.7.12(i), for such a lattice Λ we obtain that

Exp(Λ) = 1.

This is equivalent to saying that the vertices in the star st([S]) in ∆(SL2(L))
have exponent of conductor equal to 1. See Figure 1.

(2) Assume that M is reduced and v is split completely in M/L. Let Λ be
a lattice of S in the class [n]; then fΛ(EndMR (Λ)) consists of the diagonal
elements of Endκ(Λ⊗Rκ) hence there are 2 common 1-dimensional eigenspaces
of fΛ(EndMR (Λ)). By lemma 3.7.12(ii), the star st([n]) has precisely 2 vertices
of exponent equal to 0 namely [n− 1] and [n+ 1]; all other vertices of st([n])
have exponent equal to 1.

If Λ is a lattice of S of exponent ≥ 1, then the image fΛ(EndMR (Λ)) is
isomorphic to κ[ε]/(ε2) (lemmas 3.7.6 and 3.7.7); hence there is one common
1-dimensional eigenspace of fΛ(EndMR (Λ)) on Λ⊗R κ. Hence (lemma 3.7.12)
the vertices of st([Λ]) all have exponent equal to Exp(Λ) + 1 except for one
vertex which has exponent Exp(Λ)− 1. See Figure 2.

(3) Assume that M is reduced and v is ramified in M/L. By lemma 3.7.6 we
have that the κ-algebra fS(EndMR (S)) is isomorphic to the non-reduced ring
S/πS ∼= κ[ε]/(ε2). Hence the elements of fΛ(EndMR (Λ)) have one common
eigenspace on Λ⊗R κ, therefore (lemma 3.7.12) the star st([Λ]) has precisely
one vertex of exponent 0; all other vertices have exponent 1.

If Λ is a lattice of S of exponent ≥ 1, then the image fΛ(EndMR (Λ)) is
isomorphic to κ[ε]/(ε2) (by lemmas 3.7.6 and 3.7.7); hence, in the same way
as in case (2) above, we conclude that the vertices of st([Λ]) all have exponent
equal to Exp(Λ) + 1 except for one vertex which has exponent Exp(Λ) − 1.
See Figure 3.

(4) Assume that M is not reduced. If Λ is a lattice of M , then the image
fΛ(EndMR (Λ)) is isomorphic to κ[ε]/(ε2) (lemmas 3.7.6 and 3.7.7); hence there
is one common 1-dimensional eigenspace of fΛ(EndMR (Λ)) on Λ⊗R κ. Hence
(lemma 3.7.12) the vertices of st([Λ]) all have exponent equal to Exp(Λ) + 1
except for precisely one vertex which has exponent Exp(Λ)− 1. See Figure 4.
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Fig. 1. The Bruhat-Tits building ∆(SL(2, R)) with CM: v is inert and M is reduced

Fig. 2. The Bruhat-Tits building ∆(SL(2, R)) with CM: v is split completely and
M is reduced
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Fig. 3. The Bruhat-Tits building ∆(SL(2, R)) with CM: v is ramified and M is
reduced

Fig. 4. The Bruhat-Tits building ∆(SL(2, R)) with CM: M is not reduced
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3.9 Lattices in quadratic extensions: Dedekind domains

We extend some of the results on lattices over excellent discrete valuation rings
of the first part of this chapter to lattices over excellent Dedekind domains.

(3.9.1) Let

R be an excellent Dedekind domain;
L be the field of fractions of R;
p be a maximal ideal of R;
Rp be the localisation of R at p;
vp be the discrete valuation on L associated to p and normalised

so that v(π) = 1 where π ∈ Rp is a local parameter with respect to p;
M/L be a 2-dimensional reduced commutative L-algebra (M is a field or

is L-isomorphic to L× L by proposition 3.3.1);
S be the integral closure of R in M .

(3.9.2) An R-lattice Λ in M is a finitely generated R-submodule of M which
generates M as a vector space over L. For example, S is an R-lattice in M as
R is excellent.

For any R-lattice Λ in M , let EndMR (Λ) be the endomorphism ring of the
lattice Λ with respect to M , that is to say:

EndMR (Λ) = {x ∈M | xΛ ⊆ Λ}.

(3.9.3) Let Λ1, Λ2, Λ3 be R-lattices in M . The local index [Λ1Rp : Λ2Rp],
which is a fractionary ideal of the discrete valuation ring Rp, has been defined
in (3.2.3) for all maximal ideals p of R.

Let [Λ1 : Λ2] be the module index of Λ2 in Λ1. This is the fractionary ideal
of R which is uniquely determined by the condition (see [CF, Chapter 1, §3,
p.10]):

[Λ1 : Λ2]Rp = [Λ1Rp : Λ2Rp] for all maximal ideals p of R.
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Note that Λ1Rp = Λ2Rp for all but finitely many prime ideals p of R so that
[Λ1 : Λ2] is well defined. These properties are easily shown:

[Λ1 : Λ2] = [Λ2 : Λ1]−1;
[Λ1 : Λ2][Λ2 : Λ3] = [Λ1 : Λ3];

[Λ1 : Λ2] is an ideal of R if Λ1 ⊇ Λ2;
[Λ1 : Λ2] = R and Λ1 ⊇ Λ2 imply that Λ1 = Λ2.

(3.9.4) An order O in M , with respect to R, is an R-subalgebra of S such
that O generates M as an L-vector space. The conductor of O is the ideal of
R given by [S : O] (this generalises (2.2.6)).

(3.9.5) For any R-lattice Λ of M , the ring EndMR (Λ) is an order of S, with
respect to R.

[For the proof, it is clear that R ⊆ EndMR (Λ) so that EndMR (Λ) is an R-
subalgebra of M . As S and Λ are R-lattices of M there are non-zero elements
b1, b2 ∈ R− {0} such that b1S ⊆ Λ ⊆ b−1

2 S. Hence we have the inclusion

b1b2S ⊆ EndMR (Λ).

Let λ1, . . . , λr be finite set of generators of Λ as an R-module. Then an element
u ∈ EndMR (Λ) is represented with respect to this set of generators by a matrix
[aij ] of order r × r with coefficients in R:

u(λi) =
∑

j

aijλj , for all i.

It follows that u satisfies a monic polynomial equation with coefficients in R,
namely the equation det([aij ]−XIr) = 0; hence the element u ofM is integral
over R. As S is the integral closure of R inM , this shows that EndMR (Λ) ⊆ S.
The inclusions of R-modules b1b2S ⊆ EndMR (Λ) ⊆ S prove that EndMR (Λ) is
an R-lattice of M and an order of S.]

(3.9.6) Let Λ be an R-lattice in M . The conductor of Λ is the conductor of
the order EndMR (Λ) relative to S, that is to say

cond(Λ) = [S : EndMR (Λ)].

This conductor cond(Λ) is a non-zero ideal of R of the form

cond(Λ) =
∏

p

pExpp(Λ)

where the product runs over all non-zero prime ideals p of the Dedekind
domain R and where the integers Expp(Λ) are non-negative and are zero for
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all but finitely many prime ideals p. This integer Expp(Λ) ∈ N is the local
exponent of the conductor of Λ at p.

(3.9.7) Let Λ be an R-lattice contained in M and p be a maximal ideal of R.
Let Rp be the localisation of R at p. Then Λ⊗RRp is an Rp-lattice contained
in M and hence the exponent of the conductor Exp(Λ⊗RRp) with respect to
the discrete valuation ring Rp is defined as in §3.3. We have

Expp(Λ) = Exp(Λ⊗R Rp).

[We have the equality of endomorphism rings, as subrings of M ,

EndMR (Λ)⊗R Rp = EndMRp
(Λ⊗R Rp)

obtained by localization at p. Furthermore, SRp is the integral closure of Rp

in M . This implies an equality of conductor ideals

[S : EndMR (Λ)]⊗R Rp = [SRp : EndMRp
(Λ⊗R Rp)].

The equality of exponents of conductors results from this.]

(3.9.8) Let R̂p be the completion of the local ring Rp for a maximal ideal p of
R. Let L̂p be the fraction field of the discrete valuation ring R̂p. Let AR be
the adèle ring of the Dedekind domain R. That is to say, AR is the restricted
topological product of the L̂p for all maximal ideals p of R with respect to the
subrings R̂p. Let ÔR be the subring of AR of adèles (ap)p such that ap ∈ R̂p

for all p.
Fix an R-sublattice Λ0 of M . Let Λ be an R-lattice of M . Then there

is an element f ∈ GL2(AR) such that there is an equality of submodules of
M ⊗R ÔR

f(Λ0)⊗R ÔR = Λ⊗R ÔR.
Furthermore, another element g ∈ GL2(AR) satisfies the condition
g(Λ0)⊗R ÔR = Λ⊗R ÔR if and only if f, g lie in the same coset of GL2(ÔR)
in GL2(AR). This then defines a bijection of sets
{
R− sublattices of M

}
−→ GL2(AR)/GL2(ÔR), Λ �→ fGL2(ÔR).

[To show that this map is a bijection, we construct an inverse map. Let
f = (fp)p ∈ GL2(AR). Then for each p we have a homomorphism of R-
modules

fp :M →M ⊗R L̂p.

Hence for each maximal ideal p of M we obtain an R̂p-lattice of rank 2 of
M ⊗R R̂p given by fp(Λ0)⊗R R̂p. We put

Λ(p) =M ∩ (fp(Λ0)⊗R R̂p)
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where this makes sense if we identify M with its image in M ⊗R L̂p under
the map m �→ m ⊗R 1. Clearly, Λ(p) is an Rp-lattice in M which satisfies
Λ(p)R̂p = fp(Λ0)⊗R R̂p for all p and

Λ(p) = Λ0Rp for all except finitely many p.

We then put
Λ =
⋂

p

Λ(p).

Then Λ is anR-submodule ofM which generatesM as an L-vector space. That
Λ is a noetherian R-module follows from the modules Λ(p) being noetherian
Rp-modules and that Λ(p) = Λ0Rp for all except finitely many p and that
Λ =
⋂

p Λ(p). Hence Λ is an R-lattice ofM . As ΛRp = Λ(p) for all p it follows
that Λ is an R-submodule of M whose image in GL2(AR)/GL2(ÔR) is the
coset fGL2(ÔR).]

(3.9.9) The group of fractionary ideals of the Dedekind domain R acts nat-
urally on the sublattices of M : if I is a fractionary ideal of R and Λ is an
R-sublattice of M then IΛ is also a sublattice of M . We have the equality of
endomorphism rings

EndMR (Λ) = EndMR (IΛ)

and equality of conductors

cond(Λ) = cond(IΛ).

3.10 The global Bruhat-Tits net

We retain the notation and hypotheses (3.9.1) of the preceding section; in
particular, R is an excellent Dedekind domain and M/L is a 2-dimensional
reduced commutative L-algebra (M is a field or is L-isomorphic to L× L by
proposition 3.3.1).

(3.10.1) Let Λ,Λ′ be R-lattices ofM and p be a maximal ideal of the excellent
Dedekind domain R. Then Λ′ is a p-lower modification of Λ if Λ′ ⊂ Λ and
there is an isomorphism of R-modules

Λ/Λ′ ∼= R/p.

Similarly, Λ′ is a p-upper modification of Λ if Λ′ ⊃ Λ and there is an isomor-
phism of R-modules Λ′/Λ ∼= R/p. The lattice Λ′ is a p-modification of Λ if it
is either a p-upper or a p-lower modification of Λ.
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(3.10.2) Exactly as for discrete valuation rings (§3.1), we define these relations
between R-lattices of M :

(1) Two R-lattices Λ,Λ′ of L are equivalent if there is a ∈M∗ such that

aΛ = Λ′.

Equivalence of R-lattices is an equivalence relation. For an R-lattice Λ
in M we write [Λ] for the corresponding lattice class.

(2) Let p be a maximal ideal of R. Two R-lattice classes [Λ], [Λ′] of M
are p-incident if either they are equal or they admit representatives Λ,Λ′

such that Λ′ is a p-modification of Λ. The relation of p-incidence is
symmetric and reflexive amongst the lattice classes for every maximal ideal
p of R.

(3.10.3) Equivalent definitions of p-incidence are: the R-lattice classes [Λ], [Λ′]
ofM are p-incident if either they are equal or they admit representatives Λ,Λ′

such that
ΛRq = Λ′Rq for all q �= p

and either
pΛRp⊂Λ′Rp ⊂ ΛRp, pΛRp �=Λ′Rp,

or
pΛ′Rp⊂ΛRp ⊂ Λ′Rp, ΛRp �=pΛ′Rp.

Alternatively, the R-lattice classes [Λ], [Λ′] of M are p-incident if and only
if they admit representative lattices Λ,Λ′ such that (see (3.9.3))

[Λ : Λ′] = pm where the integer m satisfies − 1 ≤ m ≤ 1 and

either Λ ⊇ Λ′ or Λ ⊆ Λ′.

(3.10.4) Two R-lattice classes [Λ], [Λ′] of M are p-incident and q-incident
where p, q are two distinct maximal ideals of R if and only if [Λ] = [Λ′].

[For the proof, if [Λ] = [Λ′] then evidently the lattice classes [Λ], [Λ′] are
p-incident for all maximal ideals p of R. Conversely, assume that [Λ], [Λ′] are
both p-incident and q-incident where p, q are distinct maximal ideals of R. We
may select representative lattices Λ,Λ′ in M of these classes and an element
a ∈ L∗ such that [Λ : Λ′] = pm, where |m| ≤ 1, and [Λ : aΛ′] = qn, where
|n| ≤ 1. But we have [Λ : aΛ′] = (a2R)[Λ : Λ′] = (a2R)pm. Hence we have the
equality of fractionary ideals qnp−m = (a2R). This implies that both m and
n are even integers and hence that n = m = 0; this shows that [Λ] = [Λ′], as
required.]
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(3.10.5) The group GL2(L) acts on a basis of M over L; hence GL2(L) acts
as a permutation group on the set of R-lattice classes of M and also on the
set of equivalence classes of R-lattices of M .

The group of fractionary ideals ofR acts on the R-lattices ofM via Λ �→ IΛ
for any fractionary ideal I (see (3.9.9)). Hence the group of fractionary ideals
of R acts as a permutation group on the equivalence classes of R-lattice classes
of M . This action factors through the Picard group Pic(R) and we obtain a
permutation action of Pic(R) on the lattice classes which is noted as

[Λ] �→ [Λ]⊗R I

where I is any locally free R-module of rank 1.
The action of Pic(R) on the lattice classes preserves the relation of p-

incidence for any maximal ideal p.

(3.10.6) The R-lattice classes [Λ], [Λ′] ofM are locally p-incident if either they
are equal or for every prime ideal q they admit representatives Λ(q), Λ′(q)
such that

Λ(q)Rq = Λ′(q)Rq for all q �= p

and either

pΛ(p)Rp⊂Λ′(p)Rp ⊂ Λ(p)Rp, pΛ(p)Rp �=Λ′(p)Rp,

or
pΛ′(p)Rp⊂Λ(p)Rp ⊂ Λ′(p)Rp, Λ(p)Rp �=pΛ′(p)Rp.

(Compare (3.10.3)). Then we have that [Λ], [Λ′] are locally p-incident if and
only if for some locally free R-module I of rank 1 the R-lattices [Λ], [Λ′]⊗R I
are p-incident.

[For we have elements ap, bp ∈ L∗ such that apΛ = Λ(p) and bpΛ′ = Λ′(p)
for all maximal ideals p. The elements apb

−1
p then generate a fractionary ideal

I of R such that the lattices [IΛ] and [Λ′] are p-incident.]

(3.10.7) Let L be the set of lattice classes of M . A p-flag of L is a set of
pairwise p-incident distinct elements of L.

Let ∆R be the flag complex associated to L; this is a simplicial complex
∆R with L as a vertex set and the finite p-flags as simplices for all maximal
ideals p of R. Each simplex corresponds to a p-flag for a unique maximal
ideal p of R (by (3.10.4)) except for the 0-simplices. Hence each simplex of
dimension ≥ 1 is labelled by one maximal ideal of R; each 0-simplex is labelled
by all the maximal ideals.

The simplicial complex ∆R has only 0-simplices and 1-simplices and no
higher dimensional simplices. Let Sim1(∆R) be the set of 1-simplices of ∆R.
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As each 1-simplex s is a p-flag for some unique p we obtain a labelling map

Sim1(∆R)→ Max(R)
s �→ p

where Max(R) is the set of maximal ideals of R.

(3.10.8) The global Bruhat-Tits net ∆R(SL2(L)) with respect to R is the sim-
plicial complex ∆R equipped with the labelling of the 1-simplices

Sim1(∆R)→ Max(R).

The Picard group Pic(R) acts as a group of automorphisms of the simpli-
cial complex ∆R and preserves the labelling map of 1-simplices. Hence Pic(R)
acts as a group of automorphisms of the global Bruhat-Tits net ∆R(SL2(L)).

(3.10.9) Let [Λ] ∈ L be a lattice class. Let C(p, [Λ]), the p-connected component
of [Λ], be the set of points of the simplicial complex ∆R(SL2(L)) which are
connected to the vertex [Λ] by an arc consisting of p-labelled 1-simplices.

The following properties of C(p, [Λ]) are immediate consequences of the
definition and elementary results on modules over Dedekind domains:

(a) The complex C(p, [Λ]) is the maximal connected subcomplex of∆R(SL2(L))
containing [Λ] whose 1-simplices are contained in the fibre of the map
Sim1(∆R)→ Max(R) over p.

(b) As a simplicial complex, C(p, [Λ]) is simplicially isomorphic to the Bruhat-
Tits tree ∆(SL2(L)) relative to the discrete valuation vp of L.

(c) For a fixed maximal ideal p, the components C(p, [Λ]) are disjoint or equal,
as [Λ] runs through all elements of L.

(d) Two lattice classes [Λ], [Λ′] of L lie in the same component C(p, [Λ]) if
and only if they admit representive lattices Λ,Λ′ of M such that there is a
sequence of R-lattices Λ1, Λ2, . . . , Λn of M where Λi and Λi+1 are p-incident,
for all i, and Λ = Λ1, Λ′ = Λn.

(e) For each maximal ideal p, let dp denote the standard metric on the Bruhat-
Tits building ∆(SL2(L)), with respect to the discrete valuation vp, normalised
so that the distance between adjacent vertices is equal to 1 (see §3.1). Then
dp induces a metric, also noted dp, on each p-connected component C(p, [Λ])
of ∆R(SL2(L)).

Administrator
ferret
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(f) If [Λ], [Λ′] of L lie in the same component C(p, [Λ]) then there is a ∈ L∗
such that

[Λ : aΛ′] = pm where |m| ≤ dp([Λ], [Λ′]).

[This follows from (d) and (e).]

(g) If p and q are distinct maximal ideals of R, and [Λ], [Λ′] ∈ L, then
C(p, [Λ]) and C(q, [Λ′]) are either disjoint or intersect in precisely one ver-
tex of ∆R(SL2(L)).
[To prove this, by localising R we may reduce to the case where R is a semi-
local Dedekind domain with precisely two maximal ideals p, q. Hence R is a
unique factorisation domain. Suppose that [Λ], [Λ′] ∈ L are two distinct points
lying in both C(p, [Λ]) and C(q, [Λ′]); selecting geodesics in the trees C(p, [Λ]),
C(q, [Λ′]) joining [Λ], [Λ′] then there is corresponding sequence of p-lower
modifications Λ ⊃ Λ1 ⊃ . . . ⊃ Λn and a corresponding sequence of q-lower
modifications Λ ⊃ Λ′1 ⊃ . . . ⊃ Λ′m where Λn = aΛ′m for some a ∈ L∗ and
Λn, aΛ

′
m lie in the class [Λ′]. The invariants of Λ/Λn as an Rp-module are 0, n

and the invariants of Λ/Λ′m as an Rq-module are 0,m. As Λn = aΛ′m, it easily
follows that this is impossible.]

(3.10.10) The complex ∆R(SL2(L)) is a union of all the p-connected compo-
nents

∆R(SL2(L)) =
⋃

p,[Λ]

C(p, [Λ])

where the union runs over all maximal ideals p of R and all vertices [Λ] in L.
That is to say ∆R(SL2(L)) is a connected simplicial complex which is a union
of Bruhat-Tits trees.

3.11 Bruhat-Tits nets with complex multiplication

We retain the notation (3.9.1) of §3.9; in particular M is a reduced 2-
dimensional commutative algebra over the field L which is the field of fractions
of the excellent Dedekind domain R. We may identify the vertices L of the
Bruhat-Tits net ∆R(SL2(L)) with the R-lattice classes of M (see (3.10.7),
(3.10.8)).

(3.11.1) Let Div(R) be the group of divisors on Spec R; we shall write the
composition law additively. This group Div(R) is equipped with its usual
partial order ≤, where a divisor D is ≥ 0 if and only if it is effective. We may
identify fractionary ideals of R with divisors in Div(R).

(3.11.2) Let Λ be an R-lattice ofM . The conductor cond(Λ) of Λ (see (3.9.6))
is an ideal of the Dedekind domain R which depends only on the equivalence
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class [Λ] of the lattice Λ. We identify this conductor ideal with its corre-
sponding divisor; hence we obtain a conductor map on the set of vertices L
of ∆R(SL2(L)) with values in the group Div(R) of all divisors of R

cond : L → Div(R).

(3.11.3) The triple (∆R(SL2(L)), cond,M) consisting of the global Bruhat
Tits net ∆R(SL2(L)) (see §3.10) and the associated conductor map, and the
algebra M , is a Bruhat-Tits net with complex multiplication by M .

(3.11.4) We define a map

D : L× L → Div(R)

in the following way. Let [Λ], [Λ′] ∈ L be two R-lattice classes; select repre-
sentative R-lattices Λ,Λ′ contained in M of these classes [Λ], [Λ′]. For each
maximal ideal p, we have the Rp-lattices Λ⊗R Rp, Λ

′ ⊗R Rp in M and their
associated lattice classes [Λ⊗R Rp], [Λ′ ⊗R Rp]; we put

np = dp([Λ⊗R Rp], [Λ′ ⊗R Rp])

where dp denotes the normalised standard metric on the Bruhat-Tits building
∆(SL2(L)), with respect to the discrete valuation vp (see §3.1). Put

D([Λ], [Λ′]) =
∑

p

np.p

where the sum runs over all the maximal ideals p of R.

(3.11.5) The map D satisfies these properties:

(I) D(v1, v3) ≤ D(v1, v2) +D(v2, v3) for elements v1, v2, v3 of L

(II) D(v1, v2) = D(v2, v1)

(III) D(v1, v2) = 0 if and only if v1 = v2 ⊗R I for some I ∈ Pic(R)

(IV) D(v1, v2) ≥ 0 for all v1, v2 ∈ L

(V) D(v1, v2) = D(v1 ⊗R I, v2) for all I ∈ Pic(R).

That is to say, D satisfies the axioms of a pseudo-metric on L with values
in the partially ordered group Div(R) and which is induced by a metric on
the quotient space L/Pic(R) with values in Div(R).
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[The properties (II), (IV), and (V) follow immediately from the definition.
For the proof of the triangle inequality (I), if vi is represented by the R-lattice
Λi for all i it is sufficient to prove the inequality

dp([Λ1 ⊗R Rp], [Λ3 ⊗R Rp]) ≤ dp([Λ1 ⊗R Rp], [Λ2 ⊗R Rp])+

dp([Λ2 ⊗R Rp], [Λ3 ⊗R Rp]).

But this is the usual triangle inequality for dp on the Bruhat-Tits building
∆(SL2(L)) with respect to the discrete valuation ring Rp.

To check (III), suppose that D([Λ], [Λ′]) = 0. Then we have that

[Λ⊗R Rp] = [Λ′ ⊗R Rp] for all p.

Then there are elements ap ∈ L∗ such that

apΛ⊗R Rp = Λ′ ⊗R Rp for all p.

where ap = 1 for all except finitely many p. The elements ap generate a
fractionary ideal I of R where we have IΛ⊗R Rp = Λ′⊗R Rp for all p. Hence
we obtain the equality IΛ = Λ′ as required. Conversely, if [I ⊗ Λ] = [Λ′]
for some locally free R-module I of rank 1 then it follows from (V) that
D([Λ], [Λ′]) = 0.]

(3.11.6) Two lattice classes [Λ], [Λ′] satisfy D([Λ], [Λ′]) ≤ p if and only if they
are locally p-incident (see (3.10.6)).

[It immediately follows from the definition that if the lattices are locally
p-incident then D([Λ], [Λ′]) ≤ p. Conversely suppose that D([Λ], [Λ′]) ≤ p.
Then we have

dq([Λ⊗R Rq], [Λ′ ⊗R Rq])
{

= 0, if q �= p
≤ 1, if q = p.

where dp is the standard normalised metric on the Bruhat-Tits tree with
respect to p. It follows that the two lattice classes are locally p-incident.]

(3.11.7) Let
[Λ] = P0, P1, . . . , Pn−1, [Λ′] = Pn

be a finite sequence of points of L such that for all 0 ≤ i ≤ n − 1 the points
Pi and Pi+1 are locally p(i)-incident for some prime ideal p(i) of R depending
on i; for such a sequence P0, . . . , Pn, we put

D(P0, . . . , Pn) =
n−1∑

i=0

dp(i)(Pi, Pi+1).p(i).
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We then have
D([Λ], [Λ′]) = min

P0,...,Pn
n∈N

D(P0, . . . , Pn)

where the minimum runs over all finite sequences P0 = [Λ], P1, . . . , Pn−1, Pn =
[Λ′], n ∈ N, of points of L for which D(P0, . . . , Pn) is defined and where the
minimum is taken with respect to the usual ordering on divisors.

[For the proof, the triangle inequality of (3.11.5) shows that the inequality
D([Λ], [Λ′]) ≤ D(P0, . . . , Pn) holds where P0 = [Λ] = P0, P1, . . . , Pn−1, Pn =
[Λ′] is any sequence of points of L such that Pi and Pi+1 are locally p(i)-
incident for all i. Suppose then that D([Λ], [Λ′]) =

∑m
i=1 nqi .qi where the qi

are distinct maximal ideals of R. We have

nq = dq([Λ⊗R Rq], [Λ′ ⊗R Rq]) for all q.

Hence there are elements aq ∈ L∗ where aq = 1 for all except finitely many
primes q and there are isomorphisms of Rq-modules

(aqΛ⊗R Rq)/(Λ′ ⊗R Rq) ∼= R/qnq for all q.

Hence the elements aq generate a fractionary ideal I of R. We then have
IΛ ⊇ Λ′ and (IΛ⊗R Rq)/(Λ′ ⊗R Rq) ∼= R/qnq for all q. The R-module IΛ/Λ
is then Artin and admits a Jordan-Holder composition series where each factor
is of the formR/q for some maximal ideal q ofR. Hence there are R-sublattices
Λi of IΛ such that

IΛ = Λ0 ⊃ Λ1 ⊃ . . . ⊃ Λn = Λ′

where for all i there is a maximal ideal q of R for which there is an R-module
isomorphism Λi/Λi+1

∼= R/q; in particular Λi and Λi+1 are locally q-incident
and precisely nq of the inclusions Λj ⊃ Λj+1 for all j are locally q-incident.

We may then select select the points Qi ∈ L corresponding to the lattices
Λi, for 0 ≤ i ≤ n and where n =

∑
q nq, such that we have [Λ] = Q0,

[Λ′] = Qn and Qi, Qi+1 are locally q-incident for all i and some q; we observe
that D([Λ], [Λ′]) = D(Q0, . . . , Qn), as required.]

3.11.8. Theorem. We have

cond([Λ]) = D([Λ], [I])

where I is a lattice ideal of S for which the distance D([Λ], [I]) is minimum.
The R-lattice class [I] satisfying this equality is uniquely determined up to
multiplication by an element of Pic(R),

Proof. Let dp denote the normalised standard metric on the Bruhat-Tits build-
ing∆(SL2(L)) with respect to Rp. Let Exp(Λ⊗RRp) denote the local exponent
of the conductor of the Rp-lattice Λ⊗R Rp in M with respect to the discrete
valuation ring Rp.
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The ring S⊗RRp is the integral closure of Rp inM . By theorem 3.7.3, for
each maximal ideal p of R there is an Rp-lattice ideal Jp of the ring S ⊗R Rp

such that we have the equality

Exp(Λ⊗R Rp) = dp([Λ⊗R Rp], [Jp])

where [Jp] denotes the lattice class of Jp with respect to Rp; furthermore, the
lattice class [Jp] is uniquely determined by Λ⊗R Rp.

For all p except finitely many, we have Λ ⊗R Rp = S ⊗R Rp. Hence we
have for all p except finitely many

Exp(Λ⊗R Rp) = 0.

Hence the collection of lattice ideals Jp for all p satisfies

(a) Jp = S ⊗R Rp for all except finitely many p;

(b) Exp(Λ⊗R Rp) = dp([Λ⊗R Rp], [Jp]) for all p;

(c) Jp is uniquely determined by Λ up to multiplication
by an element of L∗.

By Proposition 3.3.1, the ring S ⊗R Rp is either the localisation of R×R
or it is a semi-local Dedekind domain obtained by localising the Dedekind
domain S. Hence S⊗RRp is a finite Rp-algebra which is a direct product of a
finite number of semi-local Dedekind domains. We obtain that Jp is a lattice
ideal of S ⊗R Rp of the form

Jp =
(∏

i

qmii
)
S ⊗R Rp

where the qi are maximal ideals of S lying over the prime ideal p of R and
the exponents mi are non-negative integers.

Let Ip be the ideal of S given by

Ip =
∏

i

qmii .

We have Ip = Jp ∩ S. Then Ip is a lattice ideal of S which is uniquely deter-
mined by Λ⊗R Rp up to multiplication by an element of L∗. We have

Ip(S ⊗R Rp) = Jp for all p

and
Ip = S for all except finitely many p.

Put
I =
∏

p

Ip
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where the product is over all maximal ideals p of R. Then I is a lattice ideal
of S such that

I ⊗R Rp = Ip for all p.

Furthermore, I is uniquely determined by Λ up to multiplication by a frac-
tionary ideal of R. We obtain for all p the equality

(3.11.9) Exp(Λ⊗R Rp) = dp([Λ⊗R Rp], [I ⊗R Rp]).

By definition of cond([Λ]) we have (see (3.9.6))

cond([Λ]) =
∑

p

Expp(Λ).p.

We have from (3.9.7) the equality

Expp(Λ) = Exp(Λ⊗R Rp)

where Exp(Λ ⊗R Rp) denotes the exponent of the Rp-lattice Λ ⊗R Rp in M
with respect to the discrete valuation ring Rp. We then derive from (3.11.9)
the equalities

cond([Λ]) =
∑

p

Expp(Λ).p =
∑

p

Exp(Λ⊗R Rp).p

=
∑

p

dp([Λ⊗R Rp], [I ⊗R Rp]).p = D([Λ], [I]),

as required. Furthermore, the lattice class [I] of the lattice ideal I is uniquely
determined by [Λ] up to multiplication by an element of Pic(R) as already
noted. �
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Heegner sheaves

Heegner sheaves are sheaves of sets or abelian groups for a Grothendieck
topology on a geometric or arithmetic curve. In this chapter, we only consider
Heegner sheaves arising from complex multiplication of Drinfeld modules of
rank 2. Similar Heegner sheaves may be defined on Spec Z using Heegner
points on the classical modular curve X0(N)/Z.

Drinfeld-Heegner points on the Drinfeld modular curve XDrin
0 (I) are de-

fined in §§4.1-4.4 and basic properties are proved. The action of the Hecke
operators on Drinfeld-Heegner points is considered in §§4.5-4.6 and in partic-
ular the analogue for XDrin

0 (I) of the classical “Eichler-Shimura congruence”
for the modular curve X0(N)/Z is there proved, except for some details on al-
gebraic stacks. The analogue of the Shimura-Taniyama-Weil conjecture holds
for elliptic curves over function fields, a result due to Drinfeld (see §4.7 and
Appendix B); its consequences for Drinfeld-Heegner points on elliptic curves
are given in §4.8. Finally, basic constructions of Heegner sheaves are consid-
ered in §4.9.

4.1 Drinfeld-Heegner points, Heegner morphisms

(4.1.1) The notation of this chapter is that of §2.1 namely:

k is a finite field with q = pm elements;
C/k is an integral smooth 1-dimensional projective k-scheme, where k is

the exact field of constants;
∞ is a closed point of C/k;
Caff is the affine curve C \ {∞};
A is the coordinate ring H0(Caff ,OCaff ) of the affine curve Caff ;
F is the fraction field of A.

M.L. Brown: LNM 1849, pp. 75–103, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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Throughout this chapter, I is a non-zero ideal of A and YDrin
0 (I) is the corre-

sponding Drinfeld moduli scheme (see §2.4). All Drinfeld modules considered
are of rank ≤ 2. Let L be an A-field and let L be the algebraic closure of L.

(4.1.2) A Drinfeld module D for A defined over L is singular if its A-algebra
of endomorphisms End(D) strictly contains A. If D is not singular, we say D
is non-singular.

(4.1.3) Let x ∈ YDrin
0 (I)(L) be an L-valued point of YDrin

0 (I). Let x be any
point of YDrin

0 (I)(L) lying over x. Then x is represented by a pair (D,Z)
where D/L is a Drinfeld module of rank 2 and Z is an I-cyclic subgroup of
D (see §2.4); furthermore, (D,Z) is determined up to L-isomorphism by x.
Denote by D/Z the quotient Drinfeld module obtained by factoring out Z.

The point x is a Drinfeld-Heegner point if the pair (D,Z) corresponding
to x is such that both D and D/Z are singular Drinfeld modules and there is
an isomorphism of A-algebras

End(D) ∼= End(D/Z).

This property of x is independent of the choice of lifting x of x.

(4.1.4) A morphism of A-schemes of finite type f : U → YDrin
0 (I) is Heegner

if every point of the image of f is Drinfeld-Heegner.

4.1.5. Remark. These definitions correspond directly to those of Heegner
points of the classical modular curve X0(N)/Z which is the coarse moduli
scheme of elliptic curves equipped with a cyclic subgroup of order N .

4.2 Construction of Drinfeld-Heegner points

Lattices

(4.2.1) Let x ∈ YDrin
0 (I)(L) be a point represented by a pair (D,Z) over L,

as in (4.1.3). Suppose that x is a Drinfeld-Heegner point which lies over the
generic point of Spec A, in particular D/L is a Drinfeld module of general
characteristic. Then there is an isomorphism of A-algebras

End(D) ∼= End(D/Z) ∼= Oc

where Oc is an order, of conductor c, in an imaginary quadratic extension
field K of F with respect to ∞.

Let F∞ be the completion of F with respect to the place ∞ and let F̂∞
be the completion of the algebraic closure of F∞; fix an embedding K → F̂∞.



4.2 Construction of Drinfeld-Heegner points 77

Then the Drinfeld modules D and D/Z are associated to A-lattices Λ,Λ′ of
rank 2 contained in F̂∞ (see [Dr, §3] or [DH, Chapter 2]); furthermore, Λ,Λ′

are locally free Oc-modules of rank 1.
As there is an I-cyclic isogeny D → D/Z (see §2.4), we may choose the

lattices Λ,Λ′, in their equivalence classes under multiplication by elements of
F̂∞, to be invertible fractionary Oc-ideals such that Λ ⊆ Λ′ and J = ΛΛ

′−1

is an integral ideal of Oc for which there is an isomorphism of A-modules

Oc/J ∼= A/I.

(4.2.2) Let Oc be an order in an imaginary quadratic extension field K of F .
Assume that J is a proper ideal of Oc which is a locally free Oc-module of
rank 1 and such that there is an isomorphism of A-modules Oc/J ∼= A/I. Fix
an embedding K → F̂∞. Let Λ be a projective Oc-module of rank 1 which is
contained as a lattice in F̂∞. Then Λ′ = J−1Λ is a projective Oc-module of
rank 1 also contained as a lattice in F̂∞. Let D/F̂∞ and D′/F̂∞ be the rank 2
Drinfeld modules for A, with complex multiplication by Oc, corresponding to
the A-lattices Λ and Λ′ respectively. Then the inclusion of Oc-modules Λ ⊆ Λ′
corresponds to an I-cyclic isogeny f : D → D′ of Drinfeld modules; hence the
pair (D, ker(f)) defines a Drinfeld-Heegner point in YDrin

0 (I)(F̂∞) lying over
the generic point of A.

Specialisation and generisation

(4.2.3) Let F (c, I) be the functor defined on the category A−Sch of A-schemes
of finite type

F (c, I) : A− Sch → Sets

S →






pairs (D,Z) where D/S is a Drinfeld module of
rank 2 and Z is an I − cyclic subgroup such that

there is an injection of A− algebras Oc → End(D)






Then F (c, I) has a coarse moduli scheme Z(c, I) which is finite and flat over
A. There are A-scheme morphisms

Z(c, I)→ YDrin
0 (I)

obtained by the natural transformations of functors obtained by “forgetting”
the complex multiplication by Oc.

(4.2.4) Let x ∈ YDrin
0 (I)(L) be a point represented by a pair (D,Z) defined

over L, as in (4.1.3); assume that the Drinfeld modules D and D/Z have
isomorphic rings of endomorphisms.
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Assume that x lies over a closed point of Spec A. Then D and D/Z are
Drinfeld modules of finite characteristic and hence are singular Drinfeld mod-
ules. The common endomorphism ring End(D) then contains an order Oc of
conductor c of some imaginary quadratic extension field K of F . Hence x is
an L-valued point of the scheme Z(c, I). As Z(c, I) is finite and flat over A,
the point x is the specialisation of a generic point η of Z(c, I); that is to say,
x is a specialisation of a Drinfeld-Heegner point η lying over the generic point
of Spec A, as in (4.2.1).

4.2.5. Remark. Let x be a point of YDrin
0 (I)(L) which corresponds to a pair

(D,Z) over L. Then x is supersingular if D is a supersingular Drinfeld module
that is to say End(D) is an order in a quaternion algebra over A; in this event,
x necessarily lies over a closed point of A and D is supersingular for every
pair (D,Z) representing x.

Suppose that x is a point of YDrin
0 (I) lying over the generic point of A.

Then the specialisations of x in this moduli scheme may or may not be super-
singular. The supersingular specialisation of points of YDrin

0 (A) is considered
in [Br1] for the special case where A = Fq[T ]. [Note the correction to this pa-
per in: B. Poonen, Drinfeld modules with no supersingular primes. Int. Math.
Res. Not. 3 (1998), 151-159.]

4.3 Notation for Drinfeld-Heegner points

(4.3.1) Let

K/F be a separable imaginary quadratic extension field of F ;
B be the integral closure of A in K;
τ the element of order 2 of the galois group Gal(K/F );
c be an effective divisor on Caff ;
Oc denote the order of K relative to A and with conductor c (§2.2 above);
I be a non-zero ideal of A whose prime ideal components split completely

in K/F ;
IB = I1I2 be a factorisation of ideals where I1, I2 are ideals of B such

that Iτ1 = I2.

(4.3.2) We put
Ij(Oc) = I + I(c)Ij ⊂ Oc for j = 1, 2,

where I(c) is the ideal of A cutting out the divisor c. Then Ij(Oc) is an ideal
of Oc for all j and one may check that for all j

Ij(Oc) = Ij ∩Oc if I and c are coprime.

It follows that if c and I are coprime then Ij(Oc) is an invertible ideal of Oc,
i.e. it is a locally free Oc-module of rank 1, for j = 1, 2; furthermore, if c and
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I are coprime we have isomorphisms of A-algebras

Oc/Ij(Oc) ∼= B/Ij ∼= A/I for j = 1, 2.

(4.3.3) Let a be a divisor class in the Picard group Pic(Oc) of Oc. Assume
that c and the ideal I are coprime. We then obtain, a Drinfeld-Heegner point
(a, I1, c) associated to K with conductor c and class a where

(a, I1, c) ∈ YDrin
0 (I)(K[c])

(cf. [Br2, §2.7]). The point (a, I1, c) is constructed as follows (see (4.2.2)
above):

Fix an embedding K → F̂∞. We may select Λ to be a projective Oc-
module of rank 1 in the class a and contained as a lattice in F̂∞. Then
Λ′ = I1(Oc)−1Λ is a projective Oc-module of rank 1 contained as a lattice
in F̂∞. Let D and D′ be the rank 2 Drinfeld modules for A over the field
F̂∞ corresponding to the lattices Λ and Λ′ respectively. Then D,D′ have
general characteristic and complex multiplication by Oc. The inclusion of Oc-
modules Λ ⊂ Λ′ corresponds to an I-cyclic isogeny f : D → D′, as its kernel
is isomorphic as an A-module to Oc/I1(Oc) ∼= A/I (see (4.3.2)). The pair
(D, ker(f)) defines a point in YDrin

0 (I)(F̂∞) which is the Drinfeld-Heegner
point (a, I1, c). By the main theorem of complex multiplication, the Drinfeld
modules D,D′ are defined over the ring class field field K[c] (see §2.3); hence
the point (a, I1, c) lies in YDrin

0 (I)(K[c]).

4.4 Galois action on Drinfeld-Heegner points

(4.4.1) With the notation (4.3.1) of the previous section, let

JK be the idèle group of K;
CK = JK/K∗ be the idèle class group of K.

(4.4.2) Let c ≥ 0 be an effective divisor on Spec A which is coprime to I.
Denote the Artin reciprocity isomorphism for the abelian extension K[c]/K
by

[−,K[c]/K] : CK/
(
K∗Gc/K∗

)
→ Gal(K[c]/K)

where, as in (2.3.2), Gc is the open subgroup of JK given by

Gc = K∗∞
∏

v �=∞
Ô∗c,v.

For any idèle class α of CK modulo K∗Gc/K∗, the action of the element
[α,K[c]/K] on the Drinfeld-Heegner point (a, I1, c) is given by the main
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theorem of complex multiplication of Drinfeld modules, namely the group
CK/
(
K∗Gc/K∗

)
acts in the evident way on the Picard group Pic(Oc) and we

have

(4.4.3) (a, I1, c)[α,K[c]/K] = (aα−1, I1, c).

More specifically, the group Gal(K[c]/K) is isomorphic to Pic(Oc) and the
element θ ∈ Pic(Oc) acts on (a, I1, c) via (a, I1, c)θ = (aθ−1, I1, c).

4.5 Hecke operators on XDrin
0 (I) and the Bruhat-Tits

net ∆A(SL2(F ))

(4.5.1) Let

z be a closed point of Caff with support disjoint from Spec A/I;
mz be the prime ideal of A defining z.

(4.5.2) The Hecke correspondence Tz on the Drinfeld modular curve XDrin
0 (I)

may be defined via modular data. That is to say, if L is an algebraically closed
field and x is an L-rational point of XDrin

0 (I)/A given by the pair (D,Z) where
Z is an I-cyclic subgroup of the Drinfeld module D, then

Tz(x) =
∑

H

(D/H, (Z +H)/H)

where H runs over all mz-cyclic subgroups of D and where the right hand side
here is a cycle on XDrin

0 (I) of degree |κ(z)|+ 1 over the field L.

(4.5.3) In terms of lattices, Tz may be described as follows. Let x be a point of
YDrin

0 (I)/A lying over the generic point of Spec A. Then x is represented by a
pair (D,Z) over F̂∞. Let Λ be a lattice in F̂∞ corresponding to the Drinfeld
module D/F̂∞. Let Λ1 ⊇ Λ be an over lattice of Λ such that there is an
isomorphism of A-modules Λ1/Λ ∼= A/I and if the Drinfeld module D1/F̂∞
corresponds to the lattice Λ1 then the kernel of the isogeny D → D1 is equal
to Z. That is to say, the point x corresponds to the pair of lattices (Λ,Λ1).

We have, where z is prime to I,

Tzx = Tz(Λ,Λ1) =
∑

Λ2

(Λ2, Λ1 + Λ2)

where the sum runs over all lattices Λ2 containing Λ such that there is an
isomorphism of A-modules Λ2/Λ ∼= A/mz.

(4.5.4) The Hecke correspondence Tz induces an endomorphism of the jacobian
J(I) = Jac(XDrin

0 (I))/F [0]. The Hecke correspondences Tz, for all z prime to
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Supp(I), commute and generate a commutative Z-subalgebra T of the ring of
endomophisms End(J(I)) of the jacobian. The algebra T is the Hecke algebra.

(4.5.5) The non-zero ideal I of the Dedekind domain A is a product of prime
ideals. Suppose that the ideal I factorises as

I = pnJ

where p is a prime ideal of A and where J, p are coprime ideals of A. Let
(D,Z) be a pair representing a point of YDrin

0 (I) defined over an algebraically
closed field L.

The Atkin-Lehner operator wp is defined on XDrin
0 (I) by

wp(D,Z) = (D/Zpn , (Dpn + Z)/Zpn).

Here the subscript pn denotes the subgroup scheme annihilated by pn.
The Fricke operator wI is defined on XDrin

0 (I) by

wI =
∏

p|I
wp.

If p is not principal then the Atkin-Lehner and Fricke operators are not in
general involutions, unlike the case of these operators for the rational function
fields of [Br2] and for classical modular curves.

(4.5.6) Let C[0] be the smooth projective integral curve over k whose field
of fractions is F [0]. Let J(I)/C[0] be the Néron model of the abelian variety
J(I)/F [0]. Then the Hecke algebra T induces a ring of endomorphisms of
J(I)/C[0] and hence a ring of endomorphisms of the closed fibre J(I)z/κ(z)
over z ∈ C of the Néron model.

4.5.7. Theorem. (“Eichler-Shimura congruence”.) Let z be a closed point
of Caff . Let θz denote the Frobenius automorphism of J(I)z//κ(z) and θtz
the transpose of θz. Suppose that the support of I is prime to z. Then the
reduction at z of the Hecke operator Tz is given by

Tz ≡ θz + θtz (mod z).

4.5.8. Remark. This result was stated without proof in [Br2] for the rational
function field case. This theorem is an analogue of the Eichler-Shimura con-
gruence for classical modular curves. We give a sketch proof of this theorem
below; a complete proof will be given in [Br3].

Sketch proof of theorem 4.5.7. The following outline proof is similar in lines
to the proof of [DR, Théorème 1.16] which is the Eichler-Shimura congruence
for the classical modular curve Y0(n) of elliptic curves.
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(1) The stack YDrin
0 (J)/Spec A.

Let J be a non-zero ideal of A. Let A − Sch be the category of locally
noetherian A-schemes. Let YDrin

0 (J)/Spec A be the stack (champ in French)
defined on A− Sch as follows. For any object S of A− Sch then YDrin

0 (J)(S)
is the category of rank 2 Drinfeld modules for A equipped with a cyclic J-
structure over S and the morphisms are S-isomorphisms of Drinfeld modules
over S. The stack YDrin

0 (J) over Spec A is a category fibred in groupoids over
A− Sch.

It may be shown that YDrin
0 (J) is an algebraic stack of finite type over

Spec A (see [DM] for the definition and basic properties of algebraic stacks).
From now on let I be a non-zero ideal of A, z be a closed point of Caff

disjoint from Spec A/I; let p be the prime ideal of A corresponding to z.

(2) The coarse moduli sceme of the algebraic stack YDrin
0 (I)/Spec A

A coarse moduli scheme of the algebraic stack YDrin
0 (I)/Spec A is a scheme

Y/Spec A equipped with a Spec A-morphism

π : YDrin
0 (I)→ Y

such that:

(i) Every Spec A-morphism of YDrin
0 (I) to a Spec A-scheme X factors

through π.

(ii) If s : Spec L → Spec A is a geometric point of Spec A, where L is an
algebraically closed field, then π induces a bijection between Y (L) and the
set of L-isomorphism classes of pairs (D,Z) where D/L is a Drinfeld
module of rank 2 for A and Z/L is an I−cyclic subgroup of D.

Let YDrin
0 (I) denote the coarse moduli scheme associated to the algebraic

stack YDrin
0 (I). This coarse moduli scheme exists and is a curve over Spec A[0]

where A[0] is the integral closure of A in F [0] (see (2.4.7) and [GR, §8.3]).
That is to say, YDrin

0 (I) is the coarse moduli scheme associated to the functor
on the category A− Sch given by

A− Sch → Sets

S �→






S − isomorphism classes of pairs (D,Z) where D/S is a
Drinfeld module of rank 2 and Z/S is an

I − cyclic subgroup of D






(3) Frobenius
Let L be an algebraically closed A-field and let D/L be a Drinfeld mod-

ule for A. Let J be a non-zero ideal of A. Then DJ denotes the finite sub-
groupscheme of Ga annihilated by J ; that is to say, if L{τ} denotes the non-
commutative ring of endomorphisms of Ga/L where τ is the Frobenius x �→ xp
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then D/L is given by a homomorphism φ : A → L{τ} and we have that DJ
is the closed subscheme of Ga = Spec L[x] invariant under A given by

DJ = Spec
L[x]

< φ(a)x, for all a ∈ J >.

Let p be the prime ideal of A correponding to the closed point z of Caff .
Let L be an A-field where the kernel of A → L is the prime ideal p. Let
F : L→ L be the Frobenius x �→ x|κ(p)|. Then a Drinfeld module D/L for A
of characteristic p induces a Drinfeld-module over L denoted DF . We obtain
an isogeny of Drinfeld modules

D → DF .

The kernel of the isogeny D → DF is a finite p-cyclic sub-groupscheme of the
additive group Ga, as this sub-groupscheme is of the form
Spec L[x]/ < x|κ(p)| >. Hence the pair

(D, ker(D → DF ))

represents a point of YDrin
0 (p)(L).

Let Dp be the p-torsion subgroup of D. Then Dp is a sub-groupscheme of
D of rank |A/p|2. As the kernel of the isogeny D → DF is contained in Dp

we obtain an isogeny of rank |A/p|

V : DF → D/Dp

called the Verschiebung such that D → D/Dp is the composite isogeny V F .

(4) Supersingular Drinfeld modules
Let L be an A-field and let L be the algebraic closure of L. Let D/L be

a Drinfeld module of rank 2 for A. Then D/L is supersingular if the ring
of endomorphisms End(D ×L L) of the Drinfeld module D ×L L/L is non-
commutative. In this case, End(D ×L L) is necessarily an order over A of a
quaternion algebra over A and D/L has finite characteristic.

Suppose that D/L has finite characteristic p, where p is a maximal ideal of
A. That D/L is supersingular is equivalent to the the following condition: if
Z is a p-cyclic subgroup of D then Z is purely local i.e. Z = Spec L[X ]/(Xq)
where q = |A/p| is the order of the residue field at p.

(5) The endomorphisms yp
Let J be a non-zero ideal of A. Let L be a field and D/L be a Drinfeld

module of rank 2 for A. Then we define a map yJ by yJ(D) = D/DJ . Let
(D,Z) be a point of YDrin

0 (Ip)(L) where Z is the kernel of an Ip-cyclic isogeny
f : D → D′ of Drinfeld modules over L. Then we put

yJ : (D, ker(f : D → D′)) �→ (D/DJ , ker(D/DJ → D′/D′J)).
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The map yJ induces a morphism of algebraic stacks

yJ : YDrin
0 (Ip)→ YDrin

0 (Ip).

If J is a principal ideal of the form aA of A then the map a : D → D of
multiplication by a induces isomorphisms which form a commutative diagram

f

D → D′

↓∼= ∼=↓
D/DJ → D′/D′J

If J is a principal ideal then yJ is the identity automorphism of YDrin
0 (Ip).

We have for any ideals J1, J2 of A that yJ1yJ2 = yJ1J2 hence the yJ ’s form
a finite abelian group of endomorphisms of YDrin

0 (Ip) which is generated by
the morphisms yp where p runs over all maximal ideals of A. This group is
isomorphic to Pic(A).

(6) Morphisms
Let S be a locally noetherian A-scheme. Let D/S be a Drinfeld module of

rank 2 for A and let Z/S be an Ip-cyclic subgroup of D. The assignment

c : (D,Z)→ (D,ZI)

defines a morphism of algebraic stacks

c : YDrin
0 (Ip)→ YDrin

0 (I).

The Atkin-Lehner operator wp is defined by

wp(D,Z) = (D/Zp, (Dp + Z)/Zp).

Then wp defines morphism of algebraic stacks

wp : YDrin
0 (Ip)→ YDrin

0 (Ip).

If Z1 is an I-cyclic subgroup of D and D has characteristic p and F is the
Frobenius x �→ x|A/p| relative to p, then we put

f1(D,Z1) = (D, ker(D → D/Z1 → (D/Z1)F )).

Then f1 defines a map of algebraic stacks

f1 : YDrin
0 (I) ⊗A κ(p)→ YDrin

0 (Ip)⊗A κ(p).

We obtain a diagram

YDrin
0 (I)⊗A κ(p) YDrin

0 (I)⊗A κ(p)
↘ f1 f2=wpf1 ↙

YDrin
0 (Ip)⊗A κ(p)

↙ c cwp ↘
YDrin

0 (I)⊗A κ(p) YDrin
0 (I)⊗A κ(p)
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The map cf1 is the identity. The map cwpf2 = cwpwpf1 is the map yp. The
map cwpf1 = cf2 is the Frobenius automorphism of YDrin

0 (I)⊗A κ(p) relative
to κ(p).

(7) End of sketch proof
Let YDrin

0 (Ip)h ⊗A κ(p) denote the algebraic stack obtained from
YDrin

0 (Ip)⊗A κ(p) by removing the supersingular Drinfeld modules of charac-
teristic p. Then one checks that there is an isomorphism of algebraic stacks

f1
∐
f2 : YDrin

0 (I)h ⊗A κ(p)
∐
YDrin

0 (I)h ⊗A κ(p) → YDrin
0 (Ip)h ⊗A κ(p).

The morphisms f1, f2 are closed immersions because c is a retraction of f1
and cwp is a retraction of f2 up to automorphism of YDrin

0 (I) ⊗A κ(p). The
algebraic stack YDrin

0 (I) ⊗A κ(p) is reducible and its irreducible components
correspond to the prime ideals of A[0] over p. It follows that the image of f1
and f2 is the union of all the irreducible components of YDrin

0 (Ip)⊗A κ(p).
The algebraic stack YDrin

0 (Ip) ⊗A κ(p) is reduced because it is Cohen-
Macaulay and generically reduced. The supersingular points are in the image
of both f1 and f2; for if D is a supersingular rank 2 Drinfeld module for A of
characteristic p over an algebraically closed field, the only subgroup of rank
p is ker(D → DF ). The irreducible components of YDrin

0 (Ip) ⊗A κ(p) arising
from f1 and wpf1 intersect at these points. The intersection is transversal
because the tangent vecteurs at the two branches are linearly independent:
one is annihilated by d(c) and not by d(cwp) and the other by d(cwp) and not
by d(c). Hence we obtain the following results.

(i) The maps f1, f2 are closed immersions. Their images are the totality of
irreducible components of YDrin

0 (Ip)⊗A κ(p).

(ii) The irreducible components arising from f1 and f2 intersect transversally
at the supersingular points. The algebraic stack YDrin

0 (Ip) ⊗A κ(p) which is
reduced has only ordinary double points for singularities.

(iii) The Frobenius relative to κ(p) exchanges the irreducible components of
YDrin

0 (Ip)⊗A κ(p) arising from the images of f1 and f2.

Theorem 4.5.7 follows from this. �

(4.5.9) Let ∆A(SL2(F )) be the global Bruhat-Tits net with respect to A (see
§3.10). Let L denote the set of vertices of the simplicial complex ∆A(SL2(F ))
(i.e. L is the set of lattice classes). For any v ∈ L let

stz(v) = {u ∈ L | D(u, v) ≤ mz}

denote the z-star of v that is to say the set of vertices of L which are adjacent
to v, and distinct from v, and are connected to v by 1-simplices labelled by
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mz. That is, stz(v) is simply the star of v in the mz-connected component
C(mz , v) of v (see (3.10.9) and (3.7.10)).

4.5.10. Definition. Let Z.L be the free abelian group with L as a set of
generators. Define a Hecke operator Tz on L by

Tz : L → Z.L
v �→
∑

w∈stz(v)

w.

That is, Tz(v) is the formal sum of the vertices of the z-star of v.

4.6 Drinfeld-Heegner points and Hecke operators

In this section, we apply the results on Bruhat-Tits trees with complex mul-
tiplication (Chapter 3). We keep the notation (4.3.1) of §4.3.

(4.6.1) We let

(∆A(SL2(F )), cond,K) be the global Bruhat-Tits net with respect to A
with complex multiplication by K where cond is the conductor map
(see (3.11.3));

L be the set of A-lattice classes in K (i.e. L is the set of vertices
of ∆A(SL2(F )));

z be a closed point of Caff with support disjoint from Spec A/I;
mz be the prime ideal of A defining z;
Tz be the Hecke correspondence, associated to z, on XDrin

0 (I) and on L
(see §4.5);

F be the algebraic closure of F .

Let I be the ideal of A as in (4.3.1). Denote by LI the set of A-lattice classes
of K with conductor prime to I; then LI ⊆ L. For a maximal ideal p of A
prime to I, a p-flag of LI is a set of pairwise p-incident distinct elements of
LI (see also (3.10.7)).

Let ∆A,I be the flag complex associated to LI ; this is a simplicial complex
∆A,I with LI as a vertex set and the finite p-flags as simplices for all maximal
ideals p of A prime to I. Each simplex corresponds to a p-flag for a unique
maximal ideal p of A (by (3.10.4)) except for the 0-simplices. Hence each
simplex of dimension ≥ 1 is labelled by one maximal ideal of A; each 0-
simplex is labelled by all the maximal ideals and we obtain a labelling map
Sim1(∆A,I) → Max(A) as in (3.10.7) for ∆A. Then ∆A,I is a subcomplex of
∆A and the labelling map of ∆A,I is the restriction of the labelling map of
∆A.
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The global Bruhat-Tits net ∆A,I(SL2(L)) is the simplicial complex ∆A,I
equipped with the labelling of 1-simplices Sim1(∆A,I)→ Max(A).

The conductor map
cond : LI → Div(A)

is defined to be the restriction of the conductor map cond: L → Div(A)
of (∆A(SL2(F )), cond,K) to the subset LI ; by definition the conductor
of an element of LI is a divisor prime to I. We then obtain the subnet
(∆A,I(SL2(F )), cond,K) with complex multiplication by K corresponding to
A-lattices of K with conductor prime to I.

(4.6.2) There are 2 equivalence relations on the A-lattices in K. The first is
that defined in (3.10.2) by multiplying lattices by elements of F ∗: if Λ is an
A-lattice in K we write [Λ] for its equivalence class in L, as in §3.10.

The second equivalence relation is given by multiplying A-lattices by el-
ements of K∗: let c be the conductor of the lattice class v ∈ L; let Λ be an
A-lattice in K with v = [Λ] then Λ is a locally free Oc-module of rank 1 and
hence it determines a class in the Picard group Pic(Oc) which depends only
on v. This class in Pic(Oc) is denoted [v] which is equal to [[Λ]]. We thus have
surjective maps of sets
{
A− lattices in K
with conductor c

}
→
{

elements of L
with conductor c

}
→ Pic(Oc)

Λ �→ [Λ] �→ [[Λ]].

(4.6.3) We define a set theoretic map Ψ from the set of vertices LI of the
global Bruhat-Tits net ∆A,I(SL2(F )) to XDrin

0 (I)(F̄ )

Ψ : LI → XDrin
0 (I)(F̄ )

v �→ ([v], I1, cond(v)).

This map takes the equivalence class v of an A-lattice Λ inK, whose conductor
is prime to I, to the Drinfeld-Heegner point ([v], I1, cond(v)) composed of the
conductor cond(v) of the lattice Λ, the Picard element [v] of Pic(Ocond(v))
determined by Λ, and the ideal I1 (see §4.3 and (4.3.3)).

(4.6.4) The map Ψ extends by linearity to a homomorphism of abelian groups,
also denoted by Ψ ,

Ψ : Z.LI → Div
(
XDrin

0 (I)(F̄ )
)

where Div
(
XDrin

0 (I)(F̄ )
)

is the group of divisors of XDrin
0 (I)(F̄ ).
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4.6.5. Theorem. Whenever z is coprime to I, the diagram

Tz
LI → Z.LI

Ψ ↓ ↓ Ψ

XDrin
0 (I)(F̄ ) → Div

(
XDrin

0 (I)(F̄ )
)

Tz

is commutative i.e. Tz and Ψ commute.

Proof. Let Λ be an A-lattice in K, with conductor c prime to I, which is a
locally free Oc-module of rank 1. Let a in Pic(Oc) be the class [[Λ]] of Λ.
Let (a, I1, c) be the Drinfeld-Heegner point with class a and conductor c (see
(4.3.3)), that is to say Ψ [Λ] = (a, I1, c).

By the definition of the Hecke operator Tz on XDrin
0 (I) (see §4.5), we have

(4.6.6) Tz(a, I1, c) =
∑

Λ′
([[Λ′]], I1, cond(Λ′))

where the sum runs over the finitely many A-lattices Λ′ ofK containing Λ such
that Λ′ is an mz-upper modification of Λ (see (3.10.1)) and where cond(Λ′) is
the conductor of Λ′. Hence we have

Tz(Ψ [Λ]) = Tz(a, I1, c) =
∑

Λ′
([[Λ′]], I1, cond(Λ′))

=
∑

Λ′
Ψ [Λ′] = Ψ

(∑

Λ′
[Λ′]
)
.

By the definition of the Hecke operator Tz on LI (see (4.5.10)) this last term
Ψ
(∑

Λ′ [Λ
′]
)

is equal to, where stz([Λ]) is the z-star of [Λ] in LI (see (4.5.9)),

Ψ
(∑

Λ′
[Λ′]
)

= Ψ
( ∑

v∈stz([Λ])

v
)

= Ψ
(
Tz[Λ]
)
.

Hence we have shown that Tz(Ψ [Λ]) = Ψ
(
Tz[Λ]
)

as required.�

(4.6.7) Let a ∈ Pic(Oc) be a divisor class of Oc. Then we have a transi-
tion homomorphism tc+z,z, obtained from the inclusion of orders Oc+z ⊂ Oc
(see (2.2.12))

tc+z,c : Pic(Oc+z)→ Pic(Oc).
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Denote by

a� ∈ Pic(Oc+z) any class such that tc+z,z(a�) = a;
a� the image of a ∈ Pic(Oc) under tc,c−z : Pic(Oc)→ Pic(Oc−z),

if z ∈ Supp(c).

(4.6.8) We define the element ∆(a, c, z) of Div
(
XDrin

0 (I)(F̄ )
)
, where c and z

are prime to I, by the equality

∆(a, c, z) = Tz(a, I1, c)−
|O∗c |
|A∗|TrK[c+z]/K[c](a�, I1, c+ z).

By the galois action on Drinfeld-Heegner points (see (4.4.3)), ∆(a, c, z) is
independent of the particular choice of class a� lifting a; for we have

TrK[c+z]/K[c](a�, I1, c+z) =
∑

θ∈ker(tc+z,c)

(a�θ−1, I1, c+z) =
∑

η∈t−1
c+z,c(a)

(η, I1, c+z).

(4.6.9) We may then tabulate the values of ∆(a, c, z), where the left column
below gives the values of ∆(a, c, z) under the hypothesis stated in the right
column:

(1) 0 if z remains prime in K/F and
is prime to c;

(2) (a[[m′z]]
−1, I1, c) if z is ramified in K/F and is

prime to c where m′z is the
prime ideal of Oc lying above
the ideal mz of A defining z;

(3) (a[[p1]]−1, I1, c) + (a[[p2]]−1, I1, c) if z is split completely in K/F
and is prime to c where
mzOc = p1p2 and p1, p2 are
two distinct prime ideals of Oc;

(4) (a�, I1, c− z) if z ∈ Supp(c).

Table 4.6.9: values of ∆(a, c, z)
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Proof of the table 4.6.9. Let v ∈ LI and let (a, I1, c) = Ψ(v) ∈ XDrin
0 (I)(F̄ ) be

the corresponding Drinfeld-Heegner point given by a pair (D,Z), as in (4.1.3).
Let stz(v) be the z-star of v ∈ LI (see (4.5.9)). Let w ∈ stz(v). According

to theorem 4.6.5 and theorem 3.11.8, the conductor of w is one of the three
possibilities c+ z, c, c− z. Let S(z + nc) be the subset of stz(v) of elements
of conductor z + nc where −1 ≤ n ≤ 1.

The group O∗c , as a subgroup of K∗, permutes the A-lattices in K and acts
as a group of automorphisms of the global Bruhat-Tits net ∆A,I(SL2(F )).
Hence the quotient group O∗c/A∗ acts as a group of automorphisms of LI
which preserves adjacency. This group O∗c/A

∗ fixes the point v and permutes
the elements of stz(v). Furthermore, if α ∈ O∗c/A∗ then we have

(4.6.10) Ψ(wα) = Ψ(w), for all w ∈ stz(v) and all α,

as O∗c induces automorphisms of the underlying Drinfeld modules. Let

u =
|O∗c |
|A∗| .

As the point (a, I1, c) = Ψ(v) is defined over K[c] and all the Drinfeld-
Heegner points in Ψ(stz(v)) are definable over the field K[c + z], the galois
group

G = Gal(K[c+ z]/K[c])

acts by permutation on the set of points Ψ(stz(v)) which is a subset of
XDrin

0 (I)(K[c+z]). The groupG preserves the conductor of a Drinfeld-Heegner
point hence the subsets Ψ(S(z + nc)), n ∈ Z, are unions of orbits of G on
Ψ(stz(v)).

Let t−1
c+z,c(a) be the fibre of the map tc+z,c : Pic(Oc+z) → Pic(Oc) over

a ∈ Pic(Oc) (see (2.2.12)). We have

Ψ(S(c+ z)) = {(b, I1, c+ z)| b ∈ t−1
c+z,c(a)}.

For two distinct elements b1, b2 ∈ t−1
c+z,c(a), the points (bi, I1, c+z), i = 1, 2, are

distinct on XDrin
0 (I)(F̄ ) as the I-cyclic isogenies D → Dbi of Drinfeld modules

corresponding to (bi, I1, c + z) are not isomorphic over F̄ as the lattices Λbi
in ˆ̄F∞, for i = 1, 2, corresponding to the Drinfeld modules Dbi have distinct
Picard classes b1 �= b2. In particular, we have

|Ψ(S(c+ z))| = |t−1
c+z,c(a)|.

The Drinfeld-Heegner points (b, I1, c+ z), where b runs through the elements
of t−1

c+z,c(a), are permuted transitively by G by the known galois action on
Drinfeld-Heegner points (see §4.4 and (2.2.14)). The reciprocity isomorphism
becomes G ∼= ker(tc+z,z); hence, we have an equality of cardinalities

|Ψ(S(c+ z))| = |G|.
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It follows that, G permutes transitively and faithfully the elements of the set
Ψ(S(c + z)); in particular, Ψ(S(c + z)) forms a single orbit under the action
of G.

Let a� in Pic(Oc+z) be any element of t−1
c+z,c(a). We obtain

(4.6.11)
∑

w∈S(c+z)

Ψ(w) =
∑

σ∈G
nσ(a�, I1, c+ z)σ.

for some integers nσ such that (by (4.6.10))

(4.6.12) nσ ≥ u for all σ ∈ G

and

(4.6.13)
∑

σ∈G
nσ = |S(c+ z)|.

The different possibilities for the sets S(c + nz) are prescribed by the
classification of Bruhat-Tits trees with complex multiplication (figures 1,2,3,4
of §3.8). The set S(c) consists of at most two elements and S(c − z) has at
most one element. More precisely (see §3.8) as the cardinality of stz(v) is equal
to |κ(z)|+ 1, we have

|S(c+ z)| =






|κ(z)|+ 1, if z �∈ Supp(c) and z is inert in K/F ;
|κ(z)| − 1, if z �∈ Supp(c) and z is split in K/F ;
|κ(z)|, if z is ramified in K/F or if z ∈ Supp(c) .

We then obtain, by the results on ring class fields of §2.3 (see (2.3.11) and
(2.3.12)), the equality of orders

u.|G| = |S(c + z)|.

Hence by (4.6.12) and (4.6.13) we have nσ ≥ u for all σ ∈ G and
∑

σ∈G
nσ = u.|G|.

The only possibility here is that

nσ = u for all σ.

We then obtain from (4.6.11)
∑

w∈S(c+z)

Ψ(w) = u
∑

σ∈G
(a�, I1, c)σ.
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By theorem 4.6.5, we may then write the action of the Hecke operator Tz as

Tz(a, I1, c) = Ψ(Tz(v)) = Ψ(
∑

w∈stz(v)

w)=
( ∑

w∈S(c+z)

+
∑

w∈S(c)

+
∑

w∈S(c−z)

)
Ψ(w)

(4.6.14) = u
∑

σ∈G
(a�, I1, c+ z)σ +

∑

w∈S(c)

Ψ(w) +
∑

w∈S(c−z)
Ψ(w).

We then obtain from this equation, where ∆(a, c, z) is defined in the
equation (4.6.8),

(4.6.15) ∆(a, c, z) =
∑

w∈S(c)

Ψ(w) +
∑

w∈S(c−z)
Ψ(w).

Now the form of∆(a, c, z) can be obtained from the corresponding Bruhat-
Tits building with complex multiplication. In detail we have, following the 4
cases in the table (4.6.9):

(1) if z is inert in K/F and is prime to Supp(c) then (fig. 1, §3.8) the sets
S(c) and S(c− z) are both empty whence we have

∆(a, c, z) = 0;

(2) if z is ramified in K/F and is prime to c then (fig. 3, §3.8) S(c) has exactly
one element corresponding to the class a[[m′z]]−1 ∈ Pic(Oc), where m′z is the
prime ideal of Oc lying above mz, and S(c− z) is empty; hence we have

∆(a, c, z) = (a[[m′z]]
−1, I1, c);

(3) if z is split completely in K/F and is prime to c then (fig. 2, §3.8) S(c)
has exactly two elements corresponding to the classes a[[p1]]−1, a[[p2]]−1 ∈
Pic(Oc), where mzOc = p1p2 is the factorisation of mzOc into prime ideals of
Oc, and S(c − z) is empty; hence we have

∆(a, c, z) = (a[[p1]]−1, I1, c) + (a[[p2]]−1, I1, c);

(4) if z ∈ Supp(c) then (figs. 1, 2, and 3, §3.8) S(c) is empty and S(c − z)
has precisely one element corresponding to the class a� ∈ Pic(Oc−z); hence
we have

∆(a, c, z) = (a�, I1, c− z). �

4.6.16. Remark. This table and the table 4.8.5 below generalise theorems
2.9.5; and 2.10.3 of [Br2] even for the case of rational function fields. These
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prior results only considered, amongst other restrictions, the Drinfeld-Heegner
points (1, I1, c) associated to the principal divisor class 1 of Pic(Oc).

4.6.17. Theorem. Let c ∈ Div+(A) be a divisor prime to I and let a ∈
Pic(Oc). For some σ ∈ Gal(K[c]/K) we have, where wI is the Fricke operator
and τ is the non-trivial element of Gal(K∞/F∞),

wI(a, I1, c) = (a, I1, c)τσ.

Proof. Let (D,Z) be a pair defined over F̂∞ representing the Drinfeld-Heegner
point (a, I1, c), where Z is an I-cyclic subgroup of the Drinfeld module D. On
the one hand, we have from the definition of wI (see (4.5.5))

wI(a, I1, c) = (D/ZI , (DI + Z)/ZI).

As Z is itself an I-cyclic subgroup we have ZI = Z ⊂ DI and hence this gives,
where I1(Oc), I2(Oc) are the ideals of Oc defined in (4.3.2),

wI(a, I1, c) = (D/Z,DI/Z) = (a[[I1(Oc)−1]], I2, c)

where I1(Oc)−1 is the fractionary ideal of Oc which is the inverse of I1(Oc).
We obtain that

w2
I (a, I1, c) = (a[[I1(Oc)−1I2(Oc)−1]], I1, c).

The ideal class [[I1(Oc)I2(Oc)]]−1 ∈ Pic(Oc) lies in the image of the map
Pic(A) → Pic(Oc) obtained from the inclusion A → Oc. In particular, w2

I

acts as the identity on the Drinfeld-Heegner point (a, I1, c) if and only if
I1(Oc)I2(Oc) is a principal ideal of Oc.

On the other hand, the Galois action on Drinfeld-Heegner points (see §4.4)
gives that

(4.6.18) (a, I1, c)[α,K[c]/K] = (aα−1, I1, c)

where [α,K[c]/K] ∈ Gal(K[c]/K) denotes the image of the idèle α under
the reciprocity map. Let τ be the non-trivial element of Gal(K∞/F∞). Let Λ
be the rank 2 A-lattice contained in K∞ associated to the Drinfeld module
D. As τ is a continuous automorphism for the ∞-adic topology, the lattice
associated to the Drinfeld module Dτ is Λτ . The two ideals of Oc given by
Ii(Oc), i = 1, 2, (see (4.4.3)) are conjugates under the action of τ ; that is to
say we have I1(Oc) = I2(Oc)τ . It follows that we have

(a, I1, c)τ = (Dτ , Zτ ) = (aτ , I2, c).
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Therefore by (4.6.18), there is an element σ = [α,K[c]/K] ∈ Gal(K[c]/K)
such that

(a, I1, c)τσ = (aτ , I2, c)σ = (a[[I1(Oc)−1]], I2, c) = wI(a, I1, c). �

4.6.19. Theorem. Let c, z ∈ Div+(A) be divisors where z is a prime divisor
such that z �∈ Supp(c). Assume that z and c are both prime to Supp(I). Let
Z be a place of K[c+ z] lying over z. Let a� ∈ Pic(Oc+z) be any class lifting
a ∈ Pic(Oc). Then we have:
(i) the reductions modulo Z of the points (a�, I1, c + z) and (a, I1, c) in
XDrin

0 (I)(κ(Z)) satisfy

Frobz(a�, I1, c+ z) ≡ (a, I1, c) (mod Z)

where Frobz denotes the Frobenius automorphism relative to z of
XDrin

0 (I)⊗A κ(z) (i.e. Frobz is given on coordinates by x �→ x|κ(z)|);
(ii) if z is inert and unramified in K/F then the point (a, I1, c) (mod Z) is
defined over the quadratic extension field of κ(z).

Proof. The results on ring class fields given in §2.3 show that the places of K
lying over z are unramified in the extension K[c]/K and the places of K[c]
lying above z are all totally ramified in the extension K[c+ z]/K[c].

As in (4.6.8) let ∆(a, c, z) be the element of Div
(
XDrin

0 (I)(F̄ )
)

given by
the equality

∆(a, c, z) = Tz(a, I1, c)−
|O∗c |
|A∗|TrK[c+z]/K[c](a�, I1, c+ z).

From the table 4.6.9, the divisor ∆(a, c, z) has at most two prime compo-
nents, depending on the splitting of z in K/F . Hence the prime divisor com-
ponents of the divisor Tz(a, I1, c), of which there are |κ(z)| + 1 in number,
are the galois conjugates over Gal(K[c+ z]/K[c]) of (a�, I1, c+ z) except pos-
sibly for at most two components; as the factors of z are totally ramified in
K[c+ z]/K[c] we obtain that the prime components of Tz(a, I1, c) are all con-
gruent to (a�, I1, c+ z) modulo Z with at most two exceptional components.

We now consider three cases, corresponding to cases (1), (2), and (3) of
table 4.6.9, depending on the splitting of the prime z in the field extension
K/F .

(1) Suppose that z remains prime in K/F and is prime to c. Then we have
∆(a, c, z) = 0; hence the prime components of Tz(a, I1, c) are all congruent
to (a�, I1, c+ z) modulo Z. The Eichler-Shimura congruence (theorem 4.5.7)
shows that there are points x, y in the divisor Tz(a, I1, c) which satisfy

x ≡ Frobz(a, I1, c) modulo Z and Frobz(y) ≡ (a, I1, c) modulo Z.
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It follows that all the prime components x of Tz(a, I1, c) satisfy Frobz(x) ≡
(a, I1, c) modulo Z and that the reduction modulo Z of the point (a, I1, c) is
defined over a quadratic extension field of κ(z). This proves both (i) and (ii)
if z remains prime in K/F .

(2) Suppose that z is ramified in K/F and is prime to c. Let z� be the unique
prime of K lying over z. Let mz be the unique prime ideal of B lying above
the point z of A. Let m′z = Oc ∩ mz be the unique prime ideal of Oc lying
above z. By the table 4.6.9 we have

∆(a, c, z) = (a[[m′z]]
−1, I1, c).

The action of Galois on Drinfeld-Heegner points (§4.4) shows that

(a[[m′z]]
−1, I1, c) = Frobz�(a, I1, c).

where Frobz� is the Frobenius element of the galois group Gal(K[c]/K) above
z�. Hence we have, as the residue field at z� is isomorphic to the residue field
at z,

(a[[m′z ]]
−1, I1, c) ≡ Frobz(a, I1, c) (modulo Z).

As all the other |κ(z)| components of Tz(a, I1, c) are of the form (b, I1, c+ z)
where tc+z,c(b) = a, these components are congruent to each other modulo Z;
the Eichler-Shimura congruence (theorem 4.5.7) shows that all prime compo-
nents x of Tz(a, I1, c) of this form (a�, I1, c + z) satisfy Frobz(x) ≡ (a, I1, c)
modulo Z.

(3) Suppose that z is split completely in K/F and is prime to c. Then we have
mzOc = p1p2, where p1, p2 are two distinct prime ideals of Oc. We have from
table 4.6.9

∆(a, c, z) = (a[[p1]]−1, I1, c) + (a[[p2]]−1, I1, c).

The action of Galois on Drinfeld-Heegner points (§4.4) shows that

(a[[pi]]−1, I1, c) = Frobpi(a, I1, c) for i = 1, 2.

where Frobpi ∈ Gal(K[c]/K) is a Frobenius element above pi for i = 1, 2. The
place Z lies over precisely one of the primes p1, p2; we may assume that it is
the place p1. The point (a[[p1]]−1, I1, c) then satisfies

(a[[p1]]−1, I1, c) ≡ Frobz(a, I1, c) (mod Z).

The Eichler-Shimura congruence (theorem 4.5.7) now shows that at least one
point in the divisor Tz(a, I1, c) is congruent to Frobz(a, I1, c) modulo z and
that all other components x of Tz(a, I1, c) are congruent to each other and
satisfy Frobz(x) ≡ (a, I1, c) modulo Z. In conclusion, we have that all the
prime components x of Tz(a, I1, c) of this form (a�, I1, c+z) satisfy Frobz(x) ≡
(a, I1, c) modulo Z. �
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4.6.20. Remarks. (i) Supose that z is a prime divisor of Div+(A) which remains
inert in K/F . Then the Drinfeld modules corresponding to (a, I1, c) have
complex multiplication by K; hence they have supersingular reduction at z.
Therefore the reduction at z of these Drinfeld modules are defined over a
quadratic extension field of κ(z). This gives another proof of part (ii) of the
previous theorem 4.6.19.

(ii) This theorem 4.6.19 generalises [Br2, Theorem 2.9.5(iii)] where the case
z is inert in K/F is considered for the rational function field case. The result
there is stated differently as

(a�, I1, c+ z) ≡ Frobz(a, I1, c) (mod Z).

This is equivalent to the statement in the theorem above; for in the case
where z is inert the Drinfeld modules corresponding to the point (a, I1, c)
have supersingular reduction at z and therefore these reductions are defined
over a quadratic field extension of κ(z).

4.7 Elliptic curves and Drinfeld modular curves

Let F∞ denote the completion of F with respect to the place ∞. Let E/F
be an elliptic curve such that E ×F F∞/F∞ is a Tate curve; that is to say,
E has split multiplicative reduction at ∞. This is equivalent to the closed
fibre above ∞ of a ∞-minimal model of E/F being a nodal cubic where the
tangents at the node are rational over the residue field κ(∞).

Let I be a non-zero ideal of the ring A. We write XDrin
0 (I)/F for the

generic fibre of the moduli scheme XDrin
0 (I) (see §2.4). The Drinfeld modular

curve XDrin
0 (I)/F has exact field of constants equal to the Hilbert class field

F [0] of F that is to say, the maximal unramified abelian extension of F which
is split completely at ∞.

Let E/F be an elliptic curve. Then a Weil parametrisation of E is a finite
surjective morphism of F -schemes

π : XDrin
0 (I)→ E.

4.7.1. Theorem. (Drinfeld). Let E/F be an elliptic curve such that
E ×F F∞/F∞ is a Tate curve. Let I, which is an ideal of A, be the conductor
of E/F without the component at ∞. Then there is a Weil parametrisation

π : XDrin
0 (I)→ E. �

4.7.2. Remark. A brief proof of this for the case of the rational function field
F = Fq[T ] is given in [Br2, Theorem 4.1]. A proof for Tate elliptic curves over
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arbitrary global fields of positive characteristic has been given by Gekeler and
Reversat [GR]. Both proofs are heavily dependent on the work of Drinfeld;
nevertheless, they are not identical. The difference lies in the manner that the
splitting of an elliptic curve from the jacobian of the modular curve XDrin

0 (I)
is obtained. Gekeler and Reversat use Hecke operators for this whereas in
[Br2] this is splitting is obtained by a theorem of Zarhin namely the so-called
“the isogeny conjecture” for abelian varieties over function fields.

[This theorem 4.7.1 is given a complete proof in Appendix B; for some
examples of Weil parametrisations, see §B.11.]

4.8 Drinfeld-Heegner points and elliptic curves

We keep the notation (4.3.1) of §4.3.

(4.8.1) Let E/F be an elliptic curve equipped with an origin, that is to say
a 1-dimensional abelian variety. We assume that E ×F F∞/F∞ is a Tate
curve, where F∞ is the completion of F at ∞. Hence E/F admits a Weil
parametrisation where I is the conductor of E/F without the component at
∞ (see §4.7 and theorem 4.7.1)

π : XDrin
0 (I)→ E

that is to say, π is a finite surjective morphism of F -schemes whereXDrin
0 (I)/F

is the generic fibre of the modular surface XDrin
0 (I)/A. We may translate π in

the group scheme E so that π−1(0) consists of at least one cusp of XDrin
0 (I).

(4.8.2) For any effective divisor c on Caff , with support prime to Supp I, let
(a, I1, c) be the Drinfeld-Heegner point in XDrin

0 (I)(K[c]) defined in (4.3.3);
the point

π(a, I1, c) ∈ E(K[c]),

written (a, I1, c, π), is a K[c]-rational point of the elliptic curve E which we
call a Drinfeld-Heegner point of the elliptic curve E.

(4.8.3) Let l be any prime number distinct from the characteristic of F . Let
Tl(E) be the l-adic Tate module of E, that is to say Tl(E) is the dual of
H1

ét(E ×F F sep,Ql) where F sep denotes the separable closure of F . For z a
closed point of Spec A which is prime to Supp(I), we put

az = Tr(Frobz|Tl(E))

which is the trace of a Frobenius element Frobz ∈ Gal(F sep/F ) at z acting on
the Tate module Tl(E). We have that az is an integer in Z. Put

∆(a, c, z, π) = az(a, I1, c, π)−
|O∗c |
|A∗|TrK[z+c]/K[c](a�, I1, c+ z, π)
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where a� is any element of Pic(Oc+z) lifting a under tc+z,c.

(4.8.4) Suppose that z is a closed point of Caff . Assume that z and c ∈ Div+(A)
are coprime to Supp(I). We may then tabulate the values of ∆(a, c, z, π),
where the notation is exactly that of the table 4.6.9:

(1) 0 if z remains prime in K/F
and is prime to c;

(2) (a[[m′
z]]

−1, I1, c, π) if z is ramified in K/F and is
prime to c where m′

z is the
prime ideal of Oc lying above
the ideal mz of A defining z;

(3) (a[[p1]]
−1, I1, c, π) + (a[[p2]]

−1, I1, c, π) if z is split completely in K/F
and is prime to c where
mzOc = p1p2 and p1, p2 are
two distinct prime ideals of Oc;

(4) (a�, I1, c − z, π) if z ∈ Supp(c), where

a� = tc,c−z(a).

Table 4.8.5: values of ∆(a, c, z, π)

Proof of table 4.8.5. This follows immediately from the table 4.6.9 using the
Eichler-Shimura congruence theorem 4.5.7; namely, we have

Tz(a, I1, c, π) = az(a, I1, c, π)

where az is the trace of the Frobenius at z on Tl(E). �

4.8.6. Theorem. Let τ be the non-identity element of the group Gal(K∞/F∞)
and ε be the sign in the functional equation of the L-function of E. Let F be
the algebraic closure of F . For some σ ∈ Gal(K[c]/K) we have

(a, I1, c, π)τ + ε(a, I1, c, π)σ ∈ E(F )tors.
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Proof. Let s be a cusp of XDrin
0 (I) for which π(s) = 0. We have from theorem

4.6.17, that for some element σ in the galois group Gal(K[c]/K)

(4.8.7) ((a, I1, c)− s)τσ = wI
[
(a, I1, c)− s

]
+ (wI(s)− sτσ).

The points wI(s) and sτσ are also cusps of XDrin
0 (I); by applying π to the

preceding equation (4.8.7) we obtain

(4.8.8) (a, I1, c, π)τσ = −ε(a, I1, c, π) + π(wI(s)− sτσ)

as π(s) = 0 and as wI acts on E as −ε, where ε = ±1 is the sign in the
functional equation of E. The class of the divisor wI(s)− sτσ is torsion in the
jacobian J(I) by theorem 2.4.9; hence π(wI(s)− sτσ) is a torsion element of
the abelian group E(F̄ ), as required. �

4.8.9. Theorem. Let c, z ∈ Div+(A) be divisors where z is a prime divisor
such that z �∈ Supp(c). Assume that z and c are both prime to Supp(I). Let
Z be a place of K[c+ z] lying over z. Let a� ∈ Pic(Oc+z) be any class lifting
a ∈ Pic(Oc). In the group Ez(κ(Z)), where Ez denotes the reduction modulo
z of the Néron model of E, we then have the relation

Frobz(a�, I1, c+ z, π) ≡ (a, I1, c, π) (modulo Z)

Proof. This is an immediate consequence of theorem 4.6.19(i). �

4.9 Heegner sheaves

(4.9.1) We shall in this section only consider Heegner sheaves arising from
Drinfeld-Heegner points. But Heegner sheaves may be constructed similarly
on Spec Z using Heegner points on the modular curves X0(N)/Z classifying
elliptic curves equipped with a cyclic subgroup of order N .

An example of a Heegner sheaf is given by the “singular moduli” of elliptic
curves. Let X0(1)/Q be the modular curve classifying elliptic curves i.e. X0(1)
is the “j-line” Spec Q[j] of the modular j-invariant of elliptic curves. For any
field extension k/Q let H(k) denote the subset of k-rational points of X0(1)
which correspond to elliptic curves with complex multiplication, that is to say
H(k) is the set of singular moduli which are rational over k; then H(k) is the
set of sections over k of a sheaf of sets H for the étale topology on Spec Q.
This sheaf H is a Heegner sheaf.
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(4.9.2) We use the terminology of Milne [M2] for the étale and flat Grothendieck
topologies on a scheme. For a scheme X then

Xétdenotes the small étale site on X ; i.e. Xét is the full subcategory of the
category of X-schemes consisting of all X-schemes Y where the structure
map Y → X is étale and where this subcategory is equipped with the étale
topology;

Xfl denotes the big flat site on X [M2, p.47]; i.e. Xfl is the full subcategory
of the category of X-schemes consisting of all X-schemes Y where the
structure map Y → X is locally of finite type and where this subcategory
is equipped with the flat topology.

(4.9.3) Define a presheaf H of sets on Spec Afl as follows: for any morphism
U → Spec A, locally of finite type, put (see (4.1.4))

H0
fl(U,H) = {f : U → YDrin

0 (I)|f is a Heegner morphism of A− schemes}.

That is to say, H0
fl(U,H) is the subset of YDrin

0 (I)(U) consisting of Heegner
morphisms.

It is immediately checked that H is a presheaf.

4.9.4. Proposition. The presheaf H is a sheaf of sets for the flat topology
on Spec A.

Proof. Let U be an A-scheme which is locally of finite type. Let
(gi : Ui → U)i∈I be a covering of U for the flat site; that is to say, for
each element i of the index set I the morphism of A-schemes gi : Ui → U is
flat and locally of finite type, and the union

⋃
i∈I gi(Ui) of the images of the

underlying topological spaces gi(Ui) is equal to the topological space U .
Now H is a sub-presheaf for the flat topology of the representable sheaf

HomA(−,YDrin
0 (I)) on Spec Afl. Hence we obtain a commutative diagram of

sets, where we write Y in place of YDrin
0 (I),

HomA(U,Y) →
∏
iHomA(Ui,Y) →

→
∏
i,j HomA(Ui ×U Uj ,Y)

↑ ↑ ↑
H0

fl(U,H) →
∏
iH

0
fl(Ui,H) →

→
∏
i,j H

0
fl(Ui ×U Uj,H)

where the top row is an exact diagram and the vertical arrows are injections.
A diagram chase now shows that the map

H0
fl(U,H)→

∏

i∈I
H0

fl(Ui,H)
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is injective. It further shows that if the element f ′ ∈
∏
i∈I H

0
fl(Ui,H) is equal-

ized under the two maps

∏

i∈I
H0

fl(Ui,H)
→
→
∏

i,j∈I
H0

fl(Ui ×U Uj ,H)

then f ′ arises from an element f ∈ HomA(U,YDrin
0 (I)); the element f ′ is a

family of elements f ′i ∈ H0
fl(Ui,H), i ∈ I, and that f ′ arises from the element

f implies that we have a commutive diagram of A-schemes for all i ∈ I

f
U → YDrin

0 (I)
gi ↖ ↑ f ′i

Ui

As we have
⋃
i∈I gi(Ui) = U on the underlying topological spaces and the f ′i

are Heegner morphisms, it follows that all geometric points of the image of
f are Drinfeld-Heegner that is to say that f is a Heegner morphism. By the
definition of H, the element f ′ is then the image of an element f ∈ H0

fl(U,H).
Hence the diagram

H0
fl(U,H)→

∏

i∈I
H0

fl(Ui,H)
→
→
∏

i,j∈I
H0

fl(Ui ×U Uj ,H)

is exact and H is a sheaf. �

(4.9.5) We call H a Heegner sheaf on Spec Afl and it is a subsheaf of the
representable sheaf defined by the relative curve YDrin

0 (I)/A.

(4.9.6) There are various different sheaves associated to H; for example, we
have the following.

Let K be an imaginary quadratic extension of the field F with respect to
∞. For any morphism U → Spec A locally of finite type, let H0

fl(U,HK) be
the subset of H0

fl(U,H) of Heegner morphisms f : U → YDrin
0 (I) where the

geometric points of the
image of f all have complex multiplication by K; that is to say, we put

H0
fl(U,HK) =

{f ∈ H0
fl(U,H)| the geometric points of the image of f have CM by K}.

In this instance a Drinfeld-Heegner point of YDrin
0 (I) and represented by an

isogeny D → D′ of Drinfeld modules over a separably closed field has CM
by K if and only if the common ring of endomorphisms of D,D′ contains an
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A-order of the field K. It may be checked as in the proof of proposition 4.9.4
that HK is a subsheaf of H for the flat topology.

(4.9.7) Let Oc be an order of K with respect to A and with conductor c,
where K is an imaginary quadratic extension of the field F with respect to
∞. For any morphism U → Spec A locally of finite type, let H0

fl(U,HOc) be
the subset of H0

fl(U,H) of Heegner morphisms f : U → YDrin
0 (I) where the

geometric points of f all have rings of endomorphisms which contain Oc as
an A-subalgebra. Then HOc is a subsheaf of H for the flat topology.

(4.9.8) Let x ∈ YDrin
0 (I). Assume that x is a Drinfeld-Heegner point

(see (4.1.3)). The atomic Heegner sheaf Hx is the subsheaf of H defined by

H0
fl(U,Hx) = {f : U → YDrin

0 (I)| the image of f is contained in {x}}.

(4.9.9) Assume that the curve XDrin
0 (I)/A has an A′-rational point

u : Spec A′ → XDrin
0 (I)

where A→ A′ is a morphism of A-algebras which is locally of finite type. Let
J(I) be the relative Picard scheme of the relative curve XDrin

0 (I) ×A A′/A′.
Let J (I) be the representable sheaf of abelian groups for the flat topology on
Spec A′fl defined by the commutative group scheme J(I)/A′. Via the point u,
we obtain a morphism of A′-schemes

f : XDrin
0 (I)×A A′ → J(I), x �→ x− u.

Let JH,A′ be the subsheaf of abelian groups of J (I) generated by the subsheaf
of sets f∗H of J (I); that is to say, JH,A′ is the smallest subsheaf of abelian
groups of J (I) containing the Heegner sheaf f∗H on Spec A′fl.

(4.9.10) Extending the construction in (4.9.9) and (4.9.6), for an imaginary
quadratic extension field K/F , we may define the subsheaf JK,H,A′ of JH,A′
which is the subsheaf of abelian groups of JH,A′ generated by the restriction
of HK to Spec A′fl.

Let Oc be an order of K with respect to A and with conductor c. Let
JOc,H,A′ be the subsheaf of abelian groups of JH,A′ generated by the restric-
tion of HOc to Spec A′fl (cf. (4.9.7)).

(4.9.11) Extending the construction in (4.9.9), let x ∈ YDrin
0 (I). Assume that

x is a Drinfeld-Heegner point (see (4.1.3), (4.9.8) and (4.9.9)). We may define
the subsheaf of abelian groups Jx,H,A′ of JH,A′ generated by the restriction
of the atomic Heegner sheaf Hx to Spec A′fl.
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(4.9.12) Extending again the construction of (4.9.9), let E/A be a rela-
tive curve over Spec A equipped with a finite surjective map of A-schemes
f : XDrin

0 (I) → E. We assume that E/A is a commutative A-group-scheme
and that the generic fibre of E/A is an elliptic curve over F .

Let E be the representable sheaf of abelian groups for the flat topology on
Spec Afl defined by the commutative group scheme E/A. Let EH be the sub-
sheaf of abelian groups of E generated by the subsheaf of sets f∗H of E ob-
tained via f ; that is to say, EH is the smallest subsheaf of abelian groups of E
containing the image of the Heegner sheaf H on Spec Afl.

We may similarly define the sheaves of abelian groups for the flat topology,
which are subsheaves of the sheaf E on Spec Afl,

EK,H, EOc,H, Ex,H.

These sheaves of abelian groups are generated by the subsheaves of sets
f∗HK , f∗HOc , f∗Hx respectively.

It is the cohomology of the sheaf EK,H that arises in the proof given in
[Br2] and in chapter 7 below of the Tate conjecture for the elliptic surface
E/A.
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The Heegner module

Let, where the notation of §2.1 holds,

K/F be an imaginary quadratic extension of F with respect to ∞;
ΣF be the set of all places of F ;
Ĩ be a finite subset of ΣF ;
R be a commutative ring;
ρ : ΣF \ Ĩ → R, v �→ av, be a map of sets.

We construct in §5.3 a discrete galois R-module H(ρ) over Gal(Ksep/K)
called the Heegner module attached to ρ and K/F with coefficients in R.

The Heegner module H(ρ) is defined by generators and relations over the
ring R. The generators are the symbols < b, c > where c runs over all effective
divisors on Spec A and b runs over all divisor classes of Pic(Oc), the Picard
group of the order Oc of K with conductor c. The relations are explicitly given
in (5.3.5)-(5.3.8); they are derived from the action of the Hecke operators on
Drinfeld-Heegner points.

The most important case of this construction of H(ρ) arises from elliptic
curves. Suppose that E/F is an elliptic curve equipped with a finite surjective
morphism of curves

ψ : XDrin
0 (I)→ E.

For any prime number l different from the characteristic of F , the curve E
provides a continuous l-adic representation

ρ : Gal(F sep/F )→ EndQl(H
1
ét(E ×F F sep,Ql))

which is unramified at all except a finite set of places of F . Let K/F be
an imaginary quadratic extension field of F in which all primes dividing the

M.L. Brown: LNM 1849, pp. 105–222, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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conductor of E, except ∞, split completely. Let Ĩ be the finite set of places
of F at which ρ is ramified; let

av = Tr(ρ(Frobv)|H1
ét(E ×F F sep,Ql))

be the trace on H1
ét(E ×F F sep,Ql) of a Frobenius element of Gal(F sep/F )

above the place v for all places v ∈ ΣF \ Ĩ of F . The character σ : v �→ av of
this representation ρ takes its values in R = Z. The Heegner module H(σ) at-
tached to σ and K/F with coefficients in Z is a discrete Gal(Ksep/K)-module
equipped with a galois-equivariant homomorphism (see examples 5.3.18)

f : H(σ)(0) → E(F sep)

where H(σ)(0) is the direct summand of H(σ) generated by the symbols
< b, c > where c runs over all effective divisors on Spec A prime to the finite
set Ĩ. The image of this homomorphism f is precisely the subgroup of E(F sep)
generated by the Drinfeld-Heegner points. In particular, the image of f may
contain points of finite and of infinite order over Z.

After some preliminaries in §§5.1,5.2, the Heegner module H(ρ) is defined
in §5.3. Basic properties of the Heegner module are given in §§5.7-5.11. In
particular, we prove that, under a simple hypothesis, H(ρ) is a faithfully flat
R-module (see §5.9). In §§5.4-5.6, we consider Čech galois cohomology; this
is used partially to prove some of the fundamental properties of the Heegner
module but is used more extensively in the next chapter on the cohomology
of the Heegner module.

The notation of §2.1 holds throughout this chapter.

5.1 Group rings of finite abelian groups

We recall some results on commutative group algebras. For more details, see
[CR, Chapters 3 and 4].

(5.1.1) Let G be a finite abelian group and let L be a field. Let ζn, for any
n ∈ N, be a primitive nth root of unity over L and L(ζn) denote the cyclotomic
field generated by ζn over L.

(5.1.2) Let p ≥ 0 be the characteristic of the field L. The abelian group G is
canonically a direct product

G = G1 ×G2

where G1 is a p-group and G2 has order prime to p; we take G2 = G and
G1 = {1} if p = 0.
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The group algebra L[G] is L-isomorphic to a tensor product of group alge-
bras

L[G] ∼= L[G1]⊗L L[G2].

Furthermore, L[G1] is an artin local ring with residue field L and L[G2] is a
direct product of cyclotomic fields

L[G2] ∼=
t∏

i=1

L(ζai)

where a1, . . . , at are positive integers.
The group G2 is a direct product of finite cyclic groups of orders

n1, n2, . . . , nr which are prime to p and where ni divides ni+1 for all i. This
sequence of integers n1, . . . nr, where ni|ni+1 for all i, is uniquely determined
by the group G. The integers a1, . . . , at of the above decomposition of L[G2]
are equal to the integers, counting multiplicities,

lcm(j1, . . . , jr)

where j1, . . . , jr run through the positive integral divisors of n1, . . . , nr, re-
spectively. Denoting by d(n) the number of positive integral divisors of an
integer n, we have in particular the formula

t =
r∏

i=1

d(ni).

(5.1.3) The rational group algebra Q[G] has a unique maximal order A over
Z; namely, A is the integral closure of Z in Q[G]. Under the isomorphism
Q[G] ∼=

⊕t
i=1 Q(ζai), the order A is given by

A ∼=
t⊕

i=1

Aai

where An denotes the ring of integers of the cyclotomic field Q(ζn).

(5.1.4) The integral group ring Z[G] is a Z-lattice of the group algebra Q[G]
and is a sublattice of A. The conductor of Z[G] is the ideal of A defined by

{x ∈ Q[G] | xA ⊆ Z[G] }.
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5.1.5. Proposition. (i) (Jacobinski) Under the isomorphism
Q[G] ∼=

⊕t
i=1 Q(ζai), the conductor of Z[G] is equal to

t⊕

i=1

|G|D−1
ai

where D−1
ai is the inverse different ideal of the ring of integers Aai .

(ii) The generic points of Spec Z[G] correspond bijectively with the subgroups
Γ of G for which the quotient group G/Γ is cyclic.

Proof. (i) This is the special case of Jacobinski’s theorem for abelian group
rings. For the proof, see [CR, Theorem 27.8].
(ii) Let p be a generic point of Spec Z[G]. By part (i), Z[G] is an order
in a direct product of rings of integers of cyclotomic extensions of Q. The
localization Z[G]p at p is then isomorphic to a cyclotomic field Q(ζn) for some
integer n. The elements of finite order of the multiplicative group Q(ζn)∗ are
±ζrn, r ∈ Z. Hence the torsion subgroup of Z[G]∗p is isomorphic to < −1, ζn >,
which is the cyclic subgroup of order n or 2n of C∗ generated by ζn and −1.
Therefore the ring isomorphism Z[G]p ∼= Q(ζn) induces a homomorphism of
finite abelian groups

fp : G→< −1, ζn > .

The kernel Γp of fp is a subgroup of G for which the quotient group G/Γp is
cyclic. This gives a map

{
generic points of

Spec Z[G]

}
→
{

subgroups Γ of G
for which G/Γ is cyclic.

}

p �→ Γp = ker(G→ Z[G]∗p).

Conversely, given a subgroup Γ of G for which the quotient group is cyclic
of order n, we may define a surjective homomorphism with kernel equal to Γ

h : G→< ζn >,

where < ζn > is the subgroup of C∗ generated by ζn. Then h induces a
surjective homorphism of rings

H : Z[G]→ Z[ζn].

The kernel of H is a prime ideal pΓ of Z[G] which is a generic point of the
spectrum of this ring. The two maps

p �→ Γp, Γ �→ pΓ

are mutually inverse and define the bijection stated in the proposition. �
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5.2 The group rings ∆c of Picard groups

(5.2.1) Let

K/F be an imaginary quadratic extension, with respect to ∞;
Div+(A) be the semigroup of effective divisors on Spec A;
Oc be the order of K, with respect to A, with conductor c ∈ Div+(A);
K[c]/K be the ring class field with conductor c ∈ Div+(A) (§2.3).

Let Pic(Oc) denote the Picard group of the order Oc of K. We write ∆c for
the integral group ring Z[Pic(Oc)]. A free basis of ∆c over Z is the set of
elements of Pic(Oc) represented by symbols

< b, c >, where b runs through all elements of Pic(Oc).

For each divisor c ∈ Div+(A), put

∆≤c =
⊕

0≤c′≤c
∆c′ .

The direct sum is well defined as there are only finitely many divisors c′

satisfying 0 ≤ c′ ≤ c.

(5.2.2) If c1 ≤ c2 are effective divisors in Div+(A) then the inclusionOc2 ⊂ Oc1
defines a surjective transition homomorphism (as in (2.2.12))

tc2,c1 : Pic(Oc2)→ Pic(Oc1).

This induces a surjective group ring homomorphism

t∆c2,c1 : ∆c2 → ∆c1
where, if c1 ≤ c2 ≤ c3 are divisors in Div+(A), we have

t∆c3,c2 ◦ t
∆
c2,c1 = t∆c3,c1 .

(5.2.3) The group rings ∆c with the transition homomorphisms t∆c,c′ form a
filtered inverse system {∆c, t∆c,c′} of commutative rings; that is to say, for any
pair of divisors c1, c2 ∈ Div+(A) with c1 ≥ c and c2 ≥ c there is a divisor
c3 ∈ Div+(A) with c3 ≥ c1 and c3 ≥ c2 where the following diagram of
transition homomorphisms is commutative

t∆c3,c2
∆c3 → ∆c2

t∆c3,c1 ↓ ↓ t∆c2,c
∆c1 → ∆c

t∆c1,c
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(5.2.4) The group Pic(Oc) acts naturally on its group algebra∆c by permuting
the standard generators

< a, c > . < b, c >=< ab, c > for all < a, c >,< b, c >∈ Pic(Oc).

Similarly, the algebra ∆c′ , for any divisor c′ with 0 ≤ c′ ≤ c, is a ∆c-module of
finite type. The group Pic(Oc) acts naturally on ∆c′ for c′ ≤ c via the recipe

< a, c > . < b, c′ >= t∆c,c′(< a, c >) < b, c′ > for all < a, c >∈ Pic(Oc).

Hence the group Pic(Oc) acts on ∆≤c via its action on the components ∆c′
for c′ ≤ c. In this way, ∆≤c is a module of finite type over the ring ∆c.

(5.2.5) Let Div be the category associated to the partially ordered set Div+(A)
with its usual order on divisors:-

(1) the objects of the category Div are the elements of Div+(A);
(2) there is a unique morphism c2 → c1 in Div if and only if c2 ≥ c1;

if c2 �≥ c1 then there is no morphism c2 → c1.

Let Rings denote the category of commutative rings. Then the assignment
c→ ∆c defines a covariant functor

∆ : Div → Rings

c �→ ∆c

{c2 ≥ c1} �→
{
t∆c2,c1 : ∆c2 → ∆c1

}

where all the ring homomorphisms t∆c2,c1 are surjective.
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5.3 The Heegner module of a galois representation

Let ρ be a finite dimensional continuous representation over a local field of
the galois group Gal(F sep/F ), where F sep denotes the separable closure of
F . Let K/F be an imaginary quadratic field extension with respect to ∞.
We construct in this section a discrete galois module H(ρ) over Gal(Ksep/K)
called the canonical Heegner module of ρ and K/F (see (5.3.8) and (5.3.11)).
When the representation ρ is that of the Tate module of an elliptic curve
E/F with split multiplicative reduction at∞, then there is a direct summand
H(ρ)(0) of H(ρ) which is equipped with a galois-equivariant homomorphism
(see Examples 5.3.18)

H(ρ)(0) → E(F sep).

The Heegner module H(ρ) is defined by generators and relations. The
generators are the symbols < b, c > where c runs over all divisors in Div+(A),
coprime to a finite exceptional set of divisors, and b runs over all divisor
classes of Pic(Oc) the Picard group of the order Oc of K with conductor c.
The relations are explicitly given in (5.3.6) (see also (5.3.13)); they are derived
from the action of the Hecke operators on Drinfeld-Heegner points.

Construction of the Heegner module H(ρ)

(5.3.1) Let (where the notation of §2.1 and of (5.2.1) holds)

K/F be an imaginary quadratic extension of F with respect to ∞;
ΣF be the set of all places of F ;
Ĩ be a finite subset of ΣF ;
R be a commutative ring;
ρ : ΣF \ Ĩ → R, v �→ av, be a map of sets.

(5.3.2) There are natural transition homomorphisms, for c′ ≤ c in Div+(A),

∆≤c′ ↪→ ∆≤c
obtained from the inclusions ∆c′ ⊆ ∆≤c; we put

∆ =
⊕

c∈Div+(A)

∆c = lim−→
c∈Div+(A)

∆≤c.

We may extend t∆c,c−z : ∆c → ∆c−z to a homomorphism of abelian groups

t∆c,c−z : ∆→ ∆

by defining t∆c,c−z to be zero on any component∆c′ of∆ =
⊕

c′∈Div+(A)∆c′ for
which c′ �= c. We also write t∆c,c−z for the homomorphism
∆c ⊗Z R→ ∆c−z ⊗Z R induced by t∆c,c−z.



112 The Heegner module

(5.3.3) For each divisor c in Div+(A) and prime element z in the support of
c we put

ec,c−z =
∑

<b,c>∈ker(tc,c−z)

< b, c >

that is to say, ec,c−z ∈ ∆c is the sum of the elements in the kernel of the
group homomorphism tc,c−z : Pic(Oc)→ Pic(Oc−z). The element ec,c−z ∈ ∆c
is the scalar multiple of an idempotent in the rational group algebra ∆c⊗ZQ

in that we have
e2c,c−z = |ker(tc,c−z)|ec,c−z.

(5.3.4) For each divisor c in Div+(A) and each prime element z �∈ Ĩ in the
support of c, we define a homomorphism of ∆c ⊗Z R-modules

K̃c,c−z : ∆c ⊗Z R→ ∆≤c ⊗Z R

by

K̃c,c−z = azt∆c,c−z −
|O∗c−z|
|A∗| ec,c−zic

where ic : ∆c ⊗Z R → ∆≤c ⊗Z R is the natural inclusion and az ∈ R, as
in (5.3.1), is equal to ρ(z). The homomorphism K̃c,c−z is induced from a
homomorphism of ∆c ⊗Z R-modules

∆c ⊗Z R→ (∆c ⊗Z R)⊕ (∆c−z ⊗Z R).

We may extend K̃c,c−z by linearity to an R-module homomorphism

K̃c,c−z : ∆⊗Z R→ ∆⊗Z R

by defining K̃c,c−z to be zero on any component ∆c′ of ∆ for which c′ �= c
and composing it with the inclusion map ∆≤c ⊆ ∆.

(5.3.5) For each divisor c in Div+(A) and each prime divisor z �∈ Ĩ in the
support of c, we define the homomorphism of ∆c ⊗Z R-modules

ε(c, z) : ∆c−z ⊗Z R→ ∆≤c−z ⊗Z R

via the formula (where the notation m′z, p1, p2, [[m′z]], etc, is similar to that of
table 4.6.9):
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ε(c, z) =

(1) 0 if z remains prime in K/F
and is prime to c− z;

(2) < [[m′z]]−1, c− z > if z is ramified in K/F and is
prime to c− z where m′z is the
prime ideal of Oc−z lying above
the ideal mz of A defining z;

(3) < [[p1]]−1, c− z > + < [[p2]]−1, c− z > if z is split completely in K/F
and is prime to c− z where
mzOc−z = p1p2 and p1, p2 are
two distinct prime ideals
of Oc−z;

(4) t∆c−z,c−2z if z ∈ Supp(c− z).

The homomorphism ε(c, z) is either an element of ∆c−z acting on ∆c−z ⊗ZR
or is equal to t∆c−z,c−2z.

(5.3.6) For each divisor c in Div+(A) and each prime divisor z �∈ Ĩ in the
support of c, we define the homomorphism of ∆c-modules

Kc,c−z : ∆c ⊗Z R→ ∆≤c ⊗Z R

via the formula
Kc,c−z = K̃c,c−z − ε(c, z) ◦ t∆c,c−z.

That is to say we have for all δ ∈ ∆c ⊗Z R

Kc,c−z(δ) = (az − ε(c, z))t∆c,c−z(δ)−
|O∗c−z|
|A∗| ec,c−zδ.

These homomorphisms Kc,c−z are modelled on the action of the Hecke oper-
ators on Drinfeld-Heegner points (see tables 4.6.9 and 4.8.5).

We may extend by linearity the homomorphisms of ∆c ⊗Z R-modules

Kc,c−z : ∆c ⊗Z R→ ∆≤c ⊗Z R

to homomorphisms of R-modules

Kc,c−z : ∆⊗Z R→ ∆⊗Z R
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by defining Kc,c−z to be zero on any component ∆c′⊗ZR of ∆⊗ZR for which
c′ �= c and composing Kc,c−z with the inclusion map ∆≤c ⊗Z R ⊂ ∆⊗Z R.

(5.3.7) Let c ∈ Div+(A). Define Γ≤c to be the ∆c⊗ZR-submodule of∆≤c⊗ZR
generated by the all the submodules Kc′,c′−z(∆c′ ⊗Z R), the images of the
Kc′,c′−z, where z �∈ Ĩ runs over all the closed points in the support of c′ and
c′ runs over all divisors such that c′ ≤ c and c′ ∈ Div+(A) i.e. we have

Γ≤c =< Kc′,c′−z(∆⊗Z R) for all 0 ≤ c′ ≤ c, z ∈ Supp(c′) \ Ĩ > .

(5.3.8) Let c ∈ Div+(A). Put

Hc = (∆≤c ⊗Z R)/Γ≤c.

The module Hc is evidently a ∆c ⊗Z R-module, as it is a quotient of two
∆c ⊗Z R-modules.

There are natural transition homomorphisms

Hc′ → Hc, for c′ ≤ c in Div+(A),

obtained from the inclusions ∆≤c′ ⊆ ∆≤c; we put

H(ρ) = lim−→
c∈Div+(A)

Hc

where the limit runs over all elements c ∈ Div+(A). We also write < a, c >
for the image in H(ρ) of the element < a, c >∈ Pic(Oc). Then H(ρ) is the
Heegner module of ρ, K/F , with coefficients in R.

Let < Ĩ > be the subsemi-group of Div+(A) generated by the elements of
Ĩ \ {∞}; that is to say, < Ĩ > is the set of effective divisors c ∈ Div+(A) such
that Supp(c) ⊆ Ĩ. If d ∈< Ĩ >, let H(ρ)(d) be the submodule of H(ρ) which
is the image of the evident homomorphism, where ∆c,R = ∆c ⊗Z R,

⊕

c∈Div+(A), Supp(c)∩Ĩ=∅
∆c+d,R → H(ρ)

⊕

c

δc �→
∑

c δc.

Then H(ρ) clearly decomposes as a direct sum of submodules

H(ρ) =
⊕

d∈<Ĩ>
H(ρ)(d).
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Galois action on the Heegner module H(ρ)

(5.3.9) An abelian group A with an action by the group Gal(Ksep/K) is called
a discrete galois module if

A =
⋃

U

AU

where U runs over all open subgroups of finite index of the profinite topological
group Gal(Ksep/K); this condition is equivalent to the stabiliser of every
element of A being an open subgroup of Gal(Ksep/K).

(5.3.10) The galois group Gal(Ksep/K) acts on ∆≤c ⊗Z R via the reciprocity
isomorphism for the ring class field extension K[c]/K (see (2.3.4))

ψ : Gal(K[c]/K) ∼= Pic(Oc), where c ∈ Div+(A),

and the action (see (5.2.4)) of Pic(Oc) on ∆≤c⊗ZR. That is to say, the galois
group Gal(K[c]/K) acts by permuting the symbols < b, c′ > for all c′ ≤ c and
b ∈ Pic(Oc′) via the recipe

< b, c′ >g=< tc,c′(ψ(g))−1b, c′ > for all g ∈ Gal(K[c]/K).

This reciprocity isomorphism takes the ring class field inclusions

K[c′] ⊆ K[c], for c′ ≤ c,

to the surjective transition homomorphisms

tc,c′ : Pic(Oc)→ Pic(O′c).

Hence the surjective homomorphism of profinite groups

Gal(Ksep/K)→ Gal(
⋃

c∈Div+(A)

K[c]/K)

induces the structure of discrete Gal(Ksep/K)-module on H(ρ). Furthermore,
submodules H(ρ)(d), for d ∈< Ĩ >, are sub-Gal(Ksep/K)-modules of H(ρ).
By (5.3.8), we obtain a decomposition of Gal(Ksep/K)-modules

H(ρ) =
⊕

d∈<Ĩ>
H(ρ)(d).

5.3.11 Definition. The discrete Gal(Ksep/K)-module H(ρ) is the Heegner
module of ρ and K/F with coefficients in R.

The finite set Ĩ is the exceptional set of prime divisors of H(ρ). To dis-
tinguish the coefficient ring R, we sometimes write H(ρ,R) in place of H(ρ)
and Hc(R) in place of Hc; similarly for the components H(ρ,R)(d), where
d ∈< Ĩ >, of H(ρ,R).
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Explicit form of the Heegner module

We have the explicit formula for the homomorphism K̃c,c−z, for a class
b ∈ Pic(Oc) and each prime divisor z ∈ Supp(c) \ Ĩ, where < b, c >∈ Pic(Oc)
and c ∈ Div+(A),
(5.3.12)

K̃c,c−z < b, c >= az < b�, c− z > −
|O∗c−z|
|A∗|

∑

<a,c>∈ ker(tc,c−z)

< ab, c >

where < b�, c− z > is the element tc,c−z(< b, c >) of Pic(Oc−z).
Similar explicit formulae may be written for the homomorphisms Kc,c−z.

For example, if z is split completely in K/F , prime to c− z, and coprime to
Ĩ, then we have

Kc,c−z < b, c >= az < b�, c− z > −
|O∗c−z|
|A∗|

∑

<a,c>∈ ker(tc,c−z)

< ab, c >

− < [[p1]]−1b�, c− z > − < [[p2]]−1b�, c− z > .

(5.3.13) The elements of the canonical Heegner module H(ρ) are R-linear
combinations of symbols < b, c > where c ∈ Div+(A) and b ∈ Pic(Oc). The
relations between these symbols are generated by the relations for all z coprime
to Ĩ

az < b
�, c− z >=

|O∗c−z|
|A∗|

∑

<a,c>∈ ker(tc,c−z)

< ab, c > +ε(c, z) < b�, c− z >

where ε(c, z) is given by the formulae of (5.3.5) and where b� is the image of
b in Pic(Oc−z).

(5.3.14) The Galois action of Gal(Ksep/K) on the elements of H(ρ) is given
by, where g ∈ Gal(Ksep/K),

< b, c >g=< φ(g)−1b, c >

where φ is the reciprocity homomorphism

φ : Gal(Ksep/K)→ Pic(Oc).
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The case of a galois representation

The most important case of this construction of H(ρ) arises from galois
representations and especially those arising from elliptic curves.

(5.3.15) Let E be a local field equipped with its usual topology i.e. E is
isomorphic to R or C or is a complete field for a discrete valuation with finite
residue field. Let

V be a finite dimensional vector space over E; the space V is then equipped
with its induced topology;

ρ : Gal(F sep/F )→ EndE(V ) be a continuous representation of the profi-
nite galois group Gal(F sep/F ) which is ramified at only finitely
many places of F ;

Ĩ be the finite set of places of F at which ρ is ramified;
av = Tr(ρ(Frobv)|V ) be the trace on V of a Frobenius element of

Gal(F sep/F ) above the place v for all places v ∈ ΣF \ Ĩ of
F .

(5.3.16) Let R be a subring of the local field E such that av ∈ R for all
v ∈ ΣF \ Ĩ. We let ρ also denote the map

ρ : ΣF \ Ĩ → R, v �→ av.

That is to say, ρ also denotes the character of the representation V . Let K/F
be an imaginary quadratic extension field, with respect to∞. Then associated
to ρ, R, and K/F , is the Heegner module

H(ρ) = lim−→
c∈Div+(A)

Hc(ρ)

with coefficients in R which is the discrete Gal(Ksep/K)-module constructed
above (see (5.3.11)). Similarly, for any R-algebra S, let

f ◦ ρ : ΣF \ Ĩ → S, v �→ f(av)

be the composite of ρ with the structure map f : R → S. We then have the
Heegner module

H(f ◦ ρ, S) = lim−→
c∈Div+(A)

Hc(f ◦ ρ, S)

of f ◦ ρ, K/F , and with coefficients in S.

5.3.17. Remarks. (1) The Heegner module H(ρ) is constructed from the char-
acter of the representation ρ; in particular, the coefficient ring R of the Heeg-
ner module can be taken to be any ring which contains all values of the
character of ρ.
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(2) In the case of elliptic curves over global fields (see examples 5.3.18 below),
the associated representation ρ satisfies the integrality restriction that its
character takes values in Z; thus we may in this instance take the ring R to
be Z or more generally Z/nZ.

(3) (The universal Heegner module.) Let S be the non-noetherian ring

Z[Xv, v ∈ ΣF \ Ĩ]

which is the polynomial ring in infinitely many indeterminates Xv indexed by
the elements of ΣF \ Ĩ. Take ρ to be the map

ρ : ΣF \ Ĩ → S, v �→ Xv.

Let H = lim−→Hc be the corresponding Heegner module of ρ and K/F with
coefficients in S.

Then H is a universal Heegner module for K/F and Ĩ in that for any map
ψ : ΣF \ Ĩ → R there is a homomorphism of rings S → R given by Xv �→ ψ(v)
such that there is an isomorphism of discrete Gal(Ksep/K)-modules

H(ψ,R) ∼= H⊗S R

where
H(ψ,R) = lim−→Hc(ψ)

is the Heegner module of ψ and K/F with coefficients in R.

5.3.18 Examples. (1) (Elliptic curves over F .) Let E/F be an elliptic curve
such that E ×F F∞/F∞ is a Tate curve, where F∞ is the completion of F
at ∞. Then (theorem 4.7.1, see also §B.11 of Appendix B) there is a finite
surjective morphism of F -curves

π : XDrin
0 (I)→ E

where the ideal I of A is the conductor of E without the component at ∞.
Let l be any prime number distinct from the characteristic of F . Let ρ be
the 2-dimensional l-adic representation of Gal(F sep/F ) corresponding to E
where F sep is the separable closure of F ; that is to say ρ is the continuous
homomorphism

ρ : Gal(F sep/F )→ EndQl(H
1
ét(E ⊗F F sep,Ql)).

We put for all places v of F

av = Tr(ρ(Frobv)| (H1
ét(E ⊗F F sep,Ql)Iv )

= |Ev(κ(v))| − 1− |κ(v)|
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where Ev denotes the closed fibre of the Néron model of E at v and Iv is an
inertia subgroup of Gal(F sep/F ) over v. Let Ĩ be the finite subset of ΣF given
by

Ĩ = Supp(I) ∪ {∞}.
Thus Ĩ is the set of ramified places of ρ. Then the representation ρ provides
a map of sets

ρ : ΣF \ Ĩ , v �→ av.
The map ρ satisfies the integrality hypothesis

av ∈ Z for all v ∈ ΣF .

Let K be an imaginary quadratic extension field of F in which all primes
dividing the conductor of E, except ∞, split completely. Let

H(ρ) = lim−→Hc(ρ)

be the canonical Heegner module of ρ and K/F with coefficients in Z. Let
H(ρ)(0) be the direct summand of H(ρ) corresponding to the divisor 0 ∈< Ĩ >
(see (5.3.8)). By the table 4.6.9, and the definition of H(ρ) by generators and
relations, we obtain a homomorphism of Gal(Ksep/K)-modules

H(ρ)(0) → E(Ksep)

given by (for the notation, see (4.8.2) and (5.3.8))

< b, c > �→ (b, I1, c, π)

where c ∈ Div+(A) is prime to Ĩ and b ∈ Pic(Oc) and whose image consists
of the Z-linear combinations of Drinfeld-Heegner points of E rational over all
the ring class fields K[c] .

(2) (Elliptic curves over Q.) Let E/Q be an elliptic curve with semistable
reduction at all non-archimedian places of Q. Let N ∈ N be the conductor of
E. Then there is a finite surjective morphism (according to Wiles [W])

π : X0(N)→ E

where X0(N)/Q is the modular curve classifying elliptic curves equipped with
a cyclic subgroup of order N . Let l be any prime number and Qsep be the
algebraic closure of Q. Let σ be the 2-dimensional l-adic representation of
Gal(Qsep/Q) corresponding to E, that is to say σ is the continuous homomor-
phism

σ : Gal(Qsep/Q)→ EndQl(H
1
ét(E ⊗Q Qsep,Ql)).
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We put for all finite places p of Q

ap = Tr(σ(Frobp)| (H1
ét(E ⊗Q Qsep,Ql)Ip)

= |Ep(Fp)| − 1− p
where Fp denotes the finite field with p elements, Ep denotes the closed fibre
of the Néron model of E over the discrete valuation ring ZpZ, and Ip denotes
an inertia subgroup of Gal(Qsep/Q) over p. Let Ñ be the finite subset of ΣQ

given by
Ñ = Supp(N) ∪ {∞}

where ∞ is the archimedian place of Q. Thus Ñ is the set of ramified places
of σ. Then the representation σ provides a map of sets

σ : ΣQ \ Ñ , p �→ ap.

The representation σ satisfies the integrality hypothesis

ap ∈ Z for all prime numbers p.

LetK/Q be an imaginary quadratic extension field of Q in which all primes
dividing the conductor N of E split completely. If B is the ring of integers
of K then NB = N1N2 where N1, N2 are two ideals of B conjugate under
Gal(K/F ). One may then construct a canonical Heegner module

H(σ) = lim−→
n∈N\{0}

Hn(σ)

of σ and K/Q with coefficients in Z, exactly as above. This Heegner module
then admits a decomposition (as in (5.3.8))

H(σ) =
⊕

n∈N\{0}, Supp(n)⊆Ñ
H(σ)(n)

where n runs over all positive integers divisible only by primes dividing Ñ .
By the analogue of the table 4.6.9 for Hecke operators acting on the Heegner
points of E and the definition of H(σ) by generators and relations, we would
then have a homomorphism of Gal(Ksep/K)-modules

H(σ,Q)(1) → E(Qsep)

given by (where the notation is the evident variant of (4.8.2) and (5.3.8))

< b, n > �→ (b,N1, n, π)

whose image consists of the linear combinations of Heegner points of E which
are rational over the ring class fields K[n] where n ∈ N is prime to Ñ .

[We do not detail this case of elliptic curves over Q and the corresponding
Heegner module in this paper. For more details on Heegner points on E/Q,
see for example [GB]. For the Shimura-Taniyama-Weil conjecture, see [W].]
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5.4 Čech galois cohomology

We give in this section a brief account of the relation between Čech galois
cohomology of a finite galois extension of schemes and derived functor galois
cohomology.

The first part of this section (up to proposition 5.4.33) is largely a trans-
position of [M2, Chap. III, §2] on Čech étale cohomology to galois cohomology
of a finite galois extension of fields or, more generally, schemes. In the final
part, we define Čech galois cohomology with respect to a filter ((5.4.34) et
seq).

Galois coverings

(5.4.1) Let X be a locally noetherian scheme and G be a finite group. Let GX
denote the X-scheme

∐
σ∈GXσ where Xσ = X for all σ; thus GX is a disjoint

union of copies of X . The group G acts on the X-scheme GX by permuting
the components via

σ|Xρ = idX : Xρ → Xρσ for all ρ, σ ∈ G.

(5.4.2) Suppose that Y → X is a finite morphism of locally noetherian schemes
and the finite group G acts on Y as an X-scheme. Recall that Y → X is galois
with galois group G if Y → X is faithfully flat and the morphism

ψ : GY → Y ×X Y, ψ|Yσ = {y �→ (y, yσ)}

is an isomorphism.
This condition on Y/X is equivalent to: there is a faithfully flat morphism

U → X , locally of finite type, such that Y ×X U is isomorphic with its G-
action to GU (see [M2, Chap. I, Remark 5.4]). In particular, if Y → X is
galois then it is an étale morphism.

(5.4.3) Let X be a connected locally noetherian scheme and x → X be a
geometric point. Let π1(X,x) denote the Grothendieck fundamental group of
X with base point x. Let FEt/X be the category of X-schemes which are
finite and étale over X . Let π1(X,x)− sets denote the category of finite sets
equipped with a continuous action by the profinite group π1(X,x). Then the
functor

FEt/X → π1(X,x)− sets

Y �→ HomX(x, Y )
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is an equivalence of categories (see [M2, Chap. 1, §5] and [Mu]). Here
HomX(x, Y ) denotes the set of liftings of x→ X to x→ Y .

The site [X ′/X ]

(5.4.4) Suppose for the rest of this section §5.4 that

X is a connected quasi-compact locally noetherian scheme;
x→ X is a geometric point of X ;
X ′ is a connected finite galois covering of X with galois group G.

(5.4.5) Let [Sch/X ] denote the category of schemes over X . For any integer
n ≥ 1, denote by (X ′)n the X-scheme X ′×XX ′×X . . .×XX ′ (n factors). Let
[X ′/X ] denote the full subcategory of [Sch/X ] whose objects are morphisms
Y → X which are finite and étale and such that there is an integer n ≥ 1 and
a finite surjective morphism of X-schemes (X ′)n → Y . It follows that such a
morphism (X ′)n → Y is a finite étale covering of Y .

As G is the galois group of the finite galois connected covering X ′/X then
G is a quotient of π1(X,x) by an open subgroup. Hence under the equivalence
of categories between FEt/X and π1(X,x) − sets, the category [X ′/X ] is
equivalent to the category of all finite sets equipped with an action by the
group G.

The category [X ′/X ] admits finite fibre products. Every morphism in
[X ′/X ] is étale (by [M2, Ch. I, Cor. 3.6]).

5.4.6. Remarks. (i) Let U be an object of [X ′/X ] which is connected. Then
there is a finite surjective étale morphism of X-schemes f : X ′ → U and f is
galois.

[For the proof, as U is an object of [X ′/X ] there is an integer n ≥ 1
and a surjective finite étale morphism of X-schemes f : (X ′)n → U . The
map f is finite and étale hence f is an open and closed morphism (that f
is open follows from [M2, Chap 1, theorem 2.12]). Hence if C is a connected
component of (X ′)n then the morphism f restricts to a finite étale surjective
morphism f |C : C → U of X-schemes. But the connected components of
(X ′)n are X-isomorphic to X ′. Hence in every case there is a finite surjective
étale morphism f : X ′ → U .

Let φ ∈ HomX(x, U). Denote by Homφ(x,X ′) the subset of HomX(x,X ′)
of maps h : x→ X ′ such that the diagram

x
h→ X ′

φ ↘ ↓ f
U
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is commutative. We have
∐

φ∈HomX(x,U)

Homφ(x,X ′) = HomX(x,X ′).

The sets HomX(x,X ′) and AutX(X ′) are in bijection as X ′/X is galois by
hypothesis (5.4.4). If g ∈ AutX(X ′) then g gives a map

x
h→ X ′

g→ X ′

φ ↘ ↓ f ↓ f
U U

Hence we have a map f ◦ g ◦ h : x → U . If the map f ◦ g ◦ h coincides with
φ then g ∈ AutU (X ′) (by [M2, Chap 1, Corollary 3.13]). Hence AutX(X ′)
acts on the set HomX(x,X ′) =

∐
φ∈HomX(x,U) Homφ(x,X ′) and this permu-

tation action is faithful and transitive because X ′/X is galois; furthermore,
the group AutX(X ′) permutes the subsets Homφ(x,X ′) amongst themselves.
An element g ∈ AutX(X ′) preserves a subset Homφ(x,X ′) if and only if
g ∈ AutU (X ′) in which case g then preserves all subsets Homφ(x,X ′) for all
φ ∈ HomX(x, U). Hence we have

|AutX(X ′)| = |AutU (X ′)|.|HomX(x, U)|

and hence AutU (X ′) has the same number of elements as Homφ(x,X ′). It
results that f : X ′ → U is galois, as required.]

(ii) Suppose that D/E is a finite galois extension of fields and X = Spec E,
X ′ = Spec D. Then the opposite category [X ′/X ]op of [X ′/X ] is equivalent
to the category of all finite étale E-algebras which are direct products of a
finite number of subfields of D.

(5.4.7) For any object U of [X ′/X ], define the category [X ′/U ]X as follows.
We have that [X ′/U ]X is the full subcategory of the category of schemes over
U whose objects are morphisms Y → U which are finite and étale and such
that there is an integer n ≥ 1 and a finite surjective morphism of X-schemes
(X ′)n → Y . Evidently, [X ′/U ]X is a full subcategory of [X ′/X ]; the category
[X ′/X ]X is equivalent to [X ′/X ].

(5.4.8) Let Z be a locally noetherian scheme. Let [Sch/Z] denote the category
of schemes over X . Let [C/Z] denote the full subcategory of [Sch/Z] whose
objects are morphisms Y → Z which are étale and of finite type.

We recall that a covering of an object Y of [C/Z] is a family
{fi : Ui → Y }i∈I , where I is a set, such that each fi is étale and of finite
type and Y is the set-theoretic union of the images of the fi i.e.

Y =
⋃

i∈I
fi(Ui).



124 The Heegner module

We recall also that the category [C/Z] together with the class of all such
coverings of all objects of [C/Z] is the étale site of Z written Zét.

(5.4.9) Let U be an object of [X ′/X ]. Then a covering of U in [X ′/X ] is a
family of finite étale morphisms

{gλ : Uλ → U}λ∈Λ

in [X ′/X ] such that U =
⋃
λ gλ(Uλ).

Similarly one may define a covering of an object V of the category [X ′/U ]X
(see (5.4.7)) for any object U of [X ′/X ]: a covering of V is a family of finite
étale morphisms in [X ′/U ]X with target V such that V is the set-theoretic
union of the images of the morphisms of the family.

(5.4.10) The category [X ′/X ] equipped with the family of coverings of all its
objects is a Grothendieck topology as it verifies these conditions:

(a) an isomorphism φ : U → U is a covering of U ;
(b) if {gλ : Uλ → U}λ is a covering and {gλµ : Uλµ → Uλ}µ is a covering

for all λ then {gλµ ◦ gλ : Uλµ → U}λ,µ is a covering of U ;
(c) if {gλ : Uλ → U}λ is a covering and V → U is a morphism in [X ′/X ]

then {gλ ×U idV : Uλ ×U V → V }λ is a covering of V .

This site [X ′/X ] is a subsite of the étale siteXét onX . Similarly, for any object
U of [X ′/X ], the category [X ′/U ]X equipped with the family of coverings of
all its objects is a Grothendieck topology.

Sheaves on the site [X ′/X ]

(5.4.11) A presheaf (of abelian groups) on the site [X ′/X ] is a contravariant
functor

P : [X ′/X ]op → Ab

where Ab denotes the category of abelian groups. A presheaf P is a sheaf
(of abelian groups) if it satisfies the usual sheaf condition with respect to
coverings, that is to say, the diagram

P(U)→
∏

λ

P(Uλ)
→
→
∏

λ,µ

P(Uλ ×U Uµ)

is exact for all coverings {Uλ → U}λ∈Λ of [X ′/X ].
The categories of sheaves and presheaves (of abelian groups) on [X ′/X ] are

defined in the evident way (see [M2, Chapter 2]) and are denoted by Sh[X ′/X ]
and Prsh[X ′/X ], respectively. Similarly, for any object U of [X ′/X ], one may
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define the category of sheaves Sh[X ′/U ]X and the category of presheaves
Prsh[X ′/U ]X on the site [X ′/U ]X .

5.4.12. Proposition. The category of sheaves of abelian groups Sh[X ′/X ]
on [X ′/X ] is equivalent to the category of Z[G]-modules where G is the galois
group of the finite galois extension X ′/X . In particular, short exact sequences
of sheaves on [X ′/X ] correspond to short exact sequences of Z[G]-modules.

Proof. IfM is a Z[G]-module then we define a presheaf SM on the site [X ′/X ]
by putting for any object U of the category [X ′/X ]

Γ (U,SM ) = HomG(HomX(x, U),M)

where x is the fixed geometric point ofX and where HomX(x,−) is the functor
giving the equivalence of categories between FEt/G and π1(X,x) − sets of
(5.4.3). In particular, if U is an object of [X ′/X ] and is a connected scheme
equipped with a finite étale surjective morphism U → X such that X ′/U is
galois with galois group H , then we have

Γ (U,SM ) =MH .

The presheaf P = SM is a sheaf. Let (Ui → U)i∈I be a covering of U
in [X ′/X ]. As X is quasi-compact, (see (5.4.4)) the scheme U also is quasi-
compact. Hence there is a finite subset I ′ of I such that (Ui → U)i∈I′ is a
covering of U in [X ′/X ]. Hence we obtain a commutative diagram where the
vertical maps are inclusions

P(U) →
∏

i∈I′
P(Ui) →

→
∏

i,j∈I′
P(Ui ×U Uj)

↓ ↓ ↓
P(U) →

∏

i∈I
P(Ui) →

→
∏

i,j∈I
P(Ui ×U Uj)

It follows that if the top row here is an exact diagram then the bottom row is
exact. Hence to show that P is a sheaf we need only consider those coverings
(Ui → U)i∈I of U in [X ′/X ] such that the set I is finite.

Suppose then that (Ui → U)i∈I is a covering in [X ′/X ] where I is finite.
Let V =

∐
i∈I Ui. Then V → U is also a covering of U in [X ′/X ] and V → X

is finite and étale. We have an isomorphism of diagrams

P(U) →
∏

i

P(Ui) →
→
∏

i,j

P(Ui ×U Uj)

∼=↓ ∼=↓ ∼=↓
P(U) → P(V ) →

→ P(V ×U V )

Hence we may reduce to the case of a covering of the form h : V → U of
[X ′/X ]. As X is connected the scheme U has only finitely many connected
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components. Furthermore, if U is a disjoint union U = U1

∐
U2 of two objects

of [X ′/X ] then we have

Γ (U,SM ) = Γ (U1,SM )× Γ (U2,SM )

and h−1(U1)→ U1, h−1(U2)→ U2 are coverings of U1, U2 in [X ′/X ]. To show
that P is a sheaf, we may therefore reduce to the case where U is connected.
By remark 5.4.6(i), there is then a finite surjective étale galois morphism
f : X ′ → U .

If V ′ is a connected component of V then the map V ′ → X is finite
and étale and surjective; hence V ′ is an object of [X ′/X ]. Furthermore,
h|V ′ : V ′ → U is then a finite étale morphism in [X ′/X ]. As h|V ′ is finite it is
a closed morphism and as it is étale h|V ′ is an open morphism; hence h|V ′(V ′)
is an open and closed subscheme of U and hence h|V ′ is surjective as U is
connected. Hence h|V ′ : V ′ → U is a finite étale covering of U . Hence to show
that P is a sheaf, we may reduce to the case where the scheme V is connected.
By remark 5.4.6(i), there is then a finite surjective étale galois morphism
f : X ′ → V with galois group HV , say, and the composite X ′ → V → U is
galois with galois group HU , say. Hence we have

P(V ) =MHV and P(U) =MHU .

As X ′ → U is galois we have a commutative diagram where the second column
is an exact diagram (by [M2, Chap. II, Proposition 1.4])

P(V ×U V ) → P(X ′ ×U X ′) ∼=
∏i=|HU |
i=1 M

↑ ↑ ↑ ↑
P(V ) =MHV → P(X ′) =M
↑ ↑
P(U) = P(U) =MHU

It follows by a diagram chase that the first column is also an exact diagram;
hence P is a sheaf.

If M → M ′ is a homomorphism of Z[G]-modules then this induces a ho-
momorphism of sheaves SM → SM ′ on [X ′/X ]. Let F be a sheaf on [X ′/X ];
then F(X ′) is naturally a Z[G]-module. If F → F ′ is a morphism of sheaves
on [X ′/X ] then F(X ′)→ F ′(X ′) is a homomorphism of Z[G]-modules. Fur-
thermore, the map

HomZ[G](M,M ′)→ Hom(SM ,SM ′ )

is an isomorphism and the natural homomorphism F → SF(X′) is an isomor-
phism of sheaves on [X ′/X ]. Hence M �→ SM and F �→ F(X ′) establishes an
equivalence of categories between the abelian category of sheaves Sh[X ′/X ]
on [X ′/X ] and the abelian category of Z[G]-modules. �
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5.4.13. Proposition. The category Sh[X ′/X ] has enough injectives. Un-
der the equivalence of abelian categories between Sh[X ′/X ] and the cat-
egory of Z[G]-modules (see proposition 5.4.12), the right derived functors
Hi

[X′/X](X,−) of the global section functor

S �→ Γ (X,S)

coincide with the group cohomology H i(G,−) of the finite group G on the
category of Z[G]-modules.

Proof. That Sh[X ′/X ] has enough injectives follows from the equivalence of
categories (see proposition 5.4.12) between Sh[X ′/X ] and the category of
Z[G]-modules and that the latter category has enough injectives. The global
section functor on Sh[X ′/X ] corresponds to the functor on Z[G]-modules
given by

M �→MG.

Hence the right derived functors of the global section functor may be computed
via the group cohomology of Z[G]-modules.�

5.4.14. Proposition. The category of presheaves Prsh[X ′/X ] has enough
injectives.

Proof. The abelian category Prsh[X ′/X ] satisfies the conditions AB5 and
AB3∗ of Grothendieck (see [BD, Chapter 5]); the property AB5 expresses
that in the abelian category Prsh[X ′/X ] any family of objects has a direct
sum and any filtered direct limit of exact sequences is exact; the property
AB3∗ expresses that in Prsh[X ′/X ] any family of objects has a direct product.
Hence in order to show that Prsh[X ′/X ] has enough injectives we only need
show that it has a family of generators, by [M2, Chap III, Lemma 1.3]. We
recall that a family of objects {Aj}j∈J is a family of generators of Prsh[X ′/X ]
if given a monomorphism B → A in Prsh[X ′/X ] that is not an isomorphism
there is an index j and a morphism Aj → A that does not factor though
B → A.

Given an object π : U → X of [X ′/X ] we have the corresponding site
[X ′/U ]X (see (5.4.5) and (5.4.7)) and a morphism of sites
π : [X ′/U ]X → [X ′/X ]. Then there is a functor defined by restriction πp :
Prsh[X ′/X ] → Prsh[X ′/U ]X where Γ (V, πpP) = Γ (V,P) for any V → U in
[X ′/U ]X . This functor πp admits a left adjoint which is the functor “extension
by zero”
π! : Prsh[X ′/U ]X → Prsh[X ′/X ]. We have explicitly for P ∈ Prsh[X ′/U ]X
and V → X in [X ′/X ] that

(π!P)(V ) = lim−→ P(V ′)
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where the limit is taken over all commutative squares

V ′ ← V
↓ ↓
U → X

in [X ′/X ]. It is trivial to check that π! is a left adjoint to πp.
Let Z denote the constant presheaf Z on [X ′/U ]X that is to say Γ (U ′,Z) =

Z for any object U ′ of [X ′/U ]X . Let ZU = π!Z be the extension by zero of Z
on [X ′/U ]X . Then we have for any P ∈ Prsh[X ′/X ]

HomX(ZU ,P) ∼= HomU (Z, πpP) ∼= P(U).

A family of generators for Prsh[X ′/X ] is then formed by taking the presheaf
ZU in Prsh[X ′/X ] for each isomorphism class of objects U → X of [X ′/X ],
as required.�

5.4.15 Example. We consider the category Prsh[X ′/X ] in the case where
X ′ = X .

Let N denote the full subcategory of the category of sets and whose objects
are finite non-empty sets where there is just one set [n] of each cardinality
n ∈ N− {0}.

The underlying category of the site [X ′/X ′] is equivalent to the category
of all non-empty finite sets and is therefore equivalent to the category N.

The category of presheaves Prsh[X ′/X ′] is equivalent to the category of all
families {An}n≥1 of abelian groups An indexed by the positive integers n ∈
N−{0} and equipped with a compatible set of “restriction” homomorphisms
fnm : Am → An for all morphisms fnm : [n]→ [m] in the category N.

(5.4.16) Suppose only for this paragraph that D/E is a finite galois extension
of fields and that X = Spec E and X ′ = Spec D. Let S be a sheaf on the
étale site Xét. Then the restriction S|[X′/X] of S to [X ′/X ] is also a sheaf
on the site [X ′/X ]. The cohomology groups Hi

[X′/X](X,S|[X′/X]) are related
to the étale cohomology groups Hi

ét(X,S) by a spectral sequence. Let Esep

be the separable closure of the field E; the sheaf S is given by a discrete
Gal(Esep/E)-module M and we have isomorphisms

H i
ét(X,S) ∼= H i(Gal(Esep/E),M)

and

Hi
[X′/X](X,S|[X′/X]) ∼= H i(Gal(D/E), H0(Gal(Esep/D),M)).

The Hochschild-Serre spectral sequence for M and the galois extension D/E
may be written as

Ei,j2 = Hi
[X′/X](X,S(j))⇒ Hi+j

ét (X,S).
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where S(j) is the sheaf on [X ′/X ] associated to the Z[G]-module Hj
ét(X

′,S)
(see proposition 5.4.12). In conclusion, we have that Hi

[X′/X](X,S|[X′/X])

is the Ei,02 -term in a Hochschild-Serre spectral sequence whose abutment is
Hi

ét(X,S).

Č ech cohomology on the site [X ′/X ]

(5.4.17) Let I be a set. Denote by Ip the pth power of I consisting of ordered
p-tuples of elements of I. For any integer j such that 0 ≤ j ≤ p let

δj : Ip+1 → Ip

denote the jth deletion map defined by

δj : (i0, . . . , ip) �→ (i0, . . . , ij−1, ij+1, . . . , ip).

(5.4.18) Let P be a presheaf of abelian groups on the site [X ′/X ]. Let U → X
be a morphism in [X ′/X ]. Let U = {fi : Ui → U}i∈I be a covering of U in
[X ′/X ].

For any p+ 1-tuple i = (i0, . . . , ip) of indices ij ∈ I we put

U(i) = Ui0 ×U Ui1 ×U . . .×U Uip .

The projection morphism
U(i)→ U(δji)

induces a restriction map

res(δj |i) : Γ (U(δji),P)→ Γ (U(i),P).

Define a complex

C(U/U,P) = {Cp(U/U,P), dp}p∈N

in the following way: we put

Cp(U/U,P) =
∏

i∈Ip+1

Γ (U(i),P)

and
dp : Cp(U/U,P)→ Cp+1(U/U,P)
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is the coboundary homomorphism defined by

s = (si)i∈Ip+1 ∈ Cp(U/U,P)

(dps)i =
p+1∑

j=0

(−1)jres(δj |i)(sδj i).

It is immediately checked that dp ◦ dp−1 = 0 hence C(U/U,P) is indeed a
complex.

(5.4.19) The cohomology groups of the complex {Cp(U/U,P), dp}p∈N are the
Čech cohomology groups

Ȟp
[X′/X](U/U,P)

of the presheaf P on [X ′/X ] with respect to the covering U of U .

(5.4.20) A second covering V = {gj : Vj → U}j∈J of U in [X ′/X ] is a refine-
ment of the covering U/U if there is a map σ : J → I such that gj factors
through fσ(j) for all j, that is to say the map gj is equal to the composite
map

hj fσ(j)

Vj → Uσ(j) → U

for some morphism hj .
The map σ : J → I induces maps σ(p) for all p ≥ 0

σ(p) : Cp(U/U,P)→ Cp(V/U,P), s = (si)i∈Ip+1 �→ ((σ(p)s)j)j∈Jp+1

where (σ(p)s)j0...jp = reshj0×...×hjp (sσ(j0)...σ(jp)).

The maps σ(p) commute with the coboundary maps d and hence induce ho-
momorphisms on the cohomology

ρp(V ,U , σ, {hj}j∈J ) : Ȟp
[X′/X](U/U,P)→ Ȟp

[X′/X](V/U,P).

It is straightforward to show that the homomorphism

ρp(V ,U) = ρp(V ,U , σ, {hj}j∈J)

is independent of the choices of maps σ and hj and depends only on the
coverings V and U of U (see [M2, Chap. III, Lemma 2.1]). Hence if W is a
refinement of V we have

ρp(W ,U) = ρp(W ,V) ◦ ρp(V ,U).
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(5.4.21) The Čech cohomology groups of the presheaf P over U are

Ȟp
[X′/X](U,P) = lim−→ Ȟ

p
[X′/X](U/U,P)

where the limit is taken over all coverings U of U in [X ′/X ].

(5.4.22) Suppose that P is a presheaf on the étale site Xét. The Čech cohomol-
ogy groups Ȟp

ét(U,P) on the étale site Xét are defined to be (see [M2, Chap.
III, §2])

Ȟp
ét(U,P) = lim−→ Ȟ

p
ét(U/U,P)

where the limit is taken over all coverings U of U in the étale site Uét.

5.4.23. Proposition. The functors Ȟp
[X′/X](U/U,−) and Ȟp

[X′/X](U,−) on

the category Prsh[X ′/X ] are the right derived functors of Ȟ0
[X′/X](U/U,−)

and Ȟ0
[X′/X](U,−) for any U in [X ′/X ] and any covering U of U in [X ′/X ].

Proof. The abelian category Prsh[X ′/X ] has enough injectives by proposition
5.4.14. Hence in order to prove this statement above, we have to show that
these functors Ȟp

[X′/X](U/U,−) and Ȟp
[X′/X](U,−) associate long exact se-

quences to short exact sequences in Prsh[X ′/X ] and that Ȟp
[X′/X](U/U,−),

for all p ≥ 1, are zero on injective elements of the abelian category Prsh[X ′/X ].
The argument for the rest of this proof is similar to that of [M2, Chap. II,

pp. 97-99]. Let
0→ P1 → P2 → P3 → 0

be an exact sequence of presheaves in Prsh[X ′/X ]. Then the sequence of
abelian groups

0→ Cp(U ,P1)→ Cp(U ,P2)→ Cp(U ,P3)→ 0

is exact for all p as it is a product of exact sequences of abelian groups. We
then obtain an exact sequence of Čech complexes

0→ {Cp(U ,P1), dp}p∈N → {Cp(U ,P2), dp}p∈N → {Cp(U ,P3), dp}p∈N → 0.

The cohomology of these complexes therefore form a long exact sequence

0→ Ȟ0
[X′/X](U/U,P1)→ Ȟ0

[X′/X](U/U,P2)→ Ȟ0
[X′/X](U/U,P3)→

Ȟ1
[X′/X](U/U,P1)→ . . .

This long exact sequence remains exact when we take the direct limits over all
coverings U of U in the site [X ′/X ]; hence we obtain the long exact sequence
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of Čech cohomology

0→ Ȟ0
[X′/X](U,P1)→ Ȟ0

[X′/X](U,P2)→ Ȟ0
[X′/X](U,P3)→ Ȟ1

[X′/X](U,P1) . . .

as required.
In the proof of proposition 5.4.14, for any object U in [X ′/X ] we have

constructed a presheaf ZU in Prsh[X ′/X ] such that for any Q in Prsh[X ′/X ]
we have

HomX(ZU ,Q) ∼= Γ (U,Q).

Explicitly we have for any V in [X ′/X ] that

Γ (V,ZU ) =
⊕

HomX(V,U)

Z.

But the sequence of presheaves formed from the covering U of U

(5.4.24)
⊕

i∈I
ZU(i) ←

⊕

i∈I2
ZU(i) ←

⊕

i∈I3
ZU(i) ← . . .

is exact in Prsh[X ′/X ]; this may be proved in identical fashion to the corre-
sponding exact sequence at the foot of page 98 of [M2, Chapter III]. For the
reader’s convenience, we give the details. The property to be proved is that
for all schemes V in [X ′/X ] the sequence

(5.4.25)
⊕

i∈I
Γ (V,ZU(i))←

⊕

i∈I2
Γ (V,ZU(i))←

⊕

i∈I3
Γ (V,ZU(i))← . . .

is exact. For any U -scheme W and any map φ ∈ HomX(V, U) we write
Homφ(V,W ) for the set of morphisms ψ : V →W such that the diagram

V
ψ−→ W

φ↘ ↙
U

is commutative. We have for i = (i0, . . . , ir) ∈ Ir+1

HomX(V, U(i)) =
⋃

φ∈HomX(V,U)

r∏

j=0

Homφ(V, Uij ).

If we put
S(φ) =

⋃

i

Homφ(V, Ui)

then we have
⋃

i∈Ir+1

HomX(V, U(i)) =
⋃

φ∈HomX (V,U)

S(φ)r+1.
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Furthermore,
⊕

i∈Ir+1 Γ (V,ZU(i)) is the free abelian group on the set of gener-
ators
⋃

HomX(V,U) S(φ)r+1. Hence the complex (5.4.25) above may be written
as ⊕

φ∈HomX (V,U)

{⊕

S(φ)

Z←
⊕

S(φ)2

Z←
⊕

S(φ)3

Z← . . .
}
.

The complex inside the parentheses is the standard complex associated to⊕
S(φ) Z; that is to say, the coboundary map is given by

(
∂r+1((mi)i∈S(φ)r+1)

)
j
=

r+1∑

k=1

∑

(i1...ik−1 îkik+1...ir+1)=j

(−1)kmi1i2...ir+1 .

This standard complex is exact and a contracting homotopy for it is given by,
where ψ ∈ S(φ) is some fixed element,

kr :
⊕

S(φ)r

Z→
⊕

S(φ)r+1

Z

(
kr(mi)i∈S(φ)r

)
i1i2...ir+1

=
{
mi1...ir if i1 = ψ
0 otherwise.

This proves the exactness of the sequence (5.4.24).
Suppose that P is an injective presheaf in Prsh[X ′/X ]. Applying the func-

tor HomX(−,P) to this exact sequence (5.4.24) we obtain, as P is injective,
the exact sequence

HomX(
⊕

i∈I
ZU(i),P)→ HomX(

⊕

i∈I2
ZU(i),P)→ HomX(

⊕

i∈I3
ZU(i),P)→ . . .

But this is isomorphic to the Čech complex for P namely

Cp(U/U,P) =
∏

i∈Ip+1

Γ (U(i),P) ∼= HomX(
⊕

i∈Ip+1

ZU(i),P).

Hence this Čech complex is exact and we obtain that Ȟp
[X′/X](U/U,P) = 0

for all p ≥ 1 as required. �

Comparison of Č ech cohomology and derived functor cohomology

(5.4.26) Suppose that P is a presheaf on the étale site Xét. If U is a covering
of X in [X ′/X ] then Ȟp

[X′/X](U/X,P) evidently coincides with the Čech co-
homology group Ȟp

ét(U/X,P) computed with the covering U in the étale site
Xét [M2, Chap. III, §2].
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The Čech cohomology groups

Ȟp
[X′/X](X,P) and Ȟp

ét(X,P)

do not in general coincide; for instance, if X ′ = X then Hp
[X′/X](X,P) = 0

for all p > 0 and any presheaf P on Xét whereas Ȟp
ét(X,P) may be non-zero

for p > 0.

(5.4.27) The map U → Ȟp
[X′/X](U,P) defines a presheaf of abelian groups on

[X ′/X ] which is written
Ȟp[X′/X](P).

(5.4.28) Let S be a sheaf of abelian groups on [X ′/X ]. Then the (usual)
derived functor cohomology of S is denoted by (see proposition 5.4.13)

Hp
[X′/X](X,S).

Let U → X be an object of [X ′/X ]. Then

U �→ Hp
[X′/X](U,S)

is a presheaf of abelian groups on [X ′/X ] which is written

Hp[X′/X](S).

5.4.29. Proposition. Let U → X be in [X ′/X ] and let U be a covering of
U in [X ′/X ]. Let S be a sheaf of abelian groups on [X ′/X ]. Then there is a
spectral sequence

Ȟp
[X′/X](U/U,H

q
[X′/X](S)) ⇒ Hp+q

[X′/X](U,S)

and natural isomorphisms

Ȟp
[X′/X](U,S) ∼= Hp

[X′/X](U,S) for all p ≥ 0.

Proof. For any sheaf S on [X ′/X ] we have a natural isomorphism

Ȟ0
[X′/X](U/U,H0

[X′/X](S)) ∼= H0
[X′/X](U,S)

as follows from the definitions. Let I be any sheaf on [X ′/X ] which is injective
in the category of sheaves on [X ′/X ]. As I is then injective in the category
Prsh[X ′/X ], by proposition 5.4.23 we have

Ȟi
[X′/X](U/U, I) = 0 for all i > 0.
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Hence we have

Ȟi
[X′/X](U/U,H0

[X′/X](I)) = 0 for all i > 0.

That is to say the functor H0
[X′/X](−) takes injective sheaves to presheaves

which are acyclic for the functor

Ȟi
[X′/X](U/U,−).

As Ȟ i
[X′/X](U/U,−) are the right derived functors on Prsh[X ′/X ] of the func-

tor Ȟ0
[X′/X](U/U,−), (see (5.4.23)), we may apply [M2, Appendix B, Theorem

1] to conclude the existence of the spectral sequence of composite functors
stated in the proposition.

For the last part, it suffices to prove the isomorphism when U is a con-
nected scheme in [X ′/X ]; for in general the scheme U is a disjoint union of
such schemes. Hence by remark 5.4.6(i), there is a map of X-schemes X ′ → U
which is a finite étale galois covering of U in the site [X ′/X ] with galois group
J , say. Furthermore, the map X ′ → U is a covering of U which is a final object
in the category of all coverings of U in the site [X ′/X ], where a morphism of
coverings is a refinement (see (5.4.20)). Hence we have natural isomorphisms

Ȟp
[X′/X](U,S) ∼= lim−→ Ȟ

p
[X′/X](U/U,S)

∼= Ȟp
[X′/X](X

′/U,S).

By the computation of [M2, Example 2.6, Chap. III], the Čech cohomology
group Ȟp

[X′/X](X
′/U,S) of this galois covering is naturally isomorphic to the

group cohomology Hp(J,S(X ′)) of J where S(X ′) denotes the J-module of
sections of the sheaf S over X ′. By proposition 5.4.13, the derived functor
cohomology group Hp

[X′/X](X
′/U,S) is naturally isomorphic to Hp(J,S(X ′)).

This proves that Ȟp
[X′/X](U,S) andHp

[X′/X](U,S) are naturally isomorphic for
all p ≥ 0. �

5.4.30. Proposition. Let S be an object of Sh[X ′/X ]. Then we have

Ȟp
[X′/X](U,H

q
[X′/X](S)) = 0 for all q > 0, p ≥ 0, and all U in [X ′/X ].

Proof. We may reduce immediately to the case where U is a connected scheme
in [X ′/X ]. By remark 5.4.6(i), there is a morphism of X-schemes X ′ → U
which is finite étale and galois. The covering X ′ → U is then a final object in
the category of all coverings of U in [X ′/X ]. Hence we obtain isomorphisms
for all p, q ≥ 0

Ȟp
[X′/X](U,H

q
[X′/X](S)) ∼= Ȟp

[X′/X](X
′/U,Hq[X′/X](S)).
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Now the Čech complex {Cp(X ′/U,Hq[X′/X](S)), dp}p∈N is given by

Cp(X ′/U,Hq[X′/X](S)) =
∏

i∈Ip+1

Γ (X ′(i),Hq[X′/X](S))

where I is a set with 1 element and if i ∈ Ip+1 we have

X ′(i) = X ′ ×U X ′ ×U . . .×U X ′(p+ 1 factors).

But for i ∈ Ip+1 we have the isomorphism

X ′(i) ∼=
∐

Gal(X′/U)p

X ′

where the disjoint union runs over all elements of the pth power of the galois
group Gal(X ′/U). Hence we obtain the isomorphisms

Γ (X ′(i),Hq[X′/X](S)) ∼=
∏

σ∈Gal(X′/U)p

Hq
[X′/X](X

′,S) ∼= 0 for all q > 0

where we have Hq
[X′/X](X

′,S) ∼= 0 for all q > 0 (by proposition 5.4.13). Hence
the groups Cp(X ′/U,Hq[X′/X](S)) are zero for all q > 0 and all p ≥ 0; hence
the Čech complex {Cp(X ′/U,Hq[X′/X](S)), dp}p∈N is zero for all q > 0, whence
the result holds. �

Flabby sheaves on [X ′/X ]

5.4.31. Definition. A sheaf S of abelian groups on [X ′/X ] is flabby if

Hi
[X′/X](U,S) = 0 for all U in [X ′/X ] and for all i > 0.

This condition is equivalent to the Z[G]-module H0
[X′/X](X

′,S) correspond-
ing to S being cohomologically trivial (see proposition 5.4.33(i) below and
proposition 5.4.12).

[This corresponds to the notion of a flabby sheaf on the étale site; see [M2,
Chap. III, Example 1.9].]

5.4.32. Proposition. Let S be a sheaf of abelian groups on [X ′/X ]. Then
S is flabby if and only if Ȟp

[X′/X](U/U,S) = 0 for all p > 0, for any U → X

in [X ′/X ], and any covering U of U in [X ′/X ].

Proof. ‘⇒’ As S is a flabby sheaf we have Hp[X′/X](S) = 0 for p > 0.
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Hence the spectral sequence of proposition 5.4.29 shows that there are iso-
morphisms

Ȟp
[X′/X](U/U,S) ∼= Hp

[X′/X](U,S) = 0 for all p > 0.

‘⇐’ For any U in [X ′/X ], we have

Ȟp
[X′/X](U,S) = lim−→ Ȟ

p
[X′/X](U/U,S) ∼= 0 for all p > 0.

Hence we obtain from proposition 5.4.29 the isomorphisms

Hp
[X′/X](U,S) ∼= Ȟp

[X′/X](U,S) ∼= 0 for all p > 0.

Hence S is a flabby sheaf on [X ′/X ]. �

5.4.33. Proposition. (i) LetM be a sheaf on the site [X ′/X ]. ThenM is a
flabby sheaf if and only if the discrete G-module H0

[X′/X](X
′,M) is cohomo-

logically trivial.
(ii) If R is a commutative ring then the sheaf on the site [X ′/X ] associated
to the group algebra R[G] is flabby.

Proof. (i) That M = H0
[X′/X](X

′,M) is cohomologically trivial means that
for any subgroup J of G we have

Hi(J,M) = 0 for all i > 0.

The galois cohomology of modules over Z[G] coincides with the cohomology
of the corresponding sheaves on the site [X ′/X ] (see proposition 5.4.13). Fur-
thermore, from the equivalence of categories between the finite π1(X,x)-sets
and the finite étale coverings of X (see (5.4.3)), we obtain that M is coho-
mologically trivial if and only if for any scheme U in [X ′/X ] which is a finite
étale over X we have

Hi
[X′/X](U,M) ∼= 0 for all i ≥ 1.

Hence M is cohomologically trivial if and only if the corresponding sheafM
is a flabby on [X ′/X ].
(ii) The G-module R[G] is cohomologically trivial as it is an induced module
(see [CF, Chap. IV, §9]) whence the associated sheaf (see proposition 5.4.12)
is flabby from the result of part (i) above. �

Filters on the site [X ′/X ]

(5.4.34) Let U be an object of [X ′/X ] and let U = {Ui → U}i∈I be a covering
of U in the site [X ′/X ] where I is a set of indices. Let P be a presheaf in
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Prsh[X ′/X ]. The Čech complex

C(U/U,P) = {Cp(U/U,P), dp}p∈N

is defined in (5.4.18) where

Cp(U/U,P) =
∏

i∈Ip+1

Γ (U(i),P).

(5.4.35) For each integer p ≥ 1, let Ip+1 be the set of p+1-tuples (i0, i1, . . . , ip)
of elements of I.

Let S be a subset of the integers {0, 1, 2, . . . , p}. Denote by δS the map of
sets

δS : Ip+1 → Ip+1−|S|

where δS(i) is the element of Ip+1−|S| obtained by deleting from
i = (i0, i1, . . . , ip) the elements is for all s ∈ S.

If the set S is a singleton there are precisely p+1 deletion maps Ip+1 → Ip
of this form namely the maps, where we write δk = δ{k} for k ∈ {0, 1, 2, . . . , p},

δk : Ip+1 → Ip, i→ δki, k = 0, . . . , p,

given by
i �→ (i0, i1, . . . , ik−1, ik+1, . . . , ip).

(5.4.36) Let C(I) be the category whose set of objects is

∞⋃

p≥1

Ip

and if i ∈ Ip and j ∈ Iq then the set of morphisms Morph(i, j), that is the
arrows i→ j, is a finite set, possibly empty, of deletion maps

Morph(i, j) = {δS | δS(i) = j, |S| = p− q, S ⊆ {0, 1, 2, . . . , p}}.

The category C(I) is the category of finite sequences of elements of I where
the morphisms are given by deletion of elements of sequences.

5.4.37. Definition. Let A be a full subcategory of C(I). For each p ≥ 0 let
Ap+1 denote the set of objects of the category A which lie in Ip+1. We assume
that A satisfies the condition that for all integers 0 ≤ k ≤ p we have

δkAp+1 ⊆ Ap.
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A filter F with respect to A is a covariant functor

F : A → [X ′/X ].

(5.4.38) Associated to the covering U/U in [X ′/X ] is a standard filter

S : C(I)→ [X ′/X ]

given by (see (5.4.18))

i �→ U(i) = Ui0 ×U . . .×U Uip

for every p + 1-tuple i = (i0, . . . , ip) ∈ Ip+1. The morphisms of the category
C(I) become under the functor S the projection morphisms amongst the
schemes U(i).

(5.4.39) Let A,B be full subcategories of C(I) such that for all integers
0 ≤ k ≤ p we have

δkAp+1 ⊆ Ap, δkBp+1 ⊆ Bp.
Let

F : A → [X ′/X ], G : B → [X ′/X ]

be filters with respect to A,B, respectively.
The filter F is subordinate to G if A is a full subcategory of B and, denoting

the restriction of the functor G to the subcategory A by G|A, there is a natural
transformation of functors

τ : F → G|A.
In particular, we say that the filter F is subordinate to the covering U/U if

the restriction SA to the subcategory A of the standard filter
S : C(I) → Sch/X which gives the covering U/U admits a natural trans-
formation of functors τ : F → SA.

That is to say, the filter F with respect to A is subordinate to the covering
U/U if for each i ∈ Ap+1 there is a morphism of X-schemes

τ(i) : F(i)→ U(i)

such that the diagram

F(i)
τ(i)→ U(i)

F(δk) ↓ ↓ F(δk)

F(δki)
τ(δki)→ U(δki)

is commutative for all k and all i.
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The standard filter S associated to the covering U/U is a final object in
the category of filters subordinate to U/U .

Č ech cohomology with respect to a filter

(5.4.40) Let P be a presheaf in the category Prsh[X ′/X ]. Let I be a set and
let F : A → [X ′/X ] be a filter with respect to a full subcategory A of C(I)
which satisfies the condition that for all integers 0 ≤ k ≤ p we have

δkAp+1 ⊆ Ap.

Put for all integers p ≥ 0

Cp(F ,P) =
∏

i∈Ap+1

Γ (F(i),P).

We have the restriction homomorphisms

res(δk|i) : Γ (F(δki),P)→ Γ (F(i),P).

We then define a complex

C(F ,P) = {Cp(F ,P), dp}p∈N

with the coboundary maps dp

dp : Cp(F ,P)→ Cp+1(F ,P)

where the coboundary of the element

s = (si)i∈Ap+1 ∈ Cp(F ,P)

is given by

(dps)i =
p+1∑

j=0

(−1)jres(δj |i)(sδj i).

It is immediately checked that dp◦dp−1 = 0 hence C(F ,P) is indeed a complex.

(5.4.41) The cohomology groups of the complex {Cp(F ,P), dp}p∈N are the
Čech cohomology groups

Ȟp
[X′/X](F ,P)

of the presheaf P on [X ′/X ] with respect to the filter F .
If F is subordinate to the covering U/U we sometimes write

Ȟp
[X′/X](F\U/U,P)
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for the cohomology group Ȟp
[X′/X](F ,P).

(5.4.42) Let A and B be full subcategories of C(I) as in (5.4.39). Let
F : A → [X ′/X ] and G : B → [X ′/X ] be filters with respect to the sub-
categories A and B respectively. Suppose that F is subordinate to G and so
that A is a full subcategory of B. Then we have a natural transformation of
functors τ : F → G|A. The morphisms of schemes τ(i) : F(i) → G(i) induce
homomorphisms of groups of sections

Cp(G,P) → Cp(F ,P)
(si)i∈Bp+1 �→ (τsi)i∈Ap+1

These homomorphisms are composites of the form

Cp(G,P) =
∏

i∈Bp+1

Γ (G(i),P)→
∏

i∈Ap+1

Γ (G(i),P)→

∏

i∈Ap+1

Γ (F(i),P) = Cp(F ,P)

and these homomorphisms are compatible with the differentials dp.
These homomorphisms then provide a homomorphism of complexes

{Cp(G,P), dp}p∈N → {Cp(F ,P), dp}p∈N.

Then we obtain the natural homomorphisms of cohomology for all p ≥ 0

πp : Ȟp
[X′/X](G,P)→ Ȟp

[X′/X](F ,P).

5.4.43. Remark. The functors

P �→ Ȟp
[X′/X](F ,P)

for p ≥ 1 are not in general the derived functors of the functor
P �→ Ȟ0

[X′/X](F ,P) on the category of presheaves Prsh[X ′/X ] (see (5.4.24)
and the proof of proposition 5.4.23).

Alternating Č ech cochains

(5.4.44) Let I be a set. Fix a well ordering < of the set I. Let C(I)alt be the
full sub-category of C(I) defined in the following way.
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(a) For each integer p ≥ 0, let C(I)altp+1 be the set of p+ 1-tuples
(i0, i1, . . . , ip), where i0 < i1 < . . . < ip and ik ∈ I for all k.

(b) The set of objects of the category C(I)alt is
⋃

p≥0

C(I)altp+1.

(c) For i ∈ C(I)altp+1 and j ∈ C(I)altq+1, the set of morphisms Morph(i, j)
from i to j is a set of deletion maps

Morph(i, j) = {δS | δS(i) = j, |S| = p− q, S ⊆ {0, 1, 2, . . . , p}}.

If j is a subsequence of i then Morph(i, j) contains only one element denoted
δ(i, j) which is the unique “deletion map” from i to j; if j is not a
subsequence of i then Morph(i, j) is the empty set.

The category C(I)alt evidently satisfies the condition that for all integers
0 ≤ k ≤ p we have

δkC(I)altp+1 ⊆ C(I)altp .

The category C(I)alt is the opposite category of the category of finite subsets
of I with morphisms given by inclusion of subsets.

(5.4.45) Let U = {fi : Ui → U}i∈I be a covering of U in [X ′/X ]. Fix a well
ordering < of the set I.

Let
Salt : C(I)alt → [X ′/X ]

be the filter subordinate to the covering U/U given by i �→ U(i). The complex
associated to Salt is the complex of alternating cochains.

More precisely, let P be a presheaf of abelian groups on the site [X ′/X ].
The cohomology of the complex {Cp(Salt\U/U,P), dp}p∈N is then the alter-
nating Čech cohomology groups

Ȟp
[X′/X](S

alt\U/U,P)

of the presheaf P on [X ′/X ] with respect to the covering U of U .

(5.4.46) Let Cp� (U/U,P) be the subgroup of alternating cochains of the Čech
group of cochains Cp(U/U,P) defined in the following way. If (i0, . . . , ip) is
a p + 1-tuple of distinct indices in Ip+1 and σ is the permutation of the set
{i0, . . . , ip} such that σi0 < σi1 < . . . < σip then we fix an isomorphism

fσ : Γ (U(i),P)
∼=→ Γ (U(σi),P).
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Then Cp� (U/U,P) is the subgroup of cochains

s = (si)i∈Ip+1 ∈ Cp(U/U,P)

such that if there is a repeated index in the set {i0, . . . , ip} then

si0...ip = 0

and if the indices are distinct then

fσ(si0...ip) = sgn(σ)sσi0,σi1,...,σip

where σ is the permutation of the set {i0, . . . , ip} such that σi0 < σi1 < . . . <
σip and sgn(σ) denotes the signature +1,−1 of σ.

Define a differential

dp� : Cp� (U/U,P)→ Cp+1
� (U/U,P)

via the formula

(dp� s)i =
{

0, if i contains repeated indices∑p+1
j=0(−1)jres(δj |i)(sδj i), if not.

Then we have dp� ◦ d
p−1
� = 0 for all p and hence {Cp� (U/U,P), dp�}p∈N is a

complex. The projection homomorphism

Cp� (U/U,P)→ Cp(Salt\U/U,P)

given by
s = (si)i∈Ip+1 �→ (si)i∈C(I)alt

p+1

induces an isomorphism on cohomology

Hp({Cp� (U/U,P), dp}p∈N) ∼= Ȟp
[X′/X](S

alt\U/U,P).

(5.4.47) Let Salt be the alternating filter subordinate to the covering U/U
(see (5.4.45)). Let P be a presheaf on [X ′/X ]. Then there are natural homo-
morphisms for all p ≥ 0

πp : Ȟp
[X′/X](U/U,P)→ Ȟp

[X′/X](S
alt\U/U,P)

because Salt\U/U is subordinate to the standard filter associated to the cov-
ering U/U (see (5.4.42)).

(5.4.48) Let F : C(I)alt → [X ′/X ] be a filter on C(I)alt which is subordinate
to the alternating filter Salt\U/U of the covering U/U . Then we have natural
homomorphisms for all p ≥ 0 (see (5.4.42))

Ȟp
[X′/X](S

alt\U/U,P)→ Ȟp
[X′/X](F ,P).
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Composing this with πp (see (5.4.47)), we obtain natural homomorphisms for
all p ≥ 0

ρp : Ȟp
[X′/X](U/U,P)→ Ȟp

[X′/X](F ,P).

5.4.49. Remark. The alternating Čech cohomology groups

Ȟp
[X′/X](S

alt\U/U,P)

do not in general coincide with the Čech cohomology groups

Ȟp
[X′/X](U/U,P).

For example, if I is a finite set with n elements then Ȟp
[X′/X](Salt\U/U,P) = 0

for all p > n. [See also [M2, Chap. III, Remark 2.2(d)]].

5.5 Group rings and Čech cohomology

For this section, we shall write finite groups multiplicatively. All modules over
the group algebra Z[G] of a finite group G will be left modules.

In this section we apply Čech cohomology of a filter (see §5.4) to group
rings. The main result that is applied to the Heegner module is corollary
5.5.30. This corollary is a special case of a more general result proposition
5.5.19 on the vanishing of Čech cohomology and Čech homology for group
algebras relative to admissible families of subgroups (definition 5.5.18).

Explicit form of Č ech galois cohomology

(5.5.1) Let

G be a finite group;
H0, . . . , Hn−1 be normal subgroups of G;
X be a connected quasi-compact locally noetherian scheme;
x→ X be a geometric point of X ;
X ′ be a connected finite galois covering of X with galois group G;
[X ′/X ] be the site defined in (5.4.5) and (5.4.10);
I be the finite set of integers {0, 1, . . . , n− 1} with its usual

well-ordering < of the elements;
Ui be the scheme in [X ′/X ] for all i such that Gal(X ′/Ui) = Hi for all i;
R be a commutative ring.
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As G is the galois group of the finite galois connected covering X ′/X then
G is a quotient of the Grothendieck fundamental group π1(X,x) by an open
subgroup. Hence under the equivalence of categories between FEt/X and
π1(X,x) − sets (see (5.4.3) and [M2, Chap. 1, §5]), the category [X ′/X ] is
equivalent to the category of all finite sets equipped with an action by the
group G. Hence it is clear that the schemes Ui in [X ′/X ] exist such that
Ui → X is galois with galois group Gal(Ui/X) = G/Hi.

(5.5.2) We have that
U = {Ui → X}i∈I

is a covering of X in the site [X ′/X ], for each morphism Ui → X is finite
étale and surjective.

For i = (i0, . . . , ip) ∈ Ip+1, we have, with the notation of §5.4,

U(i) = Ui0 ×X . . .×X Uip .

Furthermore, U(i) is galois scheme over X with galois group

Gal(U(i)/X) =
p∏

r=0

Gal(Uir/X)

which is the direct product of the groups G/Hir .

(5.5.3) For all i = (i0, . . . , ip) ∈ Ip+1 let H(i) be the normal subgroup⋂p
j=0Hij of G. Then under the equivalence of categories between FEt/X

and π1(X,x) − sets, it is clear that there is a scheme E(i) in [X ′/X ] such
that E(i)/X is galois with galois group

Gal(E(i)/X) =
G⋂p

j=0Hij
.

The scheme U(i) is a disjoint union of copies of the scheme E(i). We may
then choose for all i a morphism of X-schemes

fi : E(i)→ U(i).

(5.5.4) Let C(I)alt be the alternating subcategory of C(I) (see (5.4.44)). Let

F : C(I)alt → [X ′/X ]

be the filter given on objects by

i �→ E(i).

and where the morphisms of C(I)alt are transformed by F to the morphisms
of X-schemes E(i)→ E(j) if j is a subsequence of i (see (5.4.44) and (5.4.45)).
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The filter F is subordinate to the standard alternating filter Salt with
respect to the covering U/X . The natural transformation τ : F → Salt is
given by the morphisms fi : E(i)→ U(i) for all objects i of C(I)alt.

(5.5.5) LetM be a Z[G]-module. ThenM defines a sheafM of abelian groups
on the site [X ′/X ] (proposition 5.4.12).

In particular, we have for i = (i0, i1, . . . , ip) ∈ Ip+1, i0 < i1 < . . . < ip,

Γ (E(i),M) =MGal(X′/E(i)) =M
⋂
p

j=0
Hij .

(5.5.6) The Čech complex with coefficients in M of the filter
F : C(I)alt → [X ′/X ] takes the form

Cp(F ,M) =
∏

i∈Ip+1
i0<i1<...<ip

Γ (E(i),M) =
∏

i∈Ip+1
i0<i1<...<ip

M

⋂p
j=0

Hij

and
dp : Cp(F ,M)→ Cp+1(F ,M)

is the coboundary homomorphism defined by

s = (si)i∈C(I)alt
p+1
∈ Cp(F ,M)

(dps)i =
p+1∑

j=0

(−1)jsδj i

as the restriction maps res(δk|i) (see (5.4.40)) are here injections arising from
the inclusions

MGal(X′/E(δj i)) ⊆MGal(X′/E(i)).

Put for all i = 0, . . . , n− 1

Gi =
⋂

0≤j≤n−1
j �=i

Hj .

The groups Gi are normal subgroups of G.
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5.5.7. Proposition. For any R[G]-module M with corresponding sheaf M
on [X ′/X ], we have:
(i) Ȟ0

[X′/X](F ,M) ∼=MH0H1...Hn−1 .

(ii) Ȟn−2
[X′/X](F ,M) = 0 if and only if the following sequence of R-modules is

exact

∏

i∈In−2
i0<i1<...<in−3

M

⋂n−3

j=0
Hij dn−3

→
n−1∏

i=0

MGi dn−2

→ M

⋂n−1

j=0
Hj .

(iii) Ȟn−1
[X′/X](F ,M) ∼=M

⋂
n−1

j=0
Hj/

n−1∑

i=0

MGi .

Proof. (i) The Čech complex {Cp(F ,M), dp}p≥0 begins with the terms for
p = 0, 1 where we have explicitly

C0(F ,M) =
∏

i0∈I
MHi0 and C1(F ,M) =

∏

(i0,i1)∈I2
i0<i1

MHi0∩Hi1 .

The differential d0 : C0(F ,M)→C1(F ,M) is given by

(d0s)i0,i1 = si1 − si0 .

Let s = (si)i∈I ∈ C0(F ,M) =
∏
i∈IM

Hi ; then d0s = 0 if and only if si0 =
si1 for all i0, i1 ∈ I. Hence the kernel of d0 is the submodule MH0H1...Hn−1

embedded diagonally in
∏
i∈IM

Hi , as required.
(ii) and (iii). The Čech complex {Cp(F ,M), dp}p≥0 ends with the terms

. . . Cn−3(F ,M)d
n−3

→ Cn−2(F ,M)d
n−2

→ Cn−1(F ,M)d
n−1

→ Cn(F ,M) = 0.

We have explicitly

Cn−3(F ,M) =
∏

i∈In−2
i0<i1<...<in−3

M

⋂
n−3

j=0
Hij , Cn−2(F ,M) =

∏n−1
i=0 M

Gi

Cn−1(F ,M) = M

⋂n−1

j=0
Hj , Cn(F ,M) = 0.

The stated results follow from this. �

Vanishing of the group Ȟn−1
[X′/X](F ,M) when G is abelian

(5.5.8) Put

H∞ =
n−1⋂

j=0

Hj



148 The Heegner module

and
Gi =

⋂

0≤j≤n−1
j �=i

Hj for all i.

5.5.9. Proposition. Suppose the group G is abelian. LetM be the sheaf on
[X ′/X ] associated to the group algebra R[G]. Then we have

Ȟn−1
[X′/X](F ,M) = 0

if and only if for every residue field characteristic p ≥ 0 of a maximal ideal of
R and every subgroup J of G such that J ⊇ H∞ and G/J is cyclic of order
prime to p there is i such that Gi ⊆ J and |Gi/H∞| is prime to p.

Proof. We have by proposition 5.5.7(iii) that

Ȟn−1
[X′/X](F ,M) = 0

if and only if

R[G]H∞ =
n−1∑

j=0

R[G]Gj .

As R[G]H∞ ∼= R[G/H∞], we obtain that Ȟn−1
[X′/X](F ,M) = 0 if and only if

R[G/H∞] =
n−1∑

j=0

R[G/H∞]Gj/H∞ .

Hence we may reduce to the case where H∞ = {1}.
The proof of the proposition is now the combination of the statements

I,II,III below.

(I) If M is a maximal ideal of R[G] and H is the kernel of the induced group
homomorphism G→ κ(M)∗ then G/H is cyclic of order prime to the charac-
teristic of κ(m) where m = R ∩M.

For the proof, let M be a maximal ideal of R[G]. Then m = M ∩ R is a
maximal ideal of R and the residue field κ(M) is a cyclotomic field extension
of κ(m). Let p be the characteristic of κ(m). The images of the elements of G
in κ(M) under the homomorphism R[G] → κ(M) are roots of unity of order
prime to p; furthermore, the image of G in κ(M) is a cyclic group of order
prime to p. It follows that

H = ker(G→ κ(M)∗)

is a subgroup of G for which G/H is cyclic of order prime to p.
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(II) Suppose that there is a maximal ideal m of R and a subgroup H of G for
which G/H is cyclic of order prime to the characteristic of the residue field
κ(m). Then there is a maximal ideal M of R[G] such that M ∩R = m and H
is the kernel of the induced group homomorphism G→ κ(M)∗.

Let n be the order of G/H . Then there is a primitive nth root of unity
ζ in the separable closure of the field κ(m). Let L be the field κ(m)(ζ). Let
g ∈ G be an element whose image in G/H generates the cyclic group G/H .
Define a homomorphism of groups f : G → L∗ via the recipe grh �→ ζr, for
all r ∈ Z and all h ∈ H . Then the kernel of f is equal to H and f extends to
a homomorphism of R-algebras

f � : R[G]→ L, grh �→ ζr

which is a composite of the form R[G]→ κ(m)[G]→ L. The kernel of f � is a
maximal ideal M of R[G] such that M ∩R = m and H = ker(G→ κ(M)∗).

(III) We have
Ȟn−1

[X′/X](F ,M) = 0

if and only if for every maximal ideal M of R[G] there is i such that
Gi ⊆ ker(G → κ(M)∗) and the integer |Gi| is not divisible by the character-
istic of κ(M).

Put
ei =
∑

g∈Gi
g for all i;

thus we have ei ∈ R[G] for all i and eiR[G] = R[G]Gi .
From the first part of the proof, we evidently have

Ȟn−1
[X′/X](F ,M) = 0

if and only if
∑n−1

j=0 ejR[G] is not contained in any maximal ideal of R[G].
Let M be a maximal ideal of R[G] and H be the kernel of the induced

group homomorphism G→ κ(M)∗. Let p be the residue characteristic of M.
We have ei ∈M if and only if either that Gi �⊆ H or that Gi ⊆ H and |Gi| is
divisible by p. Hence we have

M +
n−1∑

i=0

eiR[G] = M +
∑

Gi⊆H
|Gi|R[G].

It follows that

M ⊇
n−1∑

i=0

eiR[G]
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if and only if for all i the order |Gi| is divisible by p whenever Gi ⊆ H , as
required. �

Molecules and atoms

5.5.10. Definition. A finite family of subgroups {Γi}i∈I of G is a molecule
if the subgroups

∆i =
⋂

j �=i
Γj , for all i ∈ I,

satisfy the condition that for any finite subset S of I, where S �= I, we have

< {∆i}i∈I\S >=
⋂

j∈S
Γj

where < {∆i}i∈I\S > denotes the subgroup of G generated by ∆i for all
i ∈ I \ S.

The subgroups ∆i, i ∈ I, are the atoms of the molecule {Γi}i∈I .

5.5.11. Examples. (i) If {Γi}i∈I is a molecule of G where the Γi are normal
subgroups ofG for all i ∈ I then the atoms∆i of {Γi}i∈I are normal subgroups
of G and we have ∏

i∈I\S
∆i =
⋂

j∈S
Γj

for any finite subset S of I, where S �= I.

(ii) If the family of subgroups {Γi}i∈I of G satisfies Γi = Γj for all i, j then
{Γi}i∈I is a molecule whose atoms are equal to Γi for all i.

(iii) If {Γi}i∈I is a molecule of G and I ′ is a subset of I then {Γi}i∈I′ is a
molecule.

(iv) Suppose that G is vector space of dimension n over a field L and that
{Γi}i∈E is a family of distinct codimension 1 subspaces of G where E is a
finite set. Then the following conditions are equivalent, as may be checked,

(a) {Γi}i∈E is a molecule of G;
(b) |E| ≤ n and dimL

(⋂
i∈S Γi
)

= n− |S| for all finite subsets S of E;
(c) |E| ≤ n and dimL

(⋂
i∈E Γi
)

= n− |E|;
(d) if vi ∈ HomL(G,L) are elements of the dual space such that the kernel

of vi is equal to Γi for all i ∈ E, then the elements {vi}i∈E are linearly
independent.
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(v) Let E be a finite set and Σ(E) be the symmetric group of permutations
of the elements of E. For E′ ⊆ E let Σ(E′) be the subgroup of Σ(E) of
permutations which fix all elements of E \ E′.

Fix an element e ∈ E and let I0, . . . In−1 be subsets of E such that

Ir ∩ Is = {e} for all r �= s, and |Ir | ≥ 2 for all r.

Put for all r = 0, . . . , n− 1
Jr =
⋃

s�=r
Is.

Then {Σ(Jr)}r=0,...,n−1 is a molecule of Σ(E) whose atoms are the groups
Σ(Ir), r = 0, . . . , n− 1.

[For the proof, let S be a subset of N = {0, 1, . . . , n− 1} distinct from N .
Put

Σ =
⋂

s∈S
Σ(Js).

It is clear that ⋂

s∈S
Σ(Js) = Σ(

⋂

s∈S
Js).

Furthermore, we have ⋂

s∈S
Js =

⋃

r∈N\S
Ir.

Hence we obtain
Σ = Σ(

⋃

r∈N\S
Ir).

The group H =< {Σ(Ir)}r∈N\S > is a subgroup of Σ. The group H is gener-
ated by transpositions, as each group Σ(Ir) is so generated, and H contains
at least one transposition as |Σ(Ir)| ≥ 2 for all r. Furthermore, the group
H acts transitively on the set

⋃
r∈N\S Ir as we have Ir ∩ Is = {e} for all

r �= s. It follows that H = Σ (by [S3, Lemma 1 p.139]); hence {Σ(Jr)}r∈N is
a molecule of Σ(E). As

⋂

r �=s
Jr = Is, for all s,

the atoms of {Σ(Jr)}r∈N are the groups Σ(Ir), r ∈ N , as required.]
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The homology complex {Cj , dj}j∈N

(5.5.12) Let I be the set of integers {0, 1, . . . , n− 1}. Let Γ be a finite group
and Γ0, . . . , Γn−1 be normal subgroups of Γ . We write

Γi0i1...ik

for the normal subgroup of Γ given by the product

Γi0Γi1 . . . Γik .

(5.5.13) For any left R[Γ ]-module N , and any integer j such that 0 ≤ j ≤ n−1
let Cj = Cj({Γi}i∈I , N) be the module

Cj({Γi}i∈I , N) =
∏

0≤ik<ik+1≤n−1
for all k

NΓi0i1...ij .

Put
Cj({Γi}i∈I , N) = 0 for all j ≥ n.

Put
C−1({Γi}i∈I , N) = NΓ0∩Γ1∩...∩Γn−1 .

An element of Cj , for 0 ≤ j ≤ n − 1, is a family of elements m =
{m(i0...ij)} 0≤ik<ik+1≤n−1

for all k
where for all i0 < . . . < ij

m(i0...ij) ∈ NΓi0i1...ij .

Define the lower numbering of the element m = {m(i0...ij)} 0≤ik<ik+1≤n−1
for all k

of Cj , for 0 ≤ j ≤ n− 1, by

mk0...kn−j−2 = mI\{k0...kn−j−2}

for all 0 ≤ k0 < k1 < . . . < kn−j−2 ≤ n− 1, where I \ {k0 . . . kn−j−2} denotes
the j+1-tuple of elements i0 < i1 < . . . < ij of I such that ir �= ks for all r, s.

(5.5.14) Define a differential dj for all j ≥ 0

dj : Cj → Cj−1

in terms of the lower numbering by the formula

(dj(m))i =
n−j−1∑

k=0

(−1)kmδki.
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We put dj = 0 for all j ≥ n and d0 : C0 → C−1 is defined by the previous
formula where the group C−1 is equal to

C−1 = NΓ0∩Γ1∩...∩Γn−1 .

In particular, if n = 1 then d−1 : NΓ0 → NΓ0 is the identity map. It is easily
checked that dj ◦ dj+1 = 0 for all j and hence {Cj , dj}j∈N is a homology
complex.

(5.5.15) Let Ȟj({Γi}i, N) be the homology of this complex, that is to say

Ȟj({Γi}i, N) = Ker(dj)/Im(dj+1).

This is defined for all j ∈ N.
We evidently have that

R[Γ ]−mod → R−mod

N �→ Ȟj({Γi}i, N)

is a covariant functor from the category of R[Γ ]-modules to the category of
R-modules.

5.5.16. Proposition. For any R[Γ ]-module N we have

Ȟn−2({Γi}i∈I , N) ∼= 0 if n ≥ 2

and
Ȟn−1({Γi}i∈I , N) ∼= 0 if n ≥ 1.

Proof. That part of the homology complex {Cj}j for j = n− 1, n− 2, n− 3 is
the short complex

NΓ01...n−1
dn−1→

∏

0≤ik<ik+1≤n−1
for all k

NΓi0i1...in−2
dn−2→

∏

0≤ik<ik+1≤n−1
for all k

NΓi0i1...in−3

where, if n = 2, the last term
∏

0≤ik<ik+1≤n−1
for all k

NΓi0i1...in−3 is understood to be

equal to NΓ0∩Γ1∩...∩Γn−1 . It is easily checked that this complex is exact in
the middle (this is similar to the proof of proposition 5.5.7(i) by taking Hi =∏
j �=i Γj). Furthermore, the first homomorphism of this complex is clearly an

injection, whence the result.�
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5.5.17. Proposition. Suppose that {Hi}i∈I is a molecule of G with atoms
{Gi}i∈I . For any R[G]-moduleM with associated sheafM on the site [X ′/X ],
we then have an isomorphism of complexes, where F is the filter associated
to {Hi}i∈I (as in (5.5.4))

{Cj({Gi}i∈I ,M), dj} ∼= {Cn−2−j(F ,M), dn−2−j} for 0 ≤ j < n− 2.

In particular we have isomorphisms for all j = 0, . . . , n− 3

Ȟj({Gi}i,M) ∼= Ȟn−2−j
[X′/X](F ,M).

Proof. As the family {Hj}j=0,...,n−1 is a molecule, for any finite subset S of
I, where S �= I = {0, . . . , n− 1}, we have

∏

i∈I\S
Gi =
⋂

j∈S
Hj .

The Čech complex of the filter F : C(I)alt → [X ′/X ], as in (5.5.4), takes
the form

Cp(F ,M) =
∏

i∈Ip+1
i0<i1<...<ip

Γ (E(i),M) =
∏

i∈Ip+1
i0<i1<...<ip

M

⋂
p

j=0
Hij .

Hence we have

Cp(F ,M) =
∏

i∈Ip+1
i0<i1<...<ip

M

∏
i∈I\{i0,i1,...,ip}

Gi
.

Hence the complex Cj({Gi}i∈I ,M) defining the homology group
Ȟj({Gi}i∈I ,M), for 0 ≤ j < n − 2, is isomorphic to the Čech cohomology
complex

Cn−3−j(F ,M)→ Cn−2−j(F ,M)→ Cn−1−j(F ,M)→ . . . .

We have then for all 0 ≤ j < n− 2 the isomorphisms for any R[G]-module M
with associated sheafM on [X ′/X ]

Ȟj({Gi}i∈I ,M) ∼= Ȟn−2−j
[X′/X](F ,M). �
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Vanishing of the group Ȟk
[X′/X](F ,M) for 1 ≤ k ≤ n− 2

5.5.18. Definition. A family {Gi}i∈I of subgroups Gi of the group G is
admissible, with respect to the ring R, if it satisfies the two conditions:

(i) Gi, for all i ∈ I, are normal subgroups of G which are pairwise central
(i.e. for all g ∈ Gi, h ∈ Gj where i �= j we have gh = hg).

(ii) the order of the kernel of the homomorphism

f : G0 ×G1 × . . .×Gn−1 → G, (g0, . . . , gn−1) �→ g0g1 . . . gn−1

is a unit in the ring R.

5.5.19. Proposition. Suppose that the family {Gi}i∈I of subgroups of G is
R-admissible. Then we have

Ȟk({Gi}i∈I , R[G]) = 0 for all k ≥ 0.

The next corollary follows from propositions 5.5.17 and 5.5.19.

5.5.20. Corollary. Suppose that
(i) {Hj}j∈I is a molecule of normal subgroups of G with atoms {Gi}i∈I ;
(ii) the family of subgroups {Gi}i∈I of G is R-admissible.
Let M be the sheaf on the site [X ′/X ] corresponding to the module R[G].
Then we have

Ȟk
[X′/X](F ,M) = 0 for all 1 ≤ k ≤ n− 2. �

Proof of proposition 5.5.19. Let G′ be the subgroup of G generated by the
atoms G0, . . . , Gn−1. Then G′ is a normal subgroup of G and {Gi}i∈I is also
an R-admissible family of subgroups of G′. As R[G] is a finite free R[G′]-
module we then have

Ȟj({Gi}i∈I , R[G]) = 0

if and only if
Ȟj({Gi}i∈I , R[G′]) = 0.

Hence we may reduce to the case where G′ = G.
Put

G(n) = G0 ×G1 × . . .×Gn−1.
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Let K be the kernel of the group homomorphism G(n)→ G given by

(g0, . . . , gn−1) �→ g0g1 . . . gn−1.

Put
eK =
∑

g∈K
g ∈ R[G(n)].

As |K| is a unit of R (by (5.5.18)), the element eK/|K| belongs to R[G(n)].
Furthermore, eK/|K| is an idempotent of R[G(n)] and we have an isomor-
phism of left R[G(n)]-modules

eK
|K|R[G(n)] ∼= R[G].

As eK/|K| is an idempotent, the module R[G] is a direct factor of R[G(n)] as
a R[G(n)]-module.
We writeM for R[G(n)] as an R[G(n)]-module. As {Gi}i∈I is an R-admissible
family of subgroups of G(n) and as the module R[G] is a direct summand of
the R[G(n)]-module M , to prove the proposition it suffices to show that we
have

Ȟj({Gi}i∈I ,M) = 0 for all j ≥ 0.

Put for all i ∈ I
ei =
∑

g∈Gi
g;

then ei is an element of R[G(n)]. Put

G(n− 1) = G1 ×G2 × . . .×Gn−1.

If n = 1 then the homology complex Cj({Gi}i∈I ,M) takes the form

. . . 0 d2→ 0 d1→ MG0 d0→ MG0

where d0 is the identity (see (5.5.14)). Hence we have if n = 1 then

Ȟj({Gi}i∈I ,M) ∼= 0 for all j ≥ 0.

Hence the result is true for n = 1. We now prove the proposition by induction
on n; the induction hypothesis is that for

J = {1, 2, . . . , n− 1} = I \ {0}

we have
Ȟj({Gi}i∈J , R[G(n− 1)]) = 0 for all j ≥ 0.

As M is a finite free left R[G(n − 1)]-module, this induction hypothesis is
equivalent to

Ȟj({Gi}i∈J ,M) = 0 for all j ≥ 0.
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By proposition 5.5.16, we have

Ȟj({Gi}i∈I ,M) = 0 for j = n− 1 and n− 2.

We now consider the group Ȟj({Gi}i∈I ,M) where j ≤ n− 3.
Let γ :M →M be the projection homomorphism of R[G(n− 1)]-modules

given by, where gi ∈ Gi for all i,

γ :M → M

(g0, . . . , gn−1) �→ e0(g0, g2 . . . , gn−1) if g0 = 1
(g0, . . . , gn−1) �→ 0 if g0 �= 1.

Then the image of γ is the submodule e0M . Note that γ is not a homomor-
phism of R[G(n)]-modules. The homomorphism of R[G(n− 1)]-modules

f = id− γ :M →M

has kernel equal to e0M .
As in (5.4.44), let C(I)altp+1 be the set of p + 1-tuples (i0, . . . , ip) of ele-

ments of I such that i0 < i1 < . . . < ip; define similarly C(J)altp+1. A cycle in
Ȟj({Gi}i∈I ,M) is given by an element of the kernel of

dj : Cj({Gi}i∈I ,M)→ Cj−1({Gi}i∈I ,M).

Thus a homology class in Ȟj({Gi}i∈I ,M) is given by an element

m = (mi)i∈C(I)alt
n−1−j

∈ Cj({Gi}i∈I ,M)

such that for all i ∈ C(I)altn−j

n−1−j∑

k=0

(−1)kmδki = 0.

We write
e(i1, i2, . . . , im) =

∏

k �=i1,i2,...,im
ek.

We then have, for i ∈ C(I)altn−1−j

mi ∈ e(i)M.

as
mi ∈ NΓI\{i0i1...in−2−j} .

We may write
mi = e(i)yi
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for all i where yi ∈M . Then we have for all i ∈ C(I)altn−j

n−1−j∑

k=0

(−1)ke(δki)yδki = 0.

The map f :M →M has kernel e0M . In particular, we have

f(e(i)M) = 0

whenever i = (i0, . . . , im) satisfies ik �= 0 for all k. Under f , this system of
equations becomes: for all i ∈ C(I)altn−j

n−1−j∑

k=0

(−1)kf(e(δki)yδki) = 0.

But f(e(δki)yδki) = 0 unless δki contains 0. That is to say the only terms
contributing to this sum

∑n−1−j
k=0 (−1)kf(e(δki)yδki) are those for which i =

(0, i1, i2, . . . , in−1−j) and for which k > 0. That is to say the system becomes
for all i = (0, j) ∈ C(I)altn−j , where j ∈ C(J)altn−j−1, as f is R[G(n− 1)]-linear

n−1−j∑

k=1

(−1)ke(δki)f(yδki) = 0.

But this is a cycle c = {e(0, j)f(y0,j)}j in Cj({Gi}i∈J ,M). By induction
we assume that

Ȟj({Gi}i∈J ,M) = 0.

Hence c is in the image of the map

dj+1 : Cj+1({Gi}i∈J ,M)→ Cj({Gi}i∈J ,M).

That is to say for all j ∈ C(J)altn−2−j

cj =
n−3−j∑

k=0

(−1)kgδkj.

Hence we have for all j ∈ C(J)altn−2−j

e(0, j)f(y0,j) =
n−3−j∑

k=0

(−1)kgδkj

where
gδkj ∈ e(0, δkj)M.



5.5 Group rings and Čech cohomology 159

We may then write
gδkj = e(0, δkj)pδkj

for elements pδkj ∈M and hence

e(0, j)f(y0,j) =
n−3−j∑

k=0

(−1)ke(0, δkj)pδkj

But by definition of f we have

f(yi) = yi − e0xi

for all i where xi ∈M . Hence we have for all j ∈ C(J)altn−2−j

e(0, j)y0,j = e0e(0, j)x0,j +
n−3−j∑

k=0

(−1)ke(0, δkj)pδkj.

Put for all j ∈ C(J)altn−2−j
n0,j = x0,j

and put for j ∈ C(J)altn−1−j
nj = −pj.

This defines an element {e(i)ni}i ∈ Cj({Gi}i∈I ,M). Then we have for all
j ∈ C(J)altn−2−j

e(0, j)y0,j =
n−2−j∑

k=0

(−1)ke(δk(0, j))nδk(0,j).

That is to say for all i = (0, j) ∈ C(I)altn−1−j , where j ∈ C(J)altn−2−j , we have

e(i)yi =
n−2−j∑

k=0

(−1)ke(δki)nδki.

Suppose that i ∈ C(I)altn−1−j where i = (i0, i1, . . . , in−2−j). If i0 = 0
then we have shown that e(i)yi =

∑n−2−j
k=0 (−1)ke(δki)nδki. Suppose then that

i0 > 0. We put

h = (0, j) ∈ C(I)altn−j where j = i ∈ C(J)altn−1−j .

Then we have from this system of equations

n−1−j∑

k=0

(−1)ke(δkl)yδkl = 0, for all l ∈ C(I)altn−j ,



160 The Heegner module

that

e(j)yj +
n−1−j∑

k=1

(−1)ke(δkh)yδkh = 0.

Hence we have

e(j)yj = −
n−1−j∑

k=1

(−1)ke(δkh)yδkh

= −
n−1−j∑

k=1

(−1)k
n−2−j∑

l=0

(−1)le(δlδkh)nδlδkh.

Here in the double sum there is a cancellation of terms with l > 0 and there
only remains the terms with l = 0. Hence we have

e(j)yj = −
n−1−j∑

k=1

(−1)ke(δ0δkh)nδ0δkh

= −
n−2−j∑

k=0

(−1)k+1e(δkj)nδkj.

That is to say we have

e(j)yj =
n−2−j∑

k=0

(−1)ke(δkj)nδkj.

This shows that the element m ∈ Cj({Gi}i∈I ,M) lies in the image of

dj+1 : Cj+1({Gi}i∈I ,M)→ Cj({Gi}i∈I ,M).

Hence we have
Ȟj({Gi}i∈I ,M) = 0

as required. �

Universal exact sequences, universal submodules

5.5.21. Definition. (i) A submodule N of an R-module M is a universal
submodule if for any R-algebra S the induced homomorphism of S-modules
N ⊗R S →M ⊗R S is an injection.
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(ii) Let

. . . A3
f3→ A2

f2→ A1
f1→ A0

be an exact sequence of R-modules. Then this sequence is universally exact if
for any R-algebra S the sequence

. . . A3 ⊗R S
f3⊗1→ A2 ⊗R S

f2⊗1→ A1 ⊗R S
f1⊗1→ A0 ⊗R S

is exact.

5.5.22. Remarks. (i) Let N be an R-submodule ofM . For N to be a universal
submodule of M it is sufficient that M/N be a flat R-module or that N be a
direct summand of M . The module N is a universal submodule of M if and
only if for any R-algebra S the induced homomorphism

Tor1(M/N,S)→ N ⊗R S

is zero.
The zero submodule and M are both universal submodules of M .

(ii) Let

. . . A3
f3→ A2

f2→ A1
f1→ A0

be an exact sequence of R-modules. Then this sequence is universally exact if
and only if Ai/fi+1(Ai+1) is a universal submodule of Ai−1 for all i ≥ 1.
(iii) Let

. . .
f4→ M3

f3→ M2
f2→ M1

be a universally exact sequence of R-modules. Let M0 be the cokernel of
f2 :M2 →M1 and let f1 :M1 →M0 be the natural surjection. Then

(5.5.23) . . .
f4→ M3

f3→ M2
f2→ M1

f1→ M0 → 0

is a universally exact sequence of R-modules.
[For the proof, let S be an R-algebra. By remark (ii) above, to show that

the augmented sequence

. . .
f4→ M3

f3→ M2
f2→ M1

f1→ M0
f0→ 0

is universally exact it suffices to show that M1/f2(M2) = M0 is a universal
submodule ofM0 and that f0(M0) = 0 is a universal submodule of 0. But this
is the case by remark (i) above.]
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Corollaries of proposition 5.5.19

5.5.24. Corollary. Suppose that {Gi}i∈I is an R-admissible family of sub-
groups of G. Put

G∞ =
n−1⋂

j=0

Gj .

Then we have the universal exact sequence
(5.5.25)

0→ R[G]G0G1...Gn−1 →
∏

i0∈I
R[G]
∏

j �=i0
Gj →

∏

(i0,i1)∈I2
i0<i1

R[G]
∏

j �=i0,i1
Gj → . . .

. . .
∏

(i0,...,ip)∈Ip+1

i0<i1<...<ip

R[G]
∏

j �=i0,i1,...,ip
Gj
. . .→
∏

i∈I
R[G]Gi →

R[G]G∞ → R[G]G∞∑

i∈I
R[G]Gi

→ 0.

Furthermore,
∑
i∈I R[G]Gi is a flat R-module.

Proof. Write G for {Gi}i∈I . Let S be an R-algebra. For any Z[G]-module M ,
let Ck(G,M) be the homology complex defined in (5.5.13).

For any normal subgroup H of G, we have natural isomorphisms of S[G]-
modules

(R[G]H)⊗R S ∼= S[G]H .

All chain groups Ck(G, R[G]) are direct products of modules of the formR[G]H

where H runs over a set of subgroups of G. Hence we have isomorphisms of
complexes

{Cj(G, R[G]), dj}j≥−1 ⊗R S ∼= {Cj(G, S[G]), dj}j≥−1.

As {Gi}i∈I is an R-admissible family of subgroups of G, it follows that
the family {Gi}i∈I is S-admissible. By proposition 5.5.19, the homology of
the complex Ck(G, S[G]) satisfies Ȟk(G, S[G]) = 0 for all k ≥ 0. Hence the
complex {Ck(G, S[G]), dk}k∈N for k ≥ 0 and where Cp(G, S[G]) = 0 for all
p > n− 1, becomes an exact sequence of S-modules

0→ Cn−1(G, S[G])→ Cn−2(G, S[G])→ Cn−3(G, S[G])→ . . .

. . .→ C0(G, S[G])→ Ȟ−1(G, S[G])→ 0.
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This exact sequence is isomorphic to

0→ Cn−1(G, R[G])⊗RS → Cn−2(G, R[G])⊗RS → Cn−3(G, R[G])⊗RS → . . .

. . .→ C0(G, R[G])⊗R S → Ȟ−1(G, S[G])→ 0.

Hence the sequence of R-modules

0→ Cn−1(G, R[G])→ Cn−2(G, R[G])→ Cn−3(G, R[G])→ . . .

. . .→ C1(G, R[G]) d1→ C0(G, R[G])

is universally exact. The cokernel of the homomorphism d1 here is
(see (5.5.15))

Ȟ−1(G, R[G]) = R[G]G∞/
∑

i∈I
R[G]Gi .

It follows from remark 5.5.22(iii) that the sequence of R-modules

(5.5.26) 0→ Cn−1(G, R[G])→ Cn−2(G, R[G])→ Cn−3(G, R[G])→ . . .

. . .→ C0(G, R[G])→ Ȟ−1(G, R[G])→ 0

is universally exact and furthermore that there is an isomorphism of S-
modules

Ȟ−1(G, R[G]) ⊗R S ∼= Ȟ−1(G, S[G]).

The definition of the chain groups Cj(G, R[G]) as direct products of mod-
ules of the form R[G]H whereH runs over a set of subgroups of G (see (5.5.13))
combined with the exact sequence (5.5.26) gives the exact sequence (5.5.25),
as required.

The image of the homomorphism
∏
i∈I R[G]Gi → R[G]G∞ from the exact

sequence (5.5.25) is precisely the submodule
∑
i∈I R[G]Gi . Hence we may

shorten this universally exact sequence to the universally exact sequence of
R-modules, by remark 5.5.22(iii),
(5.5.27)

0→ R[G]G0G1...Gn−1 →
∏

i0∈I
R[G]
∏

j �=i0
Gj →

∏

(i0,i1)∈I2
i0<i1

R[G]
∏

j �=i0,i1
Gj → . . .

. . .→
∏

i∈I
R[G]Gi →

∑

i∈I
R[G]Gi → 0.

This is a resolution of
∑

i∈I R[G]Gi by finite free R-modules; hence tensoring
this universally exact free resolution (5.5.27) with − ⊗R S for any R-algebra
S we obtain that

TorRj (
∑

i∈I
R[G]Gi , S) = 0 for all j ≥ 1.

Hence
∑

i∈I R[G]Gi is a flat R-module. �
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5.5.28. Corollary. Suppose that
(i) {Hj}j∈I is a molecule of normal subgroups of G with atoms {Gi}i∈I ;
(ii) the family of subgroups {Gi}i∈I of G is R-admissible.
Put

G∞ =
n−1⋂

j=0

Gj .

Then we have the universal exact sequence of R-modules
(5.5.29)

0→ R[G]H0H1...Hn−1 →
∏

i0∈I
R[G]Hi0 →

∏

(i0,i1)∈I2
i0<i1

R[G]Hi0∩Hi1 → . . .

. . .→
∏

i∈I
R[G]Gi → R[G]G∞ → R[G]G∞/

∑

i∈I
R[G]Gi → 0.

Proof. This is an immediate consequence of the previous corollary 5.5.24 and
that {Hj}j∈I is a molecule of normal subgroups of G with atoms {Gi}i∈I . �

5.5.30. Corollary. Assume that {Gi}i∈I is an R-admissible family of sub-
groups of G. Put for all i �= j

ei =
∑

h∈Gi
h and eij =

∑

h∈GiGj
h.

Let si ∈ R[G]Gi , for i = 0, . . . , n− 1, be elements such that

n−1∑

i=0

si = 0.

Then there are elements

η(i,j) ∈ R[G], for all 0 ≤ i, j ≤ n− 1, i �= j,

such that
(a) η(i,j) = −η(j,i) for all i �= j;
(b) si =

∑

j �=i
eijη

(i,j) for all i.

Furthermore, let fi : G→ G/Gi denote the canonical group homomorphism.
Then we have si = eigi, where gi ∈ R[G], efi(Gj) =

∑
h∈fi(Gj) h ∈ R[G/Gi],

and
fi(gi) =

∑

j �=i
efi(Gj)fi(η

(i,j)) for all i, j.
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Proof. The result is trivial for n = 1. We may therefore assume that n ≥ 2.
Write G for {Gi}i∈I . From corollary 5.5.24, the homology complex

{Ck(G, R[G]), dk}k∈N becomes an exact sequence

0→ Cn−1(G, R[G])→ Cn−2(G, R[G])→ Cn−3(G, R[G])→ . . .

. . .→ C0(G, R[G])→ C−1(G, R[G]).

The terms for k = −1, 0, 1 give precisely the exact sequence,
where G∞ = ∩n−1

i=0 Gi,

(5.5.31)
∏

(i0,i1)∈I2
i0<i1

R[G]Gi0Gi1 d1→
∏

i∈I
R[G]Gi d0→ R[G]G∞ .

By definition the chain group C0(G, R[G]) is given by

C0(G, R[G]) =
∏

i∈I
R[G]Gi .

Define an isomorphism

π :
n−1∏

j=0

R[G]Gj → C0(G, R[G])

(s0, . . . , sn−1) �→ (s0,−s1, s2, . . . , (−1)isi, . . . , (−1)n−1sn−1).

Then we have that π(s0, . . . , sn−1) is a cycle of C0(G, R[G]) if and only if∑n−1
i=0 si = 0
Suppose then the elements si ∈ R[G]Gi satisfy

∑
i si = 0. We write

Ann(e) = {x ∈ R[G] | xe = 0}

for the annihilator ideal of an element e of R[G]. The G-module R[G] is
cohomologically trivial hence we have

eiR[G] = R[G]Hi for all i.

By the exact sequence (5.5.31), there are elements t(i,j) ∈ R[G]GiGj , for all
i �= j, such that

si =
∑

j �=i
t(i,j)

and
t(i,j) = −t(j,i) for all i �= j.

As we have
R[G]GiGj = eijR[G] for all i �= j
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there are elements ζ(i,j) ∈ R[G] such that

t(i,j) = eijζ(i,j) for all i �= j.

As t(i,j) is antisymmetric in i, j, we obtain

ζ(i,j) + ζ(j,i) ∈ Ann(eij).

Put
θ(i,j) = ζ(i,j) + ζ(j,i) ∈ Ann(eij)

and put

η(i,j) =
{
ζ(i,j) − θ(i,j), if i < j;
ζ(i,j), if i > j.

Then we have
si =
∑

j �=i
eijη

(i,j) for all i

and
η(i,j) = −η(j,i) for all i �= j.

This proves the first part of the corollary.
For the last part, we have

eij =
∑

g∈Gi

∑

h∈Gj/Gi∩Gj
gh = ei

∑

h∈Gj/Gi∩Gj
h;

hence we obtain
eigi = ei

[∑

j �=i

∑

h∈Gj/Gi∩Gj
hη(i,j)
]

therefore we have

gi −
[∑

j �=i

∑

h∈Gj/Gi∩Gj
hη(i,j)
]
∈ Ann(ei).

As Ann(ei) is just the augmentation ideal of Gi (see remark 5.5.32(i) below)
we obtain

fi(gi) = fi(
∑

j �=i

∑

h∈Gj/Gi∩Gj
hη(i,j))

=
∑

j �=i

∑

h∈Gj/Gi∩Gj
fi(h)fi(η(i,j)) =

∑

j �=i
efi(Gj)fi(η

(i,j)). �
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5.5.32. Remarks. (i) Let IH be the augmentation ideal of a normal subgroup
H of G in R[G]

IH =
∑

h∈H
(h− 1)R[G].

The cohomological triviality of R[G] implies that the annihilator ideal of eH =∑
h∈H g in R[G] is equal to IH .

(ii) With the notation of corollary 5.5.30, let

η(i,j) ∈ R[G], for all 0 ≤ i, j ≤ n− 1, i �= j,

be any elements such that η(i,j) = −η(j,i) for all i, j. Then the elements
hi ∈ R[G] given by

hi =
∑

j �=i
eijη

(i,j), for all i,

obviously satisfy
n−1∑

i=0

hi = 0.

and
hi ∈ eiR[G] for all i.

Thus the corollary 5.5.30 gives the general solution of the equation
∑
i eigi = 0

in the group algebra R[G] under the hypothesis that {Gi}i∈I be R-admissible.

(iii) If R is a field whose characteristic does not divide |G| and G1, . . . , Gn
are normal subgroups (not necessarily pairwise central) of the finite group G
then representation theory shows that the conclusion of corollary 5.5.30 still
holds for R[G] that is to say if si ∈ R[G]Gi are elements such that

∑
i si = 0

then there are elements η(i,j) ∈ R[G]GiGj , antisymmetric in i, j, such that
si =
∑

j �=i η
(i,j) for all i. .

[For the proof, let M be a simple left R[G]-module. Then for all i the
R-submodule MGi is an R[G]-submodule of M , as the groups Gi are normal
in G. Hence for all i we have either MGi = M or MGi = 0. It follows that
the conclusion of corollary 5.5.30 holds for the simple R[G]-moduleM , that is
to say if si ∈ MGi are elements such that

∑
i si = 0 then there are elements

η(i,j) ∈ MGiGj , antisymmetric in i, j, such that si =
∑

j �=i η
(i,j) for all i. As

the characteristic of the field R does not divide |G|, the group algebra R[G] is
a semi-simple R[G]-module. Hence the conclusion of this corollary also holds
for R[G] itself.]

(iv) If G is an abelian group, we give an example where the corollary 5.5.30
would become false without the hypothesis that the order of the kernel of the
homomorphism

∏
iGi → G be a unit of the ring R.
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Let G be the group Z/pZ×Z/pZ where p is a prime number ≥ 3. Let x1, x2

be generators of G. Let Gi, i = 1, 2, 3, be the cyclic subgroups of order p of
G given by

G1 =< x1 >, G2 =< x2 >, G3 =< x1x2 > .

Let R be a field of characteristic p and in the group algebra R[G] we put

ei =
∑

h∈Gi
h, for i = 1, 2, 3.

Then there are elements g1, g2, g3 ∈ R[G] such that

3∑

i=1

eigi = 0

but e1g1 is not an element of R[G]G1G2 +R[G]G1G3 .

[Put
η1 = x1 − 1, η2 = x2 − 1

and put

g1 = (x2 − 1)p−2 + (x2 − 1)p−1, g2 = −(x1 − 1)p−2, g3 = (x1 − 1)p−2.

The group algebra R[G] is R-isomorphic to

R[η1, η2]/ < η
p
1 , η

p
2 > .

In particular, it is an artin local ring with residue field R. We have

e1 = ηp−1
1 , e2 = ηp−1

2 , e3 = (η1η2 + η1 + η2)p−1.

The elements gi are given by

g1 = ηp−2
2 + ηp−1

2 , g2 = −g3 = −ηp−2
1 .

Hence we have

3∑

i=1

eigi = ηp−1
1 (ηp−2

2 + ηp−1
2 )− ηp−1

2 ηp−2
1 + (η1η2 + η1 + η2)p−1ηp−2

1

= ηp−1
1 (ηp−2

2 + ηp−1
2 )− ηp−1

2 ηp−2
1 +
{ p−1∑

i=0

Cp−1
i

(
η1(1 + η2)

)i
ηp−1−i
2

}
ηp−2
1

= ηp−1
1 (ηp−2

2 + ηp−1
2 )− ηp−1

2 ηp−2
1 + ηp−1

2 ηp−2
1 −
(
η1(1 + η2)

)
ηp−2
2 ηp−2

1 = 0.
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We have G1G2 = G1G3 = G hence we obtain

R[G]G1G2 +R[G]G1G3 = R[G]G = Rηp−1
1 ηp−1

2 .

Furthermore, we have

e1g1 = ηp−1
1 (ηp−2

2 + ηp−1
2 ).

If e1g1 were an element of R[G]G1G2 +R[G]G1G3 we would have for some r ∈ R
that

ηp−1
1 ηp−2

2 = rηp−1
1 ηp−1

2

which is impossible. Hence e1g1 �∈ R[G]G1G2 +R[G]G1G3 as required.]

5.6 Group cohomology; Kolyvagin elements

Let R[G] be a group algebra where R is a commutative ring and G is a finite
group. In this section we first consider sets of submodules of R[G] which
are the invariants under familes of subgroups of G. The set of relations of the
Heegner module are closely related to such submodules; in particular, example
5.6.3(5) is later applied to the Heegner module.

Second, we define Kolyvagin elements attached to cochains in the coho-
mology of the group G. Kolyvagin [K] considered special cases of our general
construction of Kolyvagin elements. Stickelberger elements [R] in the the-
ory of cyclotomic fields are also examples of Kolyvagin elements attached to
1-cochains.

The final part of this section on the cohomology of cocycles collects some
technical results on group cohomology that are required principally for the
computation of the cohomology of the Heegner module in chapter 6. The
reading of this final part from proposition 5.6.14 onwards may be omitted
until the relevant results are required for a reading of chapter 6.

(5.6.1) Let G be a finite group and R be a commutative ring.

Sieves of submodules

5.6.2. Definition. A sieve is a partially ordered set E in which every pair of
elements a, b of E has a least upper bound, written lub(a, b), and a greatest
lower bound, written glb(a, b).

[The usual terminology for such a partially ordered set is a lattice, but the
word lattice is used differently in this text; see [C, Chapters I and II] for more
details.]
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5.6.3. Examples. (1) Let M be an R-module. The set of all R-submodules
of M is a sieve L(M) which is partially ordered by set-theoretic inclusion of
submodules. Let S be a set of R-submodules of M which is partially ordered
by set-theoretic inclusion of submodules. Then S is a subsieve of L(M) if and
only if it satisfies:

(a) the intersection of any finite set of submodules in S belongs to S;

(b) the sum in M of any finite set of submodules in S also lies in S.

We call such a set S of submodules satisfying the conditions (a) and (b) a
sieve of submodules of M .

(2) Let M be an R-module. The intersection of any collection of sieves of
submodules of M , as in (1), is also a sieve of submodules of M .

(3) Let M be an R-module. Let {Mλ}λ∈Λ be a family of submodules Mλ of
M . Then, by (2) above, there is a smallest sieve of submodules σ{Mλ}λ∈Λ of
M containing all elements of the family {Mλ}λ∈Λ.

(4) Let Λ(G) be the set of all finite sets {H1, . . . , Hn} of distinct subgroups
Hi of the finite group G such that Hi �⊆ Hj for all i �= j. Define a partial
order ≤ on Λ(G) as follows. If S1, S2 ∈ Λ(G) then S1 ≤ S2 if and only if for
all G1 ∈ S1 there is G2 ∈ S2 with G1 ⊇ G2.

For any finite set of subgroups S = {G1, . . . , Gm} ofG let min{G1, . . . , Gm}
denote the set of minimal elements of S with respect to the inclusion order;
then we have min(S) ∈ Λ(G) and any subgroup contained in S contains at
least one element of min(S).

The partially ordered set Λ(G) is a sieve. More precisely, for elements
S1, S2 ∈ Λ(G) where

S1 = {H1, . . . , Hn} and S2 = {G1, . . . , Gm}

with H1, . . . , Hn, G1, . . . , Gm subgroups ofG, we have that lub(S1, S2) is equal
to the set of minimal elements of the union of S1 and S2

lub(S1, S2) = min(S1 ∪ S2).

Furthermore, glb(S1, S2) is the set of minimal elements given by

glb(S1, S2) = min
(
{< Hr, Gs > | for all r, s}

)
.

where < Hr, Gs > denotes the subgroup of G generated by Hr and Gs.
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(5) Suppose that {Gi}i=0,...,n−1 is an R-admissible family of subgroups of the
finite group G. Then we have for all integers m = 0, 1, . . . , n− 1

( m∑

i=0

R[G]Gi
)
∩
( n−1∑

j=m+1

R[G]Gj
)

=
m∑

i=0

n−1∑

j=m+1

R[G]GiGj .

[For the proof, put

M1 =
m∑

i=0

R[G]Gi and M2 =
n−1∑

j=m+1

R[G]Gj .

Clearly we have the inclusion

M1 ∩M2 ⊇
m∑

i=0

n−1∑

j=m+1

R[G]GiGj .

Let x ∈M1 ∩M2. We put

ei =
∑

g∈Gi
g, eij =

∑

g∈GiGj
g.

We have

x =
m∑

i=0

eiyi =
n−1∑

j=m+1

−ejyj

where yi ∈ R[G] for all i = 0, . . . , n − 1. Hence we have
∑n−1

i=0 eiyi = 0. By
corollary 5.5.30, there are elements η(i,j) ∈ R[G] antisymmetric in i, j, where
0 ≤ i, j ≤ n− 1, such that

eiyi =
∑

j �=i
eijη

(i,j) for all i.

Hence we have

x =
m∑

i=0

eiyi =
m∑

i=0

n−1∑

j=0
j �=i

eijη
(i,j).

As η(i,j) is antisymmetric in i, j, this double sum for x reduces to

x =
m∑

i=0

n−1∑

j=m+1

eijη
(i,j).

Hence we have

x ∈
m∑

i=0

n−1∑

j=m+1

R[G]GiGj .
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We obtain the inclusion

M1 ∩M2 ⊆
m∑

i=0

n−1∑

j=m+1

R[G]GiGj

whence the stated equality of submodules.]

(6) Let S be the set of R[G]-submodules of R[G] of the form
∑
iR[G]Hi where

Hi are subgroups of G for all i. Let Λ(G) be the sieve of example 5.6.3(4). Let

f : Λ(G)→ S

be the surjective map of sets given by

{H1, . . . , Hn} �→
n∑

i=1

R[G]Hi

where H1, . . . , Hn are subgroups of G.
If the group G is abelian of order which is a unit in R then S is a sieve of

R[G]-submodules of R[G] and f is a surjective homomorphism of sieves.

[For the proof, to check that S is a sieve of submodules ofM , we only need
to verify the stability of S under finite intersections of submodules (example
5.6.3(1)).

Let S1, S2 be two elements of Λ(G). Then we have

S1 = {H1, . . . , Hn} and S2 = {J1, . . . , Jm}

where H1, . . . , Hn, J1, . . . , Jm are subgroups of G such that Hi �⊆ Hj for all
i �= j and Jh �⊆ Jk for all h �= k. Let

T = S1 ∩ S2

that is to say, T is the set of subgroups common to both S1 and S2. Then we
have T ∈ Λ(G). Put S′i = Si \ T for i = 1, 2. Then we have

f(S1) ∩ f(S2) = (f(S′1) + f(T )) ∩ (f(S′2) + f(T )).

As S′1, S
′
2, T are pairwise disjoint sets of subgroups and as any finite family of

subgroups of G is R-admissible, it follows from example (5) above that

f(S1) ∩ f(S2) = f(T ) + f(glb(S′1, S
′
2)).

We obtain that f(S1) ∩ f(S2) belongs to S. It follows by induction that the
set of submodules S is closed under finite intersections and hence is a sieve of
R[G]-submodules.
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The map of sets f : Λ(G)→ S is evidently surjective. It remains to show
that it is a homomorphism of sieves.

Let S1 = {H1, . . . , Hn}, S2 = {J1, . . . , Jm} be the two elements of Λ(G)
as above. Suppose that S1 ≤ S2. Then for all i = 1, . . . , n there is an integer
j, where 1 ≤ j ≤ m, such that Hi ⊇ Jj . It follows that

f(S1) =
n∑

i=1

R[G]Hi ⊆
m∑

j=1

R[G]Jj = f(S2).

Hence the map f preserves the partial order on Λ(G) and on S and it may be
checked that f preserves least upper bounds and greatest lower bounds of the
sieves (using the formula above for f(S1)∩f(S2)); hence f is a homomorphism
of sieves.]

5.6.4. Remarks. (i) Suppose that G is a finite abelian group and R is the
rational field Q. Define an equivalence relation ∼ on Λ(G) as follows. For
S1 = {H1, . . . , Hn} ∈ Λ(G) and S2 = {J1, . . . , Jm} ∈ Λ(G) we write S1 ∼ S2

if for every subgroup K of G such that G/K is cyclic then {K} ≤ S1 if and
only if {K} ≤ S2.

Let S be the set of Q[G]-submodules of Q[G] of the form
∑
iQ[G]Hi where

Hi are subgroups of G for all i. Let

f : Λ(G)→ S

be the surjective homomorphism of sieves given by examples 5.6.3(6). Then
f induces an isomorphism of sieves

Λ(G)/ ∼ ∼= S.

[To prove this, the algebra Q[G] is a direct product of fields. Let m be
a maximal ideal of Q[G]. By proposition 5.1.5, the ideal m corresponds to
a subgroup J of G for which the quotient G/J is cyclic, namely, J is the
kernel of the induced group homomorphism G → (Q[G]/m)∗. Let S ∈ Λ(G).
There is a subgroup H0 belonging to S which is contained in J if and only if
f(S) =

∑
H∈S Q[G]H is not contained in the ideal m. Hence S1 ∼ S2 if and

only if the maximal ideals of Q[G] containing f(S1) are the same as those
containing f(S2). But every ideal of Q[G] is an intersection of maximal ideals;
hence S1 ∼ S2 if and only if f(S1) = f(S2).]

(ii) The map f : Λ(G)→ S of remark (i) is not necessarily an isomorphism of
sieves.

For example, suppose that G is a non-cyclic finite abelian group; let S
be the finite set of all the distinct minimal subgroups of G different from
the trivial subgroup 0. Let the ring R be the rational field Q. Then we
have that S ∈ Λ(G) and S ∼ {0} by remark (i) above. Hence we have
f(S) = Q[G] = f({0}) and the map f : Λ(G)→ S is not injective.
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Notation for the cohomology of finite groups

We introduce some standard notation for the cohomology of finite groups.
A module over a non-commutative ring is a left module, unless otherwise
stated.

(5.6.5) For any subgroup J of G and any R[G]-module M , let Cochn(J,M)
denote the module of n-cochains on J with values in M ; that is to say, we
have

Cochn(J,M) =
⊕

j∈Jn
M.

Then Cochn(J,M) is a (left) R[G]-module isomorphic to a direct sum of a
finite number of copies of M . The R-module homomorphism

∂n : Cochn(J,M)→ Cochn+1(J,M) for all n

is given by the usual coboundary formula

(∂n(f))(g1, . . . , gn) = g1f(g2, . . . , gn+1)+
i=n∑

i=1

(−1)if(g1, . . . , gigi+1, . . . , gn+1)+

+(−1)n+1f(g1, . . . , gn).

We have ∂n ◦ ∂n−1 = 0 for all n. Hence {Cochn(J,M), ∂n}n∈N is a complex
whose cohomology is written Hn(J,M).

(5.6.6) Write Cocyn(J,M) for the R-module of n-cocycles on J with values
in M ; that is to say

Cocyn(J,M) = ker
(
∂n : Cochn(J,M)→ Cochn+1(J,M)

)
.

If the group G is abelian, the R-module Cocyn(J,M) is also a R[G]-module.

(5.6.7) Write Cobn(J,M) for the group of n-coboundaries on J with values in
M ; that is to say

Cobn(J,M) = Im
(
∂n−1 : Cochn−1(J,M)→ Cochn(J,M)

)
.

If the group G is abelian, the R-module Cobn(J,M) is also a R[G]-module.

(5.6.8) The R[G]-module M is cohomologically trivial if for any subgroup J of
G we have

Hi(J,M) = 0 for all i ≥ 1.

The R[G]-moduleM is universally cohomologically trivial if for any R-module
N equipped with a trivial action by the group G then the module M ⊗RN is
cohomologically trivial.
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For example, the module R[G] over the group algebra R[G] is universally
cohomologically trivial.

Kolyvagin elements

(5.6.9) Let S be an R-algebra and G be a finite group. Let eG be the element
of the group algebra S[G] given by

eG =
∑

g∈G
g.

(5.6.10) Let
ψ : Gm → S

be an m-cochain in Cochm(G,S) of G with values in S. Define the m − 1-
cochain Eψ : Gm−1 → S[G] by

Eψ(g2, . . . , gm) =
∑

h∈G
h−1ψ(h, g2, . . . , gm) for all (g2, . . . , gm) ∈ Gm−1.

The map ψ → Eψ is a homomorphism of S-modules

E : Cochm(G,S)→ Cochm−1(G,S[G]).

5.6.11. Definition. The element Eψ of Cochm−1(G,S[G]) is a Kolyvagin
element attached to the m-cochain ψ ∈ Cochm(G,S).

5.6.12. Proposition. Let ψ ∈ Cochm(G,S). Then the Kolyvagin element
Eψ is the unique cochain in Cochm−1(G,S[G]), up to addition of an m − 1-
coboundary in Cobm−1(G,S[G]), such that

(∂m−1Eψ)(g) = ψ(g)eG −
∑

h∈G
h−1(∂mψ)(h, g) for all g ∈ Gm.

In particular, if ψ is a cocycle in Cocym(G,S) then Eψ is the unique cochain
in Cochm−1(G,S[G]), up to addition of an m− 1-coboundary, such that

(∂m−1Eψ)(g) = ψ(g)eG for all g ∈ Gm.
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5.6.13. Remarks. (i) Let G be a finite group and let ψ : G → S be a homo-
morphism into the additive group of the R-algebra S. The Kolyvagin element
Eψ in S[G] is then given by

Eψ =
∑

h∈G
ψ(h)h−1.

This element satisfies

(g − 1)Eψ = ψ(g)eG for all g ∈ G.

(ii) Kolyvagin [K] considered the following special case of a Kolyvagin element
defined above. Let n be a positive integer divisible by a prime number p. Let
Fp be the prime field of order p and let G be a cyclic group of order n generated
by an element g. Let ψ : G→ Fp be the homomorphism

gr �→ r (modulo p).

The Kolyvagin element Eψ in Fp[G] is then given by

Eψ = −
n−1∑

r=1

rgr.

This element satisfies

(gr − 1)Eψ = reG. for all r.

(iii) Suppose that G is a direct product of finite groups G1, . . . , Gm. Let

ψi : Gi → S

be homomorphisms as in remark (i) above. Let Eψi ∈ S[Gi] be the Kolyvagin
element attached to the 1-cocycle ψi for all i. The map

ψ : G = G1 × . . .×Gm → S

(g1, g2, . . . , gm) �→
∏
i ψi(gi)

is a multilinear homomorphism, that is to say it is a homomorphism with
respect to each factor Gi. The element Eψ in S[G] associated to the 1-cochain
ψ ∈ Coch1(G,S) is

Eψ =
m∏

i=1

Eψi =
∑

h∈G
h−1ψ(h).

As we have the identity, where g =
∏m
i=1 gi and gi ∈ Gi for all i,

g − 1 = (g1 − 1)
∏

i≥2

gi + (g2 − 1)
∏

i≥3

gi + . . .+ gm − 1
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the Kolyvagin element Eψ attached to the 1-cochain ψ satisfies

(g − 1)Eψ ∈
m∑

i=1

eGiS[G] for all g ∈ G.

Kolyvagin [K] also considers these elements Eψ when the Gi are cyclic groups
and S is the prime field Fp.
(iv) Let m > 1 be an integer and let Q(µm) be the cylotomic field extension of
the rational field generated by themth roots of unity. LetG = Gal(Q(µm)/Q).
Then there is an isomorphism (Z/mZ)∗ ∼= G given by c �→ σc and where σc
acts on primitive mth roots of unity by raising them to the cth power. Let
< t > denote the smallest real number ≥ 0 in the residue class modulo Z of
a real number t. Let p be a prime number which does not divide m. Let p be
a prime ideal above p in Q(µm). Let k be an integer such that k/(q − 1) has
order m in Q/Z. Let ψ be the 1-cochain

ψ : G→ Q, c �→< kc

q − 1
> .

The Kolyvagin element Eψ ∈ Q[G] where

Eψ =
∑

c∈(Z/mZ)∗
<

kc

q − 1
> σ−1

c

is then a Stickelberger element. A fundamental result due to Stickelberger is
that the ideal pEψ , in a suitable extension field of Q(µm), is principal and is
generated by a Gauss sum [R1].

Proof of proposition 5.6.12. Let ψ ∈ Cochm(G,S). By definition of the m− 1-
cochain Eψ : Gm−1 → S[G], we have for any element (g1, . . . , gm) of Gm

(∂m−1Eψ)(g1, . . . , gm) = g1Eψ(g2, . . . , gm)+

m−1∑

j=1

(−1)jEψ(g1, . . . , gjgj+1, . . . , gm) + (−1)mEψ(g1, . . . , gm−1).

This is equal to

g1
∑

h∈G
h−1ψ(h, g2, . . . , gm) +

m−1∑

j=1

(−1)j
∑

h∈G
h−1ψ(h, g1, . . . , gjgj+1, . . . , gm)

+(−1)m
∑

h∈G
h−1ψ(h, g1, . . . , gm−1).
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This expression equals, via a change of variables h �→ hg1 in the first summa-
tion, ∑

h∈G
h−1ψ(hg1, g2, . . . , gm)+

∑

h∈G

{m−1∑

j=1

(−1)jh−1ψ(h, g1, . . . , gjgj+1, . . . , gm) + (−1)mψ(h, g1, . . . , gm−1)
}

=
∑

h∈G
h−1

{
ψ(hg1, g2, . . . , gm)+

m−1∑

j=1

(−1)jψ(h, g1, . . . , gjgj+1, . . . , gm) + (−1)mψ(h, g1, . . . , gm−1)
}
.

As ψ is an m-cochain of G with values in S, we have, putting g0 = h,

∂mψ(h, g1, . . . , gm) = ψ(g1, . . . , gm)+
m−1∑

j=0

(−1)j−1ψ(h, g1, . . . , gjgj+1, . . . , gm)

+(−1)m+1ψ(h, g1, . . . , gm−1).

That is to say we have

ψ(g1, . . . , gm) =
m−1∑

j=0

(−1)jψ(h, g1, . . . , gjgj+1, . . . , gm)+

(−1)mψ(h, g1, . . . , gm−1)− ∂mψ(h, g1, . . . , gm).

Hence we have

(∂m−1Eψ)(g1, . . . , gm) =
∑

h∈G
h−1ψ(g1, . . . , gm)−

∑

h∈G
h−1∂mψ(h, g1, . . . , gm)

= eGψ(g1, . . . , gm)−
∑

h∈G
h−1∂mψ(h, g1, . . . , gm)

as required.
Suppose there is cochain C in Cochm−1(G,S[G]) such that

(∂m−1C)(g) = ψ(g)eG −
∑

h∈G
h−1∂mψ(h, g) for all g ∈ Gm.

Then the cochain C−Eψ satisfies ∂m−1(C−Eψ) = 0. Therefore C−Eψ is an
m − 1-cocycle and as S[G] is a cohomologically trivial G-module, we obtain
that C − Eψ is an m− 1-coboundary in Cobm−1(G,S[G]) as required.

If ψ is an m-cocycle in Cocym(G,S), then ∂mψ = 0 and the last part of
the proposition follows fom the first part. �
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Cohomology of groups of cocycles

5.6.14. Proposition. Suppose that G is a finite abelian group. Then for any
subgroups J,K of G we have an isomorphism of R[G]-modules for all p ≥ 1
and q ≥ 0

Hp(K,Cocyq(J,R[G])) ∼= Hp+q(J ∩K,R)⊗R R[G/J ].

Proof. Write Cocyq(J) for Cocyq(J,R[G]). We write Cobq(J) for the submod-
ule Cobq(J,R[G]) of n-coboundaries of J with values in the module R[G] (see
the notation (5.6.5) et seq.). We have the exact sequence of R[K]-modules

∂q

0 → Cocyq(J) → R[G]|J|
q → Cobq+1(J) → 0.

As R[G] is a cohomologically trivial G-module, we have

Cocyq(J) = Cobq(J) for all q ≥ 1.

We then have the exact sequence of R[K]-modules

0→ Cocyq(J)→ R[G]|J|
q → Cocyq+1(J)→ 0 for all q ≥ 0.

The long exact sequence of K-cohomology of this exact sequence is

0→ H0(K,Cocyq(J))→ H0(K,R[G]|J|
q

)→ H0(K,Cocyq+1(J))→ . . .

→ Hp(K,Cocyq(J))→ Hp(K,R[G]|J|
q

)→ Hp(K,Cocyq+1(J))→ . . .

As R[G] is K-cohomologically trivial we obtain isomorphisms for all p ≥ 2
and all q ≥ 0

Hp(K,Cocyq(J)) ∼= Hp−1(K,Cocyq+1(J)).

From this we have isomorphisms
(5.6.15)

Hp(K,Cocyq(J)) ∼= H1(K,Cocyq+p−1(J)) for all p ≥ 1 and q ≥ 0.

Furthermore, we have the short exact sequence, where eK =
∑
g∈K g,

0→ H0(K,Cocyq(J))→ eKR[G]|J|
q → H0(K,Cocyq+1(J))→

(5.6.16) → H1(K,Cocyq(J))→ 0.
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An element f of Cocyq(J) is a map f : Jq → R[G] such that ∂qf = 0. We
have that this cocycle f satisfies f ∈ H0(K,Cocyq(J)) if and only if

f(g)h = f(g) for all h ∈ K and all g ∈ Jq.

Hence f ∈ H0(K,Cocyq(J)) if and only if f ∈ Cocyq(J, eKR[G]). We obtain
the equality

H0(K,Cocyq(J)) = Cocyq(J, eKR[G]).

From (5.6.16), we then obtain the short exact sequence

∂q

0 → Cocyq(J, eKR[G]) → eKR[G]|J|
q → Cocyq+1(J, eKR[G])

→ H1(K,Cocyq(J))→ 0.

But the cokernel of the homomorphism

∂q : eKR[G]|J|
q → Cocyq+1(J, eKR[G])

is by definition the R-module Hq+1(J, eKR[G]). Hence we obtain an isomor-
phism of R-modules

Hq+1(J, eKR[G]) ∼= H1(K,Cocyq(J)).

This with the isomorphism of (5.6.15) shows that there are isomorphisms for
all p ≥ 1 and q ≥ 0

(5.6.17) Hp(K,Cocyq(J)) ∼= H1(K,Cocyp+q−1(J)) ∼= Hp+q(J, eKR[G]).

As there is an isomorphism of R[G]-modules eKR[G] ∼= R[G/K], we have
the Hochschild-Serre spectral sequence

Hp(J/(J ∩K), Hq(J ∩K,R[G/K]))⇒ Hp+q(J, eKR[G]).

As R[G/K] is a finite free R-module on which J ∩K acts trivially, we have
isomorphisms for all q ≥ 0

Hq(J ∩K,R[G/K]) ∼= Hq(J ∩K,R)⊗R R[G/K].

Hence we have isomorphisms of R[G]-modules for all p, q ≥ 0

Hp(J/(J∩K), Hq(J∩K,R[G/K])) ∼= Hp(J/(J∩K), R[G/K])⊗RHq(J∩K,R).

As R[G/K] is G/K-cohomologically trivial we haveHp(J/(J∩K), R[G/K]) =
0 for all p ≥ 1; hence we have

Hp(J/(J ∩K), Hq(J ∩K,R[G/K])) = 0 for all p ≥ 1.
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Hence the above spectral sequence degenerates and provides isomorphisms

Hp+q(J, eKR[G]) ∼= H0(J/(J ∩K), Hp+q(J ∩K,R[G/K]))

∼= Hp+q(J ∩K,R)⊗R R[G/J ].

The proposition now follows from this and the isomorphisms of (5.6.17). �

Cohomology of the submodule
∑

i

R[G]Gi of R[G]

5.6.18. Lemma. Let H be a normal subgroup of G. Let M be a universally
cohomologically trivial R[G/H ]-module which is also a flat R-module. Let J
be a subgroup of G. We have isomorphisms of R-modules

Hi(J,M) ∼=
(
M ⊗R Hi(J ∩H,R)

)J
for all i ≥ 0.

Proof. As M is a flat R-module on which J ∩ H acts trivially, we have iso-
morphisms of R-modules

Hj(J ∩H,M) ∼=M ⊗R Hj(J ∩H,R) for all j ≥ 0.

The Hochschild-Serre spectral sequence

Ei,j2 = Hi(J/J ∩H,Hj(J ∩H,M))⇒ H i+j(J,M)

then becomes the spectral sequence

Hi(J/J ∩H,M ⊗R Hj(J ∩H,R))⇒ H i+j(J,M).

The R[G/H ]-module M ⊗RHj(J ∩H,R) is cohomologically trivial; hence we
have

Hi(J/J ∩H,M ⊗R Hj(J ∩H,R))) = 0 for all i > 0 and j ≥ 0.

Hence this spectral sequence degenerates and we obtain isomorphisms

H0(J/J ∩H,M ⊗R Hj(J ∩H,R)) ∼= Hj(J,M) for all j ≥ 0

whence the result holds.�
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5.6.19. Proposition. Let {Gi}i∈I , where I = {0, . . . , n − 1}, be an R-
admissible family of subgroups of the finite group G.
(i) Let E ⊂ I and t ∈ I \ E. Then

∑
j∈E R[G]Gj is a cohomologically trivial

R[Gt]-module.
(ii) If R is a field then for any integer m ≥ 0 we have isomorphisms

Hm(G,
∑

i∈I
R[G]Gi) ∼=

⊕

r0 �=0,...,rn−1 �=0
r0+r1+...+rn−1=n+m−1

⊗

i∈I
Hri(Gi, R).

Proof. Let E be a subset of I. Then {Gi}i∈E is an R-admissible family of
subgroups of G (see definition 5.5.18). Put

G∞ =
⋂

j∈E
Gj .

As the family {Gi}i∈E is R-admissible, by the exact sequence (5.5.25) of
corollary 5.5.24 we obtain the universal exact sequence

0→ R[G]
∏

i∈E Gi →
∏

i0∈E
R[G]

∏
j �=i0
j∈E

Gj
→
∏

(i0,i1)∈E2
i0<i1

R[G]

∏
j �=i0,i1
j∈E

Gj
→ . . .

. . .→
∏

i∈E
R[G]Gi →

∑

i∈E
R[G]Gi → 0

which is obtained from the exact sequence (5.5.25) by replacing the penulti-
mate homomorphism

∏
i∈E R[G]Gi → R[G]G∞ by its image which is the sub-

module
∑

i∈E R[G]Gi . This sequence is universally exact by remark 5.5.22(iii).
This previous exact sequence is precisely the exact sequence (see (5.5.12)

and (5.5.13)) where we write GE = {Gi}i∈E and m = |E|

0→ Cm−1(GE , R[G])→ Cm−2(GE , R[G]) . . . C0(GE , R[G])→
∑

i∈E
R[G]Gi → 0

where
Ck(GE , R[G]) =

∏

E′⊆E, |E′|=k+1

R[G]
∏

j∈E′ Gj ;

here the first product runs over all subsets E′ of E with precisely k + 1
elements.

Let J be a subgroup of G. As

R[G]
∏

i∈E Gi ∼= R[G/
∏

i∈E
Gi]
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is a universally cohomologically trivial R[G/
∏
i∈E Gi]-module, by the previ-

ous lemma 5.6.18 we have that for all p ≥ 0

(5.6.20) Hp(J,R[G]
∏

i∈E Gi) ∼=
(
R[G]
∏

i∈E Gi ⊗R Hp(J ∩
∏

i∈E
Gi, R)
)J

∼= R[G]J
∏

i∈E Gi ⊗R Hp(J ∩
∏

i∈E
Gi, R).

We obtain isomorphisms of R-modules for all p ≥ 0

(5.6.21) Hp(J,Ck(GE , R[G])) ∼= Hp(J,
∏

E′⊆E, |E′|=k+1

R[G]
∏

j∈E′ Gj)

∼=
⊕

E′⊆E, |E′|=k+1

{
R[G]J
∏

j∈E′ Gj ⊗R Hp(J ∩
∏

j∈E′
Gj , R)
}
.

We now prove the two parts of the proposition separately.

(i) As GE = {Gi}i∈E is R-admissible, we have that for any subset E′ of E

Gt ∩
∏

j∈E′
Gj

is a subgroup of G of order which is a unit of R. Hence we have for any subset
E′ of E and any subgroup J of Gt

Hs(J ∩
∏

j∈E′
Gj , R) = 0 for all s ≥ 1.

Hence we obtain from the isomorphism of (5.6.21) that for any subgroup J of
Gt

Hp(J,Ck(GE , R[G])) ∼= 0 for all p ≥ 1 and k ≥ 0.

That is to say, Ck(GE , R[G]) is a cohomologically trivial Gt-module.
Put for all r

Kr = ker
(
Cr(GE , R[G]) dr→ Cr−1(GE , R[G])

)

where K0,K−1 are defined to be

K0 = ker
(
C0(GE , R[G])→

∑

i∈E
R[G]Gi

)

K−1 =
∑

i∈E
R[G]Gi .

Then we have the exact sequence for all r ≥ 0

0→ Kr → Cr(GE , R[G])→ Kr−1 → 0.



184 The Heegner module

We obtain the long exact sequence of cohomology for any subgroup J of Gt
(5.6.22)

0→ H0(J,Kr)→ H0(J,Cr(GE , R[G]))→ H0(J,Kr−1)→ H1(J,Kr)→

H1(J,Cr(GE , R[G]))→ . . .
As Ck(GE , R[G]) is a cohomologically trivial Gt-module, this long exact

sequence (5.6.22) provides isomorphisms, where m = |E|,

Hs(J,Kr−1) ∼= Hs+1(J,Kr) ∼= Hs+m−r(J,Km−1) for all s ≥ 1, m−1 ≥ r ≥ 0.

But Km−1 = 0 hence we have for any subgroup J of Gt

Hs(J,Kr) = 0 for all s ≥ 1 and r ≥ −1.

But K−1 =
∑
i∈E R[G]Gi ; hence

∑
i∈E R[G]Gi is a cohomologically trivial

R[Gt]-module.

(ii) Assume that R is a field. As {Gi}i∈I is R-admissible, the Hochschild-Serre
spectral sequence (or the Künneth formula) shows that for any subset E of I
and for all m ≥ 0

Hm(
∏

i∈E
Gi, R) ∼=

⊕
∑

i∈E ri=m

⊗

i∈E
Hri(Gi, R).

Hence we have an isomorphism of R-modules (by the isomorphism (5.6.20)),

Hm(G,R[G]
∏

i∈E Gi) ∼=
⊕
∑

i∈E ri=m

⊗

i∈E
Hri(Gi, R).

For any subset E of I, we shall write

H(r) =
⊗

i∈E
Hri(Gi, R)

where r = (re1 , . . . , ret) ∈ Nt, where t = |E| and e1 < e2 < . . . < et are the
elements of E arranged in ascending order. For r = (re1 , . . . , ret) ∈ Nt we
write

σ(r) =
t∑

i=1

rei .

If E′ ⊆ E the inclusion

R[G]
∏

i∈E Gi ⊆ R[G]
∏

i∈E′ Gi
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induces a commutative diagram of homomorphisms ofR-modules for allm ≥ 0

Hm(G,R[G]
∏

i∈E Gi) ∼=
⊕

r∈NE ,σ(r)=m

H(r)

↓ ↓

Hm(G,R[G]
∏

i∈E′ Gi) ∼=
⊕

r∈NE′ ,σ(r)=m

H(r)

where the right hand vertical arrow is the surjective projection homomorphism
onto the submodule

⊕
r∈NE′ ,σ(r)=m H(r) of

⊕
r∈NE ,σ(r)=m H(r).

We prove the result by induction on n. The result is obvious if n = 1.
Assume then that n ≥ 2. Put J = I \ {n− 1} and

Σ =
∑

i∈J
R[G/Gn−1]Gi/(Gi∩Gn−1) ⊆ R[G/Gn−1].

Then we have the exact sequence of R[G]-modules (by example 5.6.3(5) and
as {Gi}i∈I is R-admissible)

0→ Σ →
{∑

i∈J
R[G]Gi

}
⊕R[G]Gn−1 →

∑

i∈I
R[G]Gi → 0.

The long exact sequence of cohomology of this sequence is

(5.6.23) . . .→ Hm(G,Σ)→ Hm(G,
∑

i∈J
R[G]Gi)⊕Hm(G,R[G]Gn−1)

→ Hm(G,
∑

i∈I
R[G]Gi)→ Hm+1(G,Σ)→ . . .

We have the Hochschild-Serre spectral sequence

Ei,j2 = Hi(G/Gn−1, H
j(Gn−1, Σ))⇒ Ei+j = Hi+j(G,Σ)

and an isomorphism of R[G/Gn−1]-modules (as Σ is flat over R by corollary
5.5.24)

Hj(Gn−1, Σ) ∼= Hj(Gn−1, R)⊗R Σ.
We obtain the isomorphisms of R-modules

Ei,j2
∼= Hi(G/Gn−1, Σ)⊗R Hj(Gn−1, R).

The differentials
di,j2 : Ei,j2 → E

i+2,j−1
2
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of the spectral sequence are then zero for all i, j. We obtain that

Ei,j2 = Ei,j3 = . . . = Ei,j∞ for all i, j.

Hence this spectral sequence becomes an isomorphism

Hm(G,Σ) ∼=
⊕

i+j=m

Ei,j2
∼=
⊕

i+j=m

Hi(G/Gn−1, Σ)⊗R Hj(Gn−1, R).

It follows from the definition 5.5.18 that {Gi/(Gi ∩ Gn−1)}i∈J is an R-
admissible family of subgroups of G/Gn−1, as {Gi}i∈I is an R-admissible fam-
ily of subgroups of G. Hence the equality Σ =

∑
i∈J R[G/Gn−1]Gi/(Gi∩Gn−1)

and the induction hypothesis provides an isomorphism

Hi(G/Gn−1, Σ) ∼=
⊕

r0 �=0,...,rn−1 �=0
σ(r)=n+i−2

⊗

i∈J
Hri(Gi/(Gi ∩Gn−1), R).

As the order of the group Gi ∩Gn−1 is a unit of R for all i �= n− 1, we have
isomorphisms for all i �= n − 1 and all m, via the Hochschild-Serre spectral
sequence,

Hm(Gi/(Gi ∩Gn−1), R) ∼= Hm(Gi, R).

Hence we have an isomorphism, where r = (r0, . . . , rn−1),

Hi(G/Gn−1, Σ) ∼=
⊕

r �=0
σ(r)=n+i−2

H(r).

Hence we obtain the isomorphism

Hm(G,Σ) ∼=
{ ⊕

i+j=m

⊕

r �=0
σ(r)=n+i−2

H(r)
}
⊗R Hj(Gn−1, R).

We obtain from the induction hypothesis that we have an isomorphism

Hm(G,
∑

i∈J
R[G]Gi) ∼=

⊕

r �=0
σ(r)=n+m−2

H(r).

In the case where m = 0, the right hand side of this formula must be inter-
preted as R. Furthermore, we have an isomorphism

Hm(G,R[G]Gn−1) ∼= Hm(Gn−1, R).
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The long exact sequence of cohomology (5.6.23) then becomes

. . .→ Hm(G,Σ)→
{ ⊕

r �=0
σ(r)=n+m−2

H(r)
}
⊕ Hm(Gn−1, R)

→ Hm(G,
∑

i∈I
R[G]Gi)→ Hm+1(G,Σ)→ . . .

This then becomes

. . .→
⊕

i+j=m

⊕

r �=0
σ(r)=n+i−2

H(r)⊗RHj(Gn−1, R)→
⊕

r �=0
σ(r)=n+m−2

H(r)⊕Hm(Gn−1, R)

→ Hm(G,
∑

i∈I
R[G]Gi)→

⊕

i+j=m+1

⊕

r �=0
σ(r)=n+i−2

H(r) ⊗R Hj(Gn−1, R)→ . . .

The first arrow here

Hm(G,Σ)→
{ ⊕

r �=0
σ(r)=n+m−2

H(r)
}
⊕ Hm(Gn−1, R)

is surjective for all m ≥ 1 for it corresponds to the projection homomorphism

Hm(G,Σ)→ Em,02 ⊕ E0,m
2

arising from the Hochshild-Serre spectral sequence Ei,j2 ⇒ Ei+j = Hi+j(G,Σ)
given above.

We obtain from the exact sequence (5.6.23) that Hm(G,
∑

i∈I R[G]Gi) is
isomorphic to the kernel of the homomorphism

Em+1 = Hm+1(G,Σ)→
⊕

r �=0
σ(r)=n+m−1

H(r)⊕Hm+1(Gn−1, R) ∼= Em+1,0
2 ⊕E0,m+1

2 .

This kernel is isomorphic to
⊕

i+j=m,i>0,j>0 E
i,j
2 that is to say isomorphic to

⊕

i+j=m
i>0, j>0

Ei,j2
∼=

⊕

r0 �=0,...,rn−1 �=0
r0+r1+...+rn−1=n+m−1

H(r).

Hence we have an isomorphism of R-modules

Hm(G,
∑

i∈I
R[G]Gi) ∼=

⊕

r0 �=0,...,rn−1 �=0
σ(r)=n+m−1

⊗

i∈I
Hri(Gi, R)

as required.�
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5.6.24. Lemma. Let G be a finite group and let G0 be a subgroup of G.
Suppose that M is an R[G]-module and that N,P are R[G]-submodules of
M . Assume that N is a cohomologically trivial R[G0]-submodule and that
PG0 = P . Suppose that P,N ∩ P and P/(N ∩ P ) are flat R-modules. Then
the inclusion of submodules P ⊆ P +N gives rise to short exact sequences of
R-modules for all m ≥ 1

0→ (N ∩ P )⊗R Hm(G0, R)→ Hm(G0, P )→ Hm(G0, P +N)→ 0.

Proof. We have the short exact sequence of R[G]-modules

0→ P ∩N → N ⊕ P → N + P → 0.

Taking G0-cohomology of the last short exact sequence, we obtain the long
exact sequence as N is a cohomologically trivial R[G0]-module
(5.6.25)

0 → N ∩ P → NG0 ⊕ P → (N + P )G0 →
H1(G0, N ∩ P )

f1→ H1(G0, P ) → H1(G0, N + P ) →
H2(G0, N ∩ P )

f2→ H2(G0, P ) → H2(G0, N + P ) . . .

Here, G0 acts trivially on the module N∩P . The homomorphisms fi of this
exact sequence are induced by the inclusion of flat R-modules N ∩ P → P
on which the group G0 acts trivially and whose cokernel is also a flat R-
module, in particular this inclusion is a universal injection. Hence we obtain
the commutative diagram of R-modules for all i ≥ 1

(5.6.26)
H i(G0, N ∩ P )

fi→ H i(G0, P )
∼=↓ ↓∼=

(N ∩ P )⊗R Hi(G0, R) → P ⊗R Hi(G0, R)

The bottom homomorphism here is an injection hence the maps fi are injec-
tions for all i ≥ 1.

The long exact sequence (5.6.25) then decomposes into the short exact
sequences stated in the lemma. �

5.6.27. Lemma. Suppose that {Gi}i∈I , where I = {0, . . . , n − 1}, is an R-
admissible family of subgroups of the finite group G. Put

N =
n−1∑

i=1

R[G]Gi .

Then the modules

N, R[G]G0 , N ∩R[G]G0 , R[G]G0/N ∩R[G]G0

are finite flat R-modules.
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Proof. Put
ei =
∑

g∈Gi
g.

Then we have R[G]Gi = eiR[G]. Hence R[G]Gi is a finite free R-module for
all i.

The module N is a finite flat R-module as {Gi}i=1,...,n−1 is R-admissible
(corollary 5.5.24). We have (by example 5.6.3(5))

e0R[G] ∩N =
n−1∑

i=1

e0eiR[G].

We obtain the isomorphism of R[G]-modules

e0R[G] ∩N ∼=
n−1∑

i=1

eiR[G/G0].

But {GiG0/G0}i=1,...,n−1 is an R-admissible family of subgroups of G/G0,
as {Gi}i∈I is R-admissible; hence

∑n−1
i=1 eiR[G/G0] is a finite flat R-module

(corollary 5.5.24) and hence e0R[G] ∩N is a finite flat R-module.
By corollary 5.5.24 we have the universal exact sequence of R-modules for

the R-admissible family {Gi}i=0,...,n−1, where G∞ =
⋂n−1
i=0 Gi,

0→ R[G]
∏

i∈I Gi →
∏

i0∈I
R[G]
∏

j �=i0
Gj →

∏

(i0,i1)∈I2
i0<i1

R[G]
∏

j �=i0,i1
Gj → . . .

→
∏

i0<i1
i0,i1∈I

R[G]Gi0Gi1 →
∏

i∈I
R[G]Gi → R[G]G∞ → R[G]G∞/

∑

i∈I
R[G]Gi → 0.

This is a resolution of R[G]G∞/
∑
i∈I R[G]Gi by finite free R-modules; hence

tensoring this universally exact free resolution with −⊗RS for any R-algebra
S we obtain that

TorRj (R[G]G∞/
∑

i∈I
R[G]Gi , S) = 0 for all j ≥ 1.

Hence R[G]G∞/
∑
i∈I R[G]Gi is a finite flat R-module. We have the exact

sequence of R-modules

0→ R[G]G∞/
∑

i∈I
R[G]Gi → R[G]/

∑

i∈I
R[G]Gi → R[G]/R[G∞]→ 0.

But the two outer terms of this sequence are finite flat R-modules; hence the
middle term R[G]/

∑
i∈I R[G]Gi is also a finite flat R-module. Applying this

to the R-admissible family of subgroups {GiG0/G0}i=1,...,n−1 of G/G0



190 The Heegner module

it follows that
e0R[G]/(e0R[G] ∩N)

is a finite flat R-module. �

5.6.28. Proposition. Suppose that {Gi}i∈I , where I = {0, . . . , n− 1}, is an
R-admissible family of subgroups of the finite group G. Put

ei =
∑

g∈Gi
g, eij =

∑

g∈GiGj
g.

Suppose also we have the equation in Cochm(G0, R[G])

δ =
∑

i∈I
eiηi

where δ ∈ Cocym(G0, R[G]) and eiηi ∈ Cochm(G0, eiR[G]) and m ≥ 1. Then
there are cochains

u(i,j) ∈ Cochm(G0, R[G]) for all i �= j and 0 ≤ i, j ≤ n− 1

such that

u(i,j) = −u(j,i), for all i �= j and 0 ≤ i, j ≤ n− 1,

and cochains δi ∈ Cochm(G0, R[G]) for all i ≥ 0 where we have

eiηi = eiδi +
∑

j �=i
eiju

(i,j) for all i ≥ 0, δ =
∑

i∈I
eiδi,

where eiδi ∈ Cobm(G0, eiR[G]) is an m-coboundary for all i ≥ 1 and is an
m-cocycle for i = 0.

Proof. The case where n = 1. We have the equation

δ(g) = e0η0(g) for all g ∈ Gm0 .

In this case there is nothing further to prove.

The general case where n ≥ 2. We put, in the notation of lemma 5.6.24,

N = e1R[G] + . . .+ en−1R[G], M = R[G], P = e0R[G].

By the previous lemma 5.6.27, we have that N,P,N ∩ P, and P/(N ∩ P ) are
finite flat R-modules; by proposition 5.6.19(i), N is a cohomologically trivial
R[G0]-module.
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From lemma 5.6.24 we then obtain exact sequences for all m ≥ 1

0→ (e0R[G] ∩N)⊗R Hm(G0, R)→ Hm(G0, e0R[G])→

Hm(G0, e0R[G] +N)→ 0.

The m-cocycle δ of the proposition has cohomology class in
Hm(G0, e0R[G] + N). From this exact sequence, it follows that there is an
m-cocycle

ε ∈ Cocym(G0, e0R[G])

and a coboundary
ζ1 ∈ Cobm(G0, e0R[G] +N)

such that
δ = ε+ ζ1.

Therefore there is a m− 1-cochain

ζ2 ∈ Cochm−1(G0, e0R[G] +N)

such that
ζ1 = ∂m−1ζ2.

We may write
ζ2 =
∑

i≥0

eiθi

where
θi ∈ Cochm−1(G0, R[G]) for all i.

Hence we have
ζ1 = ∂m−1(ζ2) =

∑

i≥0

ei∂
m−1(θi).

We may write
δ = ε+ ζ1 = ε+

∑

i≥0

ei∂
m−1(θi).

As we also have δ =
∑
i≥0 eiηi this gives for all g ∈ Gm0

−ε(g) + e0(η0(g)− ∂m−1(θ0)(g)) +
∑

i≥1

ei(ηi(g)− ∂m−1(θi)(g)) = 0.

For each g ∈ Gm0 this is an equation of the form
∑

i≥0 eixi = 0 where xi ∈ R[G]
for all i; by corollary 5.5.30, there are cochains

u(i,j) ∈ Cochm(G0, R[G]) for all i �= j

such that
u(i,j) = −u(j,i) for all i �= j
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and where
ei(ηi − ∂m−1(θi)) =

∑

j �=i
eiju

(i,j) for all i ≥ 1.

and
−ε+ e0(η0 − ∂m−1(θ0)) =

∑

j �=0

u(0,j).

Putting

eiδi =
{
ei∂

m−1(θi) for i ≥ 1
ε+ e0∂m−1(θ0) for i = 0

we obtain the result as ε ∈ Cocym(G0, e0R[G]). �

5.6.29. Proposition. Let {Gi}i∈I , where I = {0, . . . , n − 1}, be an R-
admissible family of subgroups of the finite group G. Let ei, eij be the el-
ements of R[G] as in proposition 5.6.28. Suppose also we have the equation
in Cochm(G0, R[G]), where m ≥ 1,

e0η0 =
∑

i∈I
∂m−1(eiζi)

where e0η0 is an m-cocycle in Cocym(G0, e0R[G]) and

eiζi ∈ Cochm−1(G0, eiR[G])

are m− 1-cochains for all i = 0, . . . , n− 1. Then there are cochains

u(i,j) ∈ Cochm−1(G0, R[G]) for all i �= j and 0 ≤ i, j ≤ n− 1

such that

u(i,j) = −u(j,i), for all i �= j and 0 ≤ i, j ≤ n− 1,

and a finite set M and cocycles fik ∈ Cocym(G0, R), for all i ≥ 1 and all
k ∈ M , and elements θik ∈ e0iR[G], for all i ≥ 1 and all k ∈ M , and a
coboundary ε ∈ Cobm(G0, e0R[G]) such that

∂m−1(eiζi) =
∑

k∈M
fik ⊗ θik +

∑

j �=i
0≤j≤n−1

eij∂
m−1u(i,j) for all i ≥ 1

∂m−1(e0ζ0) = ε+
∑

j �=0

e0i∂
m−1u(0,j).

Proof. For n = 1 there is nothing to prove so we may assume that n ≥ 2.
Put, with the notation of lemma 5.6.24,

N = e1R[G] + . . .+ en−1R[G], M = R[G], P = e0R[G].

By lemma 5.6.27, we have that N,P,N ∩ P, and P/(N ∩ P ) are finite flat R-
modules; by proposition 5.6.19(i), N is a cohomologically trivial
R[G0]-module.
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From lemma 5.6.24 we then obtain exact sequences for all m ≥ 1, where
P = e0R[G],

0→ (P ∩N)⊗R Hm(G0, R)→ Hm(G0, P )→ Hm(G0, P +N)→ 0.

The equation
e0η0 =

∑

i∈I
∂m−1(eiζi)

shows that the cocycle e0η0 induces a cohomology class in Hm(G0, e0R[G])
which lies in the kernel of the homomorphism

Hm(G0, e0R[G])→ Hm(G0, e0R[G] +N).

By the above exact sequence, the cohomology class of e0η0 therefore lies in

(e0R[G] ∩N)⊗R Hm(G0, R).

By example 5.6.3(5) we have

N ∩ e0R[G] =
n−1∑

i=1

(
e0R[G] ∩ eiR[G]

)
=

n−1∑

i=1

e0iR[G].

Hence the cohomology class of e0η0 lies in

(
n−1∑

i=1

e0iR[G])⊗R Hm(G0, R).

We obtain that there are cocycles fik ∈ Cocym(G0, R) for all
i = 1, . . . , n − 1 and for all k ∈ M where M is a finite set,
elements θik ∈ e0iR[G] for all i ≥ 1 and all k ∈ M , and a coboundary
ε ∈ Cobm(G0, e0R[G]) such that

e0η0 = ε+
∑

i≥1

∑

k∈M
fik ⊗ θik.

We may write
θik = e0eiΘik

for all i ≥ 1 and k ∈M where Θik ∈ R[G]. We then have

e0η0 =
∑

i∈I
∂m−1(eiζi)

= ε+
∑

i≥1

∑

k∈M
fik ⊗ e0eiΘik.
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Let Efik ∈ Cochm−1(G0, R[G]) be the Kolyvagin element attached to the
cocycle fik ∈ Cocym(G0, R) (definition 5.6.11). As ∂m−1Efik = e0fik, we then
have the equation

e0η0 =
∑

i∈I
∂m−1(eiζi)

= ε+
∑

i≥1

∑

k∈M
∂m−1Efik ⊗ eiΘik.

As ε ∈ Cobm(G0, e0R[G]) there is µ ∈ Cochm−1(G0, R[G]) such that

ε = ∂m−1(e0µ).

We then have the equation
∑

i∈I
∂m−1(eiζi)

= e0∂m−1µ+
∑

i≥1

∑

k∈M
ei
(
∂m−1Efik ⊗Θik

)
.

We obtain

e0∂
m−1(ζ0 − µ) + ∂m−1

n−1∑

i=1

ei(ζi −
∑

k∈M
Efik ⊗Θik) = 0.

Hence we have that

h = e0(ζ0 − µ) +
n−1∑

i=1

ei(ζi −
∑

k∈M
Efik ⊗Θik)

is a cocycle in Cocym−1(G0, R[G]); as R[G] is cohomologically trivial, there is
a cochain c ∈ Cochm−2(G0, R[G]) such that h = ∂m−2c. We then obtain the
equality of cochains in Cochm−1(G0, R[G])

∂m−2c = e0(ζ0 − µ) +
n−1∑

i=1

ei(ζi −
∑

k∈M
Efik ⊗Θik).

We may now apply proposition 5.6.28 to this equation. We obtain that
there are cochains

u(i,j) ∈ Cochm−1(G0, R[G]), for all i �= j and 0 ≤ i, j ≤ n− 1,

such that

u(i,j) = −u(j,i), for all i �= j and 0 ≤ i, j ≤ n− 1,
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and cochains δi ∈ Cochm(G0, R[G]) for all i ≥ 0 where we have

e0(ζ0 − µ) = e0δ0 +
∑

j �=0

e0ju
(0,j)

ei(ζi −
∑

k∈M
Efik ⊗Θik) = eiδi +

∑

j �=i
eiju

(i,j), for all i ≥ 1,

where eiδi ∈ Cobm−1(G0, eiR[G]) is an (m− 1)-coboundary for all i ≥ 1 and
is an (m− 1)-cocycle for i = 0.

We obtain

∂m−1(e0ζ0) = ∂m−1e0µ+
∑

j �=0

e0j∂
m−1u(0,j)

∂m−1(eiζi) = ∂m−1(
∑

k∈M
Efik ⊗ eiΘik) +

∑

j �=i
eij∂

m−1u(i,j) for all i ≥ 1.

That is to say we have

∂m−1(eiζi) =
∑

k∈M
fik ⊗ θik +

∑

j �=i
eij∂

m−1u(i,j) for i ≥ 1

∂m−1(e0ζ0) = ε+
∑

j �=0

e0j∂
m−1u(0,j)

where ε ∈ Cobm(G0, e0R[G]) as required.�

5.7 Basic properties of the Heegner module

This section contains no proofs; the assertions of this section are proved in
§5.8.

(5.7.1) The notation we use is that of the two sections §§5.2,5.3; in résumé we
have:

K/F is an imaginary quadratic extension field of F , with respect to ∞;
B is the integral closure of A in K;
Ĩ is a finite subset of ΣF ;
R is a commutative ring;
ρ : ΣF \ Ĩ → R, v �→ av, is a map with values in R from the set of

places ΣF \ Ĩ of the global field F ;
c ∈ Div+(A);
∆c is the integral group algebra Z[Pic(Oc)] where c ∈ Div+(A);
∆≤c =

⊕
c′∈Div+(A),c′≤c∆c′ ;
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∆ =
⊕

c∈Div+(A)

∆c;

t∆c,c−z : ∆→ ∆ is a transition homomorphism where c ∈ Div+(A) and z is
a prime divisor in the support of c; it is induced by the natural
surjective group homomorphism tc,c−z : Pic(Oc) → Pic(Oc−z)
(see (5.2.2));

ec,c−z =
∑

x∈ker(tc,c−z) x ∈ ∆c (see (5.3.3));
Kc,c−z and K̃c,c−z are the homomorphisms ∆⊗Z R→ ∆⊗Z R defined in

(5.3.4) and (5.3.6);
H(ρ) = lim−→

c∈Div+(A)

Hc is the Heegner module of ρ and K/F with coefficients

in R defined in (5.3.8)-(5.3.11).

We sometimes write ∆c,R in place of the tensor product ∆c ⊗Z R.

(5.7.2) We recall that the homomorphism t∆c,c−z : ∆→ ∆ is the extension by
zero of the transition homomorphism (see (5.2.2))

t∆c,c−z : ∆c → ∆c−z.

Similarly, the homomorphisms

K̃c,c−z,Kc,c−z : ∆⊗Z R→ ∆⊗Z R

are the extensions by zero of the homomorphisms (see (5.3.4), (5.3.6))

K̃c,c−z,Kc,c−z : ∆c ⊗Z R→ ∆≤c ⊗Z R.

5.7.3. Proposition. The Heegner module H(ρ) is isomorphic to the quotient
of discrete Gal(Ksep/K)-modules

H(ρ) ∼=
∆⊗Z R

< Kc,c−z(∆c ⊗Z R), for all c ∈ Div+(A), z ∈ Supp(c) \ Ĩ >
.

(5.7.4) We put

H′c = coker
( ⊕

0≤d<c
∆d ⊗Z R → Hc

)
.

That is to say, H′c is the largest quotient of Hc through which factor the
cokernels of the transition homomorphisms Hd → Hc for all d < c.
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5.7.5. Proposition. Let n denote the image in R of the integer |B∗|/|A∗|.
Let c be a divisor in Div+(A).
(i) If n is a unit of R then H′c is a finite free R-module for all c.
(ii) If c is a prime divisor then we have isomorphisms of R-modules for some
integers s, t ≥ 0

H′c ∼= Rt ⊕
(
R

nR

)s
.

5.7.6. Proposition. (i) The module H0 is a finite free R-module.
(ii) If c is a prime divisor in Div+(A) and if n is a unit in R then Hc is a finite
free R-module.

(5.7.7) We put
t∆z =

⊕

c∈Div+(A), c≥z
t∆c,c−z : ∆→ ∆.

That is to say t∆z is the direct sum of all the transition morphisms
t∆c,c−z : ∆→ ∆ for those effective divisors c with c ≥ z.

5.7.8. Proposition. Let z and w be two prime components in Supp(c) \ Ĩ,
where c is any divisor in Div+(A).
(i) We have, where 1c denotes the multiplicative identity of the ring ∆c,

t∆c,c−z(ec,c−w) =

{
|ker(tc,c−z)|.1c, if z = w;
|O∗c−z−w|
|A∗| ec−z,c−z−w, if z �= w.

(ii) We have t∆w ◦ ε(c, z) = ε(c− w, z) ◦ t∆w if w �= z (see (5.3.5)).
(iii) If z �= w then we have

t∆w ◦Kc,c−z = Kc−w,c−z−w ◦ t∆w .
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5.8 Proofs of the propositions of §5.7

In this section we give some further technical results on the Heegner module
as well as the proofs of the results of the preceding section.

(5.8.1) The notation is that of (5.7.1) with the following extra notation.

5.8.2. Notation. Let E be a finite subset of Div+(A).
(1) We say that E is saturated if it satisfies this condition:

c ∈ Div+(A), d ∈ E, and 0 ≤ c ≤ d ⇒ c ∈ E.

(2) Let z1, . . . , zn be prime divisors of Div+(A) such that zi �∈ Ĩ for all i. We
write

Γ (E|z1, . . . , zn)

for the subgroup of ∆⊗ZR generated by Kc′,c′−zi(∆c′ ⊗ZR), for i = 1, . . . , n
where c′ runs over all elements of E for which c′ − zi ≥ 0 for some i; that is
to say

Γ (E|z1, . . . , zn) =
n∑

i=1

∑

c′∈E
where c′≥zi

Kc′,c′−zi(∆c′ ⊗Z R).

(3) Put
∆(E) =

⊕

c∈E
∆c.

If E is saturated let P be the finite set of prime divisors of E which do not
lie in Ĩ and put

H(E) = (∆(E) ⊗Z R)/Γ (E|P ).

5.8.3. Remarks. (1) If E is a finite saturated subset of Div+(A) of divisors, the
primes z1, . . . , zn in the module Γ (E|z1, . . . , zn) are usually all prime divisors
of E which do not belong to Ĩ i.e. the primes zi form the set Supp(E) \ Ĩ. In
this event we write Γ (E) in place of Γ (E|z1, . . . , zn). With this notation, for
finite saturated subsets E,E′ of Div+(A) we then have the evident properties

Γ (E) ⊆ Γ (E′) if E ⊆ E′;

Γ (E) + Γ (E′) = Γ (E ∪ E′).

(2) Note that if c is an element of Div+(A) and

E = {c′ ∈ Div+(A)| c′ ≤ c}

then we have
Γ≤c = Γ (E| Supp(c) \ Ĩ) = Γ (E)
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and also
Hc = H(E).

5.8.4. Proposition. Let c ∈ Div+(A) and z1, . . . , zn be distinct prime divi-
sors in Supp(c). Put c′ = c−

∑n
i=1 zi. Then we have:

(i) The family of subgroups

{ker(tc,c′+zi)}i=1,...,n

of Pic(Oc) is a molecule with atoms {ker(tc,c−zi)}i=1,...,n.
(ii) The kernel of the group homomorphism (where

∏
denotes the direct

product)

n∏

i=1

ker(tc,c−zi) → Pic(Oc)

(h1, . . . , hn) �→ h1h2 . . . hn

has order which divides the integer |B∗|/|A∗|. If c′ > 0 this homomorphism is
injective.
(iii) If the image inR of the integer |B∗|/|A∗| is a unit then {ker(tc,c−zi)}i=1,...,n

is an R-admissible family of subgroups of Pic(Oc).

Proof. For any effective divisors c ≥ d on X = Spec A, we have morphisms of
A-schemes

f : V = Spec Oc → X, g :W = Spec Od → X

obtained from the inclusions A ⊂ Oc ⊂ Od. Similarly as in (2.2.13), we obtain
an exact sequence of sheaves of abelian groups for the Zariski topology on X

0→ f∗O∗V → g∗O∗W → K → 0

where K is a skyscraper sheaf on X with support contained in the finite set
of points of X where c and d differ. The long exact sequence of cohomology
then gives an exact sequence of abelian groups

0→ O∗c → O∗d → H0(X,K)→ H1(X, f∗O∗V )→ H1(X, g∗O∗W )→ 0

where we evidently have H1(X,K) = 0. Furthermore we have

H1(X, f∗O∗V ) = Pic(Oc)

H1(X, g∗O∗W ) = Pic(Od).
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This gives the exact sequence of abelian groups

0→ O∗c → O∗d → H0(X,K)→ Pic(Oc)→ Pic(Od)→ 0.

With the notation of the proposition, if n = 1 there is nothing to prove;
hence we may assume that n ≥ 2. We then have that c′ + zi > 0 for all i,
where c′ = c −

∑n
i=1 zi. Hence the natural homomorphism O∗c → O∗c′+zi is

an isomorphism for all i. Putting d = c′ + zi, we define the sheaf Ki as the
cokernel

0→ f∗O∗V → g∗O∗W → Ki → 0.
The above exact sequence of abelian groups becomes an isomorphism for all i

H0(X,Ki) ∼= ker(tc,c′+zi).

In particular we have injections

H0(X,Ki) ↪→ Pic(Oc)

for all i.
For any closed point z of X , with corresponding prime ideal p of A, we

then have that the stalk Ki,z of Ki at z is given by (see (2.2.10) and (2.2.11))

Ki,z = (Oc′+zi ⊗A Ap)∗/(Oc ⊗A Ap)∗.

We have
H0(Spec A,Ki) =

∏

z

Ki,z

where the product runs over all primes z of the form zj for all j �= i. Further-
more, we have isomorphisms of A-algebras

Oc′+zi ⊗A Ap
∼= Oc′+zj ⊗A Ap

for all i, j such that z �= zi and z �= zj. As the stalks Ki,z are subgroups of
Pic(Oc), It follows that we have equalities of stalks as subgroups of Pic(Oc)

Ki,z = Kj,z
for all i, j such that z �= zi and z �= zj . Hence the groups Ki =

∏
z Ki,z ,

i = 1, . . . , n, form a molecule of subgroups of Pic(Oc) whose atoms are the sub-
groups Ki,z for all i, z. That is to say the atoms are the subgroups ker(tc,c−zi)
for all i. This proves part (i).

Clearly part (iii) follows from part (ii). To prove part (ii), we obtain from
the above an exact sequence of finite abelian groups

0→ O∗c → O∗c′ →
n∏

i=1

ker(tc,c−zi)→ Pic(Oc)→ Pic(Oc′)→ 0.

(This also follows from the computation of the groups ker(tc,c′) of (2.2.13)
and (2.2.15).) It follows that the homomorphism

∏n
i=1 ker(tc,c−zi)→ Pic(Oc)

is injective if c′ > 0 and its kernel is isomorphic to B∗/A∗ if c′ = 0. �
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Proof of proposition 5.7.3. The groups Hc are defined by the exact sequence
(see (5.3.8))

0→ Γ≤c → ∆≤c ⊗Z R→ Hc → 0.

Passing to the direct limit over all c ∈ Div+(A), this sequence remains exact
and we obtain the exact sequence

0→ lim−→ Γ≤c → ∆⊗Z R = lim−→(∆≤c ⊗Z R)→ H(ρ)→ 0.

As we have an evident isomorphism of Gal(Ksep/K)-modules

lim−→ Γ≤c
∼= < Kc,c−z(∆c ⊗Z R), for all c ∈ Div+(A), z ∈ Supp(c) \ Ĩ >

the result holds.�

Proof of proposition 5.7.5. Put

∆<c =
⊕

c′<c, c′∈Div+(A)

∆c′ .

By (5.3.5) and (5.3.6) the reduction modulo ∆<c⊗ZR ofKc′,c′−z where c′ ≤ c
is the homomorphism ∆c ⊗Z R→ ∆c ⊗Z R given by

Kc′,c′−z ≡
{
− |O

∗
c−z|
|A∗| ec,c−z

0
(mod ∆<c ⊗Z R)

{
if c = c′

if c �= c′.

The module H′c is the quotient of Hc by the image in Hc of ∆<c⊗ZR; hence
H′c is ∆c ⊗Z R-isomorphic to the quotient of ∆c ⊗Z R by the submodule

(5.8.5)
∑

z

|O∗c−z|
|A∗| ec,c−z(∆c ⊗Z R)

where the sum runs through all prime components z in the support of c for
which z �∈ Ĩ.

Let Jc be the quotient of ∆c by the ∆c-submodule

∑

z

|O∗c−z|
|A∗| ec,c−z∆c

where the sum runs through all prime components z in the support of c for
which z �∈ Ĩ. We have the short exact sequence of finite Z-modules

0→
∑

z

|O∗c−z|
|A∗| ec,c−z∆c → ∆c → Jc → 0.
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Tensoring this sequence with −⊗Z R we obtain an isomorphism of ∆c ⊗Z R-
modules

(5.8.6) H′c ∼= Jc ⊗Z R.

We now distinguish the two cases of the proposition.

(i) Assume that n is a unit of the ring R. Let S be the multiplicative subset of
Z generated by the integer |B∗|/|A∗|. Let Z(n) be fraction ring S−1Z which is
the subring of Q of rational numbers with denominators which are elements
of S. We then obtain the exact sequence of ∆c ⊗Z Z(n)-modules

(5.8.7) 0→
∑

z

ec,c−z∆c ⊗Z Z(n) → ∆c ⊗Z Z(n) → Jc ⊗Z Z(n) → 0

where the sum runs through the set E = Supp(c) \ Ĩ of all prime components
z in the support of c for which z �∈ Ĩ.

By proposition 5.8.4, the family of subgroups {ker(tc,c−z)}z∈E of Pic(Oc)
is Z(n)-admissible, as the image of |B∗|/|A∗| in Z(n) is a unit of this ring Z(n).
Fix a total ordering < of the finite set E and put

G = Pic(Oc), Gz = ker(tc,c−z)

and
G∞ =

⋂

z∈E
Gz .

We then obtain from corollary 5.5.24 the universal exact sequence of Z(n)-
modules

0→ Z(n)[G]
∏

j∈E Gj →
∏

i0∈E
Z(n)[G]

∏
j �=i0

Gj →
∏

(i0,i1)∈E2
i0<i1

Z(n)[G]
∏

j �=i0,i1
Gj →

(5.8.8)
. . .→
∏

j∈E
Z(n)[G]Gj → Z(n)[G]G∞ → Z(n)[G]G∞/

∑

j∈E
Z(n)[G]Gj → 0.

This is a resolution of

M = Z(n)[G]G∞/
∑

j∈E
Z(n)[G]Gj

by free Z(n)-modules and this sequence remains exact under tensoring by
any Z(n)-algebra. It follows from this free resolution that TorZ

(n)

1 (M,T ) = 0
for any Z(n)-algebra T . Hence M is a finite flat Z(n)-module. As Z(n) is a
principal ideal domain it follows that M is a finite free Z(n)-module. We have
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the short exact sequence of Z(n)-modules (from (5.8.7))

(5.8.9) 0→M → Jc ⊗Z Z(n) → Z(n)[G]/Z(n)[G]G∞ → 0.

As the two extremities of this sequence are finite free Z(n)-modules, this se-
quence splits and hence Jc⊗Z Z(n) is a finite free Z(n)-module. Therefore H′c
is a finite free R-module by the isomorphism H′c ∼= (Jc ⊗Z Z(n)) ⊗Z(n) R of
(5.8.6).

(ii) Suppose now that c is a prime divisor. Then we have

Jc =
∆c

mec,0∆c

wherem is the integer |B
∗|

|A∗| . Put J̃c = ∆c/ec,0∆c; we obtain the exact sequence
of Z-modules

0→ ec,0∆c
mec,0∆c

→ Jc → J̃c → 0.

But J̃c is a finite free Z-module. Therefore this exact sequence of abelian
groups splits and hence we obtain an isomorphism of abelian groups

Jc ∼= J̃c ⊕
ec,0∆c
mec,0∆c

.

Now ec,0∆c
mec,0∆c

is isomorphic as a Z-module to (Z/mZ)s where the integer s is
equal to |Pic(A)|. Hence we obtain the isomorphism of ∆c-modules

Jc = J̃c ⊕ (Z/mZ)s.

We then have the isomorphism of R-modules from (5.8.6)

H′c ∼= Rt ⊕
(
R

nR

)s

as required. �

Proof of proposition 5.7.6. We write ∆c,R in place of ∆c ⊗Z R. We have by
definition that H0 = ∆0,R and hence H0 is a finite free R-module. Suppose
first that z ∈ Ĩ is a prime divisor where z �=∞; then we haveHz = ∆0,R⊕∆z,R
is a finite free R-module. Suppose now that z is a prime divisor of ΣF \ Ĩ.
Then we have

Hz =
∆0,R ⊕∆z,R
< Kz,0(∆z,R) >
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where
Kz,0 = (az − ε(z, z))t∆z,0 − nez,0.

From the projection map onto the second factor

∆0 ⊕∆z → ∆z

we obtain a surjective homomorphism of ∆z,R-modules

Hz →
∆z,R

nez,0∆z,R
.

Let h ∈ Hz be an element of the kernel of this homomorphism. Then h is
represented by a pair of elements (δ0, δ1) ∈ ∆0,R⊕∆z,R where δ0 ∈ ∆0,R and
δ1 ∈ ∆z,R. As h is in the kernel we have

δ1 ∈ nez,0∆z,R.

Hence the kernel is equal to the image of ∆0,R in Hz. But the map

∆0,R → Hz, δ0 �→ (δ0, 0)

is an injection; because if δ0 ∈ Kz,0(∆z,R) then we have for some δ ∈ ∆z,R

δ0 = (az − ε(z, z))tz,0(δ) and nez,0δ = 0

hence we have δ0 = 0 as n is a unit. We obtain an exact sequence of R-modules

0→ ∆0,R → Hz →
∆z,R

nez,0∆z,R
→ 0.

As n is a unit in R the two extremeties of this sequence are free R-modules
of finite rank. Hence Hz is a free R-module of finite rank. This completes the
proof. �

Proof of proposition 5.7.8. (i) The case where z = w is obvious so that we may
suppose that z �= w are two distinct prime divisors in the support of c. We
have a commutative diagram of surjective homomorphisms of finite groups

tc,c−z
Pic(Oc) → Pic(Oc−z)

tc,c−w ↓ ↓ tc−z,c−z−w
Pic(Oc−w) → Pic(Oc−z−w)

tc−w,c−z−w
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By the computation of the kernels of the homomorphisms tc,c−z of (2.2.13)
and (2.2.15) we may complete this diagram to a commutative diagram with
exact rows and exact columns

(5.8.10)

0 0 0
↓ ↓ ↓

0 → O∗c−z−w/A
∗ → Ec,c−w → Ec−z,c−z−w → 0

↓ ↓ ↓
0 → Ec,c−z → Pic(Oc) → Pic(Oc−z) → 0

↓ ↓ ↓
0 → Ec−w,c−z−w → Pic(Oc−w) → Pic(Oc−z−w) → 0

↓ ↓ ↓
0 0 0

where the groups Ec1,c2 are the kernels of the homomorphisms tc1,c2. In par-
ticular we have that the induced homomorphisms

Ec,c−z → Ec−w,c−z−w, Ec,c−w → Ec−z,c−z−w

are surjective.
Let r be the integer given by

r = |O∗c−z−w/A∗|.

We obtain
t∆c,c−z(ec,c−w) =

∑

g∈Ec,c−w
t∆c,c−z(g)

= r
∑

h∈Ec−z,c−z−w
h = rec−z,c−z−w.

This is the required formula.
(ii) We recall from (5.3.5) that

ε(c, z) : ∆c−z ⊗Z R→ ∆≤c−z ⊗Z R

is defined via the formula (where the notation m′z, p1, p2, [[m′z]], etc, is that of
table 4.6.9 and (5.3.5)):
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ε(c, z) =

(1) 0 if z remains prime in K/F and is
prime to c− z;

(2) < [[m′z]]
−1, c− z > if z is ramified in K/F and is prime

to c− z ;

(3) < [[p1]]−1, c− z > + < [[p2]]−1, c− z > if z is split completely in K/F
and is prime to c− z;

(4) t∆c−z,c−2z if z ∈ Supp(c− z).

We obtain from these 4 cases that ε(c, z) is an element of the module
(∆c−z ⊗Z R) ⊕ (∆c−z ⊗Z R)t∆c−z,c−2z of homomorphsims ∆c−z ⊗Z R →
∆≤c−z ⊗Z R generated by the ring ∆c−z ⊗Z R and the homomorphism
t∆c−z,c−2z. The homomorphism t∆w of ∆≤c ⊗Z R commutes with the ring
∆c−z ⊗Z R but does not commute with t∆c−z,c−2z; in fact, for any effective
divisor c′ such that z + w ≤ c′ we have the equation

t∆w ◦ t∆c′,c′−z = t∆c′−w,c′−z−w ◦ t∆w .

Hence from the 4 cases above for ε(c, z) we have

t∆w ◦ ε(c, z) = ε(c− w, z) ◦ t∆w .

(iii) We briefly recall the definition of the homomorphisms Kc,c−z (see (5.3.5)
et (5.3.6) for more details). The homomorphism

K̃c,c−z : ∆c ⊗Z R→ ∆≤c ⊗Z R

is defined by

K̃c,c−z = azt∆c,c−z −
|O∗c−z|
|A∗| ec,c−zic

where ic : ∆c⊗ZR→ ∆≤c⊗ZR is the natural injection and az, as in (5.7.1),
is the value of ρ at z. We may extend K̃c,c−z by linearity (see (5.7.2)) to a
homomorphism∆⊗ZR→ ∆⊗ZR by defining it to be zero on any component
of ∆ ⊗Z R different from ∆c ⊗Z R. For each divisor c in Div+(A) and each
prime divisor z in the support of c where z �∈ Ĩ, the homomorphism

Kc,c−z : ∆c ⊗Z R→ ∆≤c ⊗Z R

is defined as
Kc,c−z = K̃c,c−z − ε(c, z) ◦ t∆c,c−z
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where the homomorphism ε(c, z) is defined in (5.3.5).
Suppose that z and w are distinct prime divisors in the support of c where

z, w �∈ Ĩ. Then we have c ≥ z + w and hence

|O∗c−z|
|A∗| = 1.

We then have
t∆w ◦ K̃c,c−z = t∆w ◦ (azt∆c,c−z − ec,c−zic).

By proposition 5.7.8(i) and the compatibility of the transition homomor-
phisms t∆, this gives

t∆w ◦ K̃c,c−z = azt∆c−w,c−z−w ◦ t∆w −
|O∗c−z−w|
|A∗| ec−w,c−z−w ◦ t∆w

(5.8.11) = K̃c−w,c−z−w ◦ t∆w .

We have by part (ii) above

t∆w ◦ ε(c, z) = ε(c− w, z) ◦ t∆w .

By the preceding equation (5.8.11) and the equation ε(c, z)◦ t∆c,c−z = K̃c,c−z−
Kc,c−z, we then obtain

t∆w ◦Kc,c−z = Kc−w,c−z−w ◦ t∆w

as required. �

5.9 Faithful flatness of the Heegner module

This section contains no proofs. The results stated here are proved in §5.10.

(5.9.1) The notation of (5.2.1) and (5.3.1) holds in this section. Principally,
we let

K/F be an imaginary quadratic extension of F with respect to ∞;
B be the integral closure of A in K;
Ĩ be a finite subset of ΣF ;
R be a commutative ring;
ρ : ΣF \ Ĩ → R, v �→ av, be a map of sets;
H(ρ) = lim−→ Hc be the Heegner module of ρ, K/F , and R;

E be a finite saturated subset of Div+(A).
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5.9.2. Proposition. Let n be the image in R of the integer |B
∗|

|A∗| . If n is a

multiplicative unit of R then the R-modules H(E) (see notation 5.8.2) and
H(ρ) are faithfully flat.

5.9.3. Proposition. Suppose that n is a multiplicative unit of R. Let E′ ⊆ E
be finite saturated subsets of Div+(A). The transition homomorphisms

H(E′)→ H(E)
H(E)→ H(ρ)

are injections and their cokernels are faithfully flat R-modules. In particular
H(E) is a universal submodule of H(ρ) and H(E′) is a universal submodule
of H(E) (see 5.5.21(i)).

Identifying Hc with its image in H(ρ), by means of this proposition, we
obtain the next corollary:

5.9.4. Corollary. If S is an R-algebra and n is a multiplicative unit of R
then we have

H(ρ)⊗R S =
⋃

c∈Div+(A)

(
Hc ⊗R S

)
.

5.9.5. Corollary. Suppose that S is an R-algebra and n is a multiplicative
unit of R. Let ρS : ΣF \ Ĩ → S be the composite of ρ : ΣF \ Ĩ → R with the
structure map R→ S. Then we have isomorphisms of discrete Gal(Ksep/K)-
modules

H(ρ)⊗R S ∼= H(ρS , S), H(ρ,E)⊗R S ∼= H(ρS , S, E).

5.9.6. Corollary. Suppose that n is a multiplicative unit of R. Then Γ (E)
is a flat R-module (see notation 5.8.2, remarks 5.8.3).



5.10 Proofs of the results of §5.9 209

5.10 Proofs of the results of §5.9

5.10.1. Lemma. Assume that the image n in R of the integer |B
∗|

|A∗| is

a multiplicative unit of R. Let c ∈ Div+(A) be a non-zero divisor. Let
z1, . . . , zs ∈ Div+(A) be prime divisors in Supp(c) \ Ĩ, where s ≥ 1. Sup-
pose that

s∑

i=1

ec,c−ziδi = 0

where δi ∈ ∆c ⊗Z R for all i. Then there are elements

η(i,j) ∈ ∆c ⊗Z R, i �= j, 1 ≤ i, j ≤ s,

such that

(5.10.2) η(i,j) = −η(j,i) for all i �= j

and

(5.10.3) ec,c−ziδi =
∑

j �=i
eijη

(i,j), for all i,

where
eij =

∑

h∈ker(tc,c−zi )+ker(tc,c−zj )

h for all i �= j.

Furthermore, for any elements η(i,j) ∈ ∆c ⊗Z R, antisymmetric in i, j and
satisfying the equations (5.10.3), we have

N

s∑

i=1

Kc,c−zi(δi) = −
s∑

i=1

∑

1≤j≤s,j �=i
(azi−ε(c, zi))Kc−zi,c−zi−zj (t∆c,c−zi(η

(i,j)))

where

N =
|O∗c−z1−z2 |
|A∗|

and where N = 1 unless s = 2 and c = z1 + z2.

Proof. For any element δ of ∆c we shall also write δ for its image in ∆c⊗ZR,
as there will be no confusion for this proof. We have by definition

ec,c−zi =
∑

h∈ker(tc,c−zi )

h for all i.

Let
ε(c, zi) : ∆c−zi ⊗Z R → ∆≤c−zi ⊗Z R
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be the homomorphisms defined in (5.3.5). By the definition of the homomor-
phisms K (see (5.3.6)), we then have

(5.10.4) Kc,c−zi(δi) = (azi − ε(c, zi))t∆c,c−zi(δi)−
|O∗c−zi |
|A∗| ec,c−ziδi.

Here the element ε(c, zi) is either an element of ∆c−zi or is equal to t∆c−zi,c−2zi
as in case (4) of (5.3.5); in this case (4), we may therefore take ε(c, zi) to be
t∆zi (see (5.7.7)).

We have the equation

(5.10.5)
s∑

i=1

ec,c−ziδi = 0.

We now distinguish two cases in these equations.

The special case where s = 1.
We have from (5.10.5)

ec,c−z1δ1 = 0

that is to say the element δ1 lies in the annihilator of ec,c−z1. But the annihila-
tor of ec,c−z1 is simply the augmentation ideal of the subgroup ker(tc,c−z1) in
the group algebra∆c⊗ZR of Pic(Oc) (see remark 5.5.32(i)). By the definition
of the homomorphisms K (see (5.10.4)), we then have

Kc,c−z1(δ1) = (az1 − ε(c, z1))t∆c,c−z1(δ1)−
|O∗c−z1 |
|A∗| ec,c−z1δ1

= 0.

This proves the lemma for the case where s = 1.

The general case where s ≥ 2.
By proposition 5.8.4, the family of subgroups {ker(tc,c−zr)}r=1,...,s of

Pic(Oc) is R-admissible. We may then apply corollary 5.5.30 to the equation∑s
i=1 ec,c−ziδi = 0 of (5.10.5); we conclude that there are elements

η(i,j) ∈ ∆c ⊗Z R, i �= j, 1 ≤ i, j ≤ s,

such that
η(i,j) = −η(j,i) for all i �= j

and

(5.10.6) ec,c−ziδi =
∑

j �=i
eijη

(i,j) for all i.
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where
eij =

∑

h∈ker(tc,c−zi )+ker(tc,c−zj )

h for all i �= j.

From corollary 5.5.30 we further obtain

(5.10.7) t∆c,c−zi(δi) =
∑

j �=i
ec−zi,c−zi−zj t

∆
c,c−zi(η

(i,j)) for all i.

For the map
tc,c−zi : ker(tc,c−zj)→ ker(tc−zi,c−zi−zj )

is surjective (see the diagram (5.8.10)).
Summing over i we obtain from (5.10.4), as

∑s
i=1 ec,c−ziδi = 0 by hypoth-

esis,

(5.10.8)
s∑

i=1

Kc,c−zi(δi) =
s∑

i=1

(azi − ε(c, zi))t∆c,c−zi(δi).

Replacing t∆c,c−zi(δi) here with the expression given by (5.10.7) we obtain

(5.10.9)
s∑

i=1

Kc,c−zi(δi) =
s∑

i=1

(azi − ε(c, zi))
∑

j �=i
ec−zi,c−zi−zj t

∆
c,c−zi(η

(i,j)).

The expression (5.10.9) may be written in terms of lower order K’s as
follows. We have by (5.10.4)

|O∗c−zi−zj |
|A∗| ec−zi,c−zi−zj t

∆
c,c−zi(η

(i,j)) =

(5.10.10)
(azj − ε(c− zi, zj))t∆c−zi,c−zi−zj(t

∆
c,c−zi(η

(i,j)))−Kc−zi,c−zi−zj (t∆c,c−zi(η
(i,j))).

Put, as in the statement of the lemma,

(5.10.11) N =
|O∗c−z1−z2 |
|A∗| .

We have that N = 1 unless s = 2 and c = z1 + z2.
We obtain from (5.10.9) and (5.10.10)

N

s∑

i=1

Kc,c−zi(δi) =

= N
s∑

i=1

(azi − ε(c, zi))
∑

j �=i
ec−zi,c−zi−zj t

∆
c,c−zi(η

(i,j))
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=
s∑

i=1

(azi − ε(c, zi))
∑

j �=i

[
(azj − ε(c− zi, zj))t∆c−zi,c−zi−zj (t

∆
c,c−zi(η

(i,j)))

−Kc−zi,c−zi−zj (t∆c,c−zi(η
(i,j)))
]
.

This is equal to

(5.10.12) N

s∑

i=1

Kc,c−zi(δi) = S1 + S2

where
(5.10.13)

S1 =
s∑

i=1

∑

j �=i
(azi − ε(c, zi))

[
(azj − ε(c− zi, zj))t∆c−zi,c−zi−zj (t

∆
c,c−zi(η

(i,j)))
]

(5.10.14) S2 = −
s∑

i=1

∑

j �=i
(azi − ε(c, zi))Kc−zi,c−zi−zj (t∆c,c−zi(η

(i,j))).

Now the sum S1 here is equal to

(5.10.15) S1 =
∑

1≤i,j≤s, i�=j
(azi−ε(c, zi))(azj−ε(c−zi, zj))

[
t∆c,c−zi−zj (η

(i,j))
]
.

In this expression the element
[
t∆c,c−zi−zj(η

(i,j))
]

lies in ∆c−zi−zj ⊗Z R; furthermore the term

(azi − ε(c, zi))(azj − ε(c− zi, zj))

acts on ∆c−zi−zj ⊗Z R in exactly the same way as the term

(azi − ε(c, zi))(azj − ε(c, zj))

in view of the definition of ε(c, zi) (see the discussion after (5.10.4)). Hence
we have that the expression S1 is equal to

(5.10.16) S1 =
∑

1≤i,j≤s, i�=j
(azi − ε(c, zi))(azj − ε(c, zj))

[
t∆c,c−zi−zj(η

(i,j))
]
.

In the term

(5.10.17) (azi − ε(c, zi))(azj − ε(c, zj))
[
t∆c,c−zi−zj (η

(i,j))
]

of the sum in (5.10.16), all the components are symmetric in i, j except for
η(i,j) which is antisymmetric; by the linearity of this term (5.10.17) in η(i,j)
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it follows that the sum over all i, j such that i �= j gives zero; that is to say,
we have

(5.10.18) S1 =
∑

1≤i,j≤s, i�=j
(azi−ε(c, zi))(azj−ε(c, zj))

[
t∆c,c−zi−zj(η

(i,j))
]

= 0.

We therefore have by (5.10.12) and (5.10.14)

N

s∑

i=1

Kc,c−zi(δi) = S2

(5.10.19) = −
s∑

i=1

∑

j �=i
(azi − ε(c, zi))Kc−zi,c−zi−zj (t∆c,c−zi(η

(i,j))).

This proves the lemma. �

5.10.20. Lemma. Assume that the image n in R of the integer |B
∗|

|A∗| is a

multiplicative unit of R. Let E be a finite saturated subset of Div+(A); let
c �= 0 be a maximal element of E. Let z1, . . . , zs ∈ Div+(A) be prime divisors
in Supp(c) \ Ĩ, where s ≥ 1. Then we have an equality of submodules of
∆(E)⊗Z R

Γ (E|z1, . . . , zs) ∩
(
∆(E \ {c})⊗Z R

)
= Γ (E \ {c}|z1, . . . , zs).

Proof. It is clear that there is an inclusion

Γ (E|z1, . . . , zs) ∩
(
∆(E \ {c})⊗Z R

)
⊇ Γ (E \ {c}|z1, . . . , zs).

where the notation is that of (5.8.2)(2).
Assume that

γ ∈ Γ (E|z1, . . . , zs) ∩
(
∆(E \ {c})⊗Z R

)
.

The element γ of Γ (E|z1, . . . , zs) is given by an expression of the form

γ =
s∑

i=1

Kc,c−zi(δi) + γ′

where γ′ ∈ Γ (E \ {c}|z1, . . . , zs) and where δi ∈ ∆c ⊗Z R for all i. By taking
the difference γ − γ′ we may reduce to to the case where γ′ = 0. By the
definition of the homomorphisms K (see (5.3.6)), we have

(5.10.21) Kc,c−zi(δi) = (azi − ε(c, zi))t∆c,c−zi(δi)−
|O∗c−zi |
|A∗| ec,c−ziδi.
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Here the element ε(c, zi) is either an element of ∆c−zi or is equal to t∆c−zi,c−2zi
as in case (4) of (5.3.5); in this case (4), we may therefore take ε(c, zi) to be
t∆zi (see (5.7.7)).

The integer |O∗c−zi |/|A∗| in the formula (5.10.21) is equal to 1 unless s = 1
and c = z1 in which case it is equal to |B∗|/|A∗|. Hence the component of γ
in ∆c ⊗Z R is equal to

(5.10.22) −
s∑

i=1

|O∗c−zi |
|A∗| ec,c−ziδi

where this component is assumed to be zero, as we have γ ∈ ∆(E \{c})⊗ZR.
Hence the vanishing of the component of γ in ∆c⊗ZR is equivalent to one of
the equations

(5.10.23)
|O∗c−z1 |
|A∗| ec,c−z1δ1 = 0, if s = 1,

s∑

i=1

ec,c−ziδi = 0, if s ≥ 2.

We now distinguish the two cases in these equations.

The special case where s = 1.
We have from (5.10.23)

|O∗c−z1 |
|A∗| ec,c−z1δ1 = 0

that is to say the element
|O∗c−z1 |
|A∗| δ1 lies in the annihilator of ec,c−z1. But

the annihilator of ec,c−z1 is simply the augmentation ideal of the subgroup
ker(tc,c−z1) in the group algebra ∆c ⊗Z R of Pic(Oc) (see remark 5.5.32(i)).
Hence we have from (5.10.21)

Kc,c−z1(δ1) = (az1 − ε(c, z1))t∆c,c−z1(δ1)

and where
|O∗c−z1 |
|A∗| δ1 lies in the augmentation ideal of the subgroup ker(tc,c−z1).

Hence we have

Kc,c−z1(
|O∗c−z1 |
|A∗| δ1) = 0.

That is to say we have
|O∗c−z1 |
|A∗| γ = 0.

As
|O∗c−z1 |
|A∗| is a unit of R, we have γ = 0 which proves the lemma when s = 1.



5.10 Proofs of the results of §5.9 215

The general case where s ≥ 2.
We have from (5.10.23)

s∑

i=1

ec,c−ziδi = 0.

We may then apply the previous lemma 5.10.1; we conclude from this lemma
that there are elements

η(i,j) ∈ ∆c ⊗Z R, i �= j, 1 ≤ i, j ≤ s,

such that
η(i,j) = −η(j,i) for all i �= j

and

(5.10.24) ec,c−ziδi =
∑

j �=i
eijη

(i,j) for all i.

where
eij =

∑

h∈ker(tc,c−zi )+ker(tc,c−zj )

h for all i �= j.

Put

(5.10.25) N =
|O∗c−z1−z2 |
|A∗| .

We have that N = 1 unless s = 2 and c = z1 + z2.
We furthermore obtain from lemma 5.10.1 the equation

(5.10.26)

N

s∑

i=1

Kc,c−zi(δi) = −
s∑

i=1

∑

j �=i
(azi − ε(c, zi))Kc−zi,c−zi−zj(t∆c,c−zi(η

(i,j))).

Note that the element ε(c, zi) here is either an element of ∆c−zi or is equal to
t∆zi (see (5.3.5)). By the compatibility of the homomorphisms K with the tran-
sition homomorphisms t∆zi (proposition 5.7.8(iii)) and that the K are ∆c⊗ZR-
linear, the expression (5.10.26) shows that

Nγ = N
s∑

i=1

Kc,c−zi(δi) ∈ Γ (E \ {c}|z1, . . . , zs).

where E \ {c} is the saturated subset of E obtained by removing c from E.
As N is a unit of R, this proves the lemma. �
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5.10.27. Lemma. Assume that the image n in R of the integer |B
∗|

|A∗| is a

multiplicative unit of R. Let E,E′ be saturated finite subsets of Div+(A)
such that E′ ⊆ E. Then the transition homomorphism H(E′) → H(E) is an
injection.

Proof. The notation here is that of (5.8.2). Let

h ∈ ker(H(E′)→ H(E)).

Then there is an element δ ∈ ∆(E′) ⊗Z R whose image in H(E′) is equal to
h. As h is in the kernel of the transition homomorphism H(E′) → H(E) we
have

δ ∈ (∆(E′)⊗Z R) ∩ Γ (E|z1, . . . , zs).
where z1, . . . , zs are all the prime divisors of E which do not lie in Ĩ. In
particular, we have δ ∈ Γ (E|z1, . . . , zs).

Amongst saturated subsets D of E such that δ ∈ Γ (D|z1, . . . , zs) there
is a minimal such saturated subset D0 of E, with respect to the ordering of
subsets by inclusion. The subset D0 of E therefore verifies

(5.10.28) δ ∈ Γ (D0|z1, . . . , zs)

and no proper saturated subset D1 of D0 satisfies δ ∈ Γ (D1), where it is
understood here and for the rest of this proof that the finite set of prime
divisors for each module Γ is z1, . . . , zs.

Suppose first that
D0 �⊂ E′.

The finite set D0 has maximal elements with respect to the usual partial order
≤ on divisors, where d ≤ d′ if and only if d′−d is an effective divisor. Therefore
there is m ∈ D0 a maximal element of D0 satisfying

(5.10.29) m �∈ E′.

As δ ∈ ∆(E′)⊗Z R, the component of δ in ∆m ⊗Z R is zero.
Let Sm be the finite saturated subset of D0 given by

Sm = {c | 0 ≤ c ≤ m}.

We have the decomposition (see remark 5.8.3(1))

Γ (D0) = Γ (Sm) + Γ (D0 \ {m}).

We may therefore express non-uniquely δ, which lies in Γ (D0), as a sum
corresponding to this decomposition

δ = δ1 + δ2
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where

(5.10.30) δ1 ∈ Γ (Sm)

δ2 ∈ Γ (D0 \ {m}).

The component of δ2 in ∆m⊗ZR is zero. Hence, as the component of δ in
∆m ⊗Z R is zero, we have that the component of δ1 in ∆m ⊗Z R is zero. We
may now apply lemma 5.10.20 to the element δ1 in Γ (Sm)∩∆(Sm\{m})⊗ZR.
We conclude that the element δ1 satisfies

δ1 ∈ Γ (Sm \ {m})

where Sm \ {m} is the saturated subset of Sm obtained by omitting m. We
may replace this expression in (5.10.30) and obtain

δ = δ1 + δ2 ∈ Γ (Sm \ {m}) + Γ (D0 \ {m}) = Γ (D0 \ {m})

(see remark 5.8.3(1)). We put

D1 = D0 \ {m} ⊂ D0

and we have

(5.10.31) δ ∈ Γ (D1)

and where we havem �∈ D1. Hence the proper subsetD1 ofD0 is saturated and
δ ∈ Γ (D1). But this contradicts the minimality of D0 hence the hypothesis
that D0 �⊂ E′ is false; hence we have D0 ⊆ E′.

We then have δ ∈ Γ (E′) and hence that h = 0. We have therefore shown
that ker(H(E′)→ H(E)) is zero.�

We now come to the proofs of the results of §5.9.

Proof of propositions 5.9.2, 5.9.3, and corollary 5.9.4. We prove simultane-
ously these three results. That the transition homomorphisms

H(E′)→ H(E)

are injections, if n is a multiplicative unit of R, is a proved in lemma 5.10.27.
Furthermore, we have by definition (see (5.3.8))

H(ρ) = lim−→ Hc

where the limit is over all c ∈ Div+(A). The injectivity of the maps

H(E)→ H(ρ)
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then follows from the injectivity of the homomorphisms

H(E′)→ H(E)

for all finite saturated subsets E′ ⊂ E of Div+(A).
We have these basic results on faithful flatness of modules:

(1) IfM andM ′ are faithfully flat R-modules and N is an R-module situated
in a short exact sequence of R-modules

0→M → N →M ′ → 0

then N is a faithfully flat R-module.
[This immediately follows from the definition of faithful flatness.]

(2) The module H0 is a finite free R-module.
[This follows from proposition 5.7.6(i).]

(3) Let E be a finite saturated subset of Div+(A). Letm be a maximal element
of E for the usual ordering of divisors. Then E \ {m} is a saturated subset of
E and the cokernel of the transition homomorphism

f : H(E \ {m})→ H(E)

is a finite free R-module.
[We have that coker(f) is isomorphic as an R-module to H′m which is the

cokernel of Hm by the homomorphism

H({d| 0 ≤ d < m})→ Hm

(see (5.7.4) and proposition 5.7.5). But by this latter proposition 5.7.5, H′m is
a finite free R-module, as n is a unit of R.]

The two properties (1) and (3) imply that if E′ ⊂ E are finite saturated
subsets of Div+(A) then the cokernel of the transition homomorphism

f : H(E′)→ H(E)

is a faithfully flat R-module. In particular, if we take E′ = {0} we conclude
that the cokernel of

H0 → H(E)

is faithfully flat over R; but by property (2) above, H0 is a faithfully flat
R-module hence, by property (1), H(E) is a faithfully flat R-module.

The moduleH(ρ) is a direct limit lim−→Hc of faithfully flat R-modules where
the transition homomorphisms are injections with faithfully flat cokernels;
hence the Heegner module H(ρ) is a faithfully flat R-module.
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Furthermore, the cokernel of

H(E)→ H(ρ)

is isomorphic to the direct limit

lim−→ coker
(
H(E)→ H(D)

)

where the limit runs over all finite saturated subsets D of Div+(A) with
E ⊂ D. Hence the cokernel of H(E) → H(ρ) is a direct limit, with injective
transition homomophisms whose cokernels are faithfully flat modules; hence
the cokernel of H(E)→ H(ρ) is faithfully flat over R.

We have shown that the cokernel of

Hc′ → Hc

is a faithfully flat R-module and this map is an injection; applying the functor
−⊗R S, where S is an R-algebra, to this injection we obtain that it remains
an injection as TorR1 (Hc/Hc′ , S) = 0. Hence the transition homomorphisms

Hc ⊗R S → H(ρ)⊗R S = lim−→
(
Hc ⊗R S

)

are also injections for all c ∈ Div+(A). Identifying Hc ⊗R S with its image in
H(ρ)⊗R S we obtain that H(ρ)⊗R S is the union of the submodules Hc⊗R S
as required. �

Proof of corollary 5.9.5. Let c ∈ Div+(A) be a divisor prime to J̃ . We have
the exact sequence of R-modules

0→ Γ≤c → ∆≤c,R → Hc → 0.

Tensoring this with − ⊗R S this sequence remains exact, as Hc is a flat R-
module (proposition 5.9.2), so we obtain the commutative diagram with exact
rows

0 → Γ≤c ⊗R S → (∆≤c ⊗Z R)⊗R S → Hc ⊗R S → 0
↓ ↓∼= ↓

0 → Γ≤c(S) → ∆≤c ⊗Z S → Hc(ρS , S) → 0

where the second row is the standard presentation of the component Heegner
module Hc(ρS , S) of ρS : ΣF \ Ĩ → S with coefficients in S and Γ≤c(S) is its
corresponding submodule of relations.
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By definition we have

Γ≤c(S) =
∑

z

∑

c′≤c
where c′≥z

Kc′,c′−z(∆c′ ⊗Z S)

the sums here run over all c′ ≤ c, where c′ ∈ Div+(A), and over all prime
divisors z such that z ∈ Supp(c) \ Ĩ. It follows from this and the above
diagram that the homomorphism Γ≤c ⊗R S → Γ≤c(S) is an isomorphism
of ∆c,S-modules. Hence we obtain from the above diagram isomorphisms of
∆c,S-modules

Hc ⊗R S ∼= Hc(ρS , S)

for all c which are compatible with the transition homomorphisms Hc′ → Hc
for all c′ ≤ c.

Passing to the limit over all c, we obtain an isomorphism of discrete
Gal(Ksep/K)-modules

H(ρ)⊗R S ∼= H(ρS , S). �

Proof of corollary 5.9.6. Let E be a finite saturated subset of Div+(A). Let
c ∈ Div+(A) be any divisor which is an upper bound of the elements of E.
Then we have the exact sequence of ∆c ⊗Z R-modules.

0→ Γ (E)→ ∆(E)→ H(E)→ 0.

For any R-algebra S we apply the functor − ⊗R S to this sequence and we
obtain the long exact sequence

. . .TorR2 (H(E), S)→ TorR1 (Γ (E), S)→ TorR1 (∆(E), S)→ TorR1 (H(E), S)

→ Γ (E)⊗R S → ∆(E)⊗R S → H(E)⊗R S → 0.

But ∆(E) is a finite free R-module and H(E) is a faithfully flat R-module
(proposition 5.9.2). Hence we have

TorRi (∆(E), S) ∼= TorRi (H(E), S) ∼= 0 for all i ≥ 1.

It follows from this long exact sequence that

TorRi (Γ (E), S) ∼= 0 for all i ≥ 1.

Hence Γ (E) is a flat R-module. �
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5.11 The Heegner module as a Heegner sheaf

(5.11.1) Let I be a non-zero ideal ofA and let YDrin
0 (I)/A be the corresponding

Drinfeld modular curve (§2.4). Let H be the Heegner sheaf (defined in (4.9.3)
et seq.) of sets on X = Spec A for the flat site corresponding to YDrin

0 (I)/A;
thus H is a subsheaf of the representable sheaf YDrin

0 (I) on Xfl.

(5.11.2) Let Z[H] be the presheaf on Xfl given by: for any morphism
U → Spec A locally of finite type

Γ (U,Z[H]) = free abelian group with basis Γ (U,H)

where the transition homomorphisms are induced from those of H. Let Hab

be the sheaf of abelian groups on the flat site Xfl associated to this presheaf
Z[H].

(5.11.3) Let
i : Spec F → Spec A

be the inclusion of the generic point. Then i∗H and i∗(Hab) are sheaves for
the flat site over F .

Let F sep be the separable closure of F and let x : Spec F sep → Spec F
be the natural map. Let i∗(Hab)x be the stalk of the sheaf i∗(Hab) at x. Then
i∗(Hab)x is a discrete module over the galois group Gal(F sep/F ). For any
intermediate field F sep ⊇ L ⊇ F , we have

Γ (Spec L, i∗(Hab)) =
(
i∗(Hab)x

)Gal(F sep/L)
.

The sheaf i∗(Hab) is the sheaf associated to the discrete Gal(F sep/F )-module
i∗(Hab)x. That is to say, it is the sheaf associated to the free abelian
group on the set of Drinfeld-Heegner points with the natural galois action
of Gal(F sep/F ) by permuting the generators.

(5.11.4) Let K/F be an imaginary quadratic extension with respect to ∞.
As in (4.9.6), let HK be the subsheaf of H on Xfl given by Drinfeld-Heegner
points which have CM by the field K.

Let Z[HK ] be the presheaf on Xfl given by: for any morphism
U → Spec A locally of finite type

Γ (U,Z[HK ]) = free abelian group with basis Γ (U,HK).

Let Hab
K be the sheaf of abelian groups on Xfl associated to this presheaf

Z[HK ].
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As in (5.11.3), i∗HK and i∗(Hab
K ) are sheaves for the flat site over F . Let

x : Spec F sep → Spec F be the natural map. Let i∗(Hab
K )x be the stalk of the

sheaf i∗(Hab
K ) at x. Then i∗(Hab

K )x is a discrete module over the galois group
Gal(F sep/F ). For any intermediate field F sep ⊇ L ⊇ F , we have

Γ (Spec L, i∗(Hab
K )) =
(
i∗(Hab

K )x
)Gal(F sep/L)

.

The sheaf i∗(Hab
K ) is the sheaf associated to the discrete Gal(F sep/F )-module

i∗(Hab
K )x. That is to say, it is the sheaf associated to the free abelian group on

the set of Drinfeld-Heegner points with CM by K and with the natural galois
action of Gal(F sep/F ) by permuting the generators.

(5.11.5) Let

R be a commutative ring;
ρ : ΣF \ Ĩ → R be a map of sets (as in (5.9.1));
H(ρ)(0) be the component above 0 of the Heegner module H(ρ) of ρ, K/F ,

and with coefficients in R (see (5.3.8)).

As H(ρ)(0) is a discrete Gal(Ksep/K)-module, it may be considered as a sheaf
of abelian groups on Spec K for the étale site. Let

j : Spec K → Spec A

be the structure morphism.
Then the Heegner module H(ρ)(0), as a sheaf, is equipped with a surjective

homomorphism of sheaves for the étale site on Spec K

j∗Hab
K ⊗Z R→ H(ρ)(0).

The kernel of this homomorphism consists precisely of the relations Γ≤c for
all c (see (5.3.7)).
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Cohomology of the Heegner module

Let H(ρ) = lim−→Hc be the Heegner module of the map ρ : ΣF \ Ĩ → R, the

imaginary quadratic extension field K/F , and with coefficients in the ring R,
where the notation is that of §5.3.

The objective of this technical chapter is to calculate the cohomology of the
Heegner module H(ρ) as a Gal(Ksep/K)-module. More precisely, for a divisor
c in Div+(A) and a prime divisor z �∈ Ĩ in the support of c, let K[c]/K[c− z]
denote the corresponding extension of ring class fields ofK. For a commutative
R-algebra S, the aim is to compute the Galois cohomology groups

H i(Gal(K[c]/K[c− z]),Hc ⊗R S)

of the component Heegner module Hc ⊗R S. The main general result we ob-
tain (proposition 6.6.3) expresses this cohomology group as a homomorphic
image of a simpler module. The most precise results we obtain are for the
case where i = 0 and where S is an infinitesimal trait (definition 6.7.5) with
a supplementary hypothesis relative to the residue field characteristic of S
(theorem 6.10.7); this is the case applied to the Tate conjecture in chapter 7.

Theorem 6.10.7 is the principal result of this chapter; only the case (1) of
this theorem, where the prime z is inert and unramified in the field extension
K/F , is applied to the Tate conjecture in the next chapter. Nevertheless, the
other cases of this theorem, could be used to obtain further information on
Tate-Shafarevich groups by the methods of the next Chapter 7.

Proposition 6.6.3 is a simple consequence of the main lemma 6.4.3. This
main lemma states that the galois cohomology of the module of relations of
the Heegner module may be computed by restriction to a submodule on which
the galois group in question acts trivially. The proof of the main lemma, as
well as that of the main theorem 6.10.7, uses extensively the results of §5.6
on cohomology of group rings.

M.L. Brown: LNM 1849, pp. 223–327, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



224 Cohomology of the Heegner module

6.1 General notation

(6.1.1) For this chapter, we retain the notation of (5.2.1), (5.3.1), and (5.7.1).
Principally, we have

K/F is an imaginary quadratic extension of F with respect to ∞;
B is the integral closure of A in K;
ΣF is the set of all places of F ;
Ĩ is a finite subset of ΣF ;
R is a commutative ring;
S is an R-algebra;
ρ : ΣF \ Ĩ → R, v �→ av, is a map of sets;
H(ρ) = lim−→

c∈Div+(A)

Hc is the Heegner module of ρ, K/F , with coefficients

in R.

(6.1.2) For divisors c ≥ c′ of Div+(A), we write G(c/c′) for the galois group
Gal(K[c]/K[c′]) of the ring class field extension K[c]/K[c′].

We recall that the Heegner moduleH(ρ) is a discrete Gal(Ksep/K)-module
and that the component Heegner module Hc is a Gal(K[c]/K)-module for all
c ∈ Div+(A).

(6.1.3) For any galois field extension K ′/K with galois group G and any
G-module M , we write

H i(G,M)

for the usual galois cohomology groups; in particular H0(G,M) =MG is the
G-invariant submodule of M .

(6.1.4) IfM is an R-module we frequently writeMS for the S-moduleM⊗RS.
We write ∆c,R and ∆c,S for ∆c ⊗Z R and ∆c ⊗Z S, respectively.

We put for any c ∈ Div+(A) and any prime divisor z in Supp(c) \ Ĩ

Γc,c−z = Kc,c−z(∆c,R).

6.2 Exact sequences and preliminary lemmas

In this section, we give some results which are a simple consequence of the
presentation of the Heegner module by generators and relations. The main
exact sequences of cohomology which are obtained are those of lemmas 6.2.11
and 6.2.15.
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(6.2.1) We assume throughout this section that

n is the image in R of the integer |B∗|/|A∗| and is assumed to be a
multiplicative unit of R;

c′ ≤ c are effective divisors on Spec A;
z is a prime divisor in the support of c where z �∈ Ĩ.

6.2.2. Lemma. (i) The restriction to Γc,c−z of the projection homomorphism
∆≤c,R → ∆c,R induces isomorphism of ∆c,R-modules

Γc,c−z ∼= ∆c−z,R.

(ii) The module Γc,c−z is a universal R-submodule of ∆≤c,R.

Proof. (i) We have that Γc,c−z is a submodule of Γ≤c,R and the projection
map ∆≤c → ∆c, with kernel ∆<c, induces a surjective homomorphism of
∆c,R-modules

(6.2.3) π : Γc,c−z →
|O∗c−z|
|A∗| ec,c−z∆c,R.

Let γ = Kc,c−z(δ) be an element of the kernel of this homomorphism π. We
then have (see (5.3.6))

Kc,c−z(δ) = (az − ε(c, z))t∆c,c−z(δ)−
|O∗c−z|
|A∗| ec,c−zδ.

As π(γ) = 0, we have that ec,c−zδ = 0 as n is a multiplicative unit in R;
hence we obtain tc,c−z(δ) = 0. Therefore we have γ = 0 and π is an injection;
therefore π is an isomorphism. We then obtain the isomorphisms of ∆c,R-
modules

Γc,c−z ∼= ec,c−z∆c,R ∼= ∆c−z,R
as required.
(ii) The isomorphism π of the proof of part (i) may be inserted into a commu-
tative diagram with exact rows and with injective vertical homomorphisms
provided by inclusion

(6.2.4)
0 → Γc,c−z

π→ |O∗c−z|
|A∗| ec,c−z∆c,R → 0

↓ ↓ ↓
0 → ∆<c,R → ∆≤c,R → ∆c,R → 0

If we put
N = coker(Γc,c−z → ∆≤c,R)
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then the snake lemma applied to this diagram provides the exact sequence of
cokernels

0→ ∆<c,R → N → ∆c,R/ec,c−z∆c,R → 0

as |O
∗
c−z|
|A∗| is a unit of R.
As ∆c,R/ec,c−z∆c,R and ∆<c,R are finite free R-modules it follows that

this short exact sequence is split and N is a finite free R-module. Therefore
we have an isomorphism of R-modules

∆≤c,R ∼= Γc,c−z ⊕N

and hence Γc,c−z is a universal R-submodule of ∆≤c,R, as required.�

For the next lemma, we use the notation of 5.8.2 and remarks 5.8.3.

6.2.5. Lemma. Let E be a finite saturated subset of Div+(A). The module
Γ (E) is a universal R-submodule of ∆(E)R.

Proof of lemma. The group H(E) lies in the exact sequence of ∆c,R-modules,
for any c ∈ Div+(A) larger than all elements of E,

(6.2.6) 0→ Γ (E)→ ∆(E)R → H(E)→ 0.

As H(E) is a finite flat R-module (proposition 5.9.2) it follows that Γ (E) is
a universal R-submodule of ∆(E)R (by remark 5.5.22(i)). �

6.2.7. Lemma. (i) If c′ < c and d ≤ c, where c′, d ∈ Div+(A) and z �∈ Ĩ is a
prime divisor in Supp(c − c′) then we have the equality of G(c/c′)-invariant
submodules of ∆≤d,S provided that d �≤ c− z

(6.2.8)
(
∆d,S ⊕∆≤d−z,S

)G(c/c′) = (Γd,d−z,S)G(c/c′) + (∆≤d−z,S)G(c/c′).

(ii) For divisors d ≤ c of Div+(A) and prime divisors z, w �∈ Ĩ we have iso-
morphisms of ∆c,S-modules

(Γd,d−w,S)G(c/c−z) ∼=
{
∆d−z,S if d ≤ c− z or w = z;
∆d−w−z,S, otherwise.

Proof of lemma. (i) The group G(c/c− z) is a subgroup of the abelian group
G(c/c′) and the quotient group is isomorphic to the galois group G(c− z/c′);
that is to say we have the short exact sequence of abelian galois groups

0→ G(c/c− z)→ G(c/c′)→ G(c− z/c′)→ 0.
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We have

(6.2.9) (∆d,S)G(c/c′) = (ed,d−z∆d,S)G(c−z/c′) if d �≤ c− z.

To prove this, from the commutative diagram with exact rows and columns
(5.8.10), for all d ≤ c such that d �≤ c − z we have that G(d/d − z) is a
homomorphic image of G(c/c− z). Hence if d ≤ c and d �≤ c− z then we have

(∆d,S)G(c/c−z) = (∆d,S)G(d/d−z).

As there is an isomorphism of Gal(K[c]/K)-modules

∆d,S ∼= S[Gal(K[d]/K)]

where the group algebra S[Gal(K[d]/K)] is a cohomologically trivial
Gal(K[d]/K)-module, it follows that we have an equality of submodules of
∆c,S

(∆d,S)G(d/d−z) = ed,d−z∆c,S if d �≤ c− z.

Hence we obtain

(∆d,S)G(c/c−z) = ed,d−z∆d,S if d �≤ c− z.

This proves (6.2.9).
If d �≤ c−z then ∆≤d−z,S is invariant under G(c/c−z). From this, (6.2.9),

and the definition of the homomorphism Kd,d−z (see (5.3.6))

Kd,d−z(δ) = (az − ε(d, z))t∆d,d−z(δ)−
|O∗d−z|
|A∗| ed,d−zδ

we obtain the inclusion

|O∗d−z |
|A∗| (∆d,S)G(c/c′) ⊆ (Γd,d−z,S)G(c/c′) + (∆≤d−z,S)G(c/c′), if d �≤ c− z,

where the inclusion and sum here are as submodules of ∆≤c,S . As the image
of |B∗|/|A∗| in S is a unit we obtain the equality (6.2.8) stated in the lemma.
(ii) This follows immediately from (6.2.9) and the isomorphism of
∆c,S-modules (lemma 6.2.2(i))

Γd,d−z,S ∼= ∆d−z,S. �

6.2.10. Notation. For a subset E of Div+(A) and an element c of Div+(A)
we write E≤c for the subset of E given by

E≤c = {e ∈ E| e ≤ c}.
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6.2.11. Lemma. Let c′ ≤ c be effective divisors in Div+(A). Assume that
Supp(c− c′) is disjoint from Ĩ. Let E be a finite saturated subset of Div+(A)
all of whose elements are ≤ c. There is a long exact sequence

0→ H(E≤c′)S → (H(E)S)G(c/c′) →

H1(G(c/c′), Γ (E)S)→ H1(G(c/c′), ∆(E)S)→ H1(G(c/c′),H(E)S)→

H2(G(c/c′), Γ (E)S)→ H2(G(c/c′), ∆(E)S)→ H2(G(c/c′),H(E)S)→ . . .

Proof. If c = c′ there is nothing to prove so we may assume that c′ < c.
Let z be a prime divisor in Supp(c − c′). Then z �∈ Ĩ as Supp(c − c′) is

disjoint from Ĩ. From lemma 6.2.7, we have for all divisors d in Div+(A) such
that 0 ≤ d ≤ c and d �≤ c− z

(
∆d,S ⊕∆d−z,S

)G(c/c′) = (Γd,d−z,S)G(c/c′) + (∆d−z,S)G(c/c′).

By taking the sum over all divisors d of E, we obtain the equality of submod-
ules of ∆(E)S

(∆(E)S)G(c/c′) =
∑

d∈E, d �≤c−z
(Γd,d−z,S)G(c/c′) + (∆(E≤c−z)S)G(c/c′).

This equality shows that the image of (∆(E)S)G(c/c′) in H(E)S coincides
with the image of (∆(E≤c−z)S)G(c/c′) in H(E)S ; but (∆(E≤c−z)S)G(c/c′) =
(∆(E≤c−z)S)G(c−z/c′) as∆(E≤c−z)S is G(c/c− z)-invariant. Hence the image
of (∆(E)S)G(c/c′) in H(E)S coincides with the image of ∆(E≤c′)S in H(E)S ,
by induction on c−c′. That is to say the image of (∆(E)S)G(c/c′) in H(E)S co-
incides with the image of the transition homomorphism H(E≤c′)S → H(E)S .
But (proposition 5.9.3), this last transition homomorphism is an injection.
From the short exact sequence (6.2.6) we obtain the short universally ex-
act sequence which is the standard presentation of the component Heegner
module H(E)S

0→ Γ (E)S → ∆(E)S → H(E)S → 0.

This provides the following long exact sequence of galois cohomology

(6.2.12) 0→ (Γ (E)S)G(c/c′) → (∆(E)S)G(c/c′) → (H(E)S)G(c/c′) → . . .

→ Hi(G(c/c′), Γ (E)S)→ Hi(G(c/c′), ∆(E)S)→ Hi(G(c/c′),H(E)S)→ . . .
This exact sequence and the preceding argument provides an isomorphism

(∆(E)S)G(c/c′)/(Γ (E)S)G(c/c′) ∼= H(E≤c′)S .
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Hence the long exact sequence of (6.2.12) becomes

0→ H(E≤c′)S → (H(E)S)G(c/c′) →

H1(G(c/c′), Γ (E)S)→ H1(G(c/c′), ∆(E)S)→ H1(G(c/c′),H(E)S)→ . . .

as required.�

6.2.13. Notation. The partially ordered set Div+(A), with its usual order,
is a sieve (definition 5.6.2). For two effective divisors d1, d2 in Div+(A), we
write d1 ∩ d2 for the greatest divisor in Div+(A) which is ≤ d1 and ≤ d2; we
write d1 ∪ d2 for the least divisor in Div+(A) which is ≥ d1 and ≥ d2. The
divisors d1 ∩ d2 and d1 ∪ d2 are uniquely determined by d1 and d2.

6.2.14. Lemma. Let c′ ≤ c be divisors in Div+(A).
(i) Let d ≤ c where d ∈ Div+(A). Then we have isomorphisms of∆c,S-modules

Hi(G(c/c′), ∆d,S) ∼= ∆d∩c′ ⊗Z H
i(G(c/d ∪ c′), S) for all i ≥ 0.

(ii) Let E be a finite saturated subset of Div+(A) all of whose elements are
≤ c. There are isomorphisms of Div+(A)-graded ∆c,S-modules

Hi(G(c/c′), ∆(E)S) ∼=
⊕

d∈E

{
∆d∩c′ ⊗Z H

i(G(c/d ∪ c′), S)
}

for i ≥ 0.

Proof. Part (ii) follows immediately from part (i) by taking the direct sum
over all divisors d of E.

In order to prove part (i), we have the exact sequence of abelian groups
obtained from the inclusion of ring class fields K[c′] ⊆ K[d ∪ c′] ⊆ K[c]

0→ G(c/d ∪ c′)→ G(c/c′)→ G(d ∪ c′/c′)→ 0.

The Hochshild-Serre spectral sequence for the subgroup G(c/d∪c′) of G(c/c′)
then can be written

Ei,j2 = Hi(G(d ∪ c′/c′), Hj(G(c/d ∪ c′), ∆d,S))⇒ Hi+j(G(c/c′), ∆d,S).

The group G(c/d ∪ c′) acts trivially on the finite free S-module ∆d,S ; hence
we have isomorphisms

Hj(G(c/d ∪ c′), ∆d,S) ∼= Hj(G(c/d ∪ c′), S)⊗Z ∆d, for all i ≥ 0.
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We then obtain the isomorphisms of ∆c,S-modules

Ei,j2
∼= Hi

(
G(d ∪ c′/c′), Hj(G(c/d ∪ c′), S)⊗S ∆d,S

)
∼=

Hi
(
G(d ∪ c′/c′), ∆d,S

)
⊗S Hj
(
G(c/d ∪ c′), S

)
.

We have a commutative diagram of Picard groups obtained from the evi-
dent inclusions of orders

Pic(Od∪c′) → Pic(Oc′)
↓ ↓

Pic(Od) → Pic(Od∩c′)

We obtain a surjective group homomorphism G(d∪c′/c′)→ G(d/c′∩d) whose
kernel has order which is a unit in R (by the formulae (2.3.8), (2.3.10); see also
the diagram (5.8.10)). Furthermore the above diagram shows that the action
of G(d ∪ c′/c′) on ∆d,S factors through the natural action of G(d/d ∩ c′) on
∆d,S . For all d such that d ≤ c, the G(d/d∩c′)-module ∆d,S is cohomologically
trivial; hence the G(d ∪ c′/c′)-module ∆d,S is cohomologically trivial. Hence
we have Ei,j2 = 0 for all i ≥ 1. Hence this spectral sequence degenerates and
we obtain the isomorphisms

(∆d,S)G(d/d∩c′) ⊗S Hj(G(c/d ∪ c′), S) ∼= Hj(G(c/c′), ∆d,S) for all j ≥ 0.

The result then follows, as we have isomorphisms of ∆c,S-modules

(∆d,S)G(d/d∩c′) ∼= ∆d∩c′,S . �

6.2.15. Lemma. If z is a prime divisor in Supp(c) \ Ĩ, there are short exact
sequences for all m ≥ 0

Hm(G(c/c− z),Hc−z,S)→ Hm(G(c/c− z),Hc,S)→

Hm+1(G(c/c− z), Γ≤c,S)→ Hm+1(G(c/c− z), ∆≤c,S).

Proof. The exact sequence of lemma 6.2.11 applied to Hc,S and with c′ = c−z
becomes

(6.2.16) 0→ Hc−z,S → (Hc,S)G(c/c−z) →

H1(G(c/c− z), Γ≤c,S)→ H1(G(c/c− z), ∆≤c,S)→ H1(G(c/c− z),Hc,S)→
H2(G(c/c−z), Γ≤c,S)→ H2(G(c/c−z), ∆≤c,S)→ H2(G(c/c−z),Hc,S)→ . . .
For the case when m = 0, the short exact sequence of the lemma results
immediately from this long exact sequence.
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For m ≥ 1, from lemma 6.2.14(ii) we obtain the isomorphisms of graded
modules
(6.2.17)

Hm(G(c/c− z), ∆≤c,S) ∼=
⊕

0≤d≤c

{
∆d∩(c−z) ⊗Z H

m(G(c/d ∪ (c− z)), S)
}

∼=
⊕

0≤d≤c−z

{
∆d ⊗Z H

m(G(c/c− z), S)
}
∼= Hm(G(c/c− z), ∆≤c−z,S).

The modules Γ≤c−z,S, ∆≤c−z,S ,Hc−z,S are finite flat S-modules (propo-
sitions 5.9.2, 5.9.6) on which the group G(c/c − z) acts trivially. The short
universally exact sequence (see (6.2.6)) for any finite saturated subset E of
Div+(A)

0→ Γ (E)→ ∆(E)R → H(E)→ 0

then provides the commutative diagram of cohomology with exact rows, where
we write G for G(c/c− z) and Hm for Hm(G,S)

. . .→ Hm(G,Γ≤c,S) → Hm(G,∆≤c,S) →Hm(G,Hc,S) →Hm+1(G,Γ≤c,S)→. . .

↑ ↑∼= ↑

0→ Hm ⊗S Γ≤c−z,S→ Hm ⊗S ∆≤c−z,S→Hm ⊗S Hc−z,S→0

where the middle vertical isomorphism results from the isomorphisms of
(6.2.17). Hence for m ≥ 1, the image of the homomorphism

Hm(G(c/c− z), ∆≤c,S)→ Hm(G(c/c− z),Hc,S)

coincides with the image of the homomorphism, induced from the inclusion
Hc−z,S → Hc,S,

Hm(G(c/c− z),Hc−z,S)→ Hm(G(c/c− z),Hc,S).

The result then follows for m ≥ 1 from the exact sequence (6.2.16). �
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6.3 Cohomology of the Heegner module: vanishing
cohomology

(6.3.1) We retain the notation of (6.1.1); assume that

n is the image in R of the integer |B∗|/|A∗| and is
a multiplicative unit of R;

S is an R-algebra;
c′ ≤ c are effective divisors on Spec A;
E is a saturated subset of Div+(A) all of whose elements are ≤ c;
E≤c′ = {e ∈ E | e ≤ c′}.

6.3.2. Proposition. If the image in S of the order of the group G(c/c′) is a
multiplicative unit and Supp(c−c′) is prime to Ĩ then there are isomorphisms
of ∆c,S-modules

Hi(G(c/c′),H(E)S) ∼=
{
H(E≤c′)S , if i = 0;
0, if i ≥ 1.

Proof. For any G(c/c′)-module M the cohomology groups Hi(G(c/c′),M) are
annihilated by |G(c/c′)| for all i ≥ 1 [CF, Chapter IV, §6, Cor.1]. As the image
in S of the integer |G(c/c′)| is a unit, we have

H i(G(c/c′),H(E)S) ∼= 0 for all i ≥ 1.

For the same reason, we have H i(G(c/c′), Γ (E)S) ∼= 0 for all i ≥ 1; hence the
long exact sequence of lemma 6.2.11 then provides the isomorphism

(H(E)S)G(c/c′) ∼= H(E≤c′)S

as required.�

6.4 The main lemma

The main lemma 6.4.3 is the basis of all further results given in this chapter
on the cohomology of the Heegner module. The lemma expresses that the
cohomology Hm(G(c/c− z), Γ (E)S) of the module of relations Γ (E)S of the
Heegner module may be obtained by restriction to a submodule on which the
group G(c/c− z) acts trivially.
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(6.4.1) Let

z be a prime divisor in Div+(A) where z �∈ Ĩ;
c be an effective divisor in Div+(A) such that z ∈ Supp(c) \ Ĩ;
E be a finite saturated subset of Div+(A) such that c is an upper bound

for E;
S be an R-algebra.

6.4.2. Notation. (1) Write

Max(E, c, z) = {d ∈ E | d �≤ c− z}.

A divisor d ∈ E is called z-maximal if d + z �∈ E. The set Max(E, c, z) is
a subset of the set of z-maximal elements of E, but need not contain all the
z-maximal elements; for example if c − z is an upper bound for all elements
of E then Max(E, c, z) = ∅.

(2) Write Γc,z(E)S for the submodule of Γ (E)S given by

Γc,z(E)S =
∑

d∈Max(E,c,z)

Γd,d−z,S + Γ (E \Max(E, c, z))S

where Γ (E \Max(E, c, z))S , as in notation 5.8.2, is given by

Γ (E \Max(E, c, z))S =
∑

d∈E\Max(E,c,z)

∑

w∈Supp(d)\Ĩ
Γd,d−w,S.

The submodule Γc,z(E)S is G(c/c− z)-invariant. For example, if E is the
set of divisors d with 0 ≤ d ≤ c then

Γc,z(E)S =
∑

d≤c,d �≤c−z
Γd,d−z,S + Γ≤c−z,S .

6.4.3. Main Lemma. Assume that the image in R of the integer |B∗|/|A∗|
is a unit. The homomorphism induced from the inclusion Γc,z(E) ⊆ Γ (E)

Hm(G(c/c− z), Γc,z(E)S) → Hm(G(c/c− z), Γ (E)S)

is surjective for all m ≥ 1.
[For the proof of lemma 6.4.3 see the next section §6.5.]

6.4.4. Remark. The surjective homomorphism of the main lemma 6.4.3 is not
usually an isomorphism (see §6.9.8 and particularly proposition 6.8.10).



234 Cohomology of the Heegner module

6.5 Proof of lemma 6.4.3.

(6.5.1) Let

z be a prime divisor in Div+(A) where z �∈ Ĩ;
c be an effective divisor in Div+(A) such that z ∈ Supp(c) \ Ĩ;
E be a finite saturated subset of Div+(A) such that c is an upper bound

of E;
G be the group G(c/c− z).

6.5.2. Notation. The following notation is only required for this section.

(1) A finite subset T of Div+(A) is z-saturated if for all divisors d ∈ T then
d− nz ∈ T for all integers n ≥ 0 such that d− nz ≥ 0.

Note that:
(a) The intersection and the union of a finite family of z-saturated subsets

of Div+(A) are z-saturated.
(b) A finite subset T of Div+(A) is saturated (see (5.9.1)) if and only if it

is z-saturated for all prime divisors z.
(c) The empty set is assumed to be z-saturated for all prime divisors z.

(2) If T is a finite subset of Div+(A) then the z-saturation Satz(T ) of T is the
smallest z-saturated subset of Div+(A) containing T .

(3) Let T ′ be a finite subset of Div+(A). Let T be a finite saturated subset of
Div+(A). Assume that all elements of T ∪ T ′ are ≤ c. Then

Γc,z(T ′||T )

is defined to be the subgroup of Γ≤c given by

Γc,z(T ′||T ) =
∑

d∈Max(T ′,c,z)

Γd,d−z + Γ (T )

where Γ (T ) is defined in (5.8.2) and (5.8.3).

(4) Note that if T ′, T are subsets of a finite saturated subset T ′′ of Div+(A)
and that T is saturated then we have

(a) Γc,z(T ′||T ) ⊆ Γ (T ′′);

(b) Γc,z(T ) = Γc,z(Max(T, c, z)||T \Max(T, c, z)).
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6.5.3. Lemma. Assume that the image in R of the integer |B∗|/|A∗| is a
multiplicative unit. Let E1, E2 be subsets of E where
(i) all elements of E1 and E2 are ≤ c;
(ii) E2 is saturated;
(iii) E1 �= ∅ and E2 �= ∅ imply that Satz(E1) ∩ E2 �= ∅.

Let d be a maximal element of E2. Assume that d �≤ c − z and d �∈ E1.
Then the inclusion

Γc,z(E1 ∪ {d}||E2 \ {d}) ⊆ Γc,z(E1||E2)

induces surjective homomorphisms for all m ≥ 1

Hm(G,Γc,z(E1 ∪ {d}||E2 \ {d})S)→ Hm(G,Γc,z(E1||E2)S).

Proof that lemma 6.5.3 implies lemma 6.4.3. Fix an integer m ≥ 1. It is
easily checked that for any subset M of Max(E, c, z), the sets E1 = M and
E2 = E \M satisfy the conditions (i), (ii), and (iii) of lemma 6.5.3; for the
check of condition (iii), one observes that as z ∈ Supp(c) the elements of
Max(E, c, z), if any, all contain z in their support.

Let T be the set of subsets M of Max(E, c, z) such that the inclusion

Γc,z(M ||E \M) ⊆ Γ (E)

induces a surjective homomorphism

Hm(G,Γc,z(M ||E \M)S)→ Hm(G,Γ (E)S).

Then we have these three statements (a), (b), and (c):

(a) T is a non empty finite set.

(b) T is equipped with a partial order ≤ where M1 ≤ M2 if and only if
M1 ⊆M2.

(c) If M ∈ T and d is a maximal element of E \M where d �≤ c − z then
M ∪ {d} ∈ T .

The statement (a) holds as the empty set ∅ is an element of T and E is a
finite set. The statement (b) is evident.

To prove (c), suppose that M ∈ T . Let d be a maximal point of E \M
where d �≤ c− z. Then we have d �∈ Satz(M) and if M �= ∅ and E �= M then
we have

Satz(M) ∩ (E \M) �= ∅.
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For if x ∈ M then we have x �≤ c − z and z ∈ Supp(c) so that z ∈ Supp(x).
Hence we have x− z ∈ E \M and x− z ∈ Satz(M). By lemma 6.5.3, we then
obtain that the homomorphism

Hm(G,Γc,z(M ∪ {d}||E \ (M ∪ {d}))S)→ Hm(G,Γc,z(M ||E \M)S)

is surjective. That is to say, we haveM∪{d} ⊂ Max(E, c, z) andM∪{d} ∈ T .
We have therefore proved (a),(b), and (c).

To end the proof of the implication, by (a) and (b) there is a maximal
element M∞ of T , with respect to the partial order ≤ of (b). By (c), no
maximal point of E \M∞ is �≤ c − z. Hence we have M∞ ⊇ Max(E, c, z).
As M∞ ⊆ Max(E, c, z) by definition, we therefore have M∞ = Max(E, c, z)
and furthermore T is the set of all subsets of Max(E, c, z); the statement of
lemma 6.4.3 is equivalent to the assertion that Max(E, c, z) is an element of
T (see notation 6.5.2(4)). This proves the result. �

The rest of this section is occupied with the proof of lemma 6.5.3. Assume
that d is a maximal element of E2 such that d �≤ c− z and d �∈ E1 where E1,
E2 satisfy the conditions (i),(ii), and (iii) of the lemma. The proof occupies
several stages.

Stage 1. Derivation of the equation δd(g) = −
∑
i

|O∗d−zi |
|A∗| ed,d−ziηi(g)

Let h be a cohomology class of

Hm(G,Γc,z(E1||E2)S).

That is to say h is the cohomology class of a m-cocycle with values in
Γc,z(E1||E2)S . Then h is the class of a m-cocycle

δ : Gm → Γc,z(E1||E2)S .

Furthermore, h induces a cohomology class in Hm(G,∆≤c,S) and hence the
component cochain δf of the cocycle δ is also a cocycle, where δf is given
explicitly by

δf : Gm → ∆f,S
and

δ =
⊕

f≤c
δf .

That δ(g) ∈ Γc,z(E1||E2)S for all g ∈ Gm is equivalent to an equation of
the form (see notation 6.5.2)
(6.5.4)
δ(g) =

∑

d′∈E1
d′ �≤c−z

γd′,d′−z(g) +
∑

c′∈E2

∑

w∈Supp(c′)\Ĩ
γc′,c′−w(g), for all g ∈ Gm
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for cochains

γf,f−w ∈ Cochm(G,Γf,f−w,S), for all f, w,

and where w runs over a finite set of prime divisors in Supp(f) \ Ĩ.
Let d be the chosen maximal element of E2 such that d �≤ c−z and d �∈ E1.

Let δd be the component cocycle of δ with values in in ∆d,S . We may write
the equation (6.5.4) in the form

(6.5.5) δ =
∑

d′∈E1
d′ �≤c−z

γd′,d′−z1 +
∑

c′∈E2−{d}

∑

w∈Supp(c′)\Ĩ
γc′,c′−w +

n∑

i=1

γd,d−zi.

where z1, . . . , zn are the prime divisors in Supp(d) \ Ĩ and where z1 = z.
We then have (see (5.3.6))

Kf,f−w(δ) = (aw − ε(f, w))t∆f,f−w(δ)−
|O∗f−w|
|A∗| ef,f−wδ.

The component of γf,f−w(g) in ∆d,S is therefore zero if f is not equal to d,
d+ w or d+ 2w (by the definition of Kf,f−w).

The hypothesis on d implies that d, d + z1 and d + 2z1 do not lie in the
set E1. Hence for the sum, for all g ∈ Gm,

∑

d′∈E1,d′ �≤c−z
γd′,d′−z1(g)

the component in ∆d,S is equal to zero. Furthermore, for the sum, for all
g ∈ Gm, ∑

c′∈E2−{d}

∑

w∈Supp(c′)\Ĩ
γc′,c′−w(g)

the component in ∆d,S is equal to zero as d is a maximal element of the
saturated set E2.

The component in ∆d,S of the right hand side of the equation (6.5.5) is
then the component in ∆d,S of the sum

n∑

i=1

γd,d−zi(g)

for all g ∈ Gm. The cochains γd,d−zi are of the form

g �→ Kd,d−zi(ηi(g)), Gm → Γd,d−zi,S ,

for some cochains
ηi ∈ Cochm(G,∆d,S).
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Hence the component of this equation (6.5.5) in ∆d,S is the equation
(see (5.3.6))

(6.5.6) δd(g) = −
n∑

i=1

|O∗d−zi |
|A∗| eiηi(g) for all g ∈ Gm

where we write

(6.5.7) ei = ed,d−zi =
∑

g∈Gi
g

and
Gi = ker(td,d−zi) = G(d/d− zi), for all i,

and δd(g) is the component in ∆d,S of δ(g), in particular δd is a cocycle in
Cocym(G1, ∆d,S).

Stage 2. Formulae for the ηi.
By proposition 5.8.4, {Gi}i=1,...,n forms an S-admissible family of sub-

groups of Pic(Od), where ∆d,S is the group algebra S[Pic(Od)]. We may then
apply proposition 5.6.28 to the equation (6.5.6). We obtain that there are
cochains

η(i,j) : Gm1 → ∆d,S for all i �= j and 1 ≤ i, j ≤ n
such that

(6.5.8) η(i,j) = −η(j,i), for all i �= j and 1 ≤ i, j ≤ n,

and cochains

(6.5.9) δi : Gm1 → ∆d,S for all 1 ≤ i ≤ n

such that the maps eiδi : Gm1 → ∆d,S are m-cocycles (in fact they are m-
coboundaries for i ≥ 2) for all i = 1, . . . , n where we have

(6.5.10)
|O∗d−zi |
|A∗| eiηi(g) = eiδi(g) +

∑

j �=i
eijη

(i,j)(g) for all 1 ≤ i ≤ n, g ∈ Gm1

where we put

(6.5.11) eij =
∑

h∈GiGj
h.

From this we obtain the equation

(6.5.12) δd = −
n∑

i=1

eiδi.
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The equation (6.5.10) then may be written

(6.5.13)
|O∗d−zi |
|A∗| eiηi = eiδi +

∑

j �=i
eijη

(i,j) for all 1 ≤ i ≤ n.

Stage 3. The formula
∑

iKd,d−zi(ηi(g)); the case where n = 1.

The equation (6.5.5) becomes

δ =
∑

d′∈E1
d′ �≤c−z

γd′,d′−z1 +
∑

c′∈E2−{d}

∑

w∈Supp(c′)\Ĩ
γc′,c′−w + γd,d−z1.

This expression may then be written as

(6.5.14) δ = γ1 + γ2

where
γ1 =

∑

d′∈E1∪{d}
d′ �≤c−z

γd′,d′−z1

and
γ2 =

∑

c′∈E2−{d}

∑

w∈Supp(c′)\Ĩ
γc′,c′−w.

Put
Γ = Γc,z1(E1 ∪ {d}||E2 − {d})S.

We have for all g ∈ Gm
γ1(g) ∈ Γ

γ2(g) ∈ Γ (E2 − {d})S ⊆ Γ.
Hence we have for all g ∈ Gm1

δ(g) ∈ Γ.

This completes the proof of the lemma 6.4.3 in this case where n = 1.

Stage 4. The formula
∑

iKd,d−zi(ηi(g)); the case where n ≥ 2.
The divisor d is not prime, as it has at least two prime divisors in its

support by the hypothesis n ≥ 2. The equation (6.5.13) becomes

eiηi(g) = eiδi(g) +
∑

j �=i
eijη

(i,j)(g) for all 1 ≤ i ≤ n, g ∈ Gm1 .
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We may now apply lemma 5.10.1 to the sum
∑

j �=i eijη
(i,j)(g). We obtain that

for all g ∈ Gm1
(6.5.15)

N
n∑

i=1

γd,d−zi(g) = N
{ n∑

i=1

Kd,d−zi(ηi(g))
}

= N
{ n∑

i=1

Kd,d−zi(δi(g))
}

+ S(g)

where
(6.5.16)

S(g) = −
n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(d, zi))Kd−zi,d−zi−zj (t∆d,d−zi(η

(i,j)(g)))

and where

(6.5.17) N =
|O∗d−z1−z2 |
|A∗| .

Note that N = 1 unless n = 2 and d = z1 + z2.
As N is a unit of R, we have from (6.5.15)

(6.5.18)
n∑

i=1

γd,d−zi(g) =
n∑

i=1

Kd,d−zi(δi(g)) +
1
N
S(g).

As E2 is saturated we have f ∈ E2 \{d} for all divisors f ≥ 0 such that f < d.
From the expression (6.5.16) of S, and the compatibility of the K’s with the
transition homomorphisms t∆ (proposition 5.7.8(iii)), we obtain

(6.5.19) S(g) ∈ Γ (E2 − {d})S for all g ∈ Gm1 .

The form (6.5.5) of the equation (6.5.4) reads

δ =
∑

d′∈E1
d′ �≤c−z

γd′,d′−z1 +
∑

c′∈E2−{d}

∑

w∈Supp(c′)\Ĩ
γc′,c′−w +

n∑

i=1

γd,d−zi.

Hence by (6.5.18) we obtain for all g ∈ Gm1

δ(g) =
∑

d′∈E1
d′ �≤c−z

γd′,d′−z1(g) +
∑

c′∈E2−{d}

∑

w∈Supp(c′)\Ĩ
γc′,c′−w(g)+

n∑

i=1

Kd,d−zi(δi(g)) +
1
N
S(g)

where S(g) ∈ Γ (E2 − {d})S is given by (6.5.16).
We obtain

(6.5.20) δ(g)−
n∑

i=2

Kd,d−zi(δi(g)) = γ1(g) + γ2(g)
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where γ1, γ2 are given by, for all g ∈ Gm1 ,

γ1(g) =
∑

d′∈E1
d′ �≤c−z

γd′,d′−z1(g) +Kd,d−z1(δ1(g))

γ2(g) =
∑
c′∈E2−{d}

∑
w∈Supp(c′)\Ĩ γc′,c′−w(g) + 1

N S(g)

where
γ1(g) ∈ Γc,z(E1 ∪ {d}||∅)S for all g ∈ Gm1

and where
γ2(g) ∈ Γ (E2 − {d})S for all g ∈ Gm1 .

Hence we have that γ1 + γ2 is a cochain

γ1 + γ2 : Gm1 → Γc,z1(E1 ∪ {d}||E2 − {d})S.

As
eiδi : Gm1 → ∆d,S

is an m-coboundary for all i ≥ 2 and is an m-cocycle for i = 1, we have that

g �→
n∑

i=2

Kd,d−zi(δi(g))

is a m-coboundary in Cobm(G1, Γ (E2)S) as the maps Kd,d−zi are homomor-
phisms of ∆d-modules. As δ is a cocycle it follows from the equation (6.5.20),
that the cochain γ1 + γ2 is an m-cocycle. It also follows from the equation
(6.5.20) that the cohomology class h of δ ∈ Cocym(G1, Γc,z(E1||E2) is rep-
resented by this cocycle γ1 + γ2. That is to say, h lies in the image of the
homomorphism

Hm(G,Γc,z(E1 ∪ {d}||E2 \ {d})S)→ Hm(G,Γc,z(E1||E2)S). �

6.6 The main proposition

Proposition 6.6.3 below is the main result on the cohomology of the Heegner
module for a general R-algebra S. In the case when S is an artin local ring of
embedding dimension 1 (an infinitesimal trait), we obtain more precise results
in the next sections.
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(6.6.1) We assume throughout this section that

n is the image in R of the integer |B∗|/|A∗| and is assumed to be a
multiplicative unit of R;

S is an R-algebra;
c′ ≤ c are effective divisors on Spec A;
z is a prime divisor in the support of c where z �∈ Ĩ;
G is the galois group G(c/c− z).

(6.6.2) The transition homomorphism Hc−z,S → Hc,S induces homomor-
phisms of cohomology for all m ≥ 1

Hm−1(G,Hc−z,S) t−→Hm−1(G,Hc,S).

We write
Hm−1(G,Hc,S)

t(Hm−1(G,Hc−z,S))

for the cokernel of this homomorphism.
Let ΓR be the submodule of Γ≤c,R given by

ΓR =
⊕

c′≤c
c′ �≤c−z

Γc′,c′−z.

That ΓR is a direct sum of the modules Γc′,c′−z for all c′ ≤ c such that
c′ �≤ c− z follows from the inclusions

Γc′,c′−z ⊆ ∆c′,R ⊕∆c′−z,R ⊕∆c′−2z,R

for all c′. There is a projection homomorphism

π : ΓR → ∆≤c−z,R

obtained as a composite ΓR ↪→ ∆≤c,R → ∆≤c−z,R.

6.6.3. Proposition. There are natural surjective homomorphisms of
∆c−z,S-modules for all m ≥ 1

Ξ : ker{Hm(G,S)⊗RΓR Id⊗π→ Hm(G,S)⊗R∆≤c−z,R} →
Hm−1(G,Hc,S)

t(Hm−1(G,Hc−z,S))
.
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Proof of proposition 6.6.3. Let E be the subset of Div+(A) of divisors ≤ c.
By lemma 6.4.3 and lemma 6.2.15, for all integers m ≥ 1 we may construct a
commutative diagram with an exact row

Hm−1(G,Hc−z,S) t→ Hm−1(G,Hc,S) → Hm(G,Γ≤c,S)
f→ Hm(G,∆≤c,S)

i ↑ ↗ h
Hm(G,Γc,z(E)S)

where the vertical arrow i is a surjective homomorphism induced from the
inclusion Γc,z(E)S ⊆ Γ≤c,S (see notation 6.4.2(2)). Furthermore, for m = 1
the homomorphism t is an injection (by lemma 6.2.11).

Let H be the kernel of the homomorphism

f : Hm(G,Γ≤c,S)→ Hm(G,∆≤c,S).

This diagram provides a surjection

ker{h : Hm(G,Γc,z(E)S)→ Hm(G,∆≤c,S)} → H.

By lemma 6.6.4 below, we obtain an isomorphism of ∆c,R-modules

Γc,z(E)R ∼= Γ≤c−z ⊕ ΓR.

By corollary 5.9.6 and lemma 6.2.2(i), the modules Γ≤c−z and Γc′,c′−z are
finite flat R-modules for all c′; hence ΓR is a finite flat R-module. Hence we
have an isomorphism, as G acts trivially on Γ≤c−z and on Γc′,c′−z for all
c′ ≤ c,

Hm(G,Γc,z(E)S) ∼= Hm(G,S)⊗R
(
Γ≤c−z ⊕ ΓR

)
.

Furthermore, by lemma 6.2.14, we have isomorphisms of ∆c,S-modules

Hm(G,∆≤c,S) ∼= Hm(G,S)⊗R ∆≤c−z,R for all m ≥ 1.

Hence the kernel

ker{h : Hm(G,Γc,z(E)S)→ Hm(G,∆≤c,S)}

is isomorphic as a ∆c,S-module to the kernel of the homomorphism

Hm(G,S)⊗R
(
Γ≤c−z ⊕ ΓR)→ Hm(G,S)⊗R ∆≤c−z,R.

But
Hm(G,S)⊗R Γ≤c−z → Hm(G,S)⊗R ∆≤c−z,R

is an injection, as Γ≤c−z is a universalR-submodule of∆≤c−z,R (lemma 6.2.5).
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Hence the kernel of the homomorphism h is isomorphic to
⊕

c′≤c
c′ �≤c−z

ker{Hm(G,S)⊗R Γc′,c′−z → Hm(G,S)⊗R ∆≤c−z,R}.

The surjection ker(h) → H combined with the isomorphism of
∆c−z,S-modules, obtained from the above diagram,

H ∼=
Hm−1(G,Hc,S)

t(Hm−1(G,Hc−z,S))
, for m ≥ 1,

completes the proof. �

6.6.4. Lemma. Let E be the saturated set

E = {c′| c′ ≤ c, c′ ∈ Div+(A)}.

Then the natural map (see notation 6.4.2(2))

Γ≤c−z ⊕ ΓR → Γc,z(E)

is an isomorphism of ∆c,R-modules.

Proof of lemma 6.6.4. Evidently, Γc,z(E) is the sum of the ∆c,R-submodules
Γ≤c−z and Γc′,c′−z for all c′ such that c′ ≤ c, c′ �≤ c− z; the problem is to
show that this sum is direct.

By definition ΓR is the submodule of ∆≤c,R given by

ΓR =
⊕

c′≤c, c′ �≤c−z
Γc′,c′−z.

Let
pr : ∆≤c,R →

⊕

c′≤c, c′ �≤c−z
∆c′,R

be the projection homomorphism with kernel ∆≤c−z,R. The restriction of pr
to Γc′,c′−z induces an isomorphism Γc′,c′−z ∼= ec′,c′−z∆c′,R for all c′ ≤ c such
that c′ �≤ c − z, by lemma 6.2.2(i). Hence we may construct a commutative
diagram with an exact row and injective vertical inclusion maps

0 −→ ∆≤c−z,R −→ ∆≤c,R
pr−→

⊕

c′≤c, c′ �≤c−z
∆c′,R −→ 0

↑ ↑

ΓR
∼=−→

⊕

c′≤c, c′ �≤c−z
ec′,c′−z∆c′,R
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It follows from this diagram that

ΓR ∩∆≤c−z,R = 0.

Hence Γc,z(E) is a direct sum as in the statement of the lemma. �

6.7 The submodule Jc,z,S

In this section we define the submodule Jc,z,S of ∆c,S and determine its iso-
morphism class when S is an infinitesimal trait (theorem 6.7.16). The connec-
tion with the cohomology of the Heegner module is that if the groupHm(G,S)
is isomorphic to S then the map Ξ of proposition 6.6.3 concides with a sur-
jective homomorphism

Ξ : Jc,z,S →
Hm−1(G,Hc,S)

t(Hm−1(G,Hc−z,S))
.

This is considered further in the next sections §§6.9-6.11.

(6.7.1) We assume throughout this section that

S is an R-algebra;
n is the image in R of the integer |B∗|/|A∗| and is assumed

to be a multiplicative unit of R;
c is an effective divisor on Spec A;
z is a prime divisor in the support of c where z �∈ Ĩ.

Definition of Jc,z,S

(6.7.2) The R-module Γc,c−z = Kc,c−z(∆c,R) is a universal submodule of
∆≤c,R (by lemma 6.2.2(ii) and (6.2.1)). For any R-algebra S we then obtain
the two homomorphisms of ∆c,S-modules

Γc,c−z,S ↪→ ∆≤c,S
π→ ∆≤c−z,S

where π is the projection homomorphism onto the submodule ∆≤c−z,S of
∆≤c,S . The composite of these two homomorphisms is the homomorphism of
∆c,S-modules

πΓ : Γc,c−z,S → ∆≤c−z,S.
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6.7.3. Definition. Put

Jc,z,S = ker
(
πΓ : Γc,c−z,S → ∆≤c−z,S

)
.

Note that Jc,z,S , as a submodule of the graded module ∆≤c,S, has all its
components zero except for that in ∆c,S; hence Jc,z,S is a submodule of ∆c,S .

(6.7.4) By definition of Γc,c−z, the module Jc,z,S is ∆c,S-isomorphic to the
kernel of the ∆c,S-module homomorphism (see (5.3.5) et seq.)

(az − ε(c, z)) : ∆c−z,S → ∆≤c−z,S , δ �→ azδ − ε(c, z)δ.

Infinitesimal traits

6.7.5. Definition. (1) An infinitesimal traitM is an artin local ringM which
is a quotient of a discrete valuation ring.

This condition is equivalent to M being an artin local ring whose maximal
ideal is principal. For example, for any prime number l and any integer n ≥ 0
the ring Z/lnZ is an infinitesimal trait.
(2) A local parameter π of the infinitesimal trait M is an element π ∈ M
which generates the maximal ideal of M .
(3) Let π be a local parameter of the infinitesimal trait M . Let vM :M → N

be the map defined by vM (x) = n where n ≥ 0 is the greatest integer such
that x ∈ πnM . We put vM (0) = l, where l is the length of M as an artin
M -module.

The map vM is the valuation of the infinitesimal trait M .

(6.7.6) An n-dimensional character χ of a finite group G with values in the
infinitesimal trait M is a group homomorphism χ : G → GLn(M); this is
equivalent to an action of G on a free M -module of rank n.
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6.7.7. Proposition. Let M be an infinitesimal trait with local parameter
π. Let G be a finite group of order prime to the residue characteristic of M .
Then any character

χm : G→ GLn(M/πmM)

lifts to a character
χm+1 : G→ GLn(M/πm+1M)

and this lifting is unique up to conjugation by an element of GLn(M/πm+1M)
which is congruent to 1 modulo πm.

In particular, any character

χ : G→ GLn(M/πM)

lifts essentially uniquely to a character

χ� : G→ GLn(M).

[This result is Exercise 15.9 of [S2]. It is assumed there that M is a quo-
tient of a mixed characteristic discrete valuation ring; but this hypothesis is
superfluous for this proposition.] �

Notation

(6.7.8) Let M be a (commutative) ring and let V either be a module over M
or an endomorphism of M as an M -module. The annihilator of V is the ideal
of M

AnnM (V ) = {m ∈M | mV = 0}.

Note that if a ∈M and M is an infinitesimal trait with valuation v and local
parameter π, then we have AnnM (a) = πl−v(a)M , where l is the length of M
as an artin M -module.

(6.7.9) Let pi, i = 1, . . . ,m, (where m ≤ 2) be the prime ideals of the order
Oc−z of K lying over the prime ideal of A corresponding to z. Let [[pi]] denote
the divisor class (as in (4.6.2)) of Pic(Oc−z) defined by the fractionary ideal
pi of Oc−z when z is disjoint from the support of c− z.

Let P be the subgroup of Pic(Oc−z) generated by the classes [[pi]],
i = 1, . . . ,m; that is to say P is the subgroup of Pic(Oc−z) generated by
all prime divisors of Oc−z lying over z when z �∈ Supp(c− z).
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Characters of rank 1 of the group P

(6.7.10) Let P the group defined in (6.7.9). Suppose the R-algebra S is an
infinitesimal trait with local parameter π. Let L be an ideal of S. Let χ be a
rank 1 character of P with values in the R-algebra S/L that is to say χ is a
group homomorphism

χ : P → (S/L)∗

where (S/L)∗ denotes the group of units of S/L. Fix an isomorphism of ∆c,S-
modules

i : ∆c,S/L
∼−→AnnS(L)∆c,S .

Recall that tc,c−z : Pic(Oc)→ Pic(Oc−z) is the group homomorphism induced
from the inclusion of orders Oc ⊆ Oc−z (see (5.2.2)). Let P̃ be the subgroup
of Pic(Oc) given by

P̃ = t−1
c,c−z(P ).

From χ, we obtain a character χ̃ of P̃ via

χ̃ : P̃ → (S/L)∗, g �→ χ(tc,c−z(g)).

Let fχ be the element of ec,c−z∆c,S/L given by

fχ =
∑

g∈P̃
gχ̃(g).

Let Iχ be the ideal of the group algebra ∆c,S given by

Iχ = i(fχ∆c,S/L).

The ideal Iχ is independent of the choice of isomorphism
i : ∆c,S/L → AnnS(L)∆c,S and we have the inclusion

Iχ ⊆ AnnS(L)ec,c−z∆c,S .

In particular, Iχ is naturally a ∆c−z,S/L-module and hence a S
L [P ]-module.

(6.7.11) Let χ be a rank 1 character of P with values in the R-algebra S/L

χ : P → (S/L)∗.

The ideal Iχ, which is a ∆c−z,S/L-module, satisfies that for all g ∈ P we have

gIχ = χ−1(g)Iχ.

More precisely, it is easily checked that

Iχ = {x ∈ AnnS(L)ec,c−z∆c,S | gx = χ−1(g)x for all g ∈ P}.
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If S is a field, then Iχ is the χ−1-isotypical component of ec,c−z∆c,S ; that
is to say Iχ is the submodule of ec,c−z∆c,S on which P acts like the character
χ−1, which is the contragredient character to χ.

(6.7.12) If L′ is an ideal of S such that L′ ⊇ L then χ : P → (S/L)∗ defines a
character

ψ : P →
( S
L′
)∗
.

by composing χ with the surjective homomorphism (S/L)∗ → (S/L′)∗. It is
easily checked that

Iψ = [L : L′]Iχ

where [L : L′] is the conductor ideal

[L : L′] = {s ∈ S| sL′ ⊆ L}.

Representations of P(l)

(6.7.13) Let l be the characteristic of the residue field of the infinitesimal trait
S with local parameter π. Let P(l) be the l-primary subgroup of P , that is
to say the subgroup of elements whose orders are prime to l. If l = 0 then
P(l) = P .

(6.7.14) Let M be a S[P(l)]-module which is free as an S-module. Then
M ⊗S S/(π) is a direct sum of irreducible S/(π)[P(l)]-modules

M ⊗S S/(π) =
⊕

i

Ni.

This decomposition lifts to M (see [S2, Exercice 14.3])

M =
⊕

i

Mi

where the Mi are submodules of M and Mi/πMi is isomorphic to Ni. The
Mi are then indecomposable S[P(l)]-modules.

For any irreducible character χ : P(l) → GLn(S/(π)), let N(χ) be the
χ-isotypical component of M ⊗S S/(π). Then χ lifts essentially uniquely to
an indecomposable representation (proposition 6.7.7)

χ� : P(l) → GLn(S).
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LetM(χ) be the direct sum of the componentsMi ofM which are isomorphic
to the representation χ�. Then we have the decomposition

M =
⊕

χ

M(χ).

We call M(χ) the χ-isotypical component of M .

(6.7.15) Let Pl∞ denote the lth-power torsion subgroup of P . Then P decom-
poses as the direct product

P ∼= P(l) × Pl∞

and the algebra S[P ] decomposes as

S[P ] ∼= S[P(l)]⊗S S[Pl∞ ].

Then S[P(l)], as a module over itself, decomposes as

S[P(l)] ∼=
⊕

χ

S(χ)

where S(χ) is the χ-isotypical component of S[P(l)] and χ runs over all the
distinct irreducible representations of S/(π)[P(l)] over the field S/(π).

We obtain the decomposition of S[P ] as a module over itself

S[P ] ∼=
⊕

χ

S(χ)⊗S S[Pl∞ ].

We call S(χ)⊗S S[Pl∞ ] the χ-isotypical component of S[P ].
Similarly, if M is a finite free S[P ]-module we obtain a decomposition of

M as an S[P ]-module
M ∼=
⊕

χ

M(χ)

where M(χ) is the χ-isotypical component of M .
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The main theorem

6.7.16. Theorem. Suppose that the R-algebra S is an infinitesimal trait with
local parameter π and residue field of characteristic l ≥ 0. For an element
a ∈ R we write a ⊗ 1 for its image in S. Then the ∆c,S-submodule Jc,z,S of
∆c,S is given by the following table (the notation is the same as that of table
4.6.9):

(1) If z remains prime in K/F and is prime to c− z then Jc,z,S is:

AnnS(az ⊗ 1)ec,c−z∆c,S

(2) If z is ramified in K/F and is prime to c− z where m′z is the prime
ideal of Oc−z lying above the ideal mz of A defining z then Jc,z,S is:

IχL

where L is the smallest ideal of S for which there is a rank 1 character
χL : P → (S/L)∗ of P such that az ⊗ 1 ≡ χL([[m′z]]) (mod L).

(3) If z is split completely in K/F and is prime to c− z where
mzOc−z = p1p2 and p1, p2 are two distinct prime ideals of Oc−z
then Jc,z,S is:

⊕

χ

Ann∆(χ)(az ⊗ 1− [[p1]]−1 − [[p2]]−1)

where the sum runs over the irreducible characters
χ : P(l) → GLn(S/(π)) for all n of P(l) and where ∆(χ) is the χ-isotypical
component of ec,c−z∆c,S (see (6.7.15)).

(4) If z ∈ Supp(c− z) then Jc,z,S is:

AnnS(az ⊗ 1)ec,c−zIc,c−2z,S

where Ic,c−2z,S is the kernel of t∆c,c−2z : ∆c,S → ∆c−2z,S .

Table 6.7.16: Jc,z,S as a submodule of ∆c,S when S is an infinitesimal
trait
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Proof of theorem 6.7.16. By definition of Jc,z,S, we have the exact sequence
of ∆c,S-modules

0→ Jc,z,S → Γc,c−z,S → ∆≤c−z,S .
Hence we have an isomorphism of ∆c,S-modules

Jc,z,S ∼= {x ∈ ∆c−z,S | (az ⊗ 1− ε(c, z))(x) = 0}

where the homomorphisms ε(c, z) are defined in (5.3.5) and (5.3.6).
We now distinguish the 4 cases in the table 6.7.16.

(1) Suppose that z is inert in K/F and z �∈ Supp(c − z); then we have
(see (5.3.5))

ε(c, z) = 0.

As a submodule of ∆c,S we obtain

Jc,z,S = {ec,c−zδ | δ ∈ ∆c,S and (az ⊗ 1)ec,c−zδ = 0}.

Hence we have the equality of submodules of ∆c,S

Jc,z,S = AnnS(az ⊗ 1)ec,c−z∆c,S .

(2) Suppose that z is ramified in K/F and z �∈ Supp(c − z); then we have
(see (5.3.5))

ε(c, z) =< [[m′z ]]
−1, c− z >= [[m′z]]

−1.

Put
g = ε(c, z).

Then we have an equality of submodules of ∆c,S

Jc,z,S = {ec,c−zδ | δ ∈ ∆c,S and (az ⊗ 1− g)t∆c,c−z(δ) = 0}.

Let P be the subgroup of Pic(Oc−z) generated by g, as in (6.7.9).
Let L be an ideal of S and let

χ : P → (S/L)∗

be a rank 1 character of P with values in S/L. From (6.7.11), we have that

Iχ = {x ∈ AnnS(L)ec,c−z∆c,S | hx = χ−1(h)x for all h ∈ P}.

As P is generated by g, it follows that

Iχ ⊆ Jc,z,S
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whenever χ satisfies
az ⊗ 1 ≡ χ(g)−1 (mod L).

We obtain the inclusion of submodules of ∆c,S

(6.7.17) Jc,z,S ⊇
∑

L

IχL

where the sum
∑

L runs over all ideals L of S for which there is a character
χL : P → (S/L)∗ of P such that

az ⊗ 1 ≡ χL([[m′z]]) (mod L).

Note that if such a character χ exists, it is uniquely determined by the ideal
L.

Let j be an element of Jc,z,S. Let L be the ideal of S given by

L = {s ∈ S | sj = 0}

which is the annihilator of j. Then S/L acts on the S-submodule Sj of Jc,z,S
generated by j. Furthermore, as j ∈ Jc,z,S we have

gt∆c,c−z(j) = (az ⊗ 1)t∆c,c−z(j).

As g generates the group P we may define a character

φ : P → (S/L)∗

via
g−1 �→ az ⊗ 1 (mod L).

As the group P acts on Jc,z,S and j ∈ Jc,z,S, we have for all h ∈ P

hj = φ(h)−1j.

We then have that j ∈ Iφ (see (6.7.10)). As j is any element of Jc,z,S, this
shows that the inclusion (6.7.17) stated in the previous paragraph is an equal-
ity of submodules of ∆c,S

Jc,z,S =
∑

L

IχL

where the sum
∑

L runs over all ideals L of S for which there is a character
χL : P → (S/L)∗ of P such that

az ⊗ 1 ≡ χL([[m′z]]) (mod L).

As S is an infinitesimal trait, there is a smallest ideal L0 of S such that the
order of az ⊗ 1 in (S/L0)∗ divides the order of g in Pic(Oc−z). Then we have

Jc,z,S = Iχ0
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where
χ0 : P → (S/L0)∗

is the character defined via

g−1 �→ az ⊗ 1 (mod L0).

(3) Suppose that z is split completely in K/F and z �∈ Supp(c − z); then we
have (see (5.3.5))

ε(c, z) =< [[p1]]−1, c− z > + < [[p2]]−1, c− z > .

Put
g =< [[p1]]−1, c− z >
h =< [[p2]]−1, c− z > .

Thus P is the subgroup of Pic(Oc−z) generated by g and h, as in (6.7.9). Then
we have an equality of submodules of ∆c,S

(6.7.18) Jc,z,S = {ec,c−zδ | δ ∈ ∆c,S and (az ⊗ 1− g − h)t∆c,c−z(δ) = 0}.

Let l be the characteristic of the residue field of S. Let P(l) be the l-primary
subgroup of P (as in (6.7.13)).

We may identify the modules ec,c−e∆c,S and ∆c−z,S , which are isomorphic
as ∆c,S-modules; in particular the group P acts on ec,c−e∆c,S . As ec,c−z∆c,S
is a finite free S[P ]-module, we have a decomposition of S[P ]-modules where
∆χ is the χ-isotypical component of ec,c−z∆c,S (see (6.7.15))

ec,c−z∆c,S ∼=
⊕

χ

∆(χ)

and where χ : P(l) → GLn(S/(π)) runs over the distinct irreducible represen-
tations of P(l) over S/(π).

We obtain from (6.7.18) the decomposition

Jc,z,S =
⊕

χ

Ann∆(χ)(az ⊗ 1− g − h)

where the sum runs over all distinct irreducible characters
χ : P(l) → GLn(S/(π)) of P(l).

(4) Suppose that z ∈ Supp(c− z); then we have (see (5.3.5))

ε(c, z) = t∆c−z,c−2z.
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Hence we have an equality of ∆c,S-submodules

Jc,z,S = {ec,c−zδ | δ ∈ ∆c,S , (az ⊗ 1)t∆c,c−z(δ) = 0, and t∆c,c−2z(δ) = 0}.

As the ∆c,S-modules ∆c−z,S and ec,c−z∆c,S are isomorphic, we then obtain
the equality of submodules of ∆c,S

Jc,z,S = AnnS(az ⊗ 1)ec,c−zIc,c−2z,S .

where Ic,c−2z,S is the kernel of the homomomorphism t∆c,c−2z,S. �

6.7.19. Corollary. Suppose that the R-algebra S is a field of characteristic
l ≥ 0. Then the ∆c,S-submodule Jc,z,S of ∆c,S is given by the left column in
the following table (the notation is that of table 6.7.16):

(1) If z remains prime in K/F and is prime to c− z then Jc,z,S is:

ec,c−z∆c,S if az ⊗ 1 = 0;

0 if az ⊗ 1 �= 0.
(2) If z is ramified in K/F and is prime to c− z and m′z is the prime
ideal of Oc−z lying above the ideal mz of A defining z then Jc,z,S is:

Iχ where χ : P → S∗ is a rank 1 character such that
az ⊗ 1 = χ([[m′z]]);

0 if no such character exists.
(3) If z splits completely in K/F and is prime to c− z where mzOc−z
= p1p2 and p1, p2 are distinct prime ideals of Oc−z, and h : P → P(l)

is the projection homomorphism with kernel Pl∞ then Jc,z,S is:

⊕
χAnn∆(χ)(az ⊗ 1− [[p1]]−1 − [[p2]]−1) where χ runs over

all irreducible representations χ : P(l) → GLn(S)
such that az ⊗ 1 = χ(h([[p1]])−1) + χ(h([[p2]])−1)
and where ∆(χ) is the χ -isotypical
component of ec,c−z∆c,S ;

0 if no such character χ exists.
(4) If z ∈ Supp(c− z) then Jc,z,S is:

Ic,c−2z,Sec,c−z∆c,S if az ⊗ 1 = 0 in S;

0 if az ⊗ 1 �= 0 in S.

Table 6.7.19: Jc,z,S as a submodule of ∆c,S when S is a field
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Proof. We consider the 4 cases of the table above.
(1), (2), and (4). These cases follow immediately from theorem 6.7.16.
(3) The module ec,c−z∆c,S is a direct sum of the χ-isotypical components
∆(χ) (see (6.7.15) where χ runs over the irreducible representations of P(l).
As P(l) is an abelian group of order prime to the characteristic of the field
S, an irreducible representation χ of P(l) over S is a finite separable field
extension S(χ) of the field S. Hence ∆(χ) is a finite free S(χ)[Pl∞ ]-module
(see (6.7.15)). Hence the annihilator

Ann∆(χ)(az ⊗ 1− [[p1]]−1 + [[p2]]−1)

is non-zero only if the element

az ⊗ 1− χ(h([[p1]]−1))− χ(h([[p2]]−1))

of the field S(χ) is equal to zero, where h : P → P(l) is the projection homo-
morphism with kernel Pl∞ . This case now follows from theorem 6.7.16.�

6.7.20. Corollary. Let S → S′ be a homomorphism of R-algebras where
S, S′ are infinitesimal traits with residue characteristic l. Assume further that
if z is split completely in K/F and z is prime to c− z then the group P has
order prime to l. Then there is an isomorphism of ∆c,S′ -modules

Jc,z,S′ ∼= Jc,z,S ⊗S S′.

Proof. For any infinitesimal trait U and any element u ∈ U , there is an
isomorphism of U -modules

AnnU (u) ∼=
U

uU
.

It follows immediately from theorem 6.7.16 that if z satisfies one of the con-
ditions (1), (2), or (4) of the table 6.7.16 then there is an isomorphism of
∆c,S′-modules Jc,z,S′ ∼= Jc,z,S ⊗S S′.

Suppose that case (3) of the table 6.7.16 holds that is to say z is split
completely in K/F and z is prime to c− z. By hypothesis, P has order prime
to l. Let π be a local parameter of S. Let a ∈ S[P ] be the element

a = az ⊗ 1− [[p1]]−1 − [[p2]]−1.

By definition 6.7.3, the module Jc,z,S is ∆c,S-isomorphic to

Ann∆c−z,S (a).
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The algebra S[P ] is finite and étale over S. Hence S[P ] is a direct product

S[P ] =
m∏

i=1

Si

where Si is an infinitesimal trait with local parameter π for all i. The al-
gebra S[P ] ⊗S S′ is a finite étale S′-algebra and hence is a direct product
of a finite number of infinitesimal traits. Hence there is an isomorphism of
S[P ]⊗S S′-modules

AnnS[P ](a)⊗S S′ ∼= AnnS[P ]⊗SS′(a⊗ 1)

where a⊗ 1 is the image of a in S[P ]⊗S S′.
The algebra ∆c−z,S is a finite free S[P ]-algebra and we have an isomor-

phism of ∆c,S-modules, where ∆c,S acts on the second factor of the tensor
product,

Jc,z,S ∼= Ann∆c−z,S (a) ∼= AnnS[P ](a)⊗S[P ] ∆c−z,S .

It follows that we have an isomorphism of ∆c,S′ -modules

Jc,z,S′ ∼= Jc,z,S ⊗S S′. �

6.7.21 Lemma. Let S → S′ be a homomorphism of infinitesimal traits. Let
f :M → N be a homomorphism of free S-modules of finite type. Then there
is an isomorphism of S′-modules

ker{f ⊗ IdS′ :M ⊗S S′ → N ⊗S S′} ∼= ker{f :M → N} ⊗S S′.

Proof of lemma 6.7.21. The image f(M) of f is an S-module of finite type and
hence, as S is a quotient of a discrete valuation ring, there is an isomorphism
of S-modules

f(M) ∼=
r⊕

i=1

Ci

where Ci is a non-zero cyclic S-submodule of f(M) for all i. Let vi ∈ f(M)
be a generator of Ci for all i = 1, . . . , r.

Select elements m1, . . . ,mr ∈ M such that f(mi) = vi for all i. Let κ
be the residue field of S. Then f induces a homomophism of κ-vector spaces
M ⊗S κ→ f(M)⊗S κ and the images of v1, . . . , vr form a basis of f(M)⊗S κ.
Hence the images ofm1, . . . ,mr inM⊗Sκ are linearly independent. Hence we
may find elements mr+1, . . . ,ms ∈ M such that the images of m1, . . . ,ms in
M ⊗S κ form a basis of M ⊗S κ. Nakayama’s lemma implies that m1, . . . ,ms

generate M as an S-module. As M is a free S-module and the images of
m1, . . . ,ms inM⊗S κ form a basis ofM⊗S κ, it follows that m1, . . . ,ms form
a free basis of the S-module M .
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Let M1 be the submodule of M generated by m1, . . . ,mr. As f(M) =
f(M1), it follows that for all i = r+ 1, . . . , s there are elements ni ∈M1 such
that f(mi−ni) = 0. The elements m1, . . . ,mr,mr+1−nr+1, . . . ,ms−ns then
form a free basis of M where f(mi−ni) = 0 for all i = r+1, . . . , s; write this
basis as m′1, . . . ,m

′
s. There is then a free basis u1, . . . , ut of N over S such

that
f(m′i) = πniui, i = 1, . . . , r.

We obtain that f :M → N is given by

f(m′i) = πniui, i = 1, . . . , r, and f(m′i) = 0 for i = r + 1, . . . s.

Hence we have

ker(f) =
( r⊕

i=1

AnnS(πni)
)
⊕M2

where M2 is the submodule of M generated by m′r+1, . . . ,m
′
s. Furthermore

we have that f ⊗S 1S′ :M ⊗S S′ → N ⊗S S′ has kernel equal to

ker(f ⊗S 1S′) =
( r⊕

i=1

AnnS′(πni)
)
⊕ (M2 ⊗S S′)

∼=
( r⊕

i=1

S′

πniS′

)
⊕ (M2 ⊗S S′)

∼=
( r⊕

i=1

S

πniS

)
⊗S S′ ⊕ (M2 ⊗S S′) ∼= ker(f)⊗S S′

as required.�

6.7.22. Proposition. Suppose that the R-algebra S is an infinitesimal trait
with local parameter π. Write Jm for Jc,z,S/(πm). For integers 0 ≤ l ≤ m there
is an isomorphism of ∆c,S-modules

Jl ∼= (Jm)πl

and an isomorphism of S-modules

Jl ∼= Jm ⊗ S/(πl).

6.7.23. Remark. The ∆c,S-modules Jl and Jm ⊗S S/(πl) need not be isomor-
phic although they are S-isomorphic modules (see example 6.7.24 below).
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Proof of proposition 6.7.22. We have the commutative diagram of ∆c,S-
modules with exact columns

∆≤c−z,S/(πl)
∼=−→ πm−l∆≤c−z,S/(πm) ↪→ ∆≤c−z,S/(πm)

↑ ↑ ↑
Γc,c−z,S/(πl)

∼=−→ πm−lΓc,c−z,S/(πm) ↪→ Γc,c−z,S/(πm)

↑ ↑
Jl Jm
↑ ↑
0 0

It follows from this, as Γc,c−z,S is a finite free S-module (lemma 6.2.2(i)), that
we have an isomorphism of ∆c,S-modules

Jl ∼= {j ∈ Jm| πlj = 0}

which proves the first part of the lemma.
The S/(πm)-modules

Γc,c−z,S/(πm), ∆≤c−z,S/(πm)

are finite and free (lemma 6.2.2(i)). Let

πΓ : Γc,c−z,S/(πm) → ∆≤c−z,S/(πm)

be the projection homomorphism (see (6.7.2)). From the previous lemma
(lemma 6.7.21) we obtain an isomorphism of S-modules

ker(πΓ ⊗S IdS/(πl)) ∼= ker(πΓ )⊗S S/(πl).

As Jl is isomorphic to
ker(πΓ ⊗S IdS/(πl))

and Jm ⊗S S/(πl) is isomorphic to

ker(πΓ )⊗S S/(πl),

we obtain the isomorphism of S-modules

Jl ∼= Jm ⊗S S/(πl)

as required.�
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An example where Jc,z,S ⊗ κ and Jc,z,κ are not isomorphic

The base change property of Jc,z,S given by corollary 6.7.20 fails to hold in
case (3) of table 6.7.16 if the order of the group P is not prime to the residue
characteristic of the infinitesimal trait S. An example of this is given below.

6.7.24. Example. In case (3) of table 6.7.16, put g = [[p1]]−1, h = [[p2]]−1.
Assume that

(1) the group P is isomorphic to F2 × F2;
(2) S is an infinitesimal trait with residue field κ of characteristic 2;
(3) az ⊗ 1 = 2 and 4 �= 0 in S.

Then there are isomorphisms of ∆c,S-modules

Jc,z,S ⊗S κ ∼= κ[Pic(Oc−z)/P ]⊕ κ[Pic(Oc−z)/P ]

Jc,z,κ ∼= ((g + h)κ[P ])⊗κ[P ] ∆c−z,κ.

In particular, Jc,z,S ⊗S κ and Jc,z,κ are not isomorphic ∆c,S-modules, as P
acts trivially on Jc,z,S ⊗S κ but not on Jc,z,κ.

Proof of example 6.7.24. For the proof of this example, which takes several
steps, we have an isomorphism of S-algebras, where g, h are the images in
S[P ] of x, y respectively,

S[P ] ∼= S[x, y]/(x2 − 1, y2 − 1).

Here S[x, y] is a free polynomial algebra in x, y over S. The elements g =
[[p1]]−1, h = [[p2]]−1 both have order 2 and generate P . Let π be a local
parameter of S.

Step 1. There is an isomorphism of ∆c,S-modules

Jc,z,S ∼= AnnS[P ](2 − g − h)⊗S[P ] ∆c−z,S

where the sum runs over a set of coset representatives of P in Pic(Oc−z).
The module Jc,z,S is ∆c,S-isomorphic to the submodule of ∆c−z,S given

by (theorem 6.7.16)
Ann∆c−z,S(2− g − h).

As the module ∆c−z,S is a finite free S[P ]-module the result follows immedi-
ately.



6.7 The submodule Jc,z,S 261

Step 2. Let C be the cyclic subgroup of P generated by g and let S[C] ⊂ S[P ]
be the corresponding group subalgebra of S[P ]. Let q ∈ AnnS[P ](2 − g − h).
Then for some element w ∈ S[C] we have

q = (g − h− 2)w

and
4(g − 1)w = 0.

Put L = 2 − x − y ∈ S[x, y]. We select any lifting Q ∈ S[x, y] of q. Then
we have

LQ = (x2 − 1)w0(x, y) + (y2 − 1)w1(x, y)

where w0, w1 are elements of S[x, y]. As

S[x, y] =
∞⊕

n=0

LnS[x]

we may expand the polynomials wi in powers of L with coefficients in S[x]. We
may therefore select a lifting Q in S[x, y] of q such that we have the equation
in the algebra S[x, y]

LQ = (x2 − 1)u(x) + (y2 − 1)v(x).

where u = u(x), v = v(x) are elements of S[x].
We may write this equation as

LQ = (x2 − 1)u+ ((2 − x− L)2 − 1)v

= (x2 − 1)u+ ((2 − x)2 − 1)v + L(L+ 2x− 4)v.

As S[x, L] = S[x] ⊕ LS[x, L], we may here equate of powers of L and obtain
the equation in the algebra S[x]

0 = (x2 − 1)u+ ((2 − x)2 − 1)v

= (x2 − 1)(u+ v) + 4(1− x)v
and the equation in S[x, y]

LQ = L(L+ 2x− 4)v.

As L = (2− x− y) is not a zero divisor in S[x, y], we obtain

Q = (x− y − 2)v.

We then take w to be the image of v in S[C] as required.
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Step 3. We have the equality of S-submodules of S[P ]

AnnS[P ](2 − g − h) = (h+ 1)(g + 1)S ⊕M

where
M = (h+ 2− g)AnnS(4).

Let q ∈ AnnS[P ](2− g − h). By Step 2 above, there is a lifting Q ∈ S[x, y]
of q and elements u, v ∈ S[x] such that

(6.7.25) Q = (x − y − 2)v and 4(x− 1)v + (x2 − 1)u = 0.

The second equation of (6.7.25) may be written

(x− 1)(x+ 1)u = −4(x− 1)v.

As (x− 1) is not a zero divisor of the ring S[x] we obtain the equation

(x+ 1)u = −4v.

The element v satisfies this equation if and only if v is an element of the ideal
of S[x] given by

(x+ 1)S[x] + AnnS(4)S[x].

As Q = (x − y − 2)v, we obtain that Q is an element of the ideal of S[x, y]
given by

(y + 2− x)((x + 1)S[x, y] + AnnS(4)S[x, y]).

That is to say, as q is any element of AnnS[P ](2− g − h), we have

AnnS[P ](2− g − h) = (h+ 2− g)((g + 1)S[P ] + AnnS(4)S[P ]).

We have in S[P ] the equations

(6.7.26) (g + 1)(h+ 2− g) = (h+ 1)(g + 1)

(h+ 1)(h+ 2− g) = 4(1 + h)− (h+ 1)(g + 1).

From the decomposition of S[P ] as a sum of S-modules

S[P ] = S ⊕ S(g + 1)⊕ S(h+ 1)⊕ S(g + 1)(h+ 1)

we obtain the decomposition into S-submodules of S[P ]

(h+ 2− g)AnnS(4)S[P ] = (h+ 1)(g + 1)AnnS(4)⊕M

where
M = (h+ 2− g)AnnS(4).
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We obtain the decomposition of the S[P ]-module AnnS[P ](2−g−h) as a sum
of S-modules, as required,

AnnS[P ](2− g − h) = (h+ 1)(g + 1)S ⊕M.

Step 4. There is an isomorphism of ∆c,S-modules

Jc,z,κ ∼=
{

(h+ g)κ[P ]
}
⊗κ[P ] ∆c−z,κ.

For we have an isomorphism of ∆c,S-modules, by Steps 1 and 3,

Jc,z,S ∼=
{

(h+ 1)(g + 1)S[P ] + (h+ 2− g)AnnS(4)S[P ]
}
⊗S[P ] ∆c−z,S.

Hence we obtain isomorphisms of ∆c,S-modules, as the residue field κ has
characteristic 2,

Jc,z,κ ∼=
{

(h+ g)κ[P ]
}
⊗κ[P ] ∆c−z,κ

as required.

Step 5. If 4 �= 0 in S then we have an isomorphism of ∆c,S-modules

Jc,z,S ⊗S κ ∼= κ[Pic(Oc−z)/P ]⊕ κ[Pic(Oc−z)/P ].

We obtain from Step 3 the decomposition of the S[P ]-module AnnS[P ](2−
g − h) as a sum of S-modules

AnnS[P ](2 − g − h) = (h+ 1)(g + 1)S ⊕M

where
M = (h+ 2− g)AnnS(4).

It follows from the equations (6.7.26) that provided 4 �= 0 in S, and hence
AnnS(4) is contained in the maximal ideal πS, we have that g, h act on M
such that

(g + 1)M ⊆ (h+ 1)(g + 1)πS

and
(h+ 1)M ⊆ (h+ 1)(g + 1)πS.

It follows that provided 4 �= 0 in S, we have
{
(h+ 1)(g + 1)S ⊕M

}
⊗S κ = (h+ 1)(g + 1)κ⊕ (M ⊗S κ)
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is a κ[P ]-module on which P acts trivially on both components (h+1)(g+1)κ
and M ⊗S κ as κ has characteristic 2. We obtain that

AnnS[P ](2− g − h)⊗S κ

is isomorphic as a κ[P ]-module to κ⊕ κ on which the group P acts trivially.
From Step 1, we obtain isomorphisms of ∆c,S-modules provided 4 �= 0 in

S
Jc,z,S ⊗S κ = AnnS[P ](2 − g − h)⊗S[P ] ∆c−z,S ⊗S κ

∼=
{
κ⊕ κ
}
⊗κ[P ] ∆c−z,κ

∼= κ[Pic(Oc−z)/P ]⊕ κ[Pic(Oc−z)/P ].

From this and Step 4, provided 4 �= 0 in S we have that Jc,z,S ⊗S κ and Jc,z,κ
are not isomorphic ∆c,S-modules.�

The case (3) of table 6.7.16 when S is an infinitesimal trait

In view of the previous example 6.7.24, we consider further this case where
the order of P is not prime to the residue characteristic of S.

(6.7.27) Assume that case (3) of table 6.7.16 holds; that is to say z splits
completely in K/F and is prime to Supp(c − z). Let P be the subgroup of
Pic(Oc−z) generated by [[p1]] and [[p2]].

(6.7.28) As in (6.7.15), the group P decomposes as a direct product

P ∼= P(l) × Pl∞

where P(l) is the p-primary subgroup of P and Pl∞ is the Sylow l-subgroup
of P . The algebra S[P ] decomposes as

S[P ] ∼= S[P(l)]⊗S S[Pl∞ ].

Then S[P(l)], as a module over itself, decomposes as (see (6.7.15))

S[P(l)] ∼=
⊕

χ

S(χ)

where S(χ) is the χ-isotypical component of S[P(l)] and χ runs over all the
distinct irreducible representations of S/(π)[P(l)] over the field κ = S/(π).

The module S[P(l)] is a finite étale S-algebra where S is an infinitesimal
trait. Hence the decomposition S[P(l)] ∼=

⊕
χ S(χ) is also the decomposition

of the algebra S[P(l)] as a product of étale local S-algebras S(χ). Each S(χ)
is an infinitesimal trait with local parameter π and with residue field which is
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a finite separable extension κ(χ) of κ. The irreducible representation χ over
κ is then a group homomorphism

χ : P(l) → κ(χ)∗.

We obtain the decomposition of S[P ] as a module over itself

(6.7.29) S[P ] ∼=
⊕

χ

S(χ)[Pl∞ ]

where S(χ)[Pl∞ ] is the χ-isotypical component of S[P ].

(6.7.30) We write
g = [[p1]]−1, h = [[p2]]−1.

Let (gl, g(l)), (hl, h(l)) be the components of g, h, respectively, under the de-
composition P ∼= Pl∞ × P(l), where gl, hl ∈ Pl∞ and g(l), h(l) ∈ P(l). . Let lr

be the order of gl in Pl∞ and let lt be the order of hl in Pl∞ . The group Pl∞
then lies in an exact sequence of finite abelian groups

(6.7.31)
0 → V → Z

lrZ ×
Z
ltZ → Pl∞ → 0

(1, 0) �→ gl
(0, 1) �→ hl.

6.7.32. Lemma. The group V is cyclic.

Proof of lemma 6.7.32. Suppose that this is not true and that the l-group V
is not cyclic.

Let Fl be the finite prime field with l elements. We apply Hom(Fl,−),
which is a left exact functor on the category of finite abelian groups, to the
above exact sequence (6.7.31) defining the group V . We obtain the exact
sequence of vector spaces over Fl

0→ Hom(Fl, V )→ Hom(Fl,
Z

lrZ
× Z

ltZ
)→ Hom(Fl, P ).

As V is not cyclic we have that Hom(Fl, V ) is 2-dimensional vector space over
Fl. Hence Hom(Fl, Z

lrZ ×
Z
ltZ) is also 2-dimensional and the map

Hom(Fl, V )→ Hom(Fl,
Z

lrZ
× Z

ltZ
)

is an isomorphism. It follows that both r and t are ≥ 1 and the map
Hom(Fl, Z

lrZ ×
Z
ltZ) → Hom(Fl, P ) is zero. Therefore gl and hl have orders

lr−1 and lt−1 in P , respectively, which is a contradiction. �
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(6.7.33) By the previous lemma 6.7.32, the group Pl∞ has a presentation of
the form

gl
r

l = 1, hl
t

l = 1, gl
c

l = hl
d

l , glhl = hlgl.

Furthermore, we have r − c = t− d as gl
c

l has the same order as the element
hl
d

l .
Let S(χ)[x, y] denote the free polynomial algebra over S(χ) in the variables

x, y. The algebra S(χ)[Pl∞ ] is then S(χ)-isomorphic to the algebra

S(χ)[x, y]/(xl
r − 1, yl

t − 1, xl
c − yld)

where the integers r, t, c, d are independent of χ and depend only on the
l-Sylow subgroup of P .

(6.7.34) The group P acts on the algebra T = S(χ)[Pl∞ ] as follows. Let 1T
be the multiplicative identity of S(χ)[Pl∞ ]. The elements g = (gl, g(l)), h =
(hl, h(l)) generate P . Let χ� : P(l) → S(χ)∗ be the homomorphism which is
the unique lifting of the homomorphism χ : P(l) → κ(χ)∗ (proposition 6.7.7
and Hensel’s lemma). As we have the decomposition P ∼= Pl∞ × P(l) we may
extend χ� to a group homomorphism, denoted by the same symbol,

χ� : P → S(χ)∗

whose kernel contains Pl∞ . The elements g, h then act on S(χ)[Pl∞ ] as

g.1T = χ�(g)gl, h.1T = χ�(h)hl.

(6.7.35) The module ∆c−z,S is a finite free S[P ]-module and Jc,z,S is isomor-
phic to the submodule of ∆c−z,S given by

Jc,z,S ∼= Ann∆c−z,S(az ⊗ 1− g − h).

We have the decomposition of ∆c−z,S-modules

∆c−z,S ∼=
⊕

χ

∆(χ)

where χ runs over all irreducible representations of P(l) over κ and where∆(χ)
is the χ-isotypical component of ∆c−z,S.

We have, as ∆c−z,S ∼=
⊕

χ∆(χ),

Ann∆c−z,S (az ⊗ 1− g − h) =
⊕

χ

Ann∆(χ)(az ⊗ 1− g − h)

=
⊕

χ

⊕

w∈Pic(Oc−z)/P

wAnnS(χ)[Pl∞ ](az ⊗ 1− g − h)
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where w runs over a set of coset representatives of P in Pic(Oc−z).

(6.7.36) The element az ⊗ 1− g − h may be written as

az ⊗ 1− χ�(g)− χ�(h)− (g − χ�(g))− (h− χ�(h)).

As g − χ�(g), h− χ�(h) act nilpotently on ∆(χ) it follows that az ⊗ 1− g − h
is an invertible endomorphism of ∆(χ) if and only if

az ⊗ 1− χ�(g)− χ�(h)

is an invertible element of S(χ).
As the action of g, h on S(χ)[Pl∞ ] is given in (6.7.34), we obtain

AnnS(χ)[Pl∞ ](az ⊗ 1− g − h) = AnnS(χ)[Pl∞ ](az ⊗ 1− glχ�(g)− hlχ�(h)).

6.7.37. Proposition. We write

g = [[p1]]−1, h = [[p2]]−1.

Let Cl be the subgroup of Pl∞ generated by gl. Let S(χ)[Cl] be the corre-
sponding subalgebra of S(χ)[Pl∞ ]. Put

γ = azχ�(h−1)− glχ�(gh−1).

The module AnnS(χ)[Pl∞ ](az ⊗ 1 − g − h) is the submodule of elements
q ∈ S(χ)[Pl∞ ] such that

(6.7.38) q = −
{ l

t−1∑

i=0

hl
t−i−1
l γi

}
u1 +
{ l

d−1∑

j=0

γl
d−j−1hjl

}
u2

where the polynomials u1, u2 ∈ S(χ)[Cl] satisfy the equation in the algebra
S(χ)[Cl]

(6.7.39) 0 =
{
γl
t − 1
}
u1 +
{
gl
c

l − γl
d}
u2.

Proof of proposition 6.7.37. By (6.7.36) we have

AnnS(χ)[Pl∞ ](az ⊗ 1− g − h) = AnnS(χ)[Pl∞ ](az ⊗ 1− glχ�(g)− hlχ�(h)).

Let q ∈ AnnS(χ)[Pl∞ ](az⊗1−glχ�(g)−hlχ�(h)).We select a lifting, denoted
by Q, of q to S(χ)[x, y]. Then we have

(az ⊗ 1− xχ�(g)− yχ�(h))Q = (xl
r − 1)w0 + (yl

t − 1)w1 + (xl
c − yld)w2
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where w0, w1, w2 are elements of S(χ)[x, y]. As both χ�(g) and χ�(h) are in-
vertible elements of S(χ), we may expand the polynomials wi in powers of

L = (az ⊗ 1− xχ�(g)− yχ�(h))

with coefficients in S(χ)[x] namely

wi(x, y) = wi,0(x) +
∑

j≥1

wi,j(x)Lj , for i = 0, 1, 2,

where wi,j ∈ S(χ)[x] for all i, j. Substituting this in the equation for Q we
obtain the equation

L(Q−Q1) = (xl
r − 1)w0,0(x) + (yl

t − 1)w1,0(x) + (xl
c − yld)w2,0(x)

where

Q1 =
∑

j≥1

{
(xl

r − 1)w0,j(x) + (yl
t − 1)w1,j(x) + (xl

c − yld)w2,j(x)
}
Lj−1.

In particular Q1 has image equal to zero in S(χ)[Pl∞ ]. We may replace then
Q by Q−Q1 and we have

(6.7.40) LQ(x, y) = (xl
r − 1)w0,0(x) + (yl

t − 1)w1,0(x) + (xl
c − yld)w2,0(x).

This equation holds in the free algebra S(χ)[x, y]. We may then put

y = azχ�(h−1)− xχ�(gh−1)

and we obtain the equation

(6.7.41) 0 = (xl
r

− 1)w0,0(x) + (δl
t

− 1)w1,0(x) + (xl
c

− δl
d

)w2,0(x)

where
δ = azχ�(h−1)− xχ�(gh−1).

We use this to eliminate the term (xl
r − 1)w0,0(x) in the equation (6.7.40) for

Q and we obtain

LQ(x, y) = (yl
t − δlt)w1,0(x) + (δl

d − yld)w2,0(x).

The right hand side of this equation clearly has

L = (az ⊗ 1− xχ�(g)− yχ�(h)) = χ�(h)(δ − y)

as a factor. The element L is non zero divisor on S(χ)[x, y]; hence we may
divide both sides of this equation by L. Let u1, u2 ∈ S(χ)[Cl] be the images of
the elements χ�(h−1)w1,0, χ

�(h−1)w2,0 ∈ S(χ)[x] respectively where χ�(h−1)
is a unit of S(χ). Let γ ∈ S(χ)[Cl] be the image of δ in S(χ)[Cl]. This gives
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the required form (6.7.38) of q subject to wi,0, i = 0, 1, 2, satisfying the equa-
tion (6.7.41). The image of the equation (6.7.41) multiplied by χ�(h−1) in
S(χ)[Pl∞ ] is precisely the equation (6.7.39) �

The case (3) of table 6.7.16 when S is a field

(6.7.42) Assume that S is field of characteristic l ≥ 0.
As in (6.7.28), let

χ : P(l) → S(χ)∗

be an irreducible representation of P(l) given by the finite separable field
extension S(χ) of S. Let

χ� : P → S(χ)∗

be the unique extension of χ to P where the kernel of χ� contains Pl∞ .

6.7.43. Proposition. Under the hypotheses and notation of proposition
6.7.37, assume that S is a field and that

az ⊗ 1 = χ�([[p1]]−1) + χ�([[p2]]−1).

Assume that r ≥ t. Then the module AnnS(χ)[Pl∞ ](az⊗1− [[p1]]−1− [[p2]]−1)
is equal to the ideal < qχ1 , q

χ
2 > S(χ)[Pl∞ ] generated by the two elements

qχ1 , q
χ
2 ∈ S(χ)[Pl∞ ] of the form

qχ1 = X lr−lt(X + Y )l
t−1

qχ2 = −(X + Y )l
t−1(X lc−ld + 1) + (X + Y )l

d−1X lt−ld

where
X = χ�([[p1]]−1)(gl − 1), Y = χ�([[p2]]−1)(hl − 1).

Proof. We write
g = [[p1]]−1, h = [[p2]]−1.

As usual gl, hl denote the components of g, h in Pl∞ . From (6.7.33), we have
an isomorphism of S-algebras

S(χ)[Pl∞ ] ∼= S(χ)[x, y]/(xl
r − 1, yl

t − 1, xl
c − yld)

gl �→ x, hl �→ t.

We have, as in (6.7.34), that az ⊗ 1− g − h acts on S(χ)[Pl∞ ] as

L = az ⊗ 1− glχ�(g)− hlχ�(h).
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Hence we have

AnnS(χ)[Pl∞ ](az ⊗ 1− [[p1]]−1 − [[p2]]−1) = AnnS(χ)[Pl∞ ](L).

If az ⊗ 1 − χ�(g) − χ�(h) �= 0 then L is a unit of the algebra S(χ)[Pl∞ ] and
hence the annihilator of L is zero.

Assume then that

az ⊗ 1− χ�(g)− χ�(h) = 0.

Note if the characteristic l of the field S is stricly positive then we have
(−1)l

n

= −1 for all n ≥ 0. If the characteristic of S is zero then Pl∞ is the
trivial group and hence AnnS(χ)[Pl∞ ](az ⊗ 1 − [[p1]]−1 − [[p2]]−1) is equal to
S(χ) and there is nothing further to prove; we now assume that l > 0.

We furthermore have
χ�(g)l

c

= χ�(h)l
d

.

We therefore change variables in the polynomial algebra S(χ)[x, y] and put

X = χ�(g)(x− 1), Y = χ�(h)(y − 1).

We then have an isomorphism of S-algebras

S(χ)[Pl∞ ] = S(χ)[X,Y ]/(X lr , Y l
t

, X lc − Y ld).

Furthermore as az ⊗ 1− χ�(g)− χ�(h) = 0, we have,

L = −(X + Y ).

We therefore require to determine the annihilator of X + Y on S(χ)[Pl∞ ].
This is independent of the representation χ if the field S(χ) remains fixed; in
particular, to determine AnnS(χ)[Pl∞ ](L) we may reduce to the case where χ
is the trivial representation and that S = S(χ).

We may apply proposition 6.7.37 to the infinitesimal trait S(χ) and the
trivial representation. Hence AnnS(χ)[Pl∞ ](L) is isomorphic to the module of
all elements q ∈ S(χ)[Pl∞ ] satisfying the equations (6.7.38) and (6.7.39). Let
Q be a lifting of q to S(χ)[x, y] and let w1, w2 ∈ S(χ)[x, y] be liftings to S(χ)[x]
of u1, u2 ∈ S(χ)[Cl], where u1, u2 are as in proposition 6.7.37 and satisfy the
equation (6.7.39).

The equation (6.7.38) lifted to S(χ)[x, y] becomes, as S(χ) is a field and
χ is the trivial representation,

Q = −
( l
t−1∑

i=0

yl
t−i−1(2− x)i

)
w1 +
( l
d−1∑

j=0

(2 − x)ld−j−1yj
)
w2
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where for some w0 ∈ S(χ)[x] the elements w0, w1, w2 ∈ S(χ)[x] satisfy the
equation (see (6.7.41) and (6.7.39))

(6.7.44) 0 = (xl
r − 1)w0 + ((2 − x)lt − 1)w1 + (xl

c − (2− x)ld)w2.

The equation for Q may be written

Q = −(y + x− 2)l
t−1w1(x) + (2− x− y)ld−1w2(x).

Under the change of variables A = x− 1, B = y − 1, this may be written as

(6.7.45) Q = −(A+B)l
t−1w1 + (A+B)l

d−1w2.

As S(χ) is a field, the equation (6.7.44) then becomes

(6.7.46) 0 = (x− 1)l
r

w0 + (1 − x)l
t

w1+

(xl
c − 2l

d

+ xl
d

)w2.

This is equal to, where w0, w1, w2 under the same change of variables A =
x− 1, B = y − 1 are elements of S(χ)[A],

(6.7.47) 0 = Al
r

w0 −Al
t

w1 + (Al
c

+Al
d

)w2.

As r − c = t− d and we have assumed that r ≥ t we then have c ≥ d. Hence
this equation may be written as

(6.7.48) 0 = Al
t(
Al

r−ltw0 − w1

)
+Al

d(
Al

c−ld + 1
)
w2.

Hence we have that Al
t−ld divides the polynomial w2 in the unique fac-

torisation domain S(χ)[A]. We may then find v2 ∈ S(χ)[A] such that

w2 = Al
t−ldv2.

Dividing the equation (6.7.48) by Al
t

, as Al
t

is not a zero divisor, we obtain

0 =
(
Al

r−ltw0 − w1

)
+
(
Al

c−ld + 1
)
v2.

Rewriting this last equation for w1 we obtain the equation

(6.7.49) w1 = Al
r−ltw0 +

(
Al

c−ld + 1
)
v2.

We use this to eliminate the term w1 in the equation (6.7.45) for Q and
obtain the equation

Q = −(A+B)l
t−1
(
Al

r−ltw0 +
(
Al

c−ld + 1
)
v2
)

+ (A+B)l
d−1Al

t−ldv2

= −(A+B)l
t−1Al

r−ltw0 +
(
−(A+B)l

t−1(Al
c−ld +1)+(A+B)l

d−1Al
t−ld)v2.
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We obtain that Q lies in the ideal of S(χ)[x, y] generated by the two
polynomials

Q1 = Al
r−lt(A+B)l

t−1

and
Q2 = −(A+B)l

t−1(Al
c−ld + 1) + (A+B)l

d−1Al
t−ld .

If qχ1 , q
χ
2 ∈ S(χ)[Pl∞ ] denote the images of the polynomials Q1, Q2, respec-

tively, we have shown that if az ⊗ 1 = χ�(g) + χ�(h) then we have

AnnS(χ)[Pl∞ ](az ⊗ 1− g − h) =< qχ1 , q
χ
2 > S(χ)[Pl∞ ]. �

6.7.50. Corollary. Under the hypotheses of proposition 6.7.43, the module
Ann∆c−z,S(az ⊗ 1− [[p1]]−1 − [[p2]]−1) is equal to

⊕

χ

⊕

w∈Pic(Oc−z)/P

w < qχ1 , q
χ
2 > S(χ)[Pl∞ ]

where the sum over χ runs over all irreducible representations χ of P(l) over
the field S such that

az ⊗ 1 = χ�([[p1]]−1) + χ�([[p2]]−1).

and where qχ1 , q
χ
2 are the elements of S(χ)[Pl∞ ] given by proposition 6.7.43

for the representation χ. �

The case (3) of table 6.7.16 when Pl∞ is trivial

(6.7.51) Assume that S is an infinitesimal trait of residue characteristic l ≥ 0
which is prime to the order of the group P . Let κ be the residue field of S
and let π be a local parameter of S. By theorem 6.7.16 we have that Jc,z,S is

⊕

χ

Ann∆(χ)(az ⊗ 1− [[p1]]−1 − [[p2]]−1)

where the sum runs over all the irreducible representations χ : P → GLn(κ) of
P and where ∆(χ) is the χ-isotypical component of ec,c−z∆c,S (see (6.7.15)).

(6.7.52) By (6.7.28) we have that

S[P ] ∼=
⊕

χ

S(χ)

where S(χ) is the χ-isotypical component of S[P ]. The S-algebra S(χ) is an
infinitesimal trait with the same local parameter as S and whose residue field
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is a finite separable extension κ(χ) of the residue field κ of S. We then have
for each irreducible representation χ a group homomorphism

ρχ : P → S(χ)∗

and where χ is the reduction of ρχ modulo π.
As ∆(χ) is a direct sum of copies of S(χ), we have that az ⊗ 1− [[p1]]−1−

[[p2]]−1 acts on ∆(χ) by multiplication by the element of S(χ)

az ⊗ 1− ρχ([[p1]])−1 − ρχ([[p2]])−1.

Hence we have

Ann∆(χ)(az⊗1−[[p1]]−1−[[p2]]−1)=Ann∆(χ)(az⊗1−ρχ([[p1]])−1−ρχ([[p2]])−1).

As S(χ) is an infinitesimal trait we have an isomorphism of S[P ]-modules

AnnS(χ)(az⊗1−[[p1]]−1−[[p2]]−1) ∼=
S(χ)

< az ⊗ 1− ρχ([[p1]])−1 − ρχ([[p2]])−1 >
.

We have

Jc,z,S =
⊕

χ

Ann∆(χ)(az ⊗ 1− ρχ([[p1]])−1 − ρχ([[p2]])−1)

where the sum runs over the irreducible representations χ : P → GLn(κ) of
P . It follows that we have an isomorphism of ∆c,S-modules

Jc,z,S ∼=
⊕

χ

⊕

w∈Pic(Oc−z)/P

w
S(χ)

< az ⊗ 1− ρχ([[p1]])−1 − ρχ([[p2]])−1 >

where the sum
⊕

w∈Pic(Oc−z)/P runs over a set of coset representatives of P
in Pic(Oc−z).

6.8 The kernel of Ξ

We consider the kernel of the surjective homomorphism Ξ given by (see propo-
sition 6.6.3; the notation of §6.6 holds)

Ξ : ker{Hm(G,S)⊗RΓR → Hm(G,S)⊗R∆≤c−z,R} Ξ−→ Hm−1(G,Hc,S)
t(Hm−1(G,Hc−z,S))

.

The main result we obtain is proposition 6.8.10 which takes a particularly
simple form in the case where m = 1 (see corollary 6.8.11).
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(6.8.1) We assume throughout this section that

S is an R-algebra which is an infinitesimal trait with local parameter π;
n is the image in R of the integer |B∗|/|A∗| and is assumed

to be a multiplicative unit of R;
c′ ≤ c are effective divisors on Spec A;
z is a prime divisor in the support of c where z �∈ Ĩ;
G = G(c/c− z).

We write exp(G) for the exponent of the finite abelian group G; that is to say,
exp(G) is the least positive integer such that exp(G)G = 0.

(6.8.2) By definition (see (6.7.3)), the ∆c,S-module Jc,z,S is the kernel

Jc,z,S = ker{πΓ : Γc,c−z,S → ∆≤c−z,S}

where the homomorphism πΓ is induced by the natural projection
∆≤c,S → ∆≤c−z,S.

More generally, for any S-module M define the ∆c,S-module Jc,z,S(M) to
be the kernel

Jc,z,S(M) = ker{πΓ ⊗ IdM : Γc,c−z,S ⊗S M → ∆≤c−z,S ⊗S M}.

Then Jc,z,S(M) is a submodule of ∆c,S ⊗S M and Jc,z,S(S) is isomorphic to
Jc,z,S.

(6.8.3) Put for any prime divisor w in Supp(c)

Jwc,z,S(M) = {δ ∈ ec,c−z∆c,S ⊗S M | ec,c−wδ ∈ Jc,z,S(M)}.

Then we have for all w

Jwc,z,S(M) ⊇ Jc,z,S(M) ⊇ ec,c−wJwc,z,S(M).

6.8.4. Remarks. (i) The assignmentsM �→ Jc,z,S(M) and M �→ Jwc,z,S(M) are
left exact functors

Jc,z,S(−), Jwc,z,S(−) : S −mod −→ ∆c,S −mod

where T -mod denotes the category of T -modules for any commutative ring T .
The functors Jc,z,S(−) and Jwc,z,S(−) transform finite direct sums into finite
direct sums.

(ii) Suppose thatM is an S-module of finite type. As S is an infinitesimal trait,
the moduleM is non-canonically isomorphic to a finite direct sum

⊕
i S/(π

ni)
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of cyclic S-modules where integers ni are uniquely determined by M , up to
permutation. We then obtain a non-canonical isomorphism of ∆c,S-modules

Jc,z,S(M) ∼=
⊕

i

Jc,z,S/(πni).

6.8.5. Definition. Let M be an S-module of finite type. We define the ∆c,S-
modules

J(M) =
⊕

c′≤c, c′ �≤c−z
Jc′,z,S(M)

ΓS =
⊕

c′≤c, c′ �≤c−z
Γc′,c′−z,S .

6.8.6. Lemma. (i) The following sequence of ∆c,S-modules is exact

0 → J(M) i→ ΓS ⊗S M → ∆≤c−z,S ⊗S M

where the map i is the natural inclusion.
(ii) For all prime divisors w ∈ Supp(c′) \ Ĩ where w �= z we have

Kc′,c′−w(Jwc′,z,S) ⊆ J(S) for all c′ such that c ≥ c′ ≥ w + z.

For all prime divisors w �= z we have

t∆w (J(M)) ⊆ J(M).

Proof. (i) This follows from the definitions.
(ii) The commutative diagram

0→ J(M)→
⊕

c′≤c
c′ �≤c−z

Γc′,c′−z,S ⊗S M →
⊕

c′≤c
c′ �≤c−z

∆≤c′−z,S ⊗S M

↓ t∆w ↓ t∆w⊕

c′≤c
c′ �≤c−w−z

Γc′−w,c′−w−z,S ⊗S M →
⊕

c′≤c
c′ �≤c−w−z

∆≤c′−w−z,S ⊗S M

shows that t∆w (J(M)) ⊆ J(M).
As we have for all prime divisors w �= z (see (6.8.3))

Jwc′,z,S(M) ⊇ Jc′,z,S(M) ⊇ ec′,c′−wJwc′,z,S(M)

and we have the inclusion t∆w (J(M)) ⊆ J(M), it follows from the definition
of the K homomorphisms (see (5.3.5), (5.3.6)) that Kc′,c′−w(Jwc′,z,S) ⊆ J(S).
�
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6.8.7. Proposition. The map Ξ coincides with the natural surjection

Ξ : J(Hm(G,S)) → Hm−1(G,Hc,S)
t(Hm−1(G,Hc−z,S))

.

Proof. From the definition of Jc,z,S(M), we have the exact sequence of
∆c,S-modules for all c′ ≤ c such that c′ �≤ c− z

0→ Jc′,z,S(Hm(G,S))→ Γc′,c′−z ⊗R Hm(G,S)→ ∆≤c′−z,R ⊗R Hm(G,S).

Hence the module
⊕

c′≤c, c′ �≤c−z
ker{Hm(G,S)⊗R Γc′,c′−z → Hm(G,S)⊗R ∆≤c−z,R}

is ∆c,S-isomorphic to J(Hm(G,S)). Hence the domain of the homomorphism
Ξ of proposition 6.6.3 is ∆c,S-isomorphic to J(Hm(G,S)). �

6.8.8. Definition. For any S-module M , define JΓ (M) to be the ∆c,S-
submodule of J(M) given by

JΓ (M) =
∑

c′≤c
c′ �≤c−z

∑

w∈Supp(c′)\Ĩ
w �=z

Kc′,c′−w(Jwc′,z,S(M)).

The sum here runs over all divisors c′ ∈ Div+(A) such that c′ ≤ c and c′ �≤ c−z
and also runs over all prime divisors w ∈ Supp(c′) such that w �= z.

Let L(S) be the submodule of Γ≤c,S given by

L(S) =
∑

c′≤c
c′ �≤c−z

∑

w∈Supp(c′)\Ĩ
w �=z

ec′,c′−zΓc′,c′−w,S.

In particular, the group G acts trivially on L(S).

6.8.9. Remarks. (i) That JΓ (M) is a submodule of J(M) follows from
lemma 6.8.6(ii).
(ii) We have that JΓ (S) is the submodule of Γ≤c,S given by

JΓ (S) =
∑

c′≤c
c′ �≤c−z

∑

w∈Supp(c′)\Ĩ
w �=z

Kc′,c′−w(Jwc′,z,S).

(iii) If M is a direct sum M1⊕M2 of two S-modules M1,M2 then we have an
isomorphism of ∆c,S-modules

JΓ (M) ∼= JΓ (M1)⊕ JΓ (M2).
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The following proposition and its corollary are proved in the next section
§6.9.

6.8.10. Proposition. (i) Let exp(G) be the exponent of the group G. Put
S′ = S/exp(G)S. If m ≥ 1 then we have the exact sequence of ∆c,S-modules

0→
M ∩
{
Cocym(G, J(S′)

}

Cobm(G, J(S′))
→ J(Hm(G,S)) Ξ−→ Hm−1(G,Hc,S)

t(Hm−1(G,Hc−z,S))
→ 0

where
M = Cocym(G,L(S′)) + Cobm(G,ΓS′ + Γ≤c−z,S′).

(ii) The group JΓ (Hm(G,S)) lies in ker(Ξ). �

6.8.11. Corollary. Put S′ = S/exp(G)S. The following sequence of
∆c,S-modules is exact

0 −→ H1(G,L(S′) ∩ J(S′)) −→ J(H1(G,S)) Ξ−→ H0(G,Hc,S)
t(H0(G,Hc−z,S))

−→ 0. �

6.9 Proofs

In this section, the hypotheses of (6.8.1) hold and we shall prove proposition
6.8.10 and corollary 6.8.11. We write G for the galois group G(c/c − z) and
exp(G) for the exponent of the abelian group G.

(6.9.1) Let M be a R[G]-module. For any subgroup H of G, denote by

{Cochm(H,M), ∂m}

the standard complex of inhomogeneous cochains (see (5.6.5) et seq. for more
details). Denote also by

Cocym(H,M) the subgroup of Cochm(H,M) of m-cocycles;
Cobm(H,M) the subgroup of Cochm(H,M) of m-coboundaries.

(6.9.2) From proposition 6.8.7 we have the surjective homomorphism for all
m ≥ 1

(6.9.3) J(Hm(G,S)) Ξ−→ Hm−1(G,Hc,S)
t(Hm−1(G,Hc−z,S))
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where J(Hm(G,S)) is a submodule of Hm(G,S)⊗S ΓS where we put

(6.9.4) ΓS =
⊕

c′≤c,c′ �≤c−z
Γc′,c′−z,S .

6.9.5. Lemma. Let T be a principal ideal domain and r ≥ 1 be an integer.
Let Gr(T ) be the category of finite abelian groups J such that the homology
groups Hi(J, T ) are finite free T/rT -modules for all i ≥ 1 and where J acts
trivially on T . Then we have:
(i) Gr(T ) contains the cyclic groups of order r.
(ii) Gr(T ) is stable under finite direct products of its objects.

Proof. Let T be a principal ideal domain. If J is a finite abelian group which
acts trivially on T , we write Hn(J) for the group homology Hn(J, T ) of J
with coefficients in T . If J, J ′ are finite abelian groups acting trivially on T ,
the Kunneth formula [BRO1, p.120] for group homology takes the form of a
split short exact sequence

(6.9.6)
0→
⊕

p+q=n

Hp(J)⊗T Hq(J ′)→Hn(J × J ′)→
⊕

p+q=n−1

TorT1 (Hp(J), Hq(J ′))→0.

(i) Let r ≥ 1 be an integer. Let Gr(T ) be the category of finite abelian groups
J such that the homology groups Hi(J) are finite free T/rT -modules for all
i ≥ 1 and where J acts trivially on T . Here, we consider 0 to be a free T/rT -
module.

If J is a finite cyclic group of order r then we have

Hi(J) ∼=
{
T/rT if i is odd
Tr if i ≥ 2 is even.

Here Tr is the submodule of T annihilated by r. As T is a domain, Tr is zero
if the integer r is prime to the characteristic of the field of fractions of T and
is equal to T otherwise. It follows that Hi(J) is a finite free T/rT -module of
rank ≤ 1 for all integers i ≥ 1. Hence J belongs to the category Gr(T ).
(ii) Suppose that J, and J ′ are groups which are objects of the category Gr(T ).
Then for all n ≥ 1 the module

⊕

p+q=n

Hp(J)⊗T Hq(J ′)

is a finite free T/rT -module.
Put

Mn =
⊕

p+q=n−1

TorT1 (Hp(J), Hq(J ′)).
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Suppose first that r is divisible by the characteristic of the field of fractions
of T ; then Hp(J), Hq(J ′) are free T -modules for all p, q and hence

TorT1 (Hp(J), Hq(J ′)) = 0

for all p, q. Hence Mn is a finite free T/rT -module for all n ≥ 1 in this case.
Suppose then that r is not divisible by the characteristic of the field of

fractions of T . If either p or q is zero then at least one of Hp(J) and Hq(J ′)
is a free T -module and hence

TorT1 (Hp(J), Hq(J ′)) = 0.

If both p and q are non-zero then both Hp(J) and Hq(J ′) are finite free
T/rT -modules; hence the short exact sequence

0 → T
r→ T → T/rT → 0

tensored with Hq(J ′) shows that

TorT1 (T/rT,Hq(J ′)) = ker(Hq(J ′)
r→Hq(J ′)) ∼= Hq(J ′)

and hence this group TorT1 (Hp(J), Hq(J ′)) is a finite free T/rT -module for all
p ≥ 1 and q ≥ 1; hence Mn is a finite free T/rT -module for all n ≥ 1 in this
case.

In conclusion, we have shown that Mn is a finite free T/rT -module for all
n ≥ 1. It now follows from the Kunneth formula (6.9.6) that Hn(J×J ′) is also
a finite free T/rT -module for all n ≥ 1. Hence the direct product J × J ′ is an
object of Gr(T ). By induction, we obtain that the category Gr(T ) of groups
is stable under finite direct products of its objects.�

6.9.7. Lemma. (i) The abelian group G is a finite direct sum of copies of
Z/exp(G)Z.
(ii) Put S′ = S/exp(G)S. For all m ≥ 1, the cohomology group Hm(G,S) is
a finite free S′-module.
(iii) If S is a quotient of a discrete valuation ring T then for m ≥ 1 the rank
of the free S′-module Hm(G,S) depends only on m,G, and T .

Proof. (i) This is a restatement of (2.3.12)(c).
(ii) and (iii). The ring S is asssumed to be an infinitesimal trait. Hence S
is a homomorphic image of a discrete valuation ring T , say. Let J be a fi-
nite abelian group which acts trivially on T . Write Hn(J) for the group ho-
mology Hn(J, T ) of J with coefficients in T . For any T -module M where J
acts trivially on M , the universal coefficient theorem for group cohomology
Hn(J,M) [BRO1, pp.7-8] then takes the form of a split short exact sequence
of T -modules

(6.9.8) 0 → Ext1T (Hn−1(J),M) → Hn(J,M) → HomT (Hn(J),M) → 0.
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The abelian group G = G(c/c− z) is a direct sum of cyclic groups of the
same order r ≥ 1 by part (i). Hence G is an object of the category Gr(T ) by
lemma 6.9.5 that is to say, the module Hn(G, T ) is a finite free T/rT -module
for all n ≥ 1. Hence

HomT (Hn(G, T ), S)

is a finite free S/rS-module if n ≥ 1.
Suppose first that either n = 1 or that r is divisible by the characteristic

of the field of fractions of T . Then the group

Ext1T (Hn−1(G, T ), S)

is zero as Hn−1(G, T ) is a finite free T -module in this case.
Suppose now that n ≥ 2 and that r is prime to the characteristic of the

field of fractions of T . Then Hn−1(G, T ) is a finite free T/rT -module and
hence has a free resolution of the form

0 → F0
r→ F0 → Hn−1(G, T ) → 0

where F0 is a finite free T -module. Applying the functor HomT (−, S) to this
sequence we obtain the complex

0→ HomT (Hn−1(G, T ), S)→ HomT (F0, S) r→HomT (F0, S)→ 0

whose cohomology gives ExtiT (Hn−1(G, T ), S) for all i ≥ 0. As HomT (F0, S)
is a finite free S-module, we have that Ext1T (Hn−1(G, T ), S) is a finite free
S/rS-module in this case.

In conclusion we have that Ext1T (Hn−1(G, T ), S) and HomT (Hn(G, T ), S)
are finite free S/rS-modules for all n ≥ 1 of ranks depending only on n,G, T .
The universal coefficient theorem (see (6.9.8)) now shows that Hn(G,S) is
a finite free S/rS-module for all n ≥ 1, where r = exp(G), and of rank
depending only on n,G, T as required. �

6.9.9. Lemma. Put S′ = S/exp(G)S. Then there are isomorphisms of
∆c,S-modules

J(Hm(G,S)) ∼=
{
Hm(G, J(S′)) if m ≥ 1
J(S) if m = 0

JΓ (Hm(G,S)) ∼=
{
Hm(G, JΓ (S′)) if m ≥ 1
JΓ (S) if m = 0.

Proof. As H0(G,S) ∼= S the result is obvious if m = 0.
Suppose now that m ≥ 1. By lemma 6.9.7 the group Hm(G,S) is a finite
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free S′-module for all m ≥ 1. It follows (remarks 6.8.4(i) and (ii), remark
6.8.9(iii)) that there are isomorphisms of ∆c,S-modules for m ≥ 1

J(Hm(G,S)) ∼= J(S′)⊗S Hm(G,S)

JΓ (Hm(G,S)) ∼= JΓ (S′)⊗S Hm(G,S).

The group G acts trivially on J(S′) and JΓ (S′). As S is an infinitesimal
trait, the universal coefficient theorem (see (6.9.8)) now shows that there are
isomorphisms of S-modules

J(S′)⊗S Hm(G,S) ∼= Hm(G, J(S′))

JΓ (S′)⊗S Hm(G,S) ∼= Hm(G, JΓ (S′))

which are compatible with the action on the right of the ring ∆c,S ; hence
these maps are isomorphisms of ∆c,S-modules.�

6.9.10. Lemma. Put S′ = S/exp(G)S. For m ≥ 1, an element
α ∈ J(Hm(G,S)) of the kernel of Ξ is represented by a cocycle in
Cocym(G, J(S′)) of the form

j = ∂m−1η

where
j ∈ Cocym(G, J(S′))

and where
η ∈ Cochm−1(G,Γ≤c,S′).

Proof. Suppose that m ≥ 1. Note first that from (6.9.3) and lemma 6.9.9 it
follows that there is a surjective homomorphism of ∆c,S-modules

Hm(G, J(S′)) Ξ−→ Hm−1(G,Hc,S)
t(Hm−1(G,Hc−z,S))

.

The modules Γ≤c,S, ∆≤c,S are finite flat S-modules (corollary 5.9.6). Fur-
thermore, from corollary 5.9.5, we have an isomorphism of ∆c,S-modules

Hc,S ⊗S S′ ∼= Hc,S′ .

It follows from this and the standard presentation of the Heegner module Hc,S

0 → Γ≤c,S → ∆≤c,S → Hc,S → 0

that there are isomorphisms of ∆c,S-modules
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Γ≤c,S ⊗S S′ ∼= Γ≤c,S′

and
∆≤c,S ⊗S S′ ∼= ∆≤c,S′ .

From lemma 6.9.7 (or the universal coefficient theorem [BRO1, p.8]), there
are isomorphisms of S-modules

Hm(G,S) ∼= Hm(G,S′)

and there are isomorphisms of ∆c,S-modules by the universal coefficient the-
orem

Hm(G,Γ≤c,S) ∼= Hm(G,Γ≤c,S′)

and
Hm(G,∆≤c,S) ∼= Hm(G,∆≤c,S′).

By lemma 6.2.15, proposition 6.6.3 and (6.9.3), we may then construct a
commutative diagram with exact rows

0→ Hm−1(G,Hc,S)
t(Hm−1(G,Hc−z,S))

→ Hm(G,Γ≤c,S′)
f→ Hm(G,∆≤c,S′)

Ξ ↑ i ↑ ∼= ↑

0→ Hm(G, J(S′)) → Hm(G,S′)⊗S ΓS′ → Hm(G,S′)⊗S ∆≤c−z,S′

where the vertical arrow i is induced from the inclusion ΓS′ ⊆ Γ≤c,S′ .
We have the exact sequence

0 → Cobm(G, J(S′)) → Cocym(G, J(S′)) → Hm(G, J(S′)) → 0.

Hence an element α ∈ J(Hm(G,S)) ∼= Hm(G, J(S′)) (lemma 6.9.9) is repre-
sented by a cocycle j in Cocym(G, J(S′)). The result now follows from the
above commutative diagram.�

(6.9.11) We recall from (5.7.3) that if E is a finite saturated subset of Div+(A)
then Γ (E)S denotes the module

Γ (E)S =
∑

c′∈E

∑

w

Kc′,c′−w(∆c′,S)

where the sum runs over all c′ ∈ E and over all prime divisors w �∈ Ĩ such
that w ∈ Supp(c′).
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(6.9.12) As in definition 6.8.8, let L(S) be the subset of Γ≤c,S given by

L(S) =
∑

c′≤c, c′ �≤c−z

∑

w∈Supp(c′)\Ĩ
w �=z

ec′,c′−zΓc′,c′−w,S.

6.9.13. Lemma. Let j be a cocycle such that

j ∈ Cocym(G, (∆≤c,S)G).

Let E be a saturated subset of Div+(A), all elements of which are≤ c. Assume
that there is an equality of cochains in Cochm(G,∆≤c,S)

j = ∂m−1η

where
η ∈ Cochm−1(G,Γ (E)S).

Let d be a maximal element of E (that is to say e ≥ d and e ∈ E implies
e = d) such that d �≤ c− z. Then we have

j = ζ + ∂m−1(η1 + η2)

where
ζ ∈ Cocym(G,S)⊗S L(S)

η1 ∈ Cochm−1(G,Γd,d−z,S)

η2 ∈ Cochm−1(G,Γ (E \ {d})S).

Proof of lemma 6.9.13. This proof is similar to that of lemma 6.5.3. Let j be a
cocycle in Cocym(G, (∆≤c,S)G) such that for some saturated set E of effective
divisors, all of which are ≤ c,

j = ∂m−1η

where
η ∈ Cochm−1(G,Γ (E)S).

Assume that d is a maximal element of E such that d �≤ c− z. The proof
occupies several stages.
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Stage 1. Derivation of the equation jd = −
∑
i

|O∗d−zi |
|A∗| ed,d−zi∂

m−1(ηi)
The m-cocycle j takes the form

j =
⊕

c′≤c
jc′

where

(6.9.14) g �→ j(g) =
(
∂m−1
∑

d′∈E

∑

w∈Supp(d′)\Ĩ
Kd′,d′−w(ηd′,w)

)
(g)

and where ηd′,w ∈ Cochm−1(G,∆d′,S) for all d′ and prime divisors w and the
cocycle jc′ lies in Cocym(G, (∆c′,S)G) for all c′.

Let d be the chosen maximal element of the finite saturated set E where
d �≤ c− z, as stated in the lemma. The sum

∑
d′∈E in (6.9.14) can be written

in the form

(6.9.15) j(g) =
(
∂m−1

∑

w∈Supp(d)\Ĩ
γd,d−w
)
(g) + ∂m−1(γ)(g) for all g ∈ G

where
∂m−1γ =

∑

c′∈E\{d}

∑

w∈Supp(c′)\Ĩ
∂m−1γc′,c′−w

and

(6.9.16) γ ∈ Cochm−1(G,Γ (E \ {d})S)

γd,d−w = Kd,d−w(ηd,w) ∈ Cochm−1(G,Γd,d−w,S) for all w

where w runs over the finite set of prime divisors in Supp(d) \ Ĩ. As we have

γd,d−z ∈ Cochm−1(G,Γd,d−z,S)

by taking the difference j − ∂m−1γd,d−z we may reduce to the case where
∂m−1γd,d−z = 0.

We may then write the equation (6.9.15) in the form

(6.9.17) j =
n∑

i=2

∂m−1γd,d−zi + ∂m−1γ

where z1, . . . , zn are the distinct prime divisors in Supp(d)\Ĩ and where z1 = z
and

γd,d−w ∈ Cochm−1(G,Γd,d−w,S) for all w.
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The definition of the K homomorphisms is the following equation (see (5.3.6))

Kf,f−w(δ) = (aw − ε(f, w))t∆f,f−w(δ)−
|O∗f−w|
|A∗| ef,f−wδ.

The component of γf,f−w(g) in ∆d,S is therefore zero if the divisor f is not
equal to d, d + w or d + 2w (by the definition of Kf,f−w); the component of
γd,d−zi(g) in ∆d,S is then equal to (see (6.9.16))

−
|O∗d−zi|
|A∗| eiηd,zi(g).

where we write
ei = ed,d−zi =

∑

g∈Gi
g

and
Gi = ker(td,d−zi) = G(d/d− zi), for all i.

The maximality of d implies that d, d+w and d+ 2w do not lie in the set
E \ {d} for all prime divisors w. Hence for the sum, for all g ∈ Gm,

∂m−1(γ)(g) =
∑

c′∈E\{d}

∑

w∈Supp(c′)\Ĩ
∂m−1(γc′,c′−w)(g)

the component in ∆d,S is equal to zero.
The component in ∆d,S of the right hand side of the equation (6.9.17) is

then the component in ∆d,S of the sum

n∑

i=2

∂m−1(γd,d−zi)(g)

for all g ∈ Gm. The cochains ∂m−1γd,d−zi are of the form

g �→ Kd,d−zi(∂m−1(ηd,zi)(g)), G
m → Γd,d−zi,S ,

for some cochains

ηi = ηd,zi ∈ Cochm−1(G,∆d,S).

Hence the component of this equation (6.9.17) in ∆d,S is the equation

(6.9.18) jd(g) = −
n∑

i=2

|O∗d−zi |
|A∗| ei∂

m−1(ηi)(g) for all g ∈ Gm

where jd(g) is the component in ∆d,S of j(g).
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Stage 2. Formulae for the ηi.
We have jd(g) ∈ (∆d,S)G = e1∆d,S for all g ∈ Gm, as d �≤ c − z. Hence

the equation (6.9.18) takes the form

e1η = −
n∑

i=2

|O∗d−zi |
|A∗| ei∂

m−1(ηi)

where g �→ jd(g) is a cocycle g �→ e1η(g) and η ∈ Cochm(G,∆d,S).
By proposition 5.8.4, {Gi}i=1,...,n forms an R-admissible family of sub-

groups of Pic(Od), where Gi = G(d/d − zi) for all i. Let eik be the elements
of ∆d,S, where ∆d,S is the group algebra S[Pic(Od)], given by

eik =
∑

g∈GiGk
g for all i �= k.

By proposition 5.6.29, there are cochains

u(i,k) ∈ Cochm−1(G,∆d,S) for all i �= k and 1 ≤ i, k ≤ n

such that
u(i,k) = −u(k,i), for all i �= k,

and a finite setM and there are cocycles fir ∈ Cocym(G,S), for all i ≥ 2 and
all r ∈M , and elements

θir ∈ e1i∆d,S for all i ≥ 2 and all r ∈M

and a coboundary
e1∂

m−1(ε) ∈ Cobm(G, e1∆d,S),

where ε ∈ Cochm−1(G,∆d,S), such that
(6.9.19)
|O∗d−zi |
|A∗| ∂

m−1(eiηi) =
∑

r∈M
fir ⊗ θir +

∑

k �=i
1≤k≤n

eik∂
m−1u(i,k) for all i ≥ 2

0 = e1∂m−1(ε) +
∑

k �=1

e1k∂
m−1u(1,k)

where
e1η = −e1∂m−1(ε)−

∑

i≥2

∑

r∈M
fir ⊗ θir.

As θir ∈ e1ei∆d,S we may write θir as

θir = e1eiΘir, for all i ≥ 2 and all r ∈M,

where
Θir ∈ ∆d,S .



6.9 Proofs 287

Hence we may write the equations (6.9.19) as
(6.9.20)
|O∗d−zi |
|A∗| ei∂

m−1(ηi) =
∑

r∈M
fir ⊗ e1eiΘir +

∑

k �=i
1≤k≤n

eik∂
m−1u(i,k), for all i ≥ 2,

0 = e1∂m−1(ε) +
∑

k �=1

e1k∂
m−1u(1,k).

Stage 3. The formula
∑

i ∂
m−1γd,d−zi; the case where n = 1.

The equation (6.9.17) becomes when n = 1

j = ∂m−1(γ).

As the term ∂m−1(γ) is a coboundary in Cobm(G,Γ (E \ {d}) this completes
the proof of the lemma 6.9.13 in this case where n = 1.

Stage 4. The formula
∑

i ∂
m−1γd,d−zi; the case where n ≥ 2.

The divisor d is not prime, as it has at least two prime divisors in its
support by hypothesis. The equations (6.9.20) become

(6.9.21) ei∂m−1(ηi) =
∑

r∈M
fir⊗e1eiΘir+

∑

k �=i
1≤k≤n

eik∂
m−1u(i,k), for all i ≥ 2,

0 = e1∂m−1(ε) +
∑

k �=1

e1k∂
m−1u(1,k).

From lemma 5.10.1, these equations (6.9.21) then give the equation
(6.9.22)

N

{ n∑

i=2

Kd,d−zi(∂
m−1(ηi))−Kd,d−z1(∂m−1(ε))−

n∑

i=2

∑

r∈M
fir⊗Kd,d−zi(e1Θir)

}

= −
n∑

i=1

∑

1≤k≤n,k �=i
(azi − ε(d, zi))Kd−zi,d−zi−zk(t∆d,d−zi(∂

m−1u(i,k)))

where

N =
|O∗d−z1−z2 |
|A∗|

and where we have that N = 1 unless n = 2 and d = z1 + z2; in particular, N
is a unit in R, by the hypotheses (6.8.1).

We obtain from (6.9.15) and (6.9.17)

j =
n∑

i=2

∂m−1γd,d−zi + ∂m−1γ
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where
γ ∈ Cochm−1(G,Γ (E \ {d})S).

We then obtain from (6.9.22), as γd,d−zi = Kd,d−zi(ηi) for all i,

j = Kd,d−z1(∂
m−1(ε)) +

n∑

i=2

∑

r∈M
fir ⊗Kd,d−zi(e1Θir)

− 1
N

n∑

i=1

k=n∑

k=1
k �=i

(azi − ε(d, zi))Kd−zi,d−zi−zk(t∆d,d−zi(∂
m−1u(i,k))) + ∂m−1γ.

We may write this formula as

j = ∂m−1Kd,d−z1(ε) + e1
n∑

i=2

∑

r∈M
fir ⊗Kd,d−zi(Θir) + ∂m−1δ + ∂m−1γ

where

(6.9.23) δ = − 1
N

n∑

i=1

k=n∑

k=1
k �=i

(azi − ε(d, zi))Kd−zi,d−zi−zk(t∆d,d−zi(u
(i,k)))

and

(6.9.24) ∂m−1δ ∈ Cobm(G,Γ (E \ {d})S).

As ∂m−1Kd,d−z1(ε) is a coboundary in Cobm(G,Γd,d−z1) and as
e1
∑n

i=2

∑
r∈M fir ⊗Kd,d−zi(Θir) is an element of Cocym(G,S)⊗S L(S), we

may now put

ζ = e1
n∑

i=2

∑

r∈M
fir ⊗Kd,d−zi(Θir)

η1 = Kd,d−z1(ε)

η2 = δ + γ.

This completes the proof. �

6.9.25. Remarks. (i) The module L(S) is a finite flat S-module on which G
acts trivially. In particular, there is an isomorphism of ∆c,S-modules

Cocym(G,S)⊗S L(S) ∼= Cocym(G,L(S)).

[For the proof, it is evident that L(S) is a finite S-module. It is only
required to show that L(S) is a flat S-module. Put

M =
∑

c′≤c
c′ �≤c−z

∑

w �=z
w∈Supp(c′)\Ĩ

Γc′,c′−w,S.
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We have an equality of ∆c,S-submodules of ∆≤c,S

L(S) = ec,c−zM.

Taking the exceptional set of primes in the definition of Γ≤c−z,S to be Ĩ ∪{z}
instead of Ĩ, we have an isomorphism of ∆c,S-modules

Γ≤c−z,S ∼=
m−1⊕

n=0

ec,c−(n+1)zM

where m ≥ 1 is the greatest integer such that c −mz ≥ 0. As Γ≤c−z,S, for
the exceptional set Ĩ ∪{z}, is a flat S-module (corollary 5.9.6), it follows that
ec,c−zM is S-flat. Hence L(S) is a flat S-module.]

(ii) That Cocym(G,L(S)) lies in Cobm(G,Γ≤c,S) follows from the existence
of Kolyvagin elements (§5.6, definition 5.6.12).

6.9.26. Lemma. If m ≥ 1, the submodule JΓ (Hm(G,S)) of J(Hm(G,S))
lies in the kernel of Ξ.

Proof. Assume that m ≥ 1. Put

S′ = S/exp(G)S.

There is an inclusion of S-modules JΓ (Hm(G,S)) ⊆ J(Hm(G,S)) (remark
6.8.9(i)). Hence we obtain a commutative diagram of S-modules

ΓS′ ⊗S Hm(G,S)
↑

J(Hm(G,S)) ∼= J(S′)⊗S Hm(G,S)
↑ ↑

JΓ (Hm(G,S)) ∼= JΓ (S′)⊗S Hm(G,S)

It follows from the above diagram that the arrow

JΓ (S′)⊗S Hm(G,S)→ J(S′)⊗S Hm(G,S)

of this diagram is an injection obtained from tensoring the inclusion JΓ (S′) ⊆
J(S′) with Hm(G,S). The isomorphisms of this diagram

J(Hm(G,S)) ∼= J(S′)⊗S Hm(G,S)

JΓ (Hm(G,S)) ∼= JΓ (S′)⊗S Hm(G,S)

follow from Hm(G,S) being a finite free S′-module (lemma 6.9.7) and from
remarks 6.8.4(i) and (ii) and remark 6.8.9(ii).
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As Hm(G,S) ∼= Hm(G,S′) for m ≥ 1 by the universal coefficient theorem
or lemma 6.9.7, we may tensor the exact sequence

0 → Cobm(G,S′) → Cocym(G,S′) → Hm(G,S) → 0

with JΓ (S′) and obtain the exact sequence

JΓ (S′)⊗S Cobm(G,S′)→JΓ (S′)⊗S Cocym(G,S′)→JΓ (S′)⊗S Hm(G,S)→0.

Hence an element of JΓ (S′)⊗S Hm(G,S) is represented by a cocycle in

JΓ (S′)⊗S Cocym(G,S′).

Let
E : Cocym(G,S′)→ Cochm−1(G,S′[G])

be the Kolyvagin map (see (5.6.10) and proposition 5.6.12) such that the
following diagram is commutative

Cocym(G,S′) E→ Cochm−1(G,S′[G])
↘ ↓ ∂m−1

Cocym(G,S′[G])

where the diagonal arrow is induced from the map

S′ → S′[G], s �→ sec,c−z.

That is to say, we have for all f ∈ Cocym(G,S′)

(∂m−1Ef )(g) = f(g)ec,c−z for all g ∈ Gm.

As we have inclusions of ∆c,S-modules (see (6.8.3))

Jwc,z,S(S′) ⊆ ec,c−z∆c,S′

it follows that
Kc,c−w(Jwc,z,S(S′)) ⊆ ec,c−zΓc,c−w,S′.

Hence we obtain

JΓ (S′) =
∑

c′≤c
such that c′ �≤c−z

∑

w �=z
w∈Supp(c′)\Ĩ

Kc′,c′−w(Jwc′,z,S(S′)) ⊆ ec,c−zΓ≤c,S′ .

it follows that there is a ∆c,S-submodule M of Γ≤c,S′ which contains JΓ (S′)
and such that

JΓ (S′) = ec,c−zM.

We may then form this commutative diagram where E is the Kolyvagin map
(see (5.6.10) and proposition 5.6.12)



6.9 Proofs 291

Cocym(G,S′)⊗S M

E ⊗ Id ↓ ↘φ

Cochm−1(G,S′[G])⊗S M Cocym(G,S′)⊗S JΓ (S′)

∂m−1 ⊗ Id ↓ ↙χ

Cochm(G,S′[G])⊗S M

ψ ↓

Cochm(G,Γ≤c,S′)

where the top diagonal arrow

φ : Cocym(G,S′)⊗S M → Cocym(G,S′)⊗S JΓ (S′)

is Id⊗ ec,c−z, that is to say multiplication by ec,c−z on the second component
and is therefore a surjective homomorphism. The diagonal arrow

χ : Cocym(G,S′)⊗S JΓ (S′)→ Cochm(G,S′[G])⊗S M

is i ⊗ j where i is the inclusion map Cocym(G,S′) → Cochm(G,S′[G]),
s �→ sec,c−z, and j is the inclusion map JΓ (S′) ⊆M .

The map

ψ : Cochm(G,S′[G])⊗S M → Cochm(G,Γ≤c,S′)

is obtained by the composition

S′[G]⊗S M → M ⊆ Γ≤c,S′
x⊗m �→ xm

As the map φ is surjective, this commutative diagram shows that the
image in Cochm(G,Γ≤c,S′) of Cocym(G,S′)⊗SJΓ (S′) lies in the coboundaries
Cobm(G,Γ≤c,S′) where we have from lemma 6.2.15 the diagram with an exact
top row

0→ Hm−1(G,Hc,S)
t(Hm−1(G,Hc−z,S))

→ Hm(G,Γ≤c,S′)
f→ Hm(G,∆≤c,S′)

↑ Ξ
J(Hm(G,S))

Hence we have that JΓ (S′)⊗S Hm(G,S) lies in the kernel of Ξ. �
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We now prove proposition 6.8.10 and corollary 6.8.11 of the previous sec-
tion.

Proof of proposition 6.8.10
Part (ii) of this proposition follows from the previous lemma 6.9.26.
For the proof of part (i), put S′ = S/exp(G)S and let E be the saturated

subset of divisors
E = {c′ | c′ ≤ c, c′ ∈ Div+(A)}.

Let α ∈ ker(Ξ) where we assume the integer m is ≥ 1. By lemma 6.9.10, for
m ≥ 1, the element α ∈ J(Hm(G,S)) of the kernel of Ξ is represented by a
cocycle in Cocym(G, J(S′)) of the form

j = ∂m−1η

where
j ∈ Cocym(G, J(S′))

and where
η ∈ Cochm−1(G,Γ≤c,S′).

We have j ∈ Cocym(G, (∆≤c,S′)G) as J(S′) =
⊕

c′≤c,c′ �≤c−z Jc′,z,S′ and G
acts trivially on Jc′,z,S′ for all c′ ≤ c.

Put E0 = E and E1 = E0 \ {c}. From lemma 6.9.13, we have that α can
be represented by a cochain of the form

j = ζ1 + ∂m−1(η1 + θ1)

where
ζ1 ∈ Cocym(G,S′)⊗S L(S′)

η1 ∈ Cochm−1(G,Γc,c−z,S′)

θ1 ∈ Cochm−1(G,Γ (E0 \ {c})S′).
Using lemma 6.9.13, we may construct inductively finite sequences

Ei, ζi, ηi, θi for i = 1, 2, . . . where

(i) Ei are saturated subsets of E forming a strictly decreasing sequence

E0 ⊃ E1 ⊃ . . . ⊃ En ⊃ . . .

such that Ei \Ei+1 = {di} where di �≤ c−z and di is a maximal element
of Ei.

(ii) ζi are cocycles in Cocym(G,S′)⊗S L(S′) for all i;
(iii) ηi ∈ Cochm−1(G,ΓS′)
(iv) θi ∈ Cochm−1(G,Γ (Ei)S′).
(v) j = ζi + ∂m−1(ηi + θi).
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The sequence {Ei}i of subsets of the finite set E is finite and terminates
with a set En all of whose elements are ≤ c − z. Hence we have that the
sequence {θi}i terminates with θn ∈ Cochm−1(G,Γ≤c−z,S′). Hence we have

j = ζn + ∂m−1(ηn + θn)

where
ζn ∈ Cocym(G,S′)⊗S L(S′)

ηn ∈ Cochm−1(G,ΓS′)

θn ∈ Cochm−1(G,Γ≤c−z,S′).

As L(S′) is a finite flat S′-module on which G acts trivially, we have an
isomorphism of ∆c,S-modules (remark 6.9.25(i))

Cocym(G,S′)⊗S L(S′) ∼= Cocym(G,L(S′)).

Hence we have that j lies in the module of cocycles

M ∩Cocym(G, J(S′))

where

M = Cocym(G,L(S′)) + Cobm(G,ΓS′) + Cobm(G,Γ≤c−z,S′).

The submodule of coboundaries Cobm(G, J(S′)) lies in both
Cocym(G, J(S′)) and Cobm(G,ΓS′). Hence Cobm(G, J(S′)) is a submodule
of M ∩ Cocym(G, J(S′)). The map Ξ fits into a diagram (lemma 6.9.9 and
(6.9.3))

Hm(G, J(S′)) ∼= J(Hm(G,S)) Ξ→ Hm−1(G,Hc,S)
t(Hm−1(G,Hc−z,S))

.

We then have that the kernel of Ξ is isomorphic to the quotient

M ∩ {Cocym(G, J(S′))}
Cobm(G, J(S′))

as required.�

Proof of corollary 6.8.11
Put S′ = S/exp(G)S. We have for any R-module U on which G acts

trivially Cob1(G,U) = 0. Hence the module M of proposition 6.8.10 given by

M = Cocy1(G,L(S′)) + Cob1(G,ΓS′ + Γ≤c−z,S′)
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is equal to Cocy1(G,L(S′)) and we have Cob1(G, J(S′)) = 0. Hence the quo-
tient

M ∩ Cocy1(G, J(S′))
Cob1(G, J(S′))

is isomorphic to H1(G,L(S′)∩J(S′)). The corollary now follows immediately
from proposition 6.8.10. �

6.10 Galois invariants of the Heegner module: S is an
infinitesimal trait

Write G for the galois group G(c/c− z) and assume that S is an infinitesimal
trait. The main result of this and the next section is theorem 6.10.7 which
determines, under hypotheses, the isomorphism class of the ∆c,S-module

H0(G,Hc,S)
t(H0(G,Hc−z,S))

.

In the case when S is the infinitesimal trait Z/lnZ, this is applied to the
cohomology of elliptic curves in chapter 7.

(6.10.1) We assume throughout this section that

S is an infinitesimal trait which is an R-algebra; for an element a ∈ R we
write a⊗ 1 for its image in the R-algebra S;

n is the image in R of the integer |B∗|/|A∗| and is assumed
to be a multiplicative unit of R;

c′ ≤ c are effective divisors on Spec A;
z is a prime divisor in the support of c where z �∈ Ĩ;
ρ : ΣF \ Ĩ → R, v �→ av, is a map of sets;
H(ρ)S = lim−→Hc,S is the Heegner module attached to ρ, K/F , with

exceptional set Ĩ and with coefficients in S.

We shall use the notation of §6.7, more precisely that of theorem 6.7.16; a
summary of this notation is given in (6.10.2)-(6.10.6) below.

(6.10.2) As in (6.7.9), let pi, i = 1, . . . ,m where m ≤ 2, be the prime ideals of
the order Oc−z of K lying over the prime ideal mz of A corresponding to z.
When z is disjoint from the support of c− z, let [[pi]] denote the divisor class
of Pic(Oc−z) defined by the fractionary ideal pi of Oc−z (as in (4.6.2)).

Let P be the subgroup of Pic(Oc−z) generated by the classes [[pi]], i =
1, . . . ,m, when z �∈ Supp(c− z).
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(6.10.3) If z is ramified in K/F and z �∈ Supp(c − z) then there is a unique
prime ideal m′z of Oc−z lying above the prime ideal mz of A. In this case P is
the cyclic group generated by the element

[[m′z]] ∈ Pic(Oc−z).

Let L be an ideal of S. Let χ be a character of P with values in S/L; that
is to say χ is a group homomorphism

χ : P → (S/L)∗.

Let Iχ be the submodule of ec,c−zAnnS(L)∆c,S on which P acts as χ−1

(see (6.7.10) for further details).

(6.10.4) Suppose that z �∈ Supp(c−z) and z is split completely in K/F . Then
there are two distinct prime ideals p1, p2 of Oc−z lying above the prime ideal
mz of A. In this case P is the subgroup of Pic(Oc−z) generated by the two
elements [[p1]], [[p2]].

Assume that the order of the group P is prime to the residue characteristic
of S. Then for any S[P ]-module M of finite type we have the decomposition
into isotypical components

M =
⊕

χ

M(χ)

where the sum runs over the irreducible representations χ : P → GLn(κ) of
P where κ is the residue field of S.

In particular, we have the decomposition

S[P ] ∼=
⊕

χ

S(χ)

where S(χ) is the χ-isotypical component of S[P ]. The S-algebra S(χ) is a
finite étale S-algebra and hence is an infinitesimal trait with the same local
parameter as S and whose residue field is a finite separable extension κ(χ) of
the residue field κ of S. We then have for each irreducible representation χ of
P over κ, that there is a group homomorphism

χ : P → κ(χ)∗

where κ(χ) is a finite separable extension field of κ.
The algebra S[P ] acts on the module S(χ). We have that

AnnS(χ)(az ⊗ 1− [[p1]]−1 − [[p2]]−1)

is an ideal of the algebra S(χ) and hence is of the form πmS(χ) for some
integer m ≥ 0 where π is a local parameter of S; hence there is an ideal I(χ)
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of S such that we have the equality of ideals of S(χ)

(6.10.5) I(χ)S(χ) = AnnS(χ)(az ⊗ 1− [[p1]]−1 − [[p2]]−1).

(6.10.6) Suppose that z ∈ Supp(c− z). Let Ic,c−2z,S be the kernel in ∆c,S of
the algebra homomorphism

t∆c,c−2z : ∆c,S → ∆c−2z,S .

The Heegner module Hc−z,S is that attached to K/F and the map of sets

ρ : ΣF \ Ĩ → S, v �→ av.

Let
ρ∗ : ΣF \ (Ĩ ∪ {z}) → S, v �→ av,

be the restriction of ρ to the subset ΣF \ (Ĩ ∪{z}). Let H∗c−z,S be the Heegner
module with coefficients in S attached to ρ∗ and K/F where the exceptional
set of primes is Ĩ ∪ {z}.

There is a decomposition of ∆c,S-modules

∆≤c,S =
⊕

n≥0

⊕

c′≤c−nz
c′ �≤c−(n+1)z

∆c′,S .

The module H∗c−z,S admits a corresponding decomposition as a finite direct
sum of ∆c,S-modules, as z is an exceptional prime for ρ∗,

H∗c−z,S =
⊕

n≥1

Hc−nz.

Here Hc−nz is the image in H∗c−z,S of the module
⊕

c′≤c−nz
c′ �≤c−(n+1)z

∆c′,S . Let

πc−z : H∗c−z,S → Hc−z

be the projection homomorphism onto the component Hc−z of the Heegner
module H∗c−z,S where the kernel of πc−z is

⊕

n≥2

Hc−nz.
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6.10.7. Theorem. Write G for the galois group G(c/c − z). Assume that S
is an infinitesimal trait with local parameter π. Then the isomorphism class
of the ∆c,S-module

H0(G,Hc,S)
t(H0(G,Hc−z,S))

is given by the following table.

(1) If z remains prime in K/F and is prime to c− z:

H1(G,S)⊗S AnnS(az ⊗ 1)Hc−z,S
(2) If z is ramified in K/F and is prime to c− z where m′z is the prime
ideal of Oc−z lying above the ideal mz of A defining z and |P | is
prime to the residue characteristic of S:

H1(G,S)⊗S IχLHc−z,S

where L is the smallest ideal of S for which there is a homomorphism
χL : P → (S/L)∗ such that az ⊗ 1 ≡ χL([[m′z ]]) (mod L).
(3) If z is split completely in K/F and is prime to c− z where
mzOc−z = p1p2 and p1, p2 are two distinct prime ideals of Oc−z and |P |
is prime to the residue characteristic of S:

H1(G,S)⊗S
⊕

χ

I(χ)Hc−z,S(χ)

where the sum runs over the irreducible representations
χ : P → GLn(S/(π)), for all n, of P and where Hc−z,S(χ) is the
χ-isotypical component of Hc−z,S (see (6.7.15)).
(4) If z ∈ Supp(c− z):

H1(G,S)⊗S Ic,c−2z,SAnnS(az ⊗ 1)πc−z(H∗c−z,S)

where Ic,c−2z,S is the kernel of t∆c,c−2z : ∆c,S → ∆c−2z,S.

Table 6.10.7: H0(G,Hc,S)/t(H0(G,Hc−z,S)) when S is an infinitesimal
trait

6.10.8. Remark. In the cases (2) and (3) of this table, where z is ramified or
split completely in K/F , it is assumed that the order of the group P is prime
to the residue characteristic of the infinitesimal trait S. The general case where
P is divisible by the residue characteristic is left as an open problem.
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6.11 Proof of theorem 6.10.7

We first prove the next proposition 6.11.1 and lemma 6.11.3 before proving
theorem 6.10.7. Let S be an R-algebra which is an infinitesimal trait with
local parameter π.

6.11.1. Proposition. We have

L(S) ∩ J(S) = JΓ (S)

provided that if z �∈ Supp(c − z) and that either z is ramified or z is split
completely in K/F then |P | is prime to the residue characteristic of S.

(6.11.2) Recall (definition 6.8.8) that L(S) is given as subset of Γ≤c,S by

L(S) =
∑

c′≤c
c′ �≤c−z

∑

w∈Supp(c′)\(Ĩ∪{z})
ec′,c′−zΓc′,c′−w,S .

For any saturated subset E of Div+(A) all of whose elements are ≤ c we put

L(E,S) =
∑

c′∈E,
c′ �≤c−z

∑

w∈Supp(c′)\(Ĩ∪{z})
ec′,c′−zΓc′,c′−w,S.

6.11.3. Lemma. Assume that if z �∈ Supp(c−z) and that either z is ramified
or split completely in K/F then |P | is prime to the residue characteristic
of the infinitesimal trait S. Let j ∈ L(S) ∩ J(S) and suppose that for some
saturated subset E of Div+(A), all elements of which are ≤ c, we have

j = θ + η

where
η ∈ L(E,S) ∩ J(S), θ ∈ JΓ (S).

Let x be a maximal element of E such that x �≤ c− z. Then we have

j = θ′ + η′

where
η′ ∈ L(E\{x}, S), θ′ ∈ JΓ (S).
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Proof that lemma 6.11.3 implies proposition 6.11.1.

First it is clear that JΓ (S) is contained in both L(S) and J(S) and hence
it is contained in their intersection.

Let j ∈ L(S) ∩ J(S). Let E0 be the saturated subset of Div+(A) given by
{c′ | c′ ≤ c}. We have that j can be written in the form

j = θ1 + η1

where, taking θ1 = 0,
θ1 ∈ JΓ (S)

and
η1 ∈ L(E0, S) ∩ J(S).

Using lemma 6.11.3, we may construct inductively finite sequences Ei, θi, ηi,
for i = 1, 2, . . . where

(i) Ei are saturated subsets of E0 forming a strictly decreasing sequence

E0 ⊃ E1 ⊃ . . . ⊃ En ⊃ . . .

such that Ei \Ei+1 = {di} where di �≤ c−z and di is a maximal element
of Ei;

(ii) θi are elements of JΓ (S) for all i;
(iii) ηi ∈ L(Ei, S) ∩ J(S) for all i;
(iv) j = θi + ηi for all i.

The sequence {Ei}i of subsets of the finite set E0 is finite and terminates
with a set En all of whose elements are ≤ c − z. Hence we have that the
sequence {ηi}i terminates with ηn ∈ ∆≤c−z,S ∩ L(S) ∩ J(S); that is to say
ηn = 0. We obtain that j = θn where θn ∈ JΓ (S). It follows that JΓ (S)
contains L(S) ∩ J(S) and hence JΓ (S) = L(S) ∩ J(S) as required.�

Proof of lemma 6.11.3.

The proof of this is similar to the proof of lemma 6.5.3.
Let j ∈ L(S)∩J(S) and suppose that for some saturated set E of effective

divisors, all of which are ≤ c, the element j can be written as

j = θ + η

where
η ∈ L(E,S) ∩ J(S)
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and
θ ∈ JΓ (S).

The module JΓ (S) is a submodule of J(S) (remark 6.8.9(i)) and is evi-
dently a submodule of L(S). Hence we have

JΓ (S) ⊆ L(S) ∩ J(S).

By taking the difference j − θ, where θ ∈ JΓ (S), we may reduce to the case
where the element j in the lemma is of the form j = η where
η ∈ L(E,S) ∩ J(S).

We may therefore suppose that j is an element of the form

j =
⊕

c′≤c, c′ �≤c−z
jc′ , jc′ ∈ Jc′,z,S for all c′,

where

(6.11.4) j = ec,c−z
∑

d′∈E

∑

w �∈Ĩ∪{z}
Kd′,d′−w(ηd′,w)

where ηd′,w ∈ ∆d′,S for all d′ and for all prime divisors w �∈ Ĩ ∪{z} and where
the element j lies in L(E,S) ∩ J(S).

Let x be the chosen maximal element of the finite saturated set E where
x �≤ c − z, as stated in the lemma. Let z1, z2, . . . , zn be the distinct prime
divisors in Supp(x) \ (Ĩ ∪ {z}). We consider the component of this element j
in ∆x,S namely the sum

∑
d′∈E in (6.11.4) can be written in the form

(6.11.5) j = ec,c−z
n∑

i=1

Kx,x−zi(ηx,zi) + γ

where

(6.11.6) γ ∈ L(E\{x}, S).

The definition of the K homomorphisms is the following equation
(see (5.3.6))

Kf,f−w(δ) = (aw − ε(f, w))t∆f,f−w(δ)−
|O∗f−w|
|A∗| ef,f−wδ.

The component of Kf,f−w(δ) in ∆x,S is therefore zero if the divisor f is not
equal to x, x+ w or x+ 2w (by the definition of Kf,f−w); the component of
Kx,x−zi(δ) in ∆x,S is then equal to

−
|O∗x−zi |
|A∗| eiδ
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where we write
ei = ex,x−zi =

∑

g∈Gi
g

and
Gi = ker(tx,x−zi) = G(x/x − zi), for all i.

The maximality of x implies that x, x + w and x + 2w do not lie in the
set E \ {x} for all prime divisors w. Hence for the sum

γ =
∑

c′∈E\{x}

∑

w∈Supp(c′)\(Ĩ∪{z})
γc′,c′−w

where
γc′,c′−w ∈ ec,c−zΓc′,c′−w

the component in ∆x,S is equal to zero.
The component in ∆x,S of the right hand side of the equation (6.11.5) is

then the component in ∆x,S of the sum

ec,c−z
n∑

i=1

Kx,x−zi(ηx,zi).

Hence the component of this equation (6.11.5) in ∆x,S is the equation

(6.11.7) jx = −ec,c−z
n∑

i=1

|O∗x−zi |
|A∗| eiηx,zi

where jx is the component in ∆x,S of j and where the element jx lies in Jx,z,S .

Case 1. Suppose that z is inert in K/F and z �∈ Supp(c− z).
In this case from the table 6.7.16 we have, as S is an infinitesimal trait,

Jx,z,S = AnnS(az ⊗ 1)ec,c−z∆x,S .

Suppose first that n = 1. Then the equation (6.11.7) becomes

jx = −ec,c−z
|O∗x−z1 |
|A∗| e1ηx,z1 .

As
|O∗x−z1 |
|A∗| is a unit of R and jx ∈ Jx,z,S we obtain

ec,c−ze1ηx,z1 ∈ Jx,z,S.

That is to say, we have
ec,c−zηx,z1 ∈ Jz1x,z,S.
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Putting
θ = Kx,x−z1(ec,c−zηx,z1)

we then have θ ∈ JΓ (S). Hence we obtain from (6.11.5)

j = θ + γ

where
θ ∈ JΓ (S), γ ∈ L(E\{x}, S) ∩ J(S).

This proves the lemma in this case.
Assume now that n ≥ 2. Then the equation (6.11.7) becomes

(6.11.8) jx = −ec,c−z
n∑

i=1

eiηx,zi , ei = ex,x−zi,

where we have
jx ∈ Jx,z,S = AnnS(az ⊗ 1)ec,c−z∆x,S .

The family of subgroups {G(x − z/x − z − zi)}i=1,...,n of Pic(Ox−z) is R-
admissible (proposition 5.8.4). As there is an isomorphism of ∆c,S-modules

ec,c−z∆x,S
Jx,z,S

=
ec,c−z∆x,S

AnnS(az ⊗ 1)ec,c−z∆x,S
∼= ∆x−z,S/AnnS(az⊗1)

we may apply proposition 5.5.30 to the equation (6.11.8). We obtain that
there are elements

u(i,j) ∈ ec,c−z∆x,S for all i �= j and 1 ≤ i, j ≤ n

such that
u(i,j) = −u(j,i) for all i �= j

and

(6.11.9) ec,c−zeiηx,zi = eiθi +
∑

j �=i
1≤j≤n

eiju
(i,j) for all i ≥ 1

where
eij =

∑

h∈GiGj
h for all i �= j

and where
eiθi ∈ Jx,z,S = AnnS(az ⊗ 1)ec,c−z∆x,S .

As zi �= z, we may select the element θi to be in ec,c−z∆x,S and hence as
eiθi ∈ Jx,z,S we have in particular, θi ∈ Jzix,z,S for all i (see (6.8.3)).
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From lemma 5.10.1, this equation (6.11.9) then gives the equation

(6.11.10) N

{
ec,c−z

n∑

i=1

Kx,x−zi(ηx,zi)−
n∑

i=1

Kx,x−zi(θi)
}

=

−
n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj (t∆x,x−zi(u

(i,j)))

where

N =
|O∗x−z1−z2 |
|A∗|

and where we have that N = 1 unless n = 2 and x = z1 + z2; in particular,
N is a unit in R, by the hypotheses (6.10.1).

We obtain from (6.11.10) and (6.11.5)

j =
n∑

i=1

Kx,x−zi(θi) + γ

− 1
N

n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj(t∆x,x−zi(u

(i,j)))

where, as θi ∈ Jzix,z,S for all i,

n∑

i=1

Kx,x−zi(θi) ∈ JΓ (S) and γ ∈ L(E\{x}, S)

and where

− 1
N

n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj(t∆x,x−zi(u

(i,j)))

also belongs to L(E\{x}, S). We obtain

j =
n∑

i=1

Kx,x−zi(θi) + δ

where δ ∈ L(E\{x}, S) and
∑n

i=1Kx,x−zi(θi) belongs to JΓ (S). As j belongs
to L(S) ∩ J(S) we obtain that δ ∈ L(E\{x}, S) ∩ J(S), which proves the
lemma in the case where z is inert in K/F .
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Case 2. Suppose that z �∈ Supp(c − z), that z is ramified in K/F , and that
|P | is a unit of S.

Let mz be the ideal of A defining z. Let m′z be the prime ideal of Oc−z
lying above mz. Let P be the cyclic subgroup of Pic(Oc−z) generated by
the ideal class of m′z, where the order of P is assumed to be prime to the
residue characteristic of S, that is to say the order has image in S which is a
multiplicative unit. Let m′z,x be the prime ideal of Ox−z lying above mz. Then
m′z = m′z,x ∩Oc−z; hence the group Px generated by the ideal class of m′z,x in
Pic(Ox−z) is a homomorphic image of the group P . Hence the order of Px is
also a unit of S.

By the table 6.7.16 we then have

Jx,z,S = IχL

where L is the smallest ideal of S for which there is a rank 1 character

χL : Px → (S/L)∗

of Px such that
az ⊗ 1 ≡ χL([[m′z,x]]) (mod L).

By definition we have

(6.11.11) IχL = {δ ∈ AnnS(L)ex,x−z∆x,S| hδ = χ−1
L (h)δ for all h ∈ Px}.

Fix an isomorphism of ∆c,S-modules

i : ∆x−z,S/L
∼−→AnnS(L)ex,x−z∆x,S .

We have (see (6.7.10) and (6.10.3))

IχL = i(gχL∆x−z,S/L)

where
gχL =

∑

g∈Px
gχL(g) ∈ ∆x−z,S/L.

Suppose first that n = 1. Then the equation (6.11.7) becomes

jx = −ec,c−z
|O∗x−z1 |
|A∗| e1ηx,z1 .

As
|O∗x−z1 |
|A∗| is a unit of R and jx ∈ Jx,z,S we obtain

ec,c−ze1ηx,z1 ∈ Jx,z,S = IχL .

Hence we have (see (6.8.3))

ec,c−zηx,z1 ∈ Jz1x,z,S.
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Putting
θ = Kx,x−z1(ec,c−zηx,z1)

we then have θ ∈ JΓ (S). Hence we obtain from (6.11.5)

j = θ + γ

where
θ ∈ JΓ (S), γ ∈ L(E\{x}, S) ∩ J(S).

This proves the lemma in this case.
Assume now that n ≥ 2. Then the equation (6.11.7) becomes

(6.11.12) jx = −ec,c−z
n∑

i=1

eiηx,zi , ei = ex,x−zi,

where we have
jx ∈ Jx,z,S = IχL .

We have by definition

gχL =
∑

g∈Px
gχL(g) ∈ ∆x−z,S/L

and we have
gχLgχL = |Px|gχL .

Put
g∗χL = gχL/|Px| ∈ ∆x−z,S/L.

This is well defined as |Px| is a unit of S. The element g∗χL acts on
AnnS(L)ec,c−z∆x,S; in particular, g∗χL acts on IχL = Jx,z,S as we have
IχL ⊂ AnnS(L)ec,c−z∆x,S . We have for any element h ∈ IχL

g∗χLh = h.

The family of subgroups {G(x − z/x − z − zi)}i=1,...,n of Pic(Ox−z) is
R-admissible (proposition 5.8.4). As there is an isomorphism of ∆c,S-modules

AnnS(L)ec,c−z∆x,S ∼= ∆x−z,S/L

and as jx ∈ AnnS(L)ec,c−z∆x,S , we may apply proposition 5.5.30 to the
equation (6.11.12). We obtain that there are elements

u(i,j) ∈ ∆x,S for all i �= j and 1 ≤ i, j ≤ n

such that
u(i,j) = −u(j,i), for all i �= j,



306 Cohomology of the Heegner module

and elements
ec,c−zeiθi ∈ eiAnnS(L)ec,c−z∆x,S

where we have

(6.11.13) ec,c−zeiηx,zi = ec,c−zeiθi + ec,c−z
∑

j �=i
1≤j≤n

eiju
(i,j) for all i ≥ 1

and
eij =

∑

h∈GiGj
h for all i �= j.

Summing the equations (6.11.13) over all i we obtain the equation

(6.11.14) jx = −ec,c−z
n∑

i=1

eiθi

Multiplying the equation (6.11.14) by g∗χL we obtain, as g∗χLjx = jx,

(6.11.15) jx = −ec,c−z
n∑

i=1

g∗χLeiθi.

The difference between the equations (6.11.14) and (6.11.15) gives the equa-
tion

(6.11.16) 0 = −ec,c−z
n∑

i=1

ei(θi − g∗χLθi).

As we have an isomorphism of ∆c,S-modules

AnnS(L)ec,c−z∆x,S ∼= ∆x−z,S/L
we may again apply 5.5.30 to the equation (6.11.16). We obtain that there
are elements

v(i,j) ∈ AnnS(L)∆x,S for all i �= j and 1 ≤ i, j ≤ n
such that

v(i,j) = −v(j,i) for all i �= j
and

(6.11.17) ec,c−zeiθi = g∗χLec,c−zeiθi + ec,c−z
∑

j �=i
1≤j≤n

eijv
(i,j) for all i ≥ 1.

We then obtain from (6.11.17) and (6.11.13)
(6.11.18)
ec,c−zeiηx,zi = g∗χLec,c−zeiθi + ec,c−z

∑

j �=i
1≤j≤n

eij(u(i,j) + v(i,j)) for all i ≥ 1.

We have here
g∗χLec,c−zeiθi ∈ eiIχL = eiJx,z,S

for all i, hence we have g∗χLec,c−zθi ∈ J
zi
x,z,S for all i (see (6.8.3)).
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From lemma 5.10.1, this equation (6.11.18) then gives the equation

(6.11.19) N

{
ec,c−z

n∑

i=1

Kx,x−zi(ηx,zi)−
n∑

i=1

Kx,x−zi(ec,c−zg
∗
χLθi)
}

=

−ec,c−z
n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj (t∆x,x−zi(u

(i,j) + v(i,j)))

where

N =
|O∗x−z1−z2 |
|A∗|

and where we have that N = 1 unless n = 2 and x = z1 + z2; in particular,
N is a unit in R, by the hypotheses (6.10.1).

We obtain from (6.11.19) and (6.11.5)

j =
n∑

i=1

Kx,x−zi(ec,c−zg
∗
χLθi) + γ

−ec,c−z
1
N

n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj (t∆x,x−zi(u

(i,j) + v(i,j)))

where
γ ∈ L(E\{x}, S).

and where

− 1
N
ec,c−z

n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj (t∆x,x−zi(u

(i,j) + v(i,j)))

also belongs to L(E\{x}, S). We obtain

j =
n∑

i=1

Kx,x−zi(ec,c−zg
∗
χLθi) + δ

where δ ∈ L(E\{x}, S) and
∑n
i=1Kx,x−zi(ec,c−zg

∗
χLθi) belongs to JΓ (S) as

g∗χLec,c−zθi ∈ Jzix,z,S for all i. As j belongs to L(S) ∩ J(S) we obtain
that δ ∈ L(E\{x}, S) ∩ J(S), which proves the lemma in the case where
z �∈ Supp(c− z), z is ramified in K/F , and |P | is a unit in S.
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Case 3. Suppose that z �∈ Supp(c − z), z is split completely in K/F , and |P |
is a unit of S.

Let mz be the ideal of A defining z. Let p1, p2 be the prime ideals of Ox−z
lying over the prime ideal mz of A. We put

g =< [[p1]]−1, x− z >

h =< [[p2]]−1, x− z > .

Let Px be the subgroup of Pic(Ox−z) generated by g and h. The group P is,
by definition, the subgroup of Pic(Oc−z) generated by the classes of the prime
ideals of Oc−z lying over mz. There is an evident surjective group homomor-
phism P → Px. Hence the order of Px is prime to the residue characteristic
of S.

Let ∆(χ) denote the χ-isotypical component of ec,c−z∆x,S for any irre-
ducible representation χ : P → GLn(S/(π)) where S/(π) is the residue field
of S. By (6.7.15), we have a decomposition of the group algebra S[Px] into its
isotypical components S(χ), where the order of the group Px is prime to the
residue characteristic of S by hypothesis,

S[Px] ∼=
⊕

χ

S(χ).

By the table 6.7.16 and (6.7.51), (6.7.52) we then have an equality of sub-
modules of ∆x,S

Jx,z,S =
⊕

χ

Ann∆(χ)(az ⊗ 1− g − h)

where the sum runs over the irreducible representations χ of Px over S/(π).
We then have

Jx,z,S =
⊕

χ

⊕

w∈Pic(Ox−z)/Px

wAnnS(χ)(az ⊗ 1− g − h)

where the sum
⊕

w∈Pic(Ox−z)/Px runs over a set of coset representatives of Px
in Pic(Ox−z).

As S(χ) is a finite étale S-algebra (see (6.7.15)) it is an infinitesimal trait
with the same local parameter π as S. Hence we have

AnnS(χ)(az ⊗ 1− g − h) = S(χ)Aχ

where Aχ is the ideal of S given by

Aχ = AnnS(az ⊗ 1− g − h);
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that is to say, Aχ is the ideal of S annihilated by the element az⊗1− [[p1]]−1−
[[p2]]−1 of the S-algebra S(χ). Hence we have isomorphisms of ∆c,S-modules

Jx,z,S ∼=
⊕

χ

⊕

w∈Pic(Ox−z)/Px

wAχS(χ) ∼=
⊕

χ

Aχ∆(χ).

Suppose first that n = 1. Then the equation (6.11.7) becomes

jx = −ec,c−z
|O∗x−z1 |
|A∗| e1ηx,z1 .

As
|O∗x−z1 |
|A∗| is a unit of R and jx ∈ Jx,z,S we obtain

ec,c−ze1ηx,z1 ∈ Jx,z,S.

Hence we have (see (6.8.3))

ec,c−zηx,z1 ∈ Jz1x,z,S.

Putting
θ = Kx,x−z1(ec,c−zηx,z1)

we then have θ ∈ JΓ (S). Hence we obtain from (6.11.5)

j = θ + γ

where
θ ∈ JΓ (S), γ ∈ L(E\{x}, S) ∩ J(S).

This proves the lemma in this case.
Assume now that n ≥ 2. Then the equation (6.11.7) becomes

(6.11.20) jx = −ec,c−z
n∑

i=1

eiηx,zi , ei = ex,x−zi,

where we have
jx ∈ Jx,z,S .

The family of subgroups {G(x − z/x − z − zi)}i=1,...,n of Pic(Ox−z) is
R-admissible (proposition 5.8.4). As there is an isomorphism of S-modules

S/AnnS(Aχ) ∼= Aχ

and as jx lies in the submodule
⊕

χAχ∆(χ) of∆x,S , we may apply proposition
5.5.30 to the equation (6.11.20); for this proposition applies to each component
∆(χ) ⊗S S/L for any ideal L of S and for any χ. We obtain that there are
elements

u(i,j) ∈ ec,c−z∆x,S for all i �= j and 1 ≤ i, j ≤ n
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such that
u(i,j) = −u(j,i) for all i �= j

and elements
ec,c−zeiθi ∈ ei

⊕

χ

Aχ∆(χ) = eiJx,z,S

where we have

(6.11.21) ec,c−zeiηx,zi = ec,c−zeiθi + ec,c−z
∑

j �=i
1≤j≤n

eiju
(i,j) for all i ≥ 1

and
eij =

∑

h∈GiGj
h for all i �= j.

We have here
ec,c−zeiθi ∈ eiJx,z,S

for all i; hence ec,c−zθi ∈ Jzix,z,S for all i (see (6.8.3)).
From lemma 5.10.1, this equation (6.11.21) then gives the equation

(6.11.22) N

{
ec,c−z

n∑

i=1

Kx,x−zi(ηx,zi)−
n∑

i=1

Kx,x−zi(ec,c−zθi)
}

=

−ec,c−z
n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj (t∆x,x−zi(u

(i,j))).

where

N =
|O∗x−z1−z2 |
|A∗|

and where we have that N = 1 unless n = 2 and x = z1 + z2; in particular,
N is a unit in R, by the hypotheses (6.10.1).

We obtain from (6.11.22) and (6.11.5)

j =
n∑

i=1

Kx,x−zi(ec,c−zθi) + γ

−ec,c−z
1
N

n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj (t∆x,x−zi(u

(i,j)))

where
γ ∈ L(E\{x}, S).

and where

− 1
N
ec,c−z

n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj (t∆x,x−zi(u

(i,j)))
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also belongs to L(E\{x}, S). We obtain

j =
n∑

i=1

Kx,x−zi(ec,c−zθi) + δ

where δ ∈ L(E\{x}, S) and
∑n

i=1Kx,x−zi(ec,c−zθi) belongs to JΓ (S) as
ec,c−zθi ∈ Jzix,z,S for all i. As j belongs to L(S) ∩ J(S) we obtain that
δ ∈ L(E\{x}, S) ∩ J(S), which proves the lemma in the case where
z �∈ Supp(c− z), z is split completely in K/F , and |P | is a unit in S.

Case 4. Suppose that z ∈ Supp(c− z).
By the table 6.7.16 we have

Jx,z,S = AnnS(az ⊗ 1)ec,c−zIx,x−2z,S .

That is to say, an element ec,c−zy of ec,c−z∆x,S , where y ∈ ∆x,S, lies in Jx,z,S
if and only if (az ⊗ 1)t∆x,x−z(y) = 0 and t∆x,x−2z(y) = 0.

Suppose first that n = 1. Then the equation (6.11.7) becomes

jx = −ec,c−z
|O∗x−z1 |
|A∗| e1ηx,z1 .

As
|O∗x−z1 |
|A∗| is a unit of R and jx ∈ Jx,z,S we obtain

ec,c−ze1ηx,z1 ∈ Jx,z,S.

That is to say, we have
ec,c−zηx,z1 ∈ Jz1x,z,S.

Putting
θ = ec,c−zKx,x−z1(ηx,z1)

we then have θ ∈ JΓ (S). Hence we obtain from (6.11.5)

j = θ + γ

where
θ ∈ JΓ (S), γ ∈ L(E\{x}, S) ∩ J(S).

This proves the lemma in this case.
Assume now that n ≥ 2. Then the equation (6.11.7) becomes

(6.11.23) jx = −ec,c−z
n∑

i=1

eiηx,zi

where we have

jx ∈ Jx,z,S = AnnS(az ⊗ 1)ec,c−zIx,x−2z,S.
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The family of subgroups {G(x − z/x − z − zi)}i=1,...,n of Pic(Ox−z) is R-
admissible (proposition 5.8.4). As there is an isomorphism of ∆c,S-modules

ec,c−z∆x,S/AnnS(az ⊗ 1)ec,c−z∆x,S ∼= ∆x−z,S/AnnS(az⊗1)

we may apply proposition 5.5.30 to the equation (6.11.23). We obtain that
there are elements

u(i,j) ∈ ec,c−z∆x,S for all i �= j and 1 ≤ i, j ≤ n

such that
u(i,j) = −u(j,i), for all i �= j,

and

(6.11.24) ec,c−zeiηx,zi = eiθi +
∑

j �=i
1≤j≤n

eiju
(i,j) for all i ≥ 1

where
eij =

∑

h∈GiGj
h for all i �= j

and where
θi ∈ AnnS(az ⊗ 1)ec,c−z∆x,S for all i.

Summing over all i we obtain from (6.11.24) and (6.11.23)

(6.11.25) jx = −
n∑

i=1

eiθi.

where
jx ∈ AnnS(az ⊗ 1)ec,c−zIx,x−2z,S.

Applying the homomorphism t∆x,x−2z to the equation (6.11.25), we obtain the
equation in ∆x−2z,S

(6.11.26) 0 = −
n∑

i=1

eit
∆
x,x−2z(θi).

There is an evident isomorphism of ∆c,S-modules

AnnS(az ⊗ 1)ec,c−z∆x,S ∼= ∆x−z,S/(az⊗1)S .

Hence we may again apply 5.5.30 to the equation (6.11.26). We obtain that
there are elements

v(i,j) ∈ AnnS(az ⊗ 1)ec,c−z∆x,S for all i �= j and 1 ≤ i, j ≤ n
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and elements
ξi ∈ AnnS(az ⊗ 1)ec,c−z∆x,S for all i

such that
v(i,j) = −v(j,i), for all i �= j,

and

(6.11.27) eiθi = eiξi +
∑

j �=i
1≤j≤n

eijv
(i,j) for all i ≥ 1

where
t∆x,x−2z(eiξi) = 0.

Hence we have

eiξi ∈ Ix,x−2z,S ∩AnnS(az ⊗ 1)ec,c−z∆x,S = Jx,z,S.

It follows that (see (6.8.3))

ξi ∈ Jzix,z,S for all i.

From lemma 5.10.1, the equations (6.11.24) and (6.11.27) then give the
equation

(6.11.28) N

{
ec,c−z

n∑

i=1

Kx,x−zi(ηx,zi)−
n∑

i=1

Kx,x−zi(ξi)
}

=

−
n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj (t∆x,x−zi(u

(i,j) + v(i,j)))

where

N =
|O∗x−z1−z2 |
|A∗|

and where we have that N = 1 unless n = 2 and x = z1 + z2; in particular,
N is a unit in R, by the hypotheses (6.10.1).

We obtain from (6.11.28) and (6.11.5)

j =
n∑

i=1

Kx,x−zi(ξi) + γ

− 1
N

n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj (t∆x,x−zi(u

(i,j) + v(i,j)))

where
γ ∈ L(E\{x}, S)
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and where

− 1
N

n∑

i=1

∑

1≤j≤n,j �=i
(azi − ε(x, zi))Kx−zi,x−zi−zj (t∆x,x−zi(u

(i,j) + v(i,j)))

also belongs to L(E\{x}, S) as u(i,j), v(i,j) ∈ ec,c−z∆x,S for all i, j. We obtain

j =
n∑

i=1

Kx,x−zi(ξi) + δ

where δ ∈ L(E\{x}, S) and
∑n

i=1Kx,x−zi(ξi) belongs to JΓ (S) as ξi ∈ Jzix,z,S
for all i. As j belongs to L(S)∩ J(S) we obtain that δ ∈ L(E\{x}, S)∩ J(S).
This completes the proof of lemma 6.11.3 and of proposition 6.11.1.�

End of proof of theorem 6.10.7.

Put S′ = S/exp(G)S. By corollary 6.8.11 we have the exact sequence of
∆c,S-modules

0 −→ H1(G,L(S′) ∩ J(S′)) −→ J(H1(G,S)) Ξ−→ H0(G,Hc,S)
t(H0(G,Hc−z,S))

−→ 0.

In the case where z �∈ Supp(c − z) and either z is ramified or z is split com-
pletely inK/F then it is assumed that |P | is prime to the residue characteristic
of the infinitesimal trait S; this corresponds to the cases (2) and (3) of table
6.10.7.

By proposition 6.11.1, we then have the equality

L(S′) ∩ J(S′) = JΓ (S′).

Hence we obtain the exact sequence of ∆c,S-modules
(6.11.29)

0 −→ H1(G, JΓ (S′)) −→ J(H1(G,S)) Ξ−→ H0(G,Hc,S)
t(H0(G,Hc−z,S))

−→ 0.

By lemma 6.9.7, the group H1(G,S) is a finite free S′-module; by
remarks 6.8.4(i) and (ii), we then have an isomorphism of ∆c,S-modules

J(H1(G,S)) ∼= J(S′)⊗S H1(G,S).

As G acts trivially on JΓ (S′), lemma 6.9.9 (or the universal coefficient
theorem; see (6.9.8)) shows that there is a non-canonical isomorphism of
∆c,S-modules

H1(G, JΓ (S′)) ∼= JΓ (S′)⊗S H1(G,S).
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Hence we obtain from (6.11.29) the exact sequence of ∆c,S-modules
(6.11.30)

0→ JΓ (S′)⊗S H1(G,S)→ J(S′)⊗S H1(G,S) Ξ−→ H0(G,Hc,S)
t(H0(G,Hc−z,S))

→ 0

where the first arrow is induced by the inclusion JΓ (S′) ⊆ J(S′).

Case 1. Suppose that z is inert in K/F and z �∈ Supp(c− z).
From table 6.7.16 we have

(6.11.31) J(S′) = AnnS′(az ⊗ 1)
⊕

c′≤c, c′ �≤c−z
ec′,c′−z∆c′,S′ .

From proposition 5.7.8(i), we have the equation

(6.11.32) ec,c−zδ =
|O∗c′−z|
|A∗| ec

′,c′−zδ for all c′ < c, c′ �≤ c− z and δ ∈ ∆c′,S .

We obtain from the equation (6.11.31) and as the integer |B∗|/|A∗| is assumed
to be a multiplicative unit of R,

(6.11.33) J(S′) = AnnS′(az ⊗ 1)ec,c−z
⊕

c′≤c, c′ �≤c−z
∆c′,S′ .

We obtain from (6.11.31) for any prime divisor w, where w ∈ Supp(c′) and
w �= z,

Jwc′,z,S(S′) = AnnS′(az ⊗ 1)ec′,c′−z∆c′,S′ + ec′,c′−zIc′,c′−w,S′

where Ic′,c′−w,S′ is the augmentation ideal of ∆c′,S′ with respect to the sub-
group ker(tc′,c′−w) of Pic(Oc′). Hence we have

(6.11.34) Kc′,c′−w(Jwc′,z,S′) = AnnS′(az ⊗ 1)Kc′,c′−w(ec′,c′−z∆c′,S′)

= AnnS′(az ⊗ 1)ec′,c′−zΓc′,c′−w,S′.

From this we have

(6.11.35) JΓ (S′) = AnnS′(az ⊗ 1)
∑

c′≤c
such that c′ �≤c−z

∑

w∈Supp(c′)
w �∈Ĩ∪{z}

ec′,c′−zΓc′,c′−w,S′.

We obtain from (6.11.32) and (6.11.35)

(6.11.36) JΓ (S′) = AnnS′(az ⊗ 1)ec,c−z
∑

c′≤c
such that c′ �≤c−z

∑

w∈Supp(c′)
w �∈Ĩ∪{z}

Γc′,c′−w,S′

= AnnS′(az ⊗ 1)L(S′)
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where L(S′) is defined in (6.8.8).
We have the commutative diagram of ∆c,S-modules

(6.11.37)

∆c′,S′
t∆
c′,c′−z ↙ ↘ec,c−z

∆c′−z,S′ −→ ec,c−z∆c′,S′
ic′,c′−z

where the right hand arrow ec,c−z : ∆c′,S′ → ec,c−z∆c′,S′ is multiplication by
ec,c−z. The horizontal homomorphism

ic′,c′−z : ∆c′−z,S′ → ec,c−z∆c′,S′

given by
1∆c′−z,S′ �→ ec,c−z.1∆c′,S′

is an isomorphism of ∆c,S-modules. We have for all prime divisors w �= z

t∆w ◦ ic′,c′−z = ic′−w,c′−z−w ◦ t∆w .

We write
iz =

⊕

c′≤c,c′ �≤c−z
ic′,c′−z

where the sum runs over all c′ ∈ Div+(A) with c′ ≤ c and c′ �≤ c− z. Thus iz
is an isomorphism, as z �∈ Supp(c− z),

iz : ∆≤c−z,S′ →
⊕

c′≤c,c′ �≤c−z
ec,c−z∆c′,S′

given by ic′,c′−z on each component of the graded ∆c,S-module ∆≤c−z,S′ .
We have (by proposition 5.7.8(iii)) for all w �= z, where w, z �∈ Ĩ are prime

divisors,
t∆z ◦Kc′,c′−w = Kc′−z,c′−z−w ◦ t∆z .

Hence we have

iz ◦ t∆z ◦Kc′,c′−w = iz ◦Kc′−z,c′−z−w ◦ t∆z .

From the commutative diagram (6.11.37) above, the action of iz ◦ t∆z
on
⊕

c′≤c,c′ �≤c−z∆c′,S is multiplication by ec,c−z. Hence we obtain for all
δ ∈ ∆c′,S′

ec,c−zKc′,c′−w(δ) = izKc′−z,c′−z−w(t∆z (δ)).
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Hence the isomorphism iz : ∆≤c−z,S′ →
⊕

c′≤c,c′ �≤c−z ec,c−z∆c′,S′ induces
an isomorphism of ∆c,S′-modules, where J(S′) is considered a submodule of
∆≤c,S′ ,

i−1
z |J(S′) : J(S′) ∼= AnnS′(az ⊗ 1)

⊕

d≤c−z
∆d,S′

given by ⊕

c′≤c, c′ �≤c−z
δc′,S �→

⊕

d≤c−z
i−1
z (δd+z,S′).

Hence we obtain an isomorphism of ∆c,S-modules induced by iz

J(S′) ∼= AnnS′(az ⊗ 1)∆≤c−z,S′

and we have a commutative diagram where the vertical maps are inclusions
(6.11.38)

iz
∆≤c−z,S′ →

⊕

c′≤c,c′ �≤c−z
ec,c−z∆c′,S′ ⊆ ∆≤c,S′

↑ ↑
AnnS′(az ⊗ 1)∆≤c−z,S′ ∼= J(S′)

Futhermore, we have from (6.11.32) and (6.11.34)

Kc′,c′−w(Jwc′,z,S′) = AnnS′(az ⊗ 1)ec,c−zΓc′,c′−w,S′ .

From the equality

ec,c−zKc′,c′−w(δ) = izKc′−z,c′−z−w(t∆z (δ)), for all δ,

the isomorphism iz then gives an isomorphism (proposition 5.7.8(iii))

Kc′,c′−w(Jwc′,z,S′) ∼= AnnS′(az ⊗ 1)Γc′−z,c′−z−w,S′ .

Hence by (6.11.36) the map i−1
z restricts to an isomorphism of ∆c,S′-modules

i−1
z |JΓ (S′) : JΓ (S′) ∼= AnnS′(az ⊗ 1)Γ≤c−z,S′ .

The commutative diagram (6.11.38) may then be extended to a commutative
diagram where the vertical arrows are the obvious inclusions

(6.11.39)

∆≤c−z,S′ → ∆≤c,S′
↑ ↑

AnnS′(az ⊗ 1)∆≤c−z,S′ ∼= J(S′)
↑ ↑

AnnS′(az ⊗ 1)Γ≤c−z,S′ ∼= JΓ (S′)
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The inclusion AnnS′(az ⊗ 1)Γ≤c−z,S′ ⊆ AnnS′(az ⊗ 1)∆≤c−z,S′ fits into
the commutative diagram with an exact top row, where the vertical arrows
are the evident inclusions,

0 → Γ≤c−z,S′ → ∆≤c−z,S′ → Hc−z,S′ → 0
↑ ↑

AnnS′(az ⊗ 1)Γ≤c−z,S′ ⊆ AnnS′(az ⊗ 1)∆≤c−z,S′

The top row here is the standard presentation of the Heegner module Hc−z,S′ .
As the modules Γ≤c−z,S′ , ∆≤c−z,S′ , Hc−z,S′ are finite flat S′-modules and as
there is an isomorphism of ∆c,S-modules (see proposition 5.9.2 and
corollaries 5.9.5, 5.9.6)

(6.11.40) AnnS′(az ⊗ 1)Hc−z,S′ ∼= Hc−z,S′/(az⊗1)S′

we obtain that the cokernel of the inclusion

AnnS′(az ⊗ 1)Γ≤c−z,S′ ⊆ AnnS′(az ⊗ 1)∆≤c−z,S′

is ∆c,S-isomorphic to AnnS′(az ⊗ 1)Hc−z,S′ . From the diagram (6.11.39) we
obtain the exact sequence of ∆c,S-modules

0→ JΓ (S′)→ J(S′)→ AnnS′(az ⊗ 1)Hc−z,S′ → 0.

From the exact sequence (6.11.30), we obtain that tensoring this sequence
with − ⊗S H1(G,S) it remains exact. Hence we obtain an isomorphism of
∆c,S-modules

H0(G,Hc,S)
t(H0(G,Hc−z,S))

∼= H1(G,S)⊗S AnnS′(az ⊗ 1)Hc−z,S′ .

As there is an isomorphism of S-modules

S′/(az ⊗ 1)S′ ∼= (S/(az ⊗ 1)S)⊗S S′

and H1(G,S) is a finite free S′-module (lemma 6.9.7) we obtain from corollary
5.9.5 and (6.11.40) the isomorphisms of ∆c,S-modules

H0(G,Hc,S)
t(H0(G,Hc−z,S))

∼= H1(G,S)⊗S Hc−z,S′/(az⊗1)S′

∼= H1(G,S)⊗S Hc−z,S/(az⊗1)S

∼= H1(G,S)⊗S AnnS(az ⊗ 1)Hc−z,S
as required.
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Cases 2 and 3. Suppose one of the following:
a) z �∈ Supp(c − z) and z is ramified in K/F ;
b) z �∈ Supp(c− z) and z is split completely in K/F .

Suppose further in both these cases that |P | is a unit of S.

We treat these two cases simultaneously. Let mz be the ideal of A defining
z.

Let c′ ≤ c be a divisor of Div+(A) such that c′ �≤ c− z. If z is ramified in
K/F , let m′z be the prime ideal of Oc′−z lying above mz. We put

f =< [[m′z]]
−1, c′ − z > .

Let Pc′ be the cyclic subgroup of Pic(Oc′−z) generated by f . The group P = Pc
is, by definition, the cyclic subgroup of Pic(Oc−z) generated by the class of
the ideal of Oc−z lying over m′z. There is an evident surjective group homo-
morphism P → Pc′ for all c′ ≤ c. Hence the order of the group Pc′ is prime
to the residue characteristic of S.

Similarly, if z is split completely in K/F , let p1, p2 be the prime ideals
of Oc′−z lying over the prime ideal mz of A. We put

g =< [[p1]]−1, c′ − z >

h =< [[p2]]−1, c′ − z > .
Let Pc′ be the subgroup of Pic(Oc′−z) generated by g and h. The group
P = Pc is, by definition, the subgroup of Pic(Oc−z) generated by the classes
of the prime ideals of Oc−z lying over mz. There is an evident surjective group
homomorphism P → Pc′ for all c′ ≤ c. Hence the order of Pc′ is prime to the
residue characteristic of S.

Let δ be the element of ∆c′−z,S defined by

δ =
{
az ⊗ 1− f, if z is ramified in K/F
az ⊗ 1− g − h, if z is split completely in K/F .

By definition of Jc′,z,S (definition 6.7.3; see also theorem 6.7.16) we have

Jc′,z,S = Annec,c−z∆c′,S (δ).

Let κ be the residue field of S′ and let π be a local parameter of S′. As in
(6.7.51) and (6.7.52), we have in both instances (a) and (b) above that Jc′,z,S′
is ∆c,S-isomorphic to

(6.11.41)
⊕

χ

Ann∆c′−z,S′(χ)(δ)
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where the sum runs over all the irreducible representations χ : Pc′ → GLn(κ)
of Pc′ and where ∆c′−z,S′(χ) is the χ-isotypical component of ec,c−z∆c′,S′
(see (6.7.15)). In case (a) where z is ramified in K/F and δ = az ⊗ 1 −
f , the component Ann∆c′−z,S′(χ)(δ) is non-zero for at most one irreducible
representation χ.

As any irreducible representation χ : Pc′ → GLn(κ) induces an irreducible
representation χ : P → GLn(κ) by composition with the homomorphism
P → Pc′ , in the formula (6.11.41) the representations χ may be allowed to
run over all irreducible representations of P over κ.

By (6.7.15) and (6.7.28) we have

S′[Pc′ ] ∼=
⊕

χ

S′(χ, c′)

where S′(χ, c′) is the χ-isotypical component of S′[Pc′ ]. The S′-algebra
S′(χ, c′) is an infinitesimal trait with the same local parameter as S′ and
whose residue field is a finite separable extension κ(χ) of the residue field κ
of S′; in fact S′(χ, c′) is a finite étale S′-algebra. For each irreducible repre-
sentation χ of P over κ, there is a group homomorphism

χ : P → κ(χ)∗

where κ(χ) is a finite separable extension field of κ and the character of this
representation χ is a trace of the form Trκ(χ)/κ(χ).

The algebra S′[Pc′ ] acts on the module S′(χ, c′). We have that

AnnS′(χ,c′)(δ)

is an ideal of the algebra S′(χ, c′) and hence is of the form πmS′(χ, c′) for
some integer m ≥ 0 where π is a local parameter of S′; hence there is an ideal
I(χ) of S′ such that we have the equality of ideals of S′(χ, c′)

I(χ)S′(χ, c′) = AnnS′(χ,c′)(δ).

The ideal I(χ) of S′ is independent of the divisor c′ and depends only on
the representation χ of P over κ. For if χ : P → GLn(κ) is an irreducible
representation of P over κ and c′ ≤ c, c′ �≤ c − z, is a divisor such that
the homomorphism χ factors through the surjective homomorphism P → Pc′
then the χ-isotypical component S′(χ, c′) of S′[Pc′ ] is S[P ]-isomorphic to the
χ-isotypical component S′(χ, c) of S′[P ]. Hence there is an isomorphism of
S[P ]-modules, as required,

AnnS′(χ,c′)(δ) ∼= AnnS′(χ,c)(δ).
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The module ∆c′−z,S′(χ) is a direct sum of copies of S′(χ, c′); more precisely,
we obtain an isomorphism of ∆c,S-modules

∆c′−z,S′(χ) ∼=
⊕

h∈Pic(Oc′−z)/Pc′

hS′(χ, c′)

where the sum
⊕

h∈Pic(Oc′−z)/Pc′
runs over a set of coset representatives of

Pc′ in Pic(Oc′−z). We then obtain

Ann∆c′−z,S′(χ)(δ) = I(χ)∆c′−z,S′(χ).

As there is a decomposition of ∆c,S-modules

ec,c−z∆c′,S′ ∼=
⊕

χ

∆c′−z,S′(χ)

we then have an isomorphism of ∆c,S-modules

(6.11.42) Jc′,z,S′ ∼=
⊕

χ

I(χ)∆c′−z,S′(χ)

where the sum runs over the irreducible representations χ : P → GLn(κ) of
P and where I(χ) is an ideal of S′ for all χ which is independent of c′. We
have ∆c′−z,S′(χ) = 0 unless χ factors through the homomorphism P → Pc′ .

Let w be a prime divisor in Supp(c′) \ Ĩ distinct from z. Each component
∆c′−z,S′(χ) is a finite free S′-module, as is also ec,c−w∆c′−z,S′(χ). We then
have, as I(χ) is an S′-ideal

(6.11.43) ec,c−w∆c′−z,S′(χ) ∩ I(χ)∆c′−z,S′(χ) = ec,c−wI(χ)∆c′−z,S′(χ).

To prove this equality, ∆c′−z,S′(χ) is a direct summand of ∆c′−z,S′ and
hence it is a cohomologically trivial G(c′ − z, c′ − z − w)-module. Hence
ec,c−w∆c′−z,S′(χ) is the G(c′ − z, c′ − z − w)-invariant submodule of
∆c′−z,S′(χ). Hence ec,c−w∆c′−z,S′(χ) ∩ I(χ)∆c′−z,S′(χ) is the G(c′ − z, c′ −
z −w)-invariant submodule of I(χ)∆c′−z,S′(χ). But we have an isomorphism
of ∆c,S-modules

I(χ)∆c′−z,S′(χ) ∼= ∆c′−z,S′/AnnS′ (I(χ))(χ);

hence the G(c′−z, c′−z−w)-invariant submodule of I(χ)∆c′−z,S′(χ) is equal
to ec,c−wI(χ)∆c′−z,S′(χ); this proves (6.11.43).

We have by definition of Jwc′,z,S′ for any prime divisor w �= z in Supp(c′)

Jwc′,z,S′ = {x ∈ ec,c−z∆c′,S′ | ec′,c′−wx ∈ Jc′,z,S′ }.

It follows from (6.11.42) and (6.11.43) that if w �= z

Jwc′,z,S′ = ec,c−zIc′,c′−w,S′ +
⊕

χ

ec,c−zI(χ)∆c′,S′(χ)
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where Ic′,c′−w,S′ is the augmentation ideal ker(t∆c′,c′−w,S′). Hence we obtain

(6.11.44) Kc′,c′−w(Jwc′,z,S′) = Kc′,c′−w(
⊕

χ

I(χ)ec,c−z∆c′,S′(χ))

=
⊕

χ

I(χ)ec,c−zKc′,c′−w(∆c′,S′(χ)).

We obtain from (6.11.42) and (6.11.44) the formulae
(6.11.45)
JΓ (S′) =

⊕

χ

∑

c′≤c
such that c′ �≤c−z

∑

w∈Supp(c′)\(Ĩ∪{z}
I(χ)ec,c−zKc′,c′−w(∆c′,S′(χ))

∼=
⊕

χ

I(χ)Γ≤c−z,S′(χ)

(6.11.46) J(S′) ∼=
⊕

χ

⊕

c′≤c
such that c′ �≤c−z

I(χ)∆c′−z,S′(χ) ∼=
⊕

χ

I(χ)∆≤c−z,S′(χ)

where the sums run over the irreducible representations χ : P → GLn(κ) of
P over κ and where I(χ) is an ideal of S′ for all χ.

The Heegner module Hc−z,S′ is defined by the exact sequence

0 −→ Γ≤c−z,S′ −→ ∆≤c−z,S′ −→ Hc−z,S′ −→ 0.

The group P acts on each element of this exact sequence and as |P | is prime
to the residue characteristic of S′ we have the decomposition into isotypical
components

0 −→
⊕

χ

Γ≤c−z,S′(χ) −→
⊕

χ

∆≤c−z,S′(χ) −→
⊕

χ

Hc−z,S′(χ) −→ 0

where the sums run over the irreducible representations χ : P → GLn(κ)
of P . As Γ≤c−z,S′, ∆≤c−z,S′ , Hc−z,S′ are flat S′-modules it follows that the
χ-isotypical components Γ≤c−z,S′(χ),∆≤c−z,S′(χ),Hc−z,S′(χ) are also flat S′-
modules. Hence we may tensor this last exact sequence with − ⊗S H1(G,S)
and obtain the exact sequence (using lemma 6.9.7(ii)) for all χ where we write
H1 for H1(G,S)

(6.11.47)
0→ Γ≤c−z,S′(χ)⊗S H1 → ∆≤c−z,S′(χ)⊗S H1 → Hc−z,S′(χ)⊗S H1 → 0.
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From (6.11.30), (6.11.45) and (6.11.46), we obtain a commutative diagram
of ∆c,S-modules with exact rows

0→ JΓ (S′)⊗S H1 → J(S′)⊗S H1 Ξ→ H0 → 0
↑∼= ↑∼=

0→
⊕

χ

I(χ)Γ≤c−z,S′(χ)⊗S H1 →
⊕

χ

I(χ)∆≤c−z,S′(χ)⊗S H1

where we write
H1 = H1(G,S)

and

H0 =
H0(G,Hc,S)

t(H0(G,Hc−z,S))
.

Comparing this diagram with the exact sequence (6.11.47) we obtain the
isomorphism of ∆c,S-modules

(6.11.48)
H0(G,Hc,S)

t(H0(G,Hc−z,S))
∼=
⊕

χ

I(χ)Hc−z,S′(χ)⊗S H1(G,S).

By lemma 6.9.7(ii), the group H1(G,S) is a finite free S′-module. Further-
more, we have the decomposition of ∆c,S-modules

Hc−z,S ∼=
⊕

χ

Hc−z,S(χ)

hence we have by corollary 5.9.5 the isomorphism of ∆c,S-modules

Hc−z,S(χ)⊗S S′ ∼= Hc−z,S′(χ).

Hence we obtain from (6.11.48) the isomorphism of ∆c,S-modules

H0(G,Hc,S)
t(H0(G,Hc−z,S))

∼=
⊕

χ

I(χ)Hc−z,S(χ)⊗S H1(G,S)

as required.

Case 4. Suppose that z ∈ Supp(c− z).

Let c′ be an effective divisor such that c′ ≤ c and c′ �≤ c − z. By table
6.7.16 we have

Jc′,z,S′ = AnnS′(az ⊗ 1)ec′,c′−zIc′,c′−2z,S′ .
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Let x ∈ Jwc′,z,S′ where w ∈ Supp(c′) and w �= z. Then we have

x ∈ ec,c−z∆c′,S′

where
ec′,c′−w(az ⊗ 1)x = 0 and ec′,c′−wt∆c′,c′−2z(x) = 0.

We obtain

(az ⊗ 1)x ∈ Ic′,c′−w,S′ and t∆c′,c′−2z(x) ∈ Ic′−2z,c′−2z−w,S′

where Ic′,c′−w,S′ is the augmentation ideal in ∆c′,S′ of the subgroup
ker(tc′,c′−w); that is to say

Ic′,c′−w,S′ = Ann∆c′,S′ (ec′,c′−w).

The kernel of the map of multiplication by ec′,c′−w

ec,c−z∆c′,S′ → ec,c−z∆c′,S′ , ec,c−z �→ ec′,c′−wec,c−z

is equal to ec,c−zIc′,c′−w,S′ . The condition (az ⊗ 1)x ∈ Ic′,c′−w,S′ ,
where x ∈ ec,c−z∆c′,S , is then equivalent to

x ∈ ec′,c′−zIc′,c′−w,S′ + AnnS′(az ⊗ 1)ec′,c′−z∆c′,S′ .

We then obtain

Jwc′,z,S′ = ec′,c′−zIc′,c′−w,S′ + AnnS′(az ⊗ 1)ec′,c′−zIc′,c′−2z,S′

= ec′,c′−zIc′,c′−w,S′ + Jc′,z,S′ .

We have by definition (see (5.3.6))

Kc′,c′−w(x) = (aw − ε(c′, w))t∆c′,c′−w(x) −
|O∗c′−w|
|A∗| ec

′,c′−wx.

Hence we have
Kc′,c′−w(ec′,c′−zIc′,c′−w,S′) = 0

and therefore we obtain

Kc′,c′−w(Jwc′,z,S′) = Kc′,c′−w(Jc′,z,S′)

= Ic′,c′−2z,S′AnnS′(az ⊗ 1)ec′,c′−zΓc′,c′−w,S′.

As we have

Ic,c−2z,S′∆c′,S′ = Ic′,c′−2z,S′ for c′ �≤ c− z,
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we then obtain the equalities of submodules of ∆≤c,S′
(6.11.49)
JΓ (S′) = Ic,c−2z,S′AnnS′(az ⊗ 1)ec,c−z

∑

c′≤c
such that c′ �≤c−z

∑

w∈Supp(c′)\Ĩ
w �=z

Γc′,c′−w,S′

and

(6.11.50) J(S′) = Ic,c−2z,S′AnnS′(az ⊗ 1)ec,c−z
∑

c′≤c
such that c′ �≤c−z

∆c′,S′ .

The family of isomorphisms, which are compatible with all restriction
maps t∆c′,c′−w,

ec,c−z∆c′,S′ ∼= ∆c′−z,S′

induces by restriction a family of isomorphisms of ∆c,S′-modules, for w �= z,

ec,c−zΓc′,c′−w,S′ ∼= Γc′−z,c′−z−w,S′

which are compatible with the restriction maps t∆c′,c′−w, for all w and c′. Hence
we obtain an isomorphism of ∆c,S′-modules

JΓ (S′) ∼= Ic,c−2z,S′AnnS′(az ⊗ 1)
∑

c′≤c−z
such that c′ �≤c−2z

∑

w∈Supp(c′)\Ĩ
w �=z

Γc′,c′−w,S′ .

Put
S′′ = S′/(az ⊗ 1).

We further obtain that the isomorphism

AnnS′(az ⊗ 1)∆c′,S′ ∼= ∆c′,S′′

induces by restriction an isomorphism of ∆c,S′-modules

AnnS′(az ⊗ 1)Γc′,c′−w,S′ ∼= Γc′,c′−w,S′′ .

Hence we have a commutative diagram of ∆c,S-modules compatible with the
obvious inclusions in ∆≤c,S′ and in ∆≤c,S′′ , where the horizontal maps are
isomorphisms and the vertical maps are inclusions,
(6.11.51)
JΓ (S′) ∼= Ic,c−2z,S′′

∑

c′≤c−z
such that c′ �≤c−2z

∑

w∈Supp(c′)\Ĩ
w �=z

Γc′,c′−w,S′′

↓ ↓
J(S′) ∼= Ic,c−2z,S′′

∑

c′≤c−z
such that c′ �≤c−2z

∆c′,S′′
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As in (6.1.1), let Hc be the Heegner module attached to

ρ : ΣF \ Ĩ → R, v �→ av,

with coefficients in R. Let

ρ∗ : ΣF \ (Ĩ ∪ {z}) → R, v �→ av,

be the restriction of ρ to the subset ΣF \ (Ĩ ∪ {z}). Let H∗c be the Heeg-
ner module attached to ρ∗ with coefficients in R. Let Γ ∗≤c−z be the module
Γ≤c−z where the exceptional set of primes is taken to be Ĩ ∪ {z} in place of Ĩ
(see (5.3.7)).

Put
Γ̃c,S′′ =

∑

c′≤c
such that c′ �≤c−z

∑

w∈Supp(c′)\Ĩ
w �=z

Γc′,c′−w,S′′ .

We obtain an equality of ∆c,S-modules

Γ ∗≤c−z,S′′ =
t⊕

n=1

Γ̃c−nz,S′′ where t = ordz(c).

Let
πc−z : ∆≤c−z,S →

⊕

c′≤c−z, c′ �≤c−2z

∆c′,S

be the projection homomorphism onto the submodule
⊕

c′≤c−z, c′ �≤c−2z∆c′,S
of ∆≤c−z,S with kernel ∆≤c−2z,S. Then πc−z induces a projection homomor-
phism denoted by the same symbol

πc−z : Γ ∗≤c−z,S′′ → Γ̃c−z,S′′ .

We then obtain (from (6.11.51)) an isomorphism of ∆c,S-modules

(6.11.52) JΓ (S′) ∼= Ic,c−2z,S′πc−z(Γ ∗≤c−z,S′′).

As above, the projection homomorphism

πc−z : ∆≤c−z,S →
⊕

c′≤c−z, c′ �≤c−2z

∆c′,S

induces a projection homomorphism denoted by the same symbol

πc−z : H∗c−z,S′′ → H∗c−z,S′′ .

By proposition 6.11.1, we have the equality

(6.11.53) L(S′′) ∩ J(S′′) = JΓ (S′′)

where

L(S′′) =
∑

c′≤c,c′ �≤c−z

∑

w∈Supp(c′)\Ĩ
w �=z

ec,c−zΓc′,c′−w,S′′ ∼= Γ̃c−z,S′′ .
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We have the commutative diagram of ∆c,S-modules with exact rows (see the
isomorphisms (6.11.49))

(6.11.54)
0→ Γ̃c−z,S′′ →

∑

c′≤c−z
such that c′ �≤c−2z

∆c′,S′′ → πc−z(H∗c−z,S′′)→ 0

fΓ ↑ f ↑

0→ JΓ (S′) → J(S′)

where the vertical homomorphisms fΓ , f are the natural injections induced
by

J(S′) ∼= Ic,c−2z,S′
∑

c′≤c−z
such that c′ �≤c−2z

∆c′,S′′ ⊆
∑

c′≤c−z
such that c′ �≤c−2z

∆c′,S′′ .

From (6.11.53), we obtain

Γ̃c−z,S′′ ∩ f(J(S′)) = fΓ (JΓ (S′)).

Hence from the above commutative diagram (6.11.54) we obtain that the
kernel of the composite homomorphism

J(S′)→ πc−z(H∗c−z,S′′)
is equal to JΓ (S′); furthermore, the image of this latter homomorphism is
evidently equal to Ic,c−2z,S′πc−z(H∗c−z,S′′) (from the isomorphisms (6.11.51)).
Hence we obtain the exact sequence

0→ JΓ (S′)→ J(S′)→ Ic,c−2z,S′πc−z(H∗c−z,S′′)→ 0.

By (6.11.30), tensoring this previous exact sequence with − ⊗S H1(G,S) it
remains exact and we obtain the exact sequence, where H1 = H1(G,S),

0→ JΓ (S′)⊗S H1 → J(S′)⊗S H1 → Ic,c−2z,S′πc−z(H∗c−z,S′′)⊗S H1 → 0.

From this and (6.11.30), we obtain the isomorphism of ∆c,S-modules

H0(G,Hc,S)
t(H0(G,Hc−z,S))

∼= Ic,c−2z,S′πc−z(H∗c−z,S′′)⊗S H1(G,S).

As we have isomorphisms of ∆c,S-modules (corollary 5.9.5)

H∗c−z,S′′ ∼= AnnS(az ⊗ 1)H∗c−z,S ⊗S S′, Ic,c−2z,S′ ∼= Ic,c−2z,S∆c,S′

we obtain the isomorphism of ∆c,S-modules in this case where z ∈ Supp(c−z)
H0(G,Hc,S)

t(H0(G,Hc−z,S))
∼= Ic,c−2z,SAnnS(az ⊗ 1)πc−z(H∗c−z,S)⊗S H1(G,S).

This completes the proof of theorem 6.10.7.�
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Finiteness of Tate-Shafarevich groups

Let E/F be an elliptic curve with split multiplicative reduction at ∞, with
the notation of §2.1 of Chapter 2. In this chapter we extend the main result
on the Tate conjecture for the elliptic surface corresponding to E proved in
[Br2] to general global fields of positive characteristic; we also eliminate some
of the technical hypotheses contained therein.

The point is to prove the finiteness of the l-primary component of the
Tate-Shafarevich group

∐∐
(E/F ) of the elliptic curve E/F for at least one

prime number l; this then implies both the finiteness of the group
∐∐

(E/F )
and the Tate conjecture for the corresponding elliptic surface by known results
on étale cohomology (due to Artin, Tate, and Milne).

The contents of this chapter are the following. After some preliminaries
on quasi-groups in §7.1, Igusa’s determination of the galois action on torsion
points of an elliptic curve over a global field of positive characteristic is pre-
sented in §§7.2-7.4, as well as some of its consequences. Further preliminaries
are given in §§7.5-7.12 on the Tate conjecture.

The Heegner module Hc,S of the elliptic curve E/F is introduced in §7.12;
in §7.13 the determination of the galois invariants of the Heegner module
(theorem 6.10.7) provides a homomorphism

η : Hc,S ⊗S M(c)→ (Hc,S)G(c/0)

(see proposition 7.13.4 for the notation) for the case where the primes com-
ponents of c are distinct, inert, and unramified in K/F and where S = Z/lnZ
for a suitable prime number l. The parametrisation of the elliptic curve E by
the Drinfeld modular curve XDrin

0 (I), where I is the conductor of E without
the component at ∞, provides the homomorphism

(H(0)
c,S)G(c/0) → H1(K,E)

M.L. Brown: LNM 1849, pp. 329–434, 2004.
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whose domain is the galois invariant part of the Heegner module. If c is prime
to the conductor I, composing this map with η gives a homomorphism

Hc,S ⊗S M(c)→ H1(K,E)

whose image is a principal S-module generated by a cohomology class δ(c)
in H1(K,E) (lemma 7.14.9, notation 7.14.10). It is these cohomology classes
δ(c), whose properties are considered in §7.14, that provide annihilators by
duality (Tate-Poitou duality §§7.15-7.16 and Pontrjagin duality §7.17) of the
Tate-Shafarevich group

∐∐
(E/F ) in §7.18; this suffices to prove the finiteness

of the l-primary component of the Tate-Shafarevich groups for a set of prime
numbers l of positive Dirichlet density.

7.1 Quasi-modules

In this section we introduce quasi-modules, trival quasi-modules, and quasi-
isomorphisms.

Partially ordered sets and quasi-modules

(7.1.1) Let Λ be a set equipped with a partial order written �, that is to say
� is reflexive, transitive, and verifies the condition: if x � y and y � x then
x = y.

Let Λcat be the category associated to Λ; that is, there is a bijection
between Λ and the objects of Λcat noted

Λ→ Ob(Λcat), x→ [x],

and there is a unique arrow [x] → [y] between two objects [x], [y] of Λcat if
and only if x � y.

7.1.2. Examples. The main examples of partially ordered sets Λ that we
consider are these.
(i) Let R be a commutative ring. Let {Iλ}λ∈Λ be a family of ideals of R
partially ordered by inclusion; that is to say, for λ1, λ2 ∈ Λ we have λ1 � λ0

if and only if Iλ1 ⊆ Iλ0 .

(ii) Let Λ be the set

P = {pn| p is a prime number and n ∈ N}

the set of all prime powers of N where the partial order is given by divisibility:
pa � qb if and only if qb|pa.
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This is a special case of the example of (i), where we identify a prime
power pn with the ideal pnZ of the ring Z. The partially ordered set P is
isomorphic to the partially ordered set of non-zero primary ideals of Z ordered
by inclusion.

(iii) Let Λ be the set N∗ of all non-zero natural numbers where the partial
order is given by divisibility.

This is also a special case of the example of (i), where we identify a positive
integer n with the ideal nZ of the ring Z. The partially ordered set N∗ is then
isomorphic to the partially ordered set of non-zero ideals of Z ordered by
inclusion.

7.1.3. Definition. Let R be a commutative ring and {Iλ}λ∈Λ be a family of
ideals of R which are partially ordered by inclusion (as in example 7.1.2(i)).
A quasi-module G over R with respect to {Iλ}λ∈Λ is a family

G = {Gλ}λ∈Λ
of R-modules Gλ indexed by Λ such that for each pair of comparable elements
λ1 � λ0 there is an R-module transition homomorphism

fλ1λ0 : Gλ1 → Gλ0

and each module Gλ is annihilated by the ideal Iλ:

IλGλ = 0 for all λ ∈ Λ.

Furthermore, the maps fλ1λ0 satisfy the compatibility condition that if
λ2 � λ1 � λ0 are elements of Λ then the diagram

Gλ1

fλ1λ0−→ Gλ0

fλ2λ1↖ ↗ fλ2λ0

Gλ2

is commutative.
If R = Z we speak of a quasi-group instead of a quasi-module over Z.

7.1.4. Definition. A homomorphism h : G → H of quasi-modules over R,
with respect to {Iλ}λ∈Λ, is a family of R-module homomorphisms

hλ : Gλ → Hλ, for all λ ∈ Λ

such that for every pair of comparable elements λ1 � λ0 there is a commuta-
tive diagram of R-module homomorphisms

fλ1λ0

Gλ1 → Gλ0

hλ1 ↓ ↓ hλ0

Hλ1 → Hλ0

gλ1λ0
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The homomorphism h is an isomorphism of quasi-modules if the hλ are iso-
morphisms for all λ ∈ Λ. The quasi-modules over R with respect to {Iλ}λ∈Λ
form a category noted [{Iλ}λ∈Λ]R or more simply [Λ]R.

(7.1.5) Let h : G→ H be a homomorphism of quasi-R-modules in [Λ]R.
The kernel of h is defined as a quasi-module in the evident way, namely

ker(h) = {ker(hλ)}λ∈Λ

where the transition homomorphisms are given by restriction of the transition
homomorphisms of G.

The cokernel of h : G→ H is defined as a quasi-R-module by

coker(h) = {coker(hλ)}λ∈Λ

where the transition homomorphisms are the quotients of the transition ho-
momorphisms of H .

One may check that [Λ]R is an abelian category.

(7.1.6) Let R−mod be the category ofR-modules. Then the category of quasi-
R-modules [{Iλ}λ∈Λ]R is equivalent to the category of covariant functors

F : Λcat → R−mod

such that for all λ ∈ Λ we have

IλF(λ) = 0.

7.1.7. Examples. (1) Consider the category [Λ]Z of quasi-groups where Λ is
a subset of N∗ with the partial order given by divisibility, and in particular
the categories [N∗]Z, [P ]Z.

An element of [Λ]Z is a family

G = {Gn}n∈Λ

of abelian groups Gn indexed by the elements of Λ such that for each pair of
integers m,n ∈ Λ such that m|n there is a homomorphism of abelian groups

fnm : Gn → Gm

and each abelian group Gn is annihilated by n for all n ∈ Λ. Furthermore, the
transition homomorphisms satisfy the compatibility condition

fnm ◦ fpn = fpm

whenever m|n and n|p.



7.1 Quasi-modules 333

(2) Let Λ be a subset of N∗ and [Λ]Z the corresponding category of quasi-
groups. Let A be an abelian group and for each n ∈ Λ put

nA = A⊗Z Z/nZ

An = ker(A n−→A)

where An denotes the subgroup of A of elements annihilated by n. Then

∗A = {nA}n∈Λ

A∗ = {An}n∈Λ
are quasi-groups associated to A which are denoted ∗A and A∗ respectively.

If A,B,C are abelian groups fitting into an exact sequence

0→ A→ B → C → 0

then the snake lemma gives an exact sequence of quasi-groups in [Λ]Z, where
the index runs over the integers in Λ,

0→ A∗ → B∗ → C∗ → ∗A→ ∗B → ∗C → 0.

(3) Let E/L be an elliptic curve over a field L and let Λ be a subset of N∗.
If the characteristic p of L is positive, we assume that the integral powers of
p are excluded from Λ. Let E denote the sheaf of abelian groups for the étale
topology on Spec L induced by E.

Then we have these quasi-groups attached to E:

{E(L)n}n∈Λ

{E(L)/nE(L)}n∈Λ
{H1

ét(Spec(L), E)n}n∈Λ
{H1

ét(Spec(L), E)/nH1
ét(Spec(L), E)}n∈Λ

{H1
ét(Spec(L), En)}n∈Λ.

Quasi-constants

7.1.8. Definition. Let Λ be a partially ordered subset of N∗, which is ordered
by divisibility; this partial order is written �. A function

γ : Λ→ N
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is called quasi-constant if

(i) γ(Λ) is a finite subset of N;

(ii) for some finite set S of prime numbers and for all n ∈ Λ coprime to all
elements of S we have γ(n) ≤ 1.

7.1.9. Remarks. (i) It is evident that a function γ : Λ → N is quasi-constant
if and only if there is a quasi-constant Γ : N∗ → N which extends γ, that is
to say Γ |Λ = γ.

(ii) Let γ, δ : N∗ → N be functions such that 0 ≤ γ ≤ δ and δ is quasi-
constant. Then γ is quasi-constant.

(iii) A function γ : N∗ → N is quasi-constant if and only if there is a function
δ : N∗ → N such that

(a) 0 ≤ γ ≤ δ;

(b) δ is multiplicative: δ(mn) = δ(m)δ(n) whenever the integers m,n are
coprime;

(c) δ(pn) = 1 for all n ∈ N and for all except finitely many prime
numbers p;

(d) for all prime numbers p, δ(pn) is bounded as n→ +∞.

Clearly, a function δ satisfying these conditions is also quasi-constant.

(iv) A function δ : N∗ → N satisfies conditions (b),(c), and (d) of the
remark (iii) above if and only if δ is multiplicative and bounded.

Hence a map γ : N∗ → N is quasi-constant if and only if it is majorised
by a bounded multiplicative function.

Trivial quasi-groups. Quasi-isomorphisms.

Let Λ be a partially ordered subset of N∗.

7.1.10. Definition. A quasi-group G of [Λ]Z is finite if all Gn, for all n ∈ Λ,
are finite abelian groups and their order is bounded independently of n.

7.1.11. Definition. A quasi-group G of [Λ]Z is trivial if G is finite and the
map n �→ |Gn|, Λ→ N, is quasi-constant.
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7.1.12. Remarks. (i) A quasi-group G of [Λ]Z is trivial if and only if there is
a bounded multiplicative function γ : Λ→ Z such that

|Gn| ≤ γ(n) for all n ∈ Λ.

[See remarks 7.1.9 (ii), (iii), (iv).]

(ii) A quasi-group G of [Λ]Z is trivial if and only if these conditions hold:

(a) there is a finite set S of prime numbers such that for all n ∈ Λ coprime
to all elements of S the group Gn is trivial;

(b) G is finite.

7.1.13. Definition. A homomorphism of quasi-groups f : G→ H of [Λ]Z is
a quasi-isomorphism if the kernel and cokernel of f are trivial quasi-groups of
[Λ]Z.

7.1.14. Examples. (1) For any finitely generated Z-module A let m(A)
denote the minimal number of generators of A. Let M be a finitely generated
Z[G]-module where G is a finite group. Then the order of the finite Tate
cohomology group Ĥi(G,M) is bounded by

|Ĥi(G,M)| ≤ |G|m(M)|G||i| for all i ∈ Z.

[We prove this by induction on i. We have that Ĥ0(G,M) is a quotient ofMG

which is annihilated by |G|. Hence Ĥ0(G,M) has at most |G|m(M) elements,
which proves the result for i = 0.

Assume the result has been proved for all M and for an index i ≥ 0. The
G-module M is a submodule of the coinduced module N = HomZ(Z[G],M);
the action of G on N is given by: if φ ∈ N then g.φ is the homomorphism

g′ �→ φ(g′g), Z[G]→M.

We have the short exact sequence of Z[G]-modules

0→M → N →M ′ → 0

which is split exact as a sequence of Z-modules and where the injection
M → N is given by

m �→ {φm : g �→ gm}.
The long exact sequence of cohomology of this sequence provides isomor-
phisms

Ĥi(G,M ′) ∼= Ĥ i+1(G,M)
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for all i ∈ Z, as Ĥi(G,N) = 0 for all i by Shapiro’s lemma. Evidently, we
have

m(HomZ(Z[G],M)) ≤ m(M)|G|.

Hence we have
m(M ′) ≤ m(M)|G|.

But we then have

|Ĥ i+1(G,M)| = |Ĥ i(G,M ′)| ≤ |G|m(M ′)|G|i ≤ |G|m(M)|G|i+1
.

This proves the result for all i ≥ 0 by ascending induction on i ≥ 0.
Assume now that the result has been proved for an index i ≤ 0. Then

we may argue similarly as follows. The G-module M is a quotient module of
the induced module N ′ = Z[G] ⊗Z M ; the action of G on N ′ is given by:
g(a ⊗m) = (ga)⊗m, for a ∈ Z[G],m ∈ M . In fact the Z[G]-modules N,N ′

are isomorphic where the isomorphism is given by

N → N ′, φ �→
∑

g∈G
g ⊗ φ(g).

We have the short exact sequence of Z[G]-modules

0→M ′′ → N ′ →M → 0

where the surjection N ′ →M is given by
∑

j

aj ⊗mj �→
∑
ajm.

The long exact sequence of cohomology of this sequence provides isomor-
phisms

Ĥi(G,M ′′) ∼= Ĥ i−1(G,M)

for all i ∈ Z, as Ĥi(G,N ′) = 0 for all i. As m(N ′) ≤ m(M)|G| we have

m(M ′′) ≤ m(M)|G|.

As i ≤ 0 we then obtain

|Ĥ i−1(G,M)| = |Ĥ i(G,M ′′)| ≤ |G|m(M ′′)|G||i| ≤ |G|m(M)|G||i|+1
.

This proves the result for all i ≤ 0 by descending induction on i ≤ 0.]

(2) LetM be a finitely generated Z[G]-module where G is a finite group. Then
for all i ≥ 1

{H i(G,M ⊗Z Z/nZ)}n∈N∗
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and
{Hi(G,Mn)}n∈N∗

are trivial quasi-groups.

[With the notation of example (1) above, we have evidently

m(M ⊗Z Z/nZ) ≤ m(M)

and
m(Mn) ≤ m(M)

for all integers n ≥ 1. The cohomology groupsH i(G,M⊗ZZ/nZ), Hi(G,Mn)
coincide with the Tate cohomology groups Ĥi(G,M⊗ZZ/nZ), Ĥi(G,Mn) for
all i ≥ 1. Hence by example (1) above, we have that the orders of the groups
H i(G,M ⊗Z Z/nZ), Hi(G,Mn), are for all n ≥ 1 bounded by |G|m(M)|G|i

which is independent of n. Furthermore, Hi(G,M ⊗Z Z/nZ) and Hi(G,Mn)
are both annihilated by |G| for all i ≥ 1; hence we have for all i ≥ 1

H i(G,M ⊗Z Z/nZ) = Hi(G,Mn) = 0

for all non-zero integers n prime to |G|. Hence, for i ≥ 1,
{Hi(G,M ⊗Z Z/nZ)}n∈N∗ and {Hi(G,Mn)}n∈N∗ are trivial quasi-groups,
as required.]

(3) Let E be an elliptic curve defined over a finite field k of character-
istic p > 0. Let N(p) be the set of positive integers prime to p. Then
{H1(Gal(ksep/k), En)}n∈N(p) is a trivial quasi-group.

[For the proof, we have the exact sequence of Gal(ksep/k)-modules obtained
by multiplication by n

0→ En(ksep)→ E(ksep) n→E(ksep)→ 0

where En(ksep) is the submodule of n-torsion points of E(ksep). The associated
long exact sequence of cohomology gives the isomorphism

H1(Gal(ksep/k), En) ∼= E(k)/nE(k)

because
H1(Gal(ksep/k), E) = 0

by the theorem of Lang. As E(k) is a finite abelian group the result immedi-
ately follows.]
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(4) Let
0→ H1 → H2 → H3 → 0

be a short exact sequence of quasi-groups in [N∗]Z.

(i) If two of these quasi-groups are trivial then so is the third.

(ii) If H2 is a trivial quasi-group then so are H1 and H3.

(5) Suppose that Λ is a subset of N∗ with its usual partial order by divisibility.
Let {Ei,j2,n}n∈Λ for all integers i, j ≥ 0 be quasi-groups. Suppose for each n ∈ Λ
there is a (convergent first quadrant) spectral sequence of abelian groups

Ei,j2,n ⇒ Ei+jn .

If Ein is annihilated by n for all i, then we have:

(i) the {Ein}n∈Λ are quasi-groups in [Λ]Z;

(ii) if {Ei,j2,n}n∈Λ are trivial quasi-groups for all integers i, j then for all i
the quasi-group {Ein}n∈Λ is trivial in [Λ]Z.

[For the proof, part (i) follows immediately. For part (ii), the differentials of
the spectral sequence

Ei,j2,n ⇒ Ei+jn .

are given by
dp,qr,n : Ep,qr,n → Ep+r,q−r+1

r,n

and where we put for all p, q ≥ 0

Ep,qr+1,n =
ker(dp,qr,n)

Im(dp−r,q+r−1
r,n )

.

We put Ep,q∞,n to be the stationary group Ep,qr,n for all r sufficiently large.
We have that Ep,qr,n is a sub-quotient of Ep,q2,n for all p, q, n hence Ep,qr,n is

annihilated by n for all p, q, r. Hence Ep,q∞,n is annihilated by n for all p, q, r.
The quasi-group {Ep,q2,n}n∈Λ is trivial for all p, q ≥ 0, by hypothesis, and

the abelian group Ep,q2,n is zero unless p ≥ 0 and q ≥ 0. Hence for all p, q ≥ 0
there are bounded multiplicative functions

φp,q : N∗ → N

such that
|Ep,q2,n| ≤ φp,q(n) for all p, q, n.

Hence we have
|Ep,qr,n| ≤ φp,q(n) for all p, q, r, n.
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Hence we have |Ep,q∞,n| ≤ φp,q(n) for all p, q, r, n. Hence {Ep,q∞,n}n∈Λ is a trivial
quasi-group for all p, q.

The abutment Ern of the spectral sequence is equipped with a filtration

Ern = Er0,n ⊃ Er1,n ⊃ . . . ⊃ Err,n ⊃ 0

such that
Erp,n/E

r
p+1,n

∼= Ep,r−p∞,n .

As {Ep,q∞,n}n∈Λ is a trivial quasi-group for all p, q and Ein is annihilated by n
for all i, it follows that {Ern}n∈Λ is a trivial quasi-group for all r ≥ 0.]

7.1.15. Remark. As in the preceding example 7.1.14(5), assume we are given
the quasi-groups {Ei,j2,n}n∈Λ for all integers i, j ≥ 0 and the first quadrant
convergent spectral sequences of abelian groups for all n ∈ Λ

Ei,j2,n ⇒ Ei+jn .

Assume that Ein is annihilated by n so that {Ein}n∈Λ is a quasi-group in [Λ]Z.
Then we have a first quadrant spectral sequence of quasi-groups in the abelian
category [Λ]Z

E i,j2 = {Ei,j2,n}n∈Λ ⇒ E i+j = {Ei+jn }n∈Λ.
For we have, with the notation of the preceding example, that the intermediate
convergent Ei,jr,n is annihilated by n for all n ∈ Λ hence {Ei,jr,n}n∈Λ is a quasi-
group of [Λ]Z for all i, j, r.

This spectral sequence E i,j2 ⇒ E i+j of [Λ]Z is not convergent in general
because the sequence of quasi-groups

E i,jr = {Ei,jr,n}n∈Λ for r = 2, 3, . . .

need not stabilise. We therefore say that this spectral sequence of quasi-groups
E i,j2 ⇒ E i+j is semi-convergent in the abelian category [Λ]Z.

The conclusion of the preceding example 7.1.14(5) may be stated as fol-
lows. If E i,j2 are trivial quasi-groups for all i, j and the Ein are annihilated by
n for all i and n then the first quadrant spectral sequence of quasi-groups in
[Λ]Z

E i,j2 = {Ei,j2,n}n∈Λ ⇒ E i+j = {Ei+jn }n∈Λ
is semi-convergent and E i is a trivial quasi-group for all i.

7.2 Igusa’s theorem

We shall summarise the results of Igusa for the Galois action on torsion points
of elliptic curves over global fields of positive characteristic.
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(7.2.1) Let F be a global field of positive characteristic p. Let E/F be an
elliptic curve with modular invariant j ∈ F . Assume that the finite field k is
the exact field of constants of F . Let

G = Gal(F sep/F ), where F sep is the separable closure of F ;
n be an integer prime to p;
En be the finite F -group scheme of n-torsion points of E;
E∞ be the torsion subgroup of E(F sep) of order prime to p.

The elliptic curve is said to be isotrivial if there is a finite galois extension
field F ′ of F such that the curve E ×F F ′ is definable over a finite subfield of
F ′; otherwise, the curve E is said to be not isotrivial.

(7.2.2) The action of the galois group G on En provides a homomophism

ρn : G→ Aut(En) ∼= GL2(Z/nZ).

The determinant
det : Aut(En)→ (Z/nZ)∗

induces a homomorphism
G→ (Z/nZ)∗.

LetHn be the subgroup of (Z/nZ)∗ generated by the powers of q = |k|modulo
n. Then Hn is naturally isomorphic to the Galois group of the field of nth
roots of unity over k. Let Γn be the subgroup of GL2(Z/nZ) defined by the
exact sequence of finite groups

(7.2.3) det
0 → SL2(Z/nZ) → Γn → Hn → 0.

(7.2.4) Passing to the projective limit of the previous exact sequence over all
integers n prime to p we obtain the exact sequence of profinite groups

0→ SL2(Ẑ(p))→ Γ̂ → Ĥ → 0

where Ĥ is the subgroup of Ẑ(p)∗ topologically generated by q, where

Ẑ(p) =
∏

l�=p
Zl

is the profinite prime-to-p completion of Z, and Γ̂ is a closed subgroup of
GL2(Ẑ(p)).



7.3 Consequences of Igusa’s theorem 341

(7.2.5) Passing to the projective limit of the exact sequence (7.2.3) where n
runs over all powers of a prime number l where l �= p, we obtain the exact
sequence

0→ SL2(Zl)→ Γ̂l → Ĥl → 0.

7.2.6. Theorem. (Igusa [I]). Suppose that E/F is not isotrivial. Then the
profinite group Gal(F (E∞)/F ) is an open subgroup of Γ̂ . �

This result may be restated as follows.

7.2.7. Theorem. Suppose that E/F is not isotrivial. Then for all prime
numbers l �= p the profinite group Gal(F (El∞)/F ) is an open subgroup of Γ̂l
and is equal to Γ̂l for all but finitely many l. �

7.2.8. Remarks. (1) Suppose that the curve E/F is isotrivial. Then it is easy
to show that the group Gal(F (E∞)/F ) is an extension of a finite group by
the abelian profinite group Ẑ(p).
(2) Let E be an elliptic curve defined over a number field L. Let E∞ be the
torsion subgroup of E(L), where L denotes the algebraic closure of L. Then
the nature of the galois group Gal(L(E∞)/L) is as follows.

Let P be the set of all prime numbers. For any prime number l, let Tl(E)
be the Tate module of E and let Zl be the l-adic completion of Z. Then
the galois action of G = Gal(L/L) provides a continuous homomorphism
ρl : G→ GL(Tl(E)).

(a) Suppose that E has complex multiplication. Put R = EndL(E), which
is an order of an imaginary quadratic extension of Q. Assume that the elements
of R are defined over L. Put Rl = R ⊗Z Zl. Then Tl(E) is a free Rl-module
of rank 1. The image of G = Gal(L/L) by ρl : G → GL(Tl(E)) commutes
with the elements of Rl and is therefore contained in R∗l . The image of G by
ρ =
∏
l∈P ρl is an open subgroup of the product

∏
l∈P R

∗
l .

[See [S5, §4.5] for more details.]

(b) If E does not have complex multiplication then the image of G =
Gal(L/L) by ρ =

∏
l∈P ρl is an open subgroup of GL2(Ẑ) where Ẑ is the

profinite completion of Z (see [S5]).

7.3 Consequences of Igusa’s theorem

For a finite group G and a Z[G]-module M , let Hi(G,M) denote the stan-
dard cohomology groups of G acting on M (see §5.6 or [CF, Chap. IV]). Let
Ĥ i(G,M) denote the Tate cohomology groups of G acting on M (see [CF,
Chap. IV]).
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7.3.1. Proposition. Let E/F be an elliptic curve and let N(p) be the set of
positive integers prime to p, where p is the characteristic of F . Write Gn for
the group Gal(F (En)/F ).
(i) Let i = 0 or 1. Then

{Hi(Gn, En)}n∈N(p)

is a trivial quasi-group.
(ii) There is a finite set N of prime numbers including p such that for all
prime numbers l �∈ N we have

H i(Gln , Eln) = 0 for all n ≥ 1 and all i ≥ 0.

7.3.2. Remark. The proof below of this proposition shows that if E/F is
isotrivial then for all integers i ≥ 0

{H i(Gn, En)}n∈N(p)

is a trivial quasi-group. Does this also hold if E/F is not isotrivial?

Proof of proposition 7.3.1. Case 1. Suppose that E/F is not isotrivial.
With the notation of §7.2, for any integer n ≥ 1 prime to p, let Hn be

the subgroup of (Z/nZ)∗ generated by the powers of q = |k| modulo n. As
in §7.2, let Γn be the subgroup of GL2(Z/nZ) defined by the exact sequence
(7.2.1) namely

(7.3.3) det
0 → SL2(Z/nZ) → Γn → Hn → 0.

The group Gal(F (E∞)/F ) is a subgroup of finite index s, say, of the profi-
nite group Γ̂ = lim←− Γn by Igusa’s theorem 7.2.2. The homotheties λI2, where
λ ∈ Hn and I2 is the identity of GL2, are contained in the centre of the group
Γn. Identifying Gn with a subgroup of Γn, we obtain that

Zn = {λsI2 | λ ∈ Hn}

is a subgroup of Gn contained in its centre.
By definition of Zn, we have

H0(Zn, En) = {P ∈ En | qsP = P}.

If the exact order of P ∈ En is m then we have qsP = P if and only if m
divides qs − 1. Hence we have an isomorphism of Gn-modules

H0(Zn, En) ∼= Egcd(qs−1,n).

It follows that {H0(Zn, En)}n∈N(p) and {Ĥ0(Zn, En)}n∈N(p) are trivial quasi-
groups. The group Zn is cyclic and the group En is finite hence its herbrand
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quotient h(Zn, En) is equal to 1. Hence for a fixed integer n, the groups
Ĥi(Zn, En) have the same order for all i. As Ĥ i(Zn, En) ∼= H i(Zn, En) for all
i ≥ 1, it follows that for all integers i ≥ 0

{Hi(Zn, En)}n∈N(p)

is a trivial quasi-group.
The group SL2(Z) is generated by 2 elements namely the matrices

(
1 1
0 1

)
,

(
0 1
−1 0

)
.

The natural homomorphisms

SL2(Z)→ SL2(Z/nZ)

are surjective for all integers n ≥ 1. Hence the group SL2(Z/nZ) is generated
by at most 2 elements for all n.

The subgroup Γn of GL2(Z/nZ) defined by the exact sequence (7.3.3) is
finitely generated with a set of at most 3 generators, as Hn is generated by 1
element. The group Gn is a subgroup of Γn of index ≤ s. Hence by Schreier’s
formula [S4, p.43], we have that Gn is generated by at most 2s+ 1 elements
for all n prime to p. We then have that the group

H1(Gn/Zn, H0(Zn, En)) ∼= H1(Gn/Zn, Egcd(qs−1,n))

has order bounded by
gcd(qs − 1, n)2(2s+1).

This holds as a 1-cocycle in Cocy1(Gn/Zn, Egcd(qs−1,n)) is uniquely deter-
mined by its values on a set of generators of Gn/Zn. It follows that the quasi-
group

{H1(Gn/Zn, H0(Zn, En))}n∈N(p)

is trivial.
We have the Hochschild-Serre spectral sequence

Hi(Gn/Zn, Hj(Zn, En))⇒ Hi+j(Gn, En).

The short exact sequence of low degree terms of this spectral sequence begins
with the sequence

(7.3.4) 0→ H1(
Gn
Zn
, H0(Zn, En))→ H1(Gn, En)→ H0(

Gn
Zn
, H1(Zn, En)).

As {H1(Zn, En)}n∈N(p) is a trivial quasi-group we obtain that

{H0(Gn/Zn, H1(Zn, En))}n∈N(p)
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is as well. As {H1(Gn/Zn, H0(Zn, En))}n∈N(p) is also a trivial quasi-group,
from the exact sequence (7.3.4) we obtain that

{H1(Gn, En)}n∈N(p)

is a trivial quasi-group. It is obvious that

{H0(Gn, En)}n∈N(p)

is a trivial quasi-group and this proves part (i) of the proposition in this case.
For all integers n ≥ 1 prime to p and to qs − 1 we have

Hi(Zn, En) = 0 for all i ≥ 0.

Hence the Hochschild-Serre spectral sequence

Hi(Gn/Zn, Hj(Zn, En))⇒ Hi+j(Gn, En)

degenerates and we obtain for all n ≥ 1 prime to p and to qs − 1

Hi(Gn, En) = 0 for all i ≥ 0.

This proves part (ii) of the proposition in this case where E/F is not isotrivial.

Case 2. Suppose that E/F is isotrivial.
Then there is a finite galois extension field L/F such that E ×F L is

definable over a finite subfield F of L; that is to say, there is an elliptic curve
E′/F and an isomorphism

E′ ×F L ∼= E ×F L

of elliptic curves over L. By enlarging F if necessary, we may take F to be the
largest finite subfield of L, that is to say we may assume that F is algebraically
closed in L. Let L(En) be the join of the fields L and F (En). We write Un for
the galois group

Un = Gal(F (En)/F (En) ∩ L).

Then Un is a normal subgroup of Gn such that the quotient group is a homo-
morphic image of Gal(L/F ).

We have isomorphisms of galois groups

Un ∼= Gal(L(En)/L) ∼= Gal(F(E′n)/F(E′n) ∩ L).

As F is algebraically closed in L, we have F(E′n) ∩ L = F for all integers n
prime to p. Hence we have isomorphisms for all n prime to p

Un ∼= Gal(F(E′n)/F) .

In particular, Un is a finite cyclic group.
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We obtain the commutative diagram of fields

(7.3.5)

L(En) ← F (En)

↗ Un

{
↑ ↑

}
Un

F(E′n) L ← F (En) ∩ L
Un

{
↑ ↗ ↖ ↑
F F






Gn

where each vertical arrow denotes a galois field extension.
The quasi-group {Ĥ0(Un, E′n)}n∈N(p) is a trivial because E′(F) is a finite

group. As E′n is a finite group and Un is a finite cyclic group, its Herbrand
quotient as a Un-module is equal to 1; hence Ĥ i(Un, E′n) has the same order as
Ĥ0(Un, E′n) for all i ≥ 0. Hence { Ĥi(Un, E′n) }n∈N(p) is a trivial quasi-group
for all i ≥ 0. It follows that for all i ≥ 1

{ H i(Un, E′n) }n∈N(p)

is a trivial quasi-group. We obtain from the diagram (7.3.5) that for all i ≥ 1

{ H i(Un, En) }n∈N(p)

is a trivial quasi-group.
We have

H0(Un, En) = En(F (En) ∩ L).

In particular, H0(Un, En) is a subgroup of En(L). As {En(L)}n∈N(p) is a
trivial quasi-group by the Mordell-Weil theorem, we have that

{H0(Un, En)}n∈N(p)

is a trivial quasi-group. Hence

{Hj(Un, En)}n∈N(p) , for all j ≥ 0,

are trivial quasi-groups.
We have the Hochschild-Serre spectral sequence

Hi(Gn/Un, Hj(Un, En))⇒ Hi+j(Gn, En).

For all i, j ≥ 0, let E i,j2 denote the quasi-group in [N(p)]Z

E i,j2 = {Hi(Gn/Un, Hj(Un, En))}n∈N(p)

.
We have already shown that

{Hj(Un, En)}n∈N(p)
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is a trivial quasi-group for all j ≥ 0. The galois group Gn/Un is a quotient
group of Gal(L/F ) which is independent of n. Furthermore, for i ≥ 1 by the
example 7.1.14(1) we have that the order of

H i = Hi(Gn/Un, Hj(Un, En))

is bounded by
Nm(Hj(Un,En))Ni

where N is the order of the group Gal(L/F ) and m(Hj(Un, En)) is the mini-
mal number of generators of the abelian group Hj(Un, En). Furthemore, this
cohomology group Hi is annihilated by n and is zero for all n prime to a cer-
tain finite set of prime numbers as {Hj(Un, En)}n∈N(p) is a trivial quasi-group
for all j. Hence E i,j2 is a trivial quasi-group for all i ≥ 1 and all j ≥ 0.

We have that E0,j
2 is a sub-quasi-group of the trivial quasi-group

{Hj(Un, En)}n∈N(p) for all j ≥ 0 hence E0,j
2 is a trivial quasi-group for all j.

We conclude that E i,j2 is a trivial quasi-group for all i ≥ 0 and all j ≥ 0.
The Hochschild-Serre spectral sequence above then provides a semi-

convergent first quadrant spectral sequence of quasi-groups in [N(p)]Z (see
remark 7.1.15)

E i,j2 ⇒ E i

where
E i = {Hi(Gn, En)}n∈N(p) .

As the E i,j2 are trivial quasi-groups we have by example 7.1.14(5) and remark
7.1.15 that E i is a trivial quasi-group for all i ≥ 0; this proves both parts (i)
and (ii) in this case where E/F is isotrivial.�

The following group-theoretic result is proved in the next section §7.4.

7.3.6. Proposition. Let l ≥ 5 be a prime number. Let

φ : SL2(Zl)→ G

be a continuous surjective homomorphism where G is a non-trivial discrete
finite simple group and SL2(Zl) is an l-adic group. Then G is isomorphic to
the finite simple group PSL2(Z/lZ).

7.3.7. Corollary. Let E/F be an elliptic curve which is not isotrivial. Then
for all except finitely prime numbers l and for all integers n ≥ 1 the only
intermediate fields of F (Eln)/F which are solvable over F are those obtained
from F by adjoining lth power roots of unity.

Proof. This follows from Igusa’s theorem 7.2.2 and the preceding proposition
7.3.6.�
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7.3.8. Proposition. Under the hypotheses of (6.1.1), let

K[A] =
⋃

c∈Div+(A)

K[c]

which is an infinite abelian extension of K composed of ring class fields. Let
E/F be an elliptic curve. Then the quasi-group

{E(K[A])n}n∈N(p)

is trivial.

Proof. 1st argument. Let n be a positive integer prime to p. Let M(n, c) =
K[c]∩K(En) which is a galois extension ofK. Then as F (En) is an unramified
extension of F we have thatM(n, c)/K is unramified. AsK[c]/K is an abelian
extension which is split completely at the place of K above ∞ we have that
M(n, c)/K is also an abelian extension which is split completely at ∞. But
then we have M(n, c) ⊆ K[0] for K[0]/K is the maximal abelian unramified
extension of K which is split completely at ∞. Hence we obtain the inclusion
for all c ∈ Div+(A) and all n ∈ N(p)

E(M(n, c))n ⊆ E(K[0])n.

But E(K[0]) is a finitely generated abelian group by the Mordell-Weil theorem
hence {E(K[A])n}n∈N(p) is a trivial quasi-group.

2nd argument. We shall prove using proposition 7.3.6 the weaker statement
that if E/F is not isotrivial then for all prime numbers l, except finitely many,
and for any effective divisor c on Spec A we have

E(K[c])l∞ = 0.

Let l be a prime number distinct from p. Let Ml = K[c] ∩ F (El∞) which
is a finite galois extension of F . Let Ĥl be the closed subgroup of Ẑ∗l which
is topologically generated by the powers of q = |k|. Then Ĥl is naturally
isomorphic to the Galois group of the cyclotomic field F (ζl∞) of all lth power
roots of unity over F .

For all except finitely many prime numbers l, we then have a commutative
diagram of groups with an exact row (see theorem 7.2.2) and where α, β are
surjective homomorphisms

γ
0 → SL(2,Zl) → Gal(F (El∞)/F ) → Ĥl → 0

↓ α
Gal(K[c]/F )

β→ Gal(Ml/F )
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The surjection Gal(F (El∞)/F ) → Ĥl corresponds to an inclusion of fields
F (ζl∞) ⊆ F (El∞). As Gal(K[c]/F ) is a generalised dihedral group (propo-
sition 2.5.6), we have that Gal(Ml/F ), which is a homomorphic image of
Gal(K[c]/F ), is either abelian or generalised dihedral. But then the compos-
ite homomorphism

α ◦ γ : SL(2,Zl)→ Gal(Ml/F )

is zero for all prime numbers l ≥ 5 by proposition 7.3.6. Hence the map α
factors through Ĥl which is the galois group of F (ζl∞) over F . It follows
that, for all except finitely many prime numbers l the field extension Ml/F
is abelian, unramified, and is a subfield of a cyclotomic field F (ζlm) for some
m ≥ 1, where ζlm is a primitive lmth root of unity.

The extension K[c]/K[0] is ramified at all places in the support of c (see
(2.3.13)) and we have Ml ⊆ K[c]. Therefore we have Ml ⊆ K[0] for all except
finitely many prime numbers l. We obtain that for all except finitely many
prime numbers l

E(K[c])l∞ ⊆ E(K[0]).

As E(K[0]) is a finitely generated abelian group, by the Mordell-Weil theorem,
we have that for all except finitely many prime numbers l and for all divisors
c ≥ 0

E(K[c])l∞ = 0

where the finite exceptional set of prime numbers is independent of c. �

7.3.9. Remark. A variant of the 2nd argument in the previous proof also holds
for elliptic curves over number fields. For example it shows the following. Let
E/Q be an elliptic curve without complex multiplication and let K be an
imaginary quadratic extension of Q. Denote by Kn the ring class field of K of
conductor n ∈ N. Then for all except finitely many prime numbers l we have
E(Kn)l∞ = 0 for all n.

7.3.10. Proposition. Let E/F be an elliptic curve which is not isotrivial.
Let L be a finite extension field of F in which k is algebraically closed. Then
there is an infinite set S of prime numbers of positive Dirichlet density such
that for all l ∈ S we have
(a) the fields F (El∞) and L are linearly disjoint over F ;
(b) E(L)l∞ = 0;

(c)
(

1 0
0 −1

)
∈ Gal(F (El∞)/F ).

Proof. For any prime number l distinct from p, let Hln denote the subgroup
of (Z/lnZ)∗ generated by the powers of q modulo ln. Put

Ĥl = lim←−
n

Hln
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which is the closed subgroup of Z∗l topologically generated by q.
For any positive integer s let ζ2s ∈ C be a primitive 2sth root of unity.

Put
Ks = Q(ζ2s), K ′s = Q(ζ2s , q1/2

s

).

Then Ks/Q and K ′s/Ks are Galois field extensions

Step 1. Let l > 2 be an odd prime number distinct from p. Let 2s be the exact
power of 2 which divides l − 1. Then we have −1 ∈ Ĥl if and only if q is a
2sth-power non-residue modulo l.

For we have by Hensel’s lemma that −1 ∈ Ĥl if and only if the congruence

(7.3.11) x2s ≡ q (mod l)

has no solution for x ∈ Z. This latter condition is equivalent to q being a
2sth-power non-residue modulo l, as required.

Step 2. Put for any integer s ≥ 0

Ts =
{

prime numbers which split completely in Ks+1/Q and in K ′s/Q
but do not split completely in K ′s+1/Q

}

T =
⋃
s≥0 Ts.

Let l > 2 be an odd prime number distinct from p. Then we have

(7.3.12) −1 ∈ Ĥl if and only if l ∈ T.

For the galois field extensions Ks/Q and K ′s/Ks we have these inclusions
for all integers s ≥ 0

Q ⊂ Ks ⊂ K ′s
∩ ∩
Ks+1 ⊂ K ′s+1

Furthermore, for any prime number l > 2 we have that 2s divides l− 1 if and
only if l splits completely in the field extension Ks/Q. If 2s divides l − 1, we
then have that the congruence (7.3.11) above has no solution for x if and only
if l does not split completely in the field extension K ′s/Q. Then we have from
the above discussion that

−1 ∈ Ĥl if and only if l ∈ T.

Here T is the disjoint union of the sets Ts of prime numbers.
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Step 3. The set T of prime numbers has non-zero Dirichlet density.
Write q as q = pm where p is the characteristic of F andm ≥ 1 is an integer.

Let 2r be the highest power of 2 which divides the integer m. Suppose first
that p > 2. Then the the field extensions Ks/Q,K ′s/Ks have degrees given by

[Ks : Q] = 2s−1, if s ≥ 1,
[K ′s : Ks] = 2s−r. if s ≥ r.

as the field extensions Ks and Q(q1/2
r

) are linearly disjoint for all r, s ≥ 0. In
particular, if p �= 2 thenK ′s is distinct fromKs for all s > r; by the Chebotarev
density theorem we then have that Ts has non-zero Dirichlet density for all
integers s such that s ≥ r if p �= 2. On the other hand, we have

Ts = ∅ for s ≤ r − 1

because for s ≤ r we have

K ′s = Q(ζ2s , q1/2
s

) = Q(ζ2s , p2
r−s

) = Ks.

Suppose now that p = 2. These field extensions are no longer linearly
disjoint as we have

√
2 ∈ K3. We assert that

(7.3.13) Q(21/2t) ∩Ks =
{
Q(21/2), if t ≥ 1 and s ≥ 3
Q, otherwise.

On the one hand, if t = 0 or if s ≤ 2 then we have

Q(21/2t) ∩Ks = Q.

On the other hand, if t ≥ 1 and s ≥ 3 then we clearly have

Q(21/2t) ∩Ks ⊃ Q(21/2).

If equality did not always hold here then for some s ≥ 3 and t ≥ 2 we would
have

Q(21/2t) ∩Ks ⊃ Q(21/4).

This would imply that the field Ks contained Q(i, 21/4); this is impossible
as Q(i, 21/4) is a Galois extension of Q with Galois group isomorphic to the
non-abelian dihedral group with 8 elements and Ks/Q is an abelian Galois
extension. This proves the statement (7.3.13).

We obtain from (7.3.13) that

[K ′s : Ks] = 2s−r−1 for all s ≥ max(3, r + 1).

It follows from this that K ′s+1 is a quadratic extension of the compositum
Ks+1.K

′
s for all s ≥ max(3, r + 1). Hence by the Chebotarev density the-

orem, the set Ts of prime numbers has non-zero Dirichlet density for all
s ≥ max(3, r + 1).
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In résumé, for any s ≥ r the set Ts consists of all prime numbers which split
completely in the join Ks+1.K

′
s over Q but the prime ideals lying over these

prime numbers do not split completely in the Galois extensionK ′s+1/Ks+1.K
′
s;

it follows from the preceding discussion that for all prime numbers p ≥ 2,
the set Ts has non-zero Dirichlet density for all s ≥ max(3, r + 1). As T is
the disjoint union of the sets Ts, for s ≥ 0, we obtain that T has non-zero
Dirichlet density and, in particular, contains infinitely many prime numbers,
as required.

Step 4. End of proof.
Let E∞ denote the prime-to-p torsion subgroup of E. We now apply Igusa’s

theorem theorem 7.2.3 on the structure of the Galois group Gal(F (E∞)/F );
we have that for all except finitely many prime numbers l �= p, the group
Gal(F (El∞)/F ) is the subgroup of GL2(Zl) determined by the exact sequence

det

0 → SL2(Zl) → Gal(F (El∞)/F ) → Ĥl → 0.

Here the map det is the restriction of the determinant homomorphism. We
then obtain that for all prime numbers l ∈ T , except for finitely many, the
group Gal(F (El∞)/F ) contains all elements of GL2(Zl) with determinant
equal to -1, in particular, this group for all prime numbers l ∈ T , except
finitely many, contains the semi-simple element

(
1 0
0 −1

)
.

Let k be the exact field of constants of the global field F , that is to say
k is the largest finite field contained in F . Let L be a finite extension field of
F in which k is algebraically closed, as in the statement of the proposition.
Then for all prime numbers l ∈ T except for finitely many we have

E(L)l∞ = 0

by the Mordell-Weil theorem.
Let ksep be the algebraic closure of k. Let j ∈ F be the j-invariant of the

elliptic curve E/F . Then j is transcendental over k as E/F is not isotrivial.
Let F1 be the subfield k(j) of F . Then the curve E is definable over F1 and the
fields ksepF1(El∞) are linearly disjoint over ksepF1 for distinct prime numbers
l, as shown by Igusa. It follows that F (El∞) ∩ L is equal to F for all except
finitely many prime numbers l. In particular, for all except finitely prime
numbers l ∈ T the fields F (El∞) and L are linearly disjoint.

The set S of prime numbers in the statement of the proposition may
therefore be obtained from the set T by deleting a finite set of elements.�

7.3.14. Remarks. (1) The set S of prime numbers of this proposition 7.3.10
consists of all but finitely many prime numbers l of the form 2sn + 1 where
s ≥ 1 and n is odd such that q = |k| is a 2sth power non-residue modulo l.
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(2) The Dirichlet density of the set S of prime numbers may be computed;
for the case where p > 2 the density is equal to 1

7.3r−1 where 2r is the highest
power of 2 which divides m and where q = pm. If p = 2 the density is equal
to 1.
(3) The cohomological vanishing proposition 7.3.1 for the Galois action is a
refinement of [Br2, Cor. 3.3]. Proposition 7.3.10 is a refinement of [Br2, Cor.
3.4], where the hypothesis that q be a square has been eliminated.

7.4 Proof of proposition 7.3.6.

This proof is entirely group theoretic.

(7.4.1) For any commutative ring Λ let

E(Λ) be the subgroup of SL2(Λ) generated by elementary matrices
i.e. matrices which coincide with the identity except for a single
off-diagonal entry;

D(Λ) be the subgroup of diagonal matrices of SL2(Λ);
N(Λ) be the normal subgroup of SL2(Λ) generated by E(Λ);
SL2(Λ)/N(Λ) denote the group of cosets of N(Λ) in SL2(Λ).

(7.4.2) Let P be the set of pairs (a, b) of elements of Λ such that aΛ+ bΛ = Λ
i.e. the ideal generated by a, b equals Λ. Define a map of sets

f : P → SL2(Λ)/N(Λ)

(a, b) �→
(
a b
c d

)
(mod N(Λ)).

where b, d ∈ Λ are any elements such that ad − bc = 1. This map f is well

defined as the image
(
a b
c d

)
(mod N(Λ)) is independent of the choice of

coset representative
(
a b
c d

)
of N(Λ); for if ad′ − bc′ = 1 then we have

(
a b
c d

)(
a b
c′ d′

)−1

=
(

1 0
cd′ − dc′ 1

)
.

This map f is clearly surjective. Let P be the quotient of P by the equivalence
relation (a, b) ∼ (a′, b′) if and only if f(a, b) = f(a′, b′); we write [a, b] for the
equivalence class of the pair (a, b).
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(7.4.3) We have a symbol which is a bijective map

SL2(Λ)/N(Λ) → P(
a b
c d

)
(mod N(Λ)) �→ [a, b].

This symbol is closely related to the Mennicke symbol on on the K-group
SK1(Λ) [Mi, pp.124-125]. Unlike the Mennicke symbol, this symbol [a, b] is not
bi-multiplicative. But like the Mennicke symbol it satisfies these conditions:

(A) [a, b] = [a, b + λa] and [a, b] = [a + λb, b] for all λ ∈ Λ, since elementary
column operations on a matrix correspond to multiplication on the right by
elementary matrices.

(B) [a, b] = [b,−a], as follows from (A).

7.4.4. Lemma. Let Λ be a local ring. Then we have N(Λ)D(Λ) = SL2(Λ).

Proof of lemma 7.4.4. Let [a, b] be a symbol of P . Then either b or a is a unit
of Λ, as this symbol represents a unimodular matrix. If a is a unit then we
have

[a, b] = [a, b− a b
a
] = [a, 0].

Furthermore, the symbol [a, 0] is represented by the unimodular matrix(
a 0
0 a−1

)
which lies in D(Λ). On the other hand, if b is a unit then by

(B) we have [a, b] = [b,−a] and the preceding argument applies to show that
[a, b] is represented by a diagonal matrix in D(Λ). We have shown that the
elements of SL2(Λ)/N(Λ) are represented by elements of D(Λ), as required.

[This resultN(Λ)D(Λ) = SL2(Λ) also holds when Λ is a euclidean domain.]
�

7.4.5. Lemma. If Λ is a local ring then N(Λ) = SL2(Λ).

Proof of lemma 7.4.5. By lemma 7.4.4, it suffices to show that N(Λ) contains

D(Λ). Suppose then that
(
a 0
0 d

)
∈ D(Λ). Then ad = 1 and a, d are both

units of Λ. The matrix S =
(

1 0
a− 1 1

)
is unimodular. We have the identity

S−1

(
1 1
0 1

)
S =
(

a 1
−(1− a)2 2− a

)
.



354 Finiteness of Tate-Shafarevich groups

Hence the symbol corresponding to M = S−1

(
1 1
0 1

)
S is [a, 1]; but [a, 1] =

[a, 0] as a is a unit (see (A) above). Furthermore, M lies in N(Λ) and the

matrices M and
(
a 0
0 d

)
have the same symbol namely [a, 0]. It follows that

(
a 0
0 d

)
lies in N(Λ), as required.�

7.4.6. Lemma. Let D be a discrete topological group and Zl be the l-adic
completion of Z where l is a prime number. A continuous homomorphism ψ :
SL2(Zl) → D factors through the surjective homomorphism ψn of reduction
modulo ln, for some integer n ≥ 1,

ψn : SL2(Zl)→ SL2(Z/lnZ).

Proof. The homomorphisms ψn are surjective for all n as SL2 is a smooth
group scheme over Z. That ψ factors through some ψn follows immediately
from the continuity of ψ: the kernel of ψ is an open subgroup of SL2(Zl). �

7.4.7. Lemma. Let M =
(

1 0
c 1

)
be an element of SL2(Z/lnZ) such that

c is a unit of Z/lnZ. Then the normal subgroup of SL2(Z/lnZ) generated by
M is equal to SL2(Z/lnZ).

Proof of lemma 7.4.7. Suppose that P is a normal subgroup of SL2(Z/lnZ)

containing M =
(

1 0
c 1

)
. As Mm =

(
1 0
mc 1

)
for all integers m ≥ 1, then

P also contains all matrices of the form
(

1 0
x 1

)
for all x ∈ Z/lnZ. Hence P

also contains all matrices of the form, where T =
(

0 1
−1 0

)
,

T

(
1 0
x 1

)
T−1 =

(
1 −x
0 1

)
.

Hence P contains the normal subgroup N(Z/lnZ) generated by the elemen-
tary matrices. The equality P = SL2(Z/lnZ) now follows from lemma 7.4.5.�

End of proof of proposition 7.3.6. Let l ≥ 5 be a prime number. By lemma
7.4.6, the homomorphism φ : SL2(Zl)→ G factors though ψn for some n ≥ 1

ψn : SL2(Z/lnZ)→ G.

Let I be the kernel of ψn. Then I is a normal subgroup of SL2(Z/lnZ).



7.4 Proof of proposition 7.3.6. 355

Suppose first that all elements M of the subgroup I where

M =
(
a b
c d

)

satisfy the condition

(7.4.8) b ∈ lZ/lnZ.

The element

T =
(

0 1
−1 0

)

lies in SL2(Z/lnZ) and we have, where M ∈ I is the matrix above,

T−1MT =
(
d −c
−b a

)
.

But T−1MT lies in I and hence the preceding condition (7.4.8) shows that
c ∈ lZ/lnZ for all elements M of I; that is to say

(7.4.9) b ≡ c ≡ 0 (mod l) for all M ∈ I.

Suppose that the matrix M ∈ I satisfies

a �≡ d (mod l).

Then as b, c are non-units of Z/lnZ, we have that a, d are units of this ring.

We have, where U =
(

1 0
1 1

)
,

U

(
a b
c d

)
U−1 =

(
a− b b

a+ c− b− d b+ d

)
.

But a+ c− b− d is not then divisible by l and this matrix UMU−1 lies in I.
This contradicts the condition (7.4.9). Therefore we must have a ≡ d (mod l)
and b ≡ c ≡ 0 (mod l) for all M ∈ I. That is to say I is contained in the
kernel of the surjective homomorphism, where Z is the centre of SL2(Z/lZ),

SL2(Z/lnZ) → SL2(Z/lZ)/Z(
a b
c d

)
�→
(
a b
c d

)
(mod lZ).

It follows that we have the diagram of homomorphisms

G
∼=−→SL2(Z/lnZ)/I −→ SL2(Z/lZ)/Z
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where the first arrow is an isomorphism and the second is surjective. This
shows that the finite simple group G is isomorphic to SL2(Z/lZ)/Z and this
proves the result in this case.

Suppose now that the condition (7.4.8) does not hold for some matrix

M =
(
a b
c d

)
of I that is to say b is a unit of Z/lnZ for some M ∈ I.

The next paragraphs largely follow W. Burnside, Theory of Finite Groups,
§311, 1911. Let α ∈ (Z/lnZ)∗. Then SL2(Z/lnZ) contains the element

S =
(

αa αb
−(1 + α2a2)/(αb) −αa

)
.

The element S satisfies

S2 =
(
−1 0
0 −1

)
, MS =

(
− 1
α 0

αac− d(1 + α2a2)/(αb) −α

)
.

Hence I contains the element MS−1MS which is equal to

S′ =MS−1MS =
(

−α−2 0
−(1 + α2)(d + α2a)/(α2b) −α2

)
.

The group SL2(Z/lnZ) contains the matrix

U =
(

1 0
1 1

)
.

Hence I contains the element S′U−1S′−1
U which is equal to

(
1 0

1− α4 1

)
.

Suppose now that l > 5. Then we may choose α ∈ (Z/lnZ)∗ such that

1− α4

is a unit of Z/lnZ. Then by lemma 7.4.7 we obtain I = SL2(Z/lnZ), which
completes the proof in this case.

Suppose finally that l = 5. Then the matrix S′ = MS−1MS as above
where we put α = 1 satisfies

S′2 =
(

1 0
4
b (d+ a) 1

)
.

and S′2 ∈ I. If d+ a = Tr(M) is not divisible by l then this implies by lemma
7.4.7 that I = SL2(Z/lnZ). Suppose on the other hand Tr(M) is divisible by
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l. Then the matrix M ′ = UMU−1M−1 is equal to

M ′ =
(

1− bd b2

1− bd− d2 1 + b2 + bd

)
.

This matrix M ′ belongs to I and the top right hand element b2 is a unit of
Z/lnZ. Furthermore, we have

Tr(M ′) = b2 + 2.

But then Tr(M ′) �≡ 0 modulo 5 because −2 is a quadratic non-residue modulo
5. Hence the element S′′ =M ′S−1M ′S satisfies

S′′2 =
(

1 0
4
b2 Tr(M ′) 1

)

and S′′2 lies in I. Hence we again have that I = SL2(Z/lnZ) by lemma 7.4.7.
�

7.5 Preliminaries

(7.5.1) The notation we use is the same as that of chapters 1 and 2:

k is a finite field with q = pm elements;
θ is the Frobenius x �→ xp;
C/k is an integral smooth 1-dimensional projective k-scheme, where k is

the exact field of constants;
∞ is a closed point of C/k;
Caff is the affine curve C − {∞};
A is the coordinate ring H0(Caff ,OCaff ) of the affine curve Caff ;
F is the fraction field of A (that is, the function field of C/k);
K is an imaginary quadratic field extension of F , with respect to ∞;
B is the integral closure of A in K.

(7.5.2) If L′/L is a Galois field extension, we shall write Hi(L,M) for the
Galois cohomology group Hi(Gal(Lsep/L),M), where Lsep is the separable
closure of L, and we write Hi(L′/L,M) for H i(Gal(L′/L),M).

7.6 Statement of the main result and historical remarks

(7.6.1) Let E/F be an elliptic curve equipped with an origin, that is to say
E/F is a 1-dimensional abelian variety. Let I be the ideal of A which is the
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conductor of E/F without the component at ∞. Let ε = ±1 be the sign in
the functional equation of the L-function of the elliptic curve E/F . Assume
that:

(a) ∞ is a place of F with residue field equal to k;
(b) E/F has split multiplicative reduction at ∞ (see §4.7);
(c) K is an imaginary quadratic field extension of F, with respect to ∞,

such that all primes dividing the conductor I split completely in K
and K �= F ⊗Fq Fq2 .

These hypotheses (a),(b),(c) are assumed for the remainder §§7.6-7.18 of
this chapter.

(7.6.2) Let l be any prime number distinct from the characteristic of F . Let
ρ be the 2-dimensional l-adic representation of Gal(F sep/F ) corresponding to
E where F sep is the separable closure of F ; that is to say ρ is the continuous
homomorphism

ρ : Gal(F sep/F )→ EndQl(H
1
ét(E ⊗F F sep,Ql)).

For each place v of F put

av = Tr(ρ(Frobv)| H1
ét(E ⊗F F sep,Ql)Iv )

where Iv is the inertia subgroup of Gal(F sep/F ) over v. The representation ρ
satisfies

av ∈ Z for all v ∈ ΣF
(see example 5.3.18).

(7.6.3) Let H(ρ) be the Heegner module of ρ and K/F with exceptional set
of primes those dividing I and the place ∞ with coefficients in Z (see §5.3).
By §4.7, there is a finite surjective morphism of curves over F

π : XDrin
0 (I)→ E.

By example 5.3.18 there is a homomorphism of discrete Gal(Ksep/K)-modules

H(π) : H(ρ)(0) → E(F sep)
< b, c > �→ (b, I1, c, π)

for all c ∈ Div+(A), b ∈ Pic(Oc). Here I1 denotes a fixed ideal of B such
that I1Iτ1 = IB and τ is the non-trivial element of Gal(K/F ). The image of
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this homomorphism H(π) consists of the Z-linear combinations of Drinfeld-
Heegner points of E rational over all the ring class fields K[c] for all c.

(7.6.4) Let < 0, 0 > be the element of the Heegner module H(ρ)(0) given by
the principal class of Pic(B), where B is the integral closure of A in K. Let

< 0, I1, 0, π >= H(π)(< 0, 0 >)

be the corresponding Drinfeld-Heegner point of E(K[0]) (see (4.8.2)). Let

x0 = TrK[0]/K < 0, I1, 0, π >∈ E(K).

7.6.5. Main Theorem. Suppose that x0 has infinite order in the group
E(K). Let E/k (resp. E ′/k) be a proper smooth model of the Néron model of
the elliptic curve E/F (resp. E ×F K/K). Then we have:
(i) E(F ) is a finite abelian group if ε = +1, and is an abelian group of rank
1 if ε = −1;
(ii) E(K) is an abelian group of rank 1;
(iii) The Tate conjecture holds for the elliptic surfaces E/k and E ′/k (see §1.1);
(iv) The Birch and Swinnerton-Dyer conjecture holds for the elliptic curves
E/F and E ×F K/K (see [Br2, Introduction]);
(v) The Artin-Tate conjecture holds for the elliptic surfaces E/k and E ′/k
provided that char.(F ) �= 2 (see [Br2, Introduction]).

Historical remarks on the Tate conjecture for surfaces over finite fields

(7.6.6) The special case of this theorem 7.6.5 where F is the rational field
Fq(T ), q is not a square, and p �= 2, was proved in [Br2] by a similar method
to that given here.

(7.6.7) The smooth projective surfaces X/k over the finite field k for which
the Tate conjecture is also known are the following (for the exact references
see [Br2, §1]):

(a) X/k is a product of 2 curves (Tate and Milne);
(b) X/k is a rational surface (Milne);
(c) X/k is a K3 surface equipped with a pencil of elliptic curves

(Artin and Swinnerton-Dyer);
(d) X/k is a K3 surface of finite height and p ≥ 5 (Nygaard and Ogus);
(e) Fermat surfaces Xn

0 +Xn
1 +Xn

2 +Xn
3 = 0 in P3

k (Tate, Katsura and
Shioda [SK]);

(f) X/k is birationally equivalent to a surface for which the Tate conjecture
holds;
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(g) X/k has a finite covering for which the Tate conjecture holds.

In particular, from (f) the main theorem 4.6.5 implies that the Tate conjecture
holds for any projective surface in the birational equivalence classes of the
surfaces E , E ′ under the stated hypotheses.

There appears to be little in common in the proofs of the various results
(a) to (e) above.

(7.6.8) For the case of elliptic surfaces over finite fields, the conjectures of
Tate, Artin-Tate, and Birch Swinnerton-Dyer are known to be equivalent if
the characteristic of the ground field is different from 2.

[For further details see §7.8 below.]

Kolyvagin’s work on the Birch and Swinnerton-Dyer conjecture for elliptic
curves over number fields

(7.6.9) Our proof of theorem 7.6.5 is close to Kolyvagin’s method of proving
the Birch and Swinnerton-Dyer conjecture for a class of elliptic curves over
Q.

(7.6.10) Kolyvagin’s proof of the Birch and Swinnerton-Dyer conjecture for
a class of elliptic curves over Q is contained in the papers [K1], [K2], [K4];
the paper [K2] is also an exposition of Kolyvagin’s method of Euler systems,
which with further amplification is also given in the book of Rubin [R1].

(7.6.11) To state one of the main results of Kolyvagin, let E be an elliptic
curve over Q with conductor N ∈ N. Let

γ : X0(N)→ E

be a Weil parametrisation of E, where X0(N) is the modular curve over Q

which classifies isomorphism classes of isogenies of elliptic curves E′ → E′′

with cyclic kernel of order N .
[That such parametrisations exist is known for all semi-stable elliptic

curves over Q by the results of Wiles [W].]

(7.6.12) Suppose that L = Q(
√
D) is an imaginary quadratic field extension

of Q where D < 0 satisfies that D is a quadratic residue modulo 4N and that
D �= −3 and �= −4.

Let O1 be the ring of integers of L and let I1 be an ideal of O1 such that

O1/I1 ∼= Z/NZ;

that such an ideal exists follows from the hypotheses imposed on D. If λ is a
positive integer, denote by L[λ] the ring class field of L with conductor λ. If
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λ is a positive integer coprime to N , Oλ is the order

Z + λO1

of L, and Iλ = I1 ∩Oλ is the corresponding ideal of Oλ, let zλ be the Heegner
point of X0(N) rational over L[λ] corresponding to the isogeny of elliptic
curves

C/Oλ → C/I−1
λ .

Put
yλ = γ(zλ) ∈ E(L[λ])

and put
P1 =

∑

g∈Gal(L[1]/L)

gy1.

Here L[1] is the Hilbert class field of L, that is to say the maximal unramified
abelian extension of L.

(7.6.13) Let O be the ring of endomorphisms of E and let Q be the fraction
field of O. Let l be a rational prime number and let Tl(E) be the l-adic Tate
module of E. Let B(E) denote the set of all odd rational prime numbers l
which do not divide the discriminant of O and for which the homomorphism
of continuous groups

Gal(Q/Q)→ AutO(Tl(E))

is surjective. It follows from the known galois action (see remark 7.2.8(2)) that
B(E) contains all but finitely many prime numbers; in particular, if O = Z

and N is square-free then according to Mazur, all prime numbers l ≥ 11
belong to B(E).

7.6.14. Theorem. (Kolyvagin) Suppose that P1 has infinite order in E(L).
Then the group E(L) has rank 1, the index [E(L) : ZP1] is finite, the Tate-
Shafarevich group

∐∐
(E,Q) is finite and has order dividing d[E(L) : ZP1]2

where d is an integer coprime to all elements of B(E). �

(7.6.15) Kolyvagin also determines the structure of the Tate-Shafarevich group∐∐
(E,Q) in terms of Heegner points, under the stated hypotheses.
Kato [Ka] has given another proof of the finiteness of the Tate-Shafarevich

group of the modular elliptic curveE/Q under the hypothesis that L(E, 1) �= 0;
Kato defines an Euler system for E/Q different from that obtained from Heeg-
ner points using Beilinson elements in the K-theory of modular curves.

Kolyvagin in [K3] generalised the argument used to prove theorem 7.6.14
to include the case where P1 may have finite order and rank (E(K)) > 1
but the argument relies strongly on hypotheses. Furthermore, Kolyvagin [K3]
states a hypothetical condition on Heegner points generalising the condition
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that P1 have infinite order of theorem 7.6.14; Kolyvagin conjectures that this
generalised condition always holds

[See the end of §7.14 below for an analogue of this conjecture for the
present case of elliptic curves over function fields.]

An important special case of Kolyvagin’s work on the Birch and Swinnerton-
Dyer conjecture is clearly explained in [GB2]. See also [PR] for more details.

(7.6.16) Bertolini and Darmon [BDa] made a further refinement of Kolyvagin’s
theorem 7.6.14 by considering isotypical components of Mordell-Weil groups.
To state the result of Bertolini and Darmon, let G = Gal(L[1]/L). The group
G acts naturally on the abelian group E(L[1]) and E(L[1])⊗Z C decomposes
as a sum of eigenspaces under G

E(L[1])⊗Z C ∼=
⊕

χ

E(L[1])χ

where the sum runs over all irreducible complex characters χ : G→ C∗ of G.
Put

eχ =
1
|G|
∑

g∈G
χ−1(g)g.

Then eχ is an idempotent in the group ring C[G] giving the projection onto
the χ-eigenspace.

7.6.17. Theorem. (Bertolini, Darmon [BDa]) Suppose that E does not have
complex multiplication and that eχy1 �= 0 in E(L[1])]) ⊗Z C. Then we have
dimCE(L[1])χ = 1. �

(7.6.18) Bertolini and Darmon [BDa] prove a more precise result under the
stated hypotheses, namely that the p-component of the Tate-Shafarevich
group of the curve E × L[1]/L[1] is trivial for infinitely many prime numbers
p. The theorem 7.6.14 of Kolyvagin implies the special case of the theorem
7.6.17 of Bertolini and Darmon when χ is the trivial character.

(7.6.19) The method of Kolyvagin’s Euler systems also applies to ideal class
groups of number fields. In particular, Kolyvagin and Rubin [Ru4] prove by
this method the “main conjecture” of Iwasawa theory first proved by Mazur
and Wiles [MW].
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Rubin’s work on the Birch and Swinnerton-Dyer conjecture for elliptic curves
with complex multiplication over number fields

(7.6.20) Prior to the work of Kolyvagin, Rubin gave the first known examples
of elliptic curves with finite Tate-Shafarevich groups. His method applies to
elliptic curves over number fields with complex multiplication.

To state one of the main results of Rubin, let E be an elliptic curve defined
over an imaginary quadratic extension L of Q and with complex multiplica-
tion. Let L(E, s) be the L-function of E/L.

7.6.21. Theorem. (Rubin, [R2]) Suppose that L(E, 1) �= 0. Then we have
(i) the group E(L) is finite;
(ii) the Tate-Shafarevich group

∐∐
(E,K) is finite;

(iii) for every prime number p > 7 such that E has good reduction above p,
the p-part of the Tate-Shafarevich group

∐∐
(E,K) is finite and has the order

predicted by the Birch and Swinnerton-Dyer conjecture.�

(7.6.22) Part (i) of this theorem was already known and is due to Coates and
Wiles [CW]. Rubin [Ru3] has also proved a stronger version of part (iii) of
this theorem. See also [PR] for more details.

7.7 Tate-Shafarevich groups

For the rest of this chapter the notation is that of (7.5.1).

(7.7.1) Let E/F be an elliptic curve. Let E0/C be the Néron model of E/F ;
then E0/C may be considered as a sheaf of abelian groups on C for the étale
topology. The Tate-Shafarevich group of E/F is defined to be

∐∐
(E,F ) = H1

ét(C, E0).

As k is a perfect field, this is equivalent to the usual definition that
∐∐

(E,F )
is the group of principal homogeneous spaces of E/F which are everywhere
locally trivial [Gro, Complément 4.9].

7.7.2. Remarks. (1) The Tate-Shafarevich group
∐∐

(E,F ) is known to be a
torsion group and is conjectured to be a finite group. This conjecture is almost
identical with the conjectures of Tate, Artin-Tate, and Birch and Swinnerton-
Dyer for the elliptic curve F/F and the corresponding elliptic surface over
k.

[See [Gro], [T3], [M1], [M3], as well as remark 7.7.6(3) below, for the rela-
tions between these conjectures.]
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(2) More precisely,
∐∐

(E,F ) is known to be a torsion group of cofinite type: for
every prime number l, there is an integer r(l) such that there is an isomorphism
of groups

∐∐
(E,F )l∞ ∼= Gl ⊕

(Ql
Zl

)r(l)
.

where Gl is a finite l-group and Gl is trivial for all but finitely many prime
numbers l. The conjecture that

∐∐
(E,F ) be finite is then equivalent to the

statement that r(l) = 0 for all prime numbers l.
That
∐∐

(E,F ) is a torsion group of cofinite type follows from the known
structure of the Tate-Shafarevich group

∐∐
(E ×k k, F ×k k) for the elliptic

curve E ×k k over the field F ×k k, where k denotes the algebraic closure of
the finite field k (formula of Grothendieck-Ogg-Shafarevich, see [Ra]).

(7.7.3) Assume the hypotheses (7.6.1) for the elliptic curve E/F hold. If the
Drinfeld-Heegner point x0 of (7.6.4) has infinite order of E(K), for each prime
number l let t(l) be the greatest integer such that

(7.7.4) x0 ∈ lt(l)E(K).

As E(K) is a finitely generated abelian group (Mordell-Weil theorem), if x0

has infinite order then the integer t(l) exists for all l and is zero for all except
finitely many prime numbers l.

7.7.5. Theorem. Suppose that x0 has infinite order in the group E(K). Then
x0 generates a subgroup of finite index of E(K) and there is an infinite set of
prime numbers P0 such that
(i) the highest power of l dividing the index [E(K) : Zx0] is at most l6t(l) for
all l ∈ P0;
(ii) l2t(l)

∐∐
(E/F )l∞ = l2t(l)

∐∐
(E ×F K/K)l∞ = 0 for all l ∈ P0.

7.7.6. Remarks. (1) The set P0 of prime numbers is obtained from the set P
of prime numbers of definition 7.10.3 below by deleting a finite set of primes.
Hence (see remark 7.10.4 below) the set P0 consists of all but finitely many
prime numbers l of the form 2sn + 1 where s ≥ 1 and n is odd such that
q = |k| is a 2sth power non-residue modulo l.

(2) The method of proof of theorem 7.7.5 given below should extend to
all prime numbers and not just those primes in P0. For this it is neces-
sary to consider the Heegner module Hc where c is a general divisor on
Spec A. Below we only consider the Heegner module Hc where c is a divi-
sor on Spec A which is a sum of prime divisors which are inert and unramified
in K/F . This is precisely the reason for the restriction l ∈ P0 in theorem 7.7.5
above.
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(3) Let p > 0 be the characteristic of the field F . Then it is known that if∐∐
(E/F )l∞ is finite for one prime number l then the Tate-Shafarevich group∐∐
(E/F ) is a finite group. This is proved by Kato and Trihan in [KT] and

refines earlier results of a similar kind due to Tate [T3, Theorem 5.2] and
Milne [M1, Theorem 8.1].

Theorem 7.7.5(ii) above therefore shows that the Tate-Shafarevich groups
in question are finite and gives explicit annihilators for the l-primary compo-
nents for all l ∈ P0.

Note that for elliptic curves defined over number fields, the implication
corresponding to that proved by Kato and Trihan (loc. cit.) is not known in
general.

7.8 Proof that theorem 7.7.5 implies theorem 7.6.5

That theorem 7.7.5 implies the main theorem 7.6.5 is a consequence of known
results on the relation between the conjectures of Tate, Artin-Tate, and
Birch-Swinnerton Dyer (due to Artin, Tate, Milne, Kato and Trihan).

To be precise, let E0/F0 be an elliptic curve over a global field F0 which
is one of the following two possibilities

(a) E0 = E and F0 = F ;
(b) E0 = E ×F K and F0 = K.

Let C0/k be the smooth projective curve whose function field is isomorphic
to F0. Let E0/k denote the Néron model of the elliptic curveE0/F0. Then there
is a smooth morphism of k-schemes

E0 → C0.

Let E/k denote the minimal proper smooth model of the surface E0. Then the
corresponding morphism

E → C0

admits a section and is proper with geometrically connected fibres. We
then have isomorphisms between the Brauer group and Tate-Shafarevich
group ([Gro, Proposition 4.3, Corollaire 4.4] or [T3, Proposition 3.1]), where
Br(E/k) = H2

ét(X,Gm),

(7.8.1) Br(E/k) ∼=
∐∐

(E0/F0).

By theorem 7.7.5 and (7.8.1) we obtain that Br(E/k)l∞ is finite for infinitely
many prime numbers l. Therefore by [T3, Theorem 6.2] the Tate conjecture
holds for the surface E/k; by [M1, M3], the Artin-Tate conjecture then holds
for E/k provided that char.(F0) �= 2. By [KT], the Birch and Swinnerton-Dyer
conjecture then holds for the elliptic curve E0/F0. �
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7.9 The Selmer group

(7.9.1) In this section the index set of all quasi-groups is N(p) which is the set
of positive integers prime to p, where p the characteristic of the global field F
(see §7.1 for more details on quasi-groups).

(7.9.2) For a place v of the field F , we write Fv for the completion of F at
the place v. We have a commutative diagram of quasi-groups, where the maps
resv are the restriction homomorphisms and the rows are exact sequences

0 → ∗E(F ) → H1(F,E(F sep)∗) → H1(F,E(F sep))∗ → 0
↓ ↓ resv ↓ resv

0 → ∗E(Fv) → H1(Fv, E(F sep
v )∗) → H1(Fv, E(F sep

v ))∗ → 0

As in example 7.1.7(1), ∗E(F ) denotes the quasi-group {E(F )/nE(F )}n∈N(p)

and E(F sep)∗ denotes the quasi-group {E(F sep)n}n∈N(p) given by the
n-torsion subgroups associated to E(F sep) where n ranges over all positive
integers prime to the characteristic of F .

(7.9.3) The Tate-Shafarevich group
∐∐

(E/F ) of E/F is then given equiva-
lently as [Gro, Complément 4.9]

∐∐
(E/F ) = ker{H1(F,E)→

∏

v∈ΣF
H1(Fv, E)}.

The Selmer quasi-group is defined as

S(∗)(E/F ) =
⋂

v∈ΣF
res−1

v (∗E(Fv)).

Thus S(∗)(E/F ) is a sub-quasi-group of {H1(F,E(F sep)n)}n∈N(p) . Each com-
ponent S(n)(E/F ) of the Selmer quasi-group is a finite abelian group. We
then have the exact sequence of torsion abelian quasi-groups

0→ ∗E(F )→ S(∗)(E/F )→
∐∐

(E/F )∗ → 0.

For the imaginary quadratic extension fieldK of F we write
∐∐

(E/K) in place
of
∐∐

(E×KK/K); similarly, for the Selmer quasi-group, we write S(∗)(E/K)
in place of S(∗)(E ×F K/K).
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7.9.4. Proposition. If n is an odd integer, the restriction homomorphism
provides an isomorphism

∐∐
(E/F )n

res∼=−→
∐∐

(E/K)Gal(K/F )
n .

Proof. The definition of the Tate-Shafarevich groups provides a commutative
diagram with exact rows

0 →
∐∐

(E/K)Gal(K/F ) → H1(K,E)Gal(K/F ) →
( ∏

v∈ΣK
H1(Kv, E)

)Gal(K/F )

↑ ↑ ↑
0 →

∐∐
(E/F ) → H1(F,E) →

∏

v∈ΣF
H1(Fv, E)

For any place v of F , the Fv-algebra Fv⊗FK is étale and is the product of the
completions of K at the places lying over v. The inflation restriction sequence
provides isomorphisms because n is an odd integer and Gal(K/F ) has order
2

H1(F,E)n ∼= H1(K,E)Gal(K/F )
n

H1(Fv, E)n ∼= H1(Fv ⊗F K,E)Gal(K/F )
n for all places v of F.

The isomorphism of the proposition now follows by a diagram chase.�

7.9.5. Remark. It may be shown that if the characteristic of F is not equal to
2 then the restriction homomorphism of Tate-Shafarevich groups

∐∐
(E/F )−→

∐∐
(E/K)Gal(K/F )

has finite kernel and cokernel which are elementary abelian 2-groups.

7.10 The set P of prime numbers

We define a set P of prime numbers by arithmetic conditions; the purpose of
this definition is that for all but finitely any prime numbers l of P we shall
prove that the l-primary component of the Tate-Shafarevich group

∐∐
(E/F )

of E/F is finite and give an explicit annihilator, under the hypotheses of
theorem 7.7.5.
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(7.10.1) For a place v of F , let

Fv denote the completion of F at v;
F nr
v denote the maximal unramified extension of the local field Fv

(that is, F nr
v is the field of fractions of the strict henselisation of the

valuation ring of Fv);
Ov denote the discrete valuation ring of the local field Fv;
E denote the Néron model of the elliptic curve E ×F Fv/Fv over Ov;
E0 denote the closed fibre of E/Ov;
π0(E0) be the group of connected components of E0

as a Gal(F nr
v /Fv)-module.

7.10.2. Theorem. ([M4, Prop. 1.3.8]). Write G = Gal(F nr
v /Fv). There is an

isomorphism
H1(G,E(F nr

v )) ∼= H1(G, π0(E0)).

In particular, H1(G,E(F nr
v )) is a finite group for all v and if E has good

reduction at v then H1(G,E(F nr
v )) = 0. �

7.10.3. Definition. We may select an infinite set P of prime numbers (in
fact P has positive Dirichlet density) such that for all l ∈ P we have

(a) p, 2, and the prime factors of |B∗|/|A∗| are not in P ;
(b) H i(K(Eln)/K,Eln) = 0 for all integers n ≥ 1 and for all i ≥ 0

(see proposition 7.3.1);
(c) the natural map Gal(F (El∞)/F )→ Γ̂l is an isomorphism

(see §7.2 and Igusa’s theorem 7.2.3);
(d) H1(Knr

z /Kz, E)l∞ = 0 for all places z of K (see theorem 7.10.2 above);
(e) K and F (El∞) are linearly disjoint over F (see proposition 7.3.10);

(f)
(

1 0
0 −1

)
∈ Gal(F (El∞)/F ) (see proposition 7.3.10, which is a

consequence of Igusa’s theorem 7.2.2);

7.10.4. Remark. The first 5 conditions (a),(b),(c),(d),(e) of this definition hold
for all except finitely many prime numbers l. Only the last condition (f) fails
to hold in general for all but finitely many prime numbers.

The set P can therefore be obtained from the set S of prime numbers
provided by proposition 7.3.10 by deleting a finite number of elements. That
is to say (see remark 7.3.14(1)) the set P consists of all but finitely many
prime numbers l of the form 2sn + 1 where s ≥ 1 and n is odd such that
q = |k| is a 2sth power non-residue modulo l.
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7.11 Frobenius elements and the set Dln of divisors

The set Dln is defined for any prime number l in P and contains only effective
divisors on Spec A consisting of sums of distinct prime divisors whose cor-
responding Frobenius conjugacy classes in Gal(K(Eln)/F ) are all the same.
This unique Frobenius conjugacy class is of a special kind, in particular its
elements have order 2.

(7.11.1) For each integer n ≥ 1 and each l ∈ P let τ∞ ∈ Gal(K(Eln)/F ) be
the unique element satisfying the two conditions:

(a) τ∞|F (Eln) =
(

1 0
0 −1

)

(b) τ∞|K is the non− trivial element of Gal(K/F ).

We write τ for the non-trivial element of Gal(K/F ). The elements τ, τ∞
have exact order 2.

(7.11.2) For any semi-simple Z[Gal(K/F )]-module M , we have a decomposi-
tion of M as a sum of eigenspaces

M ∼=M+ ⊕M−

where M ε, for ε = ±, is the submodule of M on which τ acts like ε1.

7.11.3. Definition. (i) For a prime divisor z in Spec A, unramified inK(Eln),
let Frobz denote the conjugacy class of Gal(K(Eln)/F ) containing the Frobe-
nius substitutions of the prime factors of z.
(ii) For l ∈ P , let Dln be the set of effective divisors on Spec A, of support
prime to Supp(I) and the discriminant ofK/F , all of whose prime components
z have multiplicity 1 and satisfy

Frobz(K(Eln)/F ) = [τ∞]

where [τ∞] denotes the conjugacy class of τ∞. The prime divisors in Dln are
infinite in number, by the Chebotarev density theorem, remain prime in the
field extension K/F , and their liftings to K split completely in K(Eln)/K.
Furthermore, E has good reduction at all prime divisors of Dln .

(7.11.4) For any prime number λ distinct from the characteristic of F , let

ρ : Gal(F sep/F )→ AutQλ(Tλ(E)⊗Zλ Qλ)

denote the galois representation on the λ-adic Tate module Tλ(E) of the
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elliptic curve E; that is to say

Tλ(E)⊗Zλ Qλ = H1
ét(E ⊗F F sep,Qλ)∗

where ∗ denotes the dual Qλ-vector space.
If z is a prime of F let Iz be an inertia subgroup of Gal(F sep/F ) at z; let

az = Tr(ρ(Frobz) | (Tλ(E)⊗Zλ Qλ)
Iz ).

That is to say, az is the trace of the Frobenius at z on the part of the Tate
module invariant under Iz . Then we have az ∈ Z (see examples 5.3.18(1)).

7.11.5. Lemma. Suppose that z ∈ Dln is a prime divisor, where l ∈ P .
(i) We have az ≡ |κ(z)|+ 1 ≡ 0 (mod ln).
(ii) If E0,z denotes the reduction modulo z of the Néron model of E/F then
we have group isomorphisms, for ε = + or −,

E0,z(κ(z�))εln ∼= E0,z(κ(z))ln ∼= Z/lnZ.

Proof. As az is the trace of a Frobenius above z we have by the trace formula,
where κ(z) is the residue field of A at z,

az = |κ(z)|+ 1− |E0,z(κ(z))|.

Let K ′ be the field K(Eln). As z ∈ Dln , the prime z is a place of good
reduction of E/F (see (7.11.3)). Hence the characteristic polynomial of the
Frobenius Frobz(K ′/F ) above z acting on Eln is equal to

X2 − azX + |κ(z)| (modulo ln).

Let σ be the element of Aut(Eln ) given by
(

1 0
0 −1

)
.

Then the characteristic polynomial of the element σ is equal to

X2 − 1.

Comparing these two polynomials modulo ln proves part (i) of the lemma, as
Frobz(K ′/F ) = [τ∞] acts like σ on Eln .

For (ii), let z� be the unique place of K lying over the place z of F
where z ∈ Dln . Then κ(z�) is a quadratic extension of κ(z). Furthermore, as
Frobz(K ′/F ) = [τ∞] where τ∞ has order 2 (see (7.11.1), (7.11.3)), the prime
z� splits completely in the extension K ′/K. The map of reduction modulo a
prime of K ′ over z

E(K ′)ln → E0,z(κ(z�))ln



7.12 The Heegner module attached to E/F 371

is an isomorphism. Hence we have

E0,z(κ(z�))ln ∼=
(

Z

lnZ

)2

.

The action of τ∞ on E0,z(κ(z�)) decomposes into a sum over the eigenspaces
corresponding to τ∞ = ±1. Hence we have for ε = ±, as the Frobenius
Frobz(K ′/F ) = [τ∞] acts on E(K ′)ln like the element σ,

E0,z(κ(z�))τ∞=ε
ln

∼= Z/lnZ.

On the other hand we have

E0,z(κ(z�))τ∞=+1 = E0,z(κ(z)).

The result follows from this.�.

7.12 The Heegner module attached to E/F

(7.12.1) Let λ be a prime number distinct from the characteristic of the field F .

As in (7.11.4), let ρ be the representation of the galois group Gal(F sep/F )
given by the λ-adic Tate module Tλ(E) of the elliptic curve E

ρ : Gal(F sep/F )→ AutQλ(Tλ(E)⊗Zλ Qλ).

The character of the representation ρ we denote by the same symbol ρ; as the
character of this representation takes values in Z, rather than Zλ, we have a
map of sets

ρ : ΣF → Z

v �→ av = Tr(ρ(Frobv)|(Tλ(E)⊗Zλ Qλ)
Iv ).

where Iv is an inertia subgroup of Gal(F sep/F ) at v.

(7.12.2) Let
π : XDrin

0 (I)→ E
be the surjective morphism of F -schemes given by §4.7 and example 5.3.18(1),
where the ideal I of A is the conductor of the elliptic curve E/F without the
component at ∞.

(7.12.3) LetK/F be an imaginary quadratic field extension in which all primes
dividing the conductor of E, except the place ∞, split completely in K/F .
Let H(ρ) be the Heegner module (see §5.3) of the character ρ

ρ : ΣF \ (Supp(I) ∪ {∞})→ Z, v �→ av,
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the imaginary quadratic extensionK/F , with exceptional set the set of primes
∞ and those dividing the conductor I, and with coefficients in Z. The mor-
phism π induces a homomorphism of Gal(Ksep/K)-modules H(π) (see exam-
ples 5.3.18(1))

H(π) : H(ρ)(0) → E(Ksep)
< b, c > �→ (b, I1, c, π).

Here I1 denotes a fixed ideal of B such that I1Iτ1 = IB and τ is the non-trivial
element of Gal(K/F ).

(7.12.4) The module H(ρ) is a direct limit

H(ρ) = lim−→Hc

where the limit runs over all effective divisors c on Spec A. For each divisor
c, we have a homomorphism of Gal(K[c]/K)-modules

H(π)c : H(0)
c → E(K[c])

which is obtained by composing the transition homomorphism Hc → H(ρ)
with H(π).

7.13 Galois invariants of the Heegner module and the
map η

The main result of this section, proposition 7.13.4, identifies part of
(Hc,S)G(c/0), which is the submodule of the Heegner module Hc,S invariant
under the action of the Galois group G(c/0). This result is restricted to divi-
sors c satisfying the conditions of the proposition, in particular that the prime
components of c are inert and unramified in K/F . The proposition applies in
particular to all divisors c in the set Dln for any prime number l in P . That
part of the module (Hc,S)G(c/0) given by the proposition corresponds to the
“derivative” cohomology classes of Kolyvagin (see for example [Ru1, §4.4]).

(7.13.1) Let

m ≥ 1 be a positive integer prime to the characteristic of F and prime to
the order of the group B∗/A∗;

S be the ring Z
mZ

;
ρ : ΣF \ (Supp(I) ∪ {∞})→ Z the character of the l-adic representation

attached to E/F (see (7.12.3));
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H(ρS , S) = lim−→Hc,S be the Heegner module of ρ,K/F and with coefficients
in S where ρS is the composite of ρ with the natural surjection Z→ S;

G(c/0) = Gal(K[c]/K[0]) for any divisor c of Div+(A) (see §6.1).

The ring S is a direct product of infinitesimal traits corresponding to the
prime factors of m. For an element a ∈ Z we write a⊗ 1 for its image in the
algebra S.

(7.13.2) We have isomorphisms of Gal(Ksep/K)-modules as |B∗/A∗| is a unit
of S (see §5.9, corollary 5.9.5)

H(ρ)⊗Z S ∼= H(ρS , S), Hc ⊗Z S ∼= Hc,S.

The homomorphism
H(π)c : H(0)

c → E(K[c])

then provides a homomorphism of Gal(Ksep/K)-modules

H(π)c ⊗Z S : H(0)
c,S → E(K[c])⊗Z S.

(7.13.3) If h ∈ Hc,Z we write [h] for its image in Hc,S , that is to say [h] is the
reduction modulo m of h. Similarly, for an element x ∈ E(K[c]) we write [x]
for its image in E(K[c])⊗Z S.

7.13.4. Proposition. Let c ∈ Div+(A) where c =
∑r

i=1 zi is a sum of distinct
prime divisors zi such that zi is unramified and inert inK/F and zi �∈ Supp(I)
for all i. Let M(c) be the S-module (where the tensor products are over S)

M(c) =
⊗

i

S Hom(G(c/c− zi), S)⊗S
⊗

i

S AnnS(azi ⊗ 1).

Then there is commutative diagram of ∆c,S-modules

(7.13.5)

(Hc,S)G(c/0) h−→ H0,S ⊗S M(c)
η ↑ ↑ eG(c/0)

Hc,S ⊗S M(c)
ζ−→ H′c,S ⊗S M(c)

where h, eG(c/0) are surjective homomorphisms, ζ is induced from the natu-
ral surjection Hc,S → H′c,S (see (5.7.4)), and η is obtained from Kolyvagin
elements.

Proof. As S = Z/mZ is a direct product of infinitesimal traits we may imme-
diately reduce to the case where S itself is an infinitesimal trait of the form
Z/qrZ where q is a prime number.
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Definition of h. Let S be an infinitesimal trait where |B∗/A∗| is a unit of
S and let N be a S-module of finite type. Then we have an isomorphism of
S-modules

N ∼=
⊕

j

S/Ij

where Ij are ideals of S. Hence we have

(Hc,S ⊗S N)G(c/c−zi) ∼=
⊕

j

(Hc,S/Ij)G(c/c−zi).

By theorem 6.10.7 in view of the hypothesis on c =
∑

i zi, we have the exact
sequences for all i

0→Hc−zi,S→(Hc,S)G(c/c−zi)→H1(G(c/c−zi), S)⊗SAnnS(azi⊗1)Hc−zi,S→0.

Hence we obtain a surjective homomorphism of ∆c−zi,S-modules,
as AnnS(azi ⊗ 1)⊗S S

Ij
∼= AnnS/Ij (azi ⊗ 1),

(Hc,S⊗SN)G(c/c−zi) →
⊕

j

H1(G(c/c−zi), S/Ij)⊗SAnnS/Ij (azi⊗1)Hc−zi,S/Ij

∼=
⊕

j

{
H1(G(c/c− zi), S)⊗S

S

Ij
⊗S AnnS/Ij (azi ⊗ 1)(Hc−zi,S ⊗S

S

Ij
)
}

∼= AnnS(azi ⊗ 1)Hc−zi,S ⊗S N ⊗S H1(G(c/c− zi), S)

∼= Hc−zi,S ⊗S N ⊗S
{
H1(G(c/c− zi), S)⊗S AnnS(azi ⊗ 1)

}
.

That is to say, we have a surjective homomorphism of ∆c−zi,S-modules

hi : (Hc,S ⊗S N)G(c/c−zi) → Hc−zi,S ⊗S N ′

where
N ′ = N ⊗S

{
Hom(G(c/c− zi), S)⊗S AnnS(azi ⊗ 1)

}

is also a S-module of finite type.
By induction on the number of components of c we obtain from hi a

surjective homomorphism, where the tensor products are over the artin ring
S,
(7.13.6)
HG(c/0)
c,S →H0,S⊗S

(⊗

i

Hom(G(c−
∑

j≤i
zj/c−

∑

j≤i+1

zj), S)
)
⊗S
⊗

i

AnnS(azi⊗1).

For all i ≥ 0, the restriction map provides a surjective homomorphism

G(c/c− zi)→ G(c−
∑

j≤i−1

zj/c−
∑

j≤i
zj)
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whose kernel has order dividing |B∗|/|A∗| (see the isomorphisms (2.3.8) and
(2.3.10)). As the group B∗/A∗ has order which is a unit in S (7.13.1), we
obtain the isomorphism of S-modules where the tensor products are over the
algebra S
⊗

i

Hom(G(c/c− zi), S) ∼=
⊗

i

Hom(G(c−
∑

j≤i−1

zj/c−
∑

j≤i
zj), S).

The homomorphism of (7.13.6) combined with this isomorphism defines the
homomorphism h of the diagram (7.13.5)

h : (Hc,S)G(c/0) → H0,S ⊗S M(c).

Definition of η. Let pi be the ideal of A corresponding to the prime divisor
zi. Then by (2.3.7) we have group isomorphisms

G(c/c− zi) ∼= (B/piB)∗/(A/pi)∗ if c �= zi

G(c/0) ∼=
∏
i(B/piB)∗/(A/pi)∗

B∗/A∗
.

Hence there is a surjective group homomorphism

f :
∏

i

G(c/c− zi) → G(c/0)

whose kernel has order dividing a power of |B∗/A∗|. Furthermore, the group
G(c/0) is the product of its subgroups G(c/c− zi) for all i.
Let ψi be group homomorphisms with values in the additive group of S where

ψi ∈ Hom(G(c/c− zi), S) for all i.

Let ψ0 be the multilinear map

ψ0 :
∏

i

G(c/c− zi)→ S

(g1, . . . , gm) �→
∏

i

ψi(gi).

The kernel of the natural homomorphism
∏
iG(c/c− zi)→ G(c/0) has order

which is a unit of S. It follows that if h1, h2 ∈
∏
iG(c/c − zi) are such that

h1h
−1
2 is in the kernel of

∏
iG(c/c− zi)→ G(c/0) then ψ0(h1) = ψ0(h2); for

we have
hi = (g(i)1 , . . . , g

(i)
r ) for i = 1, 2;
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hence we have

ψ0(h1) =
∏

j

ψj(g
(1)
j ) =
∏

j

ψj(g
(2)
j ) = ψ0(h2).

Hence the map ψ0 factors though a map ψ : G(c/0)→ S where the restriction
of ψ to each subgroup G(c/c− zi) is equal to ψi for all i.

The map ψ is a 1-cochain in Coch1(G(c/0), S). Let

Eψ =
∑

g∈G(c/0)

ψ(g)g−1

be the Kolyvagin element of ψ (see §5.6, definition 5.6.11), where

Eψ ∈ S[G(c/0)].

As the restriction of ψ to the subgroup G(c/c − zi) of G(c/0) is the homo-
morphism ψi, it follows from proposition 5.6.12 that for some xi ∈ S[G(c/0)]
and for all g ∈ G(c/c− zi) we have

(g − 1)Eψ = ψi(g)eixi

where
ei =

∑

h∈G(c/c−zi)
h.

We have the identity for any set of elements g1, . . . , gs ∈ G(c/0)

s∏

i=1

gi − 1 = (g1 − 1)
∏

i≥2

gi + (g2 − 1)
∏

i≥3

gi + . . .+ (gs − 1).

Taking gi ∈ G(c/c− zi) for all i, we obtain that for all g ∈ G (this is a variant
of remark 5.6.13(iii))

(g − 1)Eψ ∈
∑

i

eiS[G(c/0)].

For any element g ∈ G(c/0) and δ ∈ Hc,S we obtain

(g − 1)Eψδ ∈
∑

i

eiHc,S .

For all δ ∈ ∆c′,S′ where c′ ≤ c and all zi ∈ Supp(c′) and as zi is inert and
unramified in K/F , we have by definition (see (5.3.6))

Kc′,c′−zi(δ) = (azi ⊗ 1)t∆c′,c′−zi(δ) −
|O∗c′−zi |
|A∗| ec

′,c′−ziδ
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where
|O∗
c′−zi

|
|A∗| is a unit of S. Hence we obtain

eiHc,S ⊆ (azi ⊗ 1)Hc−zi,S for all i.

Hence for any element

δ ∈
(⊗

i

AnnS(azi ⊗ 1)
)
⊗S Hc,S

we have for all g ∈ G(c/0)

(g − 1)Eψδ = 0.

Hence we have the inclusion of modules

Eψ
(
Hc,S ⊗S

⊗

i

AnnS(azi ⊗ 1)
)
⊆ (Hc,S)G(c/0).

We then define the S-module homomorphism

η : Hc,S ⊗S
(⊗

i

Hom(G(c/c− zi), S)
)
⊗S
⊗

i

AnnS(azi ⊗ 1)→ (Hc,S)G(c/0)

by
δ ⊗ (ψi)i ⊗ a �→ Eψ(aδ)

where δ ∈ Hc,S, (ψi)i ∈
⊗

iHom(G(c/c − zi), S), ψ ∈ Coch1(G(c/0), S), and
a ∈
⊗

iAnnS(azi ⊗ 1) where Eψ is the Kolyvagin element of ψ; here ψ is the
multilinear map attached to the collection of homomorphisms (ψi)i.

Commutativity of the diagram (7.13.5). Put, where c =
∑r

i=1 zi,

S′ = S/(az1 ⊗ 1, az2 ⊗ 1, . . . , azr ⊗ 1).

Then the S-algebra S′ is an infinitesimal trait and there is an isomorphism of
S-modules ⊗

i

AnnS(azi ⊗ 1) ∼= S′.

Furthermore, the Heegner module Hc,S ⊗ S′ is ∆c,S-isomorphic to Hc,S′ (see
corollary 5.9.5). We have an isomorphism of S-modules

M(c) ∼=
⊗

i

Hom(G(c/c− zi), S′).
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As the image of every element azi⊗1 is zero in S′, we have for all δ ∈ ∆c′,S′
where c′ ≤ c and all zi ∈ Supp(c′) (see (5.3.6))

Kc′,c′−zi(δ) = (azi ⊗ 1)t∆c′,c′−zi(δ) −
|O∗c′−zi |
|A∗| ec

′,c′−ziδ

= −
|O∗c′−zi |
|A∗| ec

′,c′−ziδ

where
|O∗
c′−zi |
|A∗| is a unit of S′. Hence the Heegner module Hc,S′ decomposes as

a direct sum of ∆c,S-modules

(7.13.7) Hc,S′ ∼=
⊕

c′≤c

∆c′,S′∑
zi∈Supp(c′) ec′,c′−zi∆c′,S′

.

Write G for G(c/c− z1). By proposition 5.8.4(iii), {ker(tc,c−zi)}i=1,...,r is
an S-admissible family of subgroups of Pic(Oc). Taking the submodules

P = ec,c−z1∆c,S′ and N =
r∑

i=2

ec,c−zi∆c,S′

of ∆c,S′ , we have that N is a cohomologically trivial G-module
(by lemma 5.6.19(i)) and that PG = P ; furthermore P,N ∩P and P/(N ∩P )
are flat S′-modules (by lemma 5.6.27). By lemma 5.6.24, the inclusion of sub-
modules P ⊆ P +N gives rise to short exact sequences of ∆c,S-modules

0→
(
N∩P
)
⊗SHm(G,S′)→ Hm(G,P )→ Hm(G,P+N)→ 0 for all m ≥ 1.

For the case where m = 1 this exact sequence gives the short exact sequence
(7.13.8)

0→ (N ∩ P )⊗S Hom(G,S′)→ P ⊗S Hom(G,S′)→ H1(G,P +N)→ 0.

Hence by examples 5.6.3(5), the submodule of ∆c,S′

N ∩ P = (
r∑

i=2

ec,c−zi∆c,S′) ∩ ec,c−z1∆c,S′

is equal to the submodule

r∑

i=2

ec,c−zi−z1∆c,S′ .

Put
Q =

P

N ∩ P =
ec,c−z1∆c,S′∑r

i=2 ec,c−zi−z1∆c,S′
.

Then the modules N ∩P, P,Q are flat S′-modules by lemma 5.6.27 as already
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noted. We then have the short exact sequence

0 → N ∩ P → P → Q → 0.

and tensoring this sequence with the S-module Hm(G,S′) it remains exact

0 → (N ∩P )⊗SHm(G,S′) → P ⊗SHm(G,S′) → Q⊗SHm(G,S′) → 0.

Hence this short exact sequence (7.13.8) provides an isomorphism of ∆c,S-
modules

(7.13.9) Q⊗S Hom(G,S′) ∼= H1(G,P +N).

As ∆c,S′ is a cohomologically trivial G-module, the short exact sequence of
∆c,S′-modules

0 → P +N → ∆c,S′ →
∆c,S′

P +N
→ 0

gives rise to a long exact sequence of cohomology from which we obtain iso-
morphisms

Hi−1(G,
∆c,S′

P +N
) ∼= Hi(G,P +N) for all i ≥ 2

and also a short exact sequence

0→ H0(G,P +N)→ H0(G,∆c,S′)→ H0(G,
∆c,S′

P +N
)→ H1(G,P +N)→ 0.

Hence we obtain the short exact sequence from the isomorphism (7.13.9)
(7.13.10)

0→ (P +N)G → (∆c,S′)G →
( ∆c,S′
P +N

)G → Q⊗S Hom(G,S′)→ 0.

The module ∆c,S′/(P + N) is ∆c,S′-isomorphic to the component over c
of the Heegner module Hc,S′ (see (7.13.7)). Let

π : Hc,S′ →
∆c,S′

P +N
= H′c,S′

denote the projection homomorphism onto the component over c. Further-
more, by (7.13.7) again the module Q is ∆c,S′-isomorphic to the component
over c−z1 of Hc−z1,S′ that is to say H′c−z1,S′ . Hence from (7.13.10) we obtain
a homomorphism

(Hc,S′)G → Hc−z1,S′ ⊗S Hom(G,S′)
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which is a composite homomorphism

HGc,S′
π→
( ∆c,S′
P +N

)G = (H′c,S′)G → Q⊗SHom(G,S′)→ Hc−z1,S′⊗SHom(G,S′).

The map η : Hc,S ⊗SM(c)→ (Hc,S)G(c/0) of diagram (7.13.5) is given by

δ ⊗ (ψi)i ⊗ a �→ Eψ(δ ⊗S a).

We obtain maps

Hc,S ⊗S M(c)
η→ (Hc,S′)G(c/0) → (Hc,S′)G → Hc−z1,S′ ⊗S Hom(G,S′).

Let ψi be group homomorphisms with values in the additive group of S
where

ψi ∈ Hom(G(c/c− zi), S) for all i.

Let ψ0 be the multilinear map

ψ0 :
∏

i

G(c/c− zi)→ S

(g1, . . . , gm) �→
∏

i

ψi(gi).

As we have already shown above, the map ψ0 factors though a map ψ :
G(c/0)→ S where the restriction of ψ to each subgroup G(c/c− zi) is equal
to ψi for all i.

Similarly each homomorphism ψi for i ≥ 2 induces a homomorphism

ψ
(2)
i : G(c− z1/c− z1 − zi)→ S, for all i ≥ 2

and in general we obtain that ψi induces a homomorphism

ψ
(j)
i : G(c− dj/c− zi − dj) → S, for all j ≤ i.

where

dj =
j−1∑

k=1

zk.

Hence the collection (ψ(j)
i )i≥j of homomorphisms induces a multilinear map

ψ(j) : G(c− dj , 0) → S.

The map ψ(j) is a 1-cochain in Coch1(G(c− dj/0), S). Let

Eψ(j) =
∑

g∈G(c−dj/0)
ψ(j)(g)g−1 ∈ ∆c−dj ,S
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be the Kolyvagin element of ψ(j) (see §5.6, definition 5.6.11), where

Eψ(j) ∈ S[G(c− dj/0)].

As the restriction of ψ(j) to the subgroup G(c − dj/c − zi − dj) of G(c/0)
is the homomorphism ψ

(j)
i , it follows from proposition 5.6.12 that for some

xi ∈ S[G(c− dj/0)] and for all g ∈ G(c− dj/c− zi − dj) we have

(g − 1)Eψ(j) = ψ(j)
i (g)ec−dj,c−zi−djxi

where
ec−dj,c−zi−dj =

∑

h∈G(c−dj/c−zi−dj)
h.

This composite homomorphism

Hc,S ⊗S M(c)→ Hc−z1,S′ ⊗S HomZ(G,S′)

is given by

δ ⊗ (ψi)i ⊗ a �→ Eψ(π(δ ⊗ a)) �→ {g �→ (g − 1)Eψ(π(δ ⊗ a)), for g ∈ G}.

But we have for all g ∈ G

(g − 1)Eψ = ψ1(g)ec,c−z1E

where
E =

∑

g∈G(c/0)/G1

ψ(2)(g)g−1

where Gi = G(c/c − zi) and the sum runs over a set of coset representatives
of G1 in G(c/0). As there is an isomorphism of ∆c,S-modules

ec,c−z1∆c,S ∼= ∆c−z1,S

we obtain that
Eψ(2) =

∑

h∈G(c−z1/0)
ψ(2)(h)h−1

acts in the same way as E on ec,c−z1∆c,S and that

Hc,S ⊗S M(c)→ Hc−z1,S′ ⊗S HomZ(G,S′)

is given by

δ ⊗ (ψi)i ⊗ a �→ Eψ(π(δ ⊗ a)) �→ {g �→ (g − 1)Eψ(π(δ ⊗ a)) for g ∈ G}

= {g �→ ψ1(g)Eψ(2)(t∆c,c−z1(π(δ ⊗ a))), for g ∈ G}

where ψ1(g)Eψ(2)(t∆c,c−z1(π(δ ⊗ a))) ∈ ∆c−z1,S . Hence we obtain that the
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composite map

Hc,S ⊗S M(c)→ Hc−z1,S′ ⊗S HomZ(G,S′)

is given by

δ⊗(ψi)i⊗a �→ Eψ(δ⊗a) �→ {g �→ Eψ(2)(t∆c,c−z1(π(δ⊗a)))⊗Sψ1(g), for g ∈ G}.

It follows by induction from this last homomorphism that if h is the ho-
momorphism of (7.13.5) and a ∈

⊗

i

AnnS(azi ⊗ 1) then we have

h ◦ η
(
δ ⊗ ψ ⊗ a

)
= h(Eψ(π(δ ⊗S a))) =

{(g1, . . . , gr) �→ ec,c−z1ec−z1,c−z2 . . . ezr,0ψ1(g1)ψ2(g2) . . . ψr(gr)π(δ ⊗ a)}
for all gi ∈ G(c− di/c− di+1) for all i and for all δ ∈ Hc,S. For all i there are
surjective group homomorphisms

G(c− di/c− di+1)→ G(zi/0)

induced from the inclusions of orders Oc ⊆ Ozi whose kernels have order
dividing |B∗|/|A∗|. Hence we have that if h is the homomorphism of (7.13.5)
and a ∈

⊗

i

AnnS(azi ⊗ 1) then

h(Eψ(π(δ ⊗S a)))(g1, . . . , gr) = eG(c/0)π(δ ⊗ a)⊗ (ψ1(g1)ψ2(g2) . . . ψr(gr))

for all δ ∈ Hc,S and for all gi ∈ G(c/c − zi) for all i. Hence the diagram
(7.13.5) is commutative. �

7.14 The cohomology classes γ(c), δ(c)

In the first part of this section, we define a homomorphism

(H(0)
c,S)Gc → H1(K,E),

where S = Z/lnZ and for all but finitely many prime numbers l. This map is
obtained by sending a generator < b, c > of the Heegner module H(0)

c,S to the
corresponding point on the elliptic curve E. Composing this homomorphism
with the part of (H(0)

c,S)G(c/0) identified by proposition 7.13.4 we obtain the
cohomology class δ(c) in H1(K,E) for suitable divisors c (lemma 7.14.9 and
Notation 7.14.10).

In the final part of this section, we derive properties of the cohomology
classes δ(c) under the action of the Galois group Gal(K/F ) and also under
restriction to the completions of the field K (lemmas 7.14.11 and 7.14.14).
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(7.14.1) As in (7.13.1), let

m ≥ 1 be a positive integer prime to the characteristic of F and prime to
the order of the group B∗/A∗;

S be the ring Z
mZ

;
H(ρS , S) = lim−→Hc,S

∼= H(ρ)Z ⊗Z S be the Heegner module of ρ,K/F and
with coefficients in S.

For any divisor c of Div+(A), we have the exact sequence of finite abelian
groups

0→ G(c/0)→ Gc → Gal(K[0]/K)→ 0

where
G(c/0) = Gal(K[c]/K[0]), Gc = Gal(K[c]/K).

7.14.2. Proposition. For any divisor c of Div+(A), the restriction homo-
morphism

{H1(K,En)}n∈N(p) → {H1(K[c], En)Gc}n∈N(p)

is a quasi-isomorphism of quasi-groups. Furthermore, there is a finite set of
exceptional prime numbers E such that if NE is the set of positive integers
prime to E then for all c ∈ Div+(A)

{H1(K,En)}n∈NE → {H1(K[c], En)Gc}n∈NE

is an isomorphism of quasi-groups.

Proof. Attached to the Hochschild-Serre spectral sequence

H i(Gc, Hj(K[c], En(Ksep)))⇒ Hi+j(K,En(Ksep))

is the short exact sequence of low degree terms

0→ H1(Gc, En(K[c]))→ H1(K,En)→ H1(K[c], En)Gc → H2(Gc, En(K[c])).

Here n≥1 is any integer prime to p. The quasi-groups {H1(Gc, En(K[c]))}n∈N(p)

and {H2(Gc, En(K[c]))}n∈N(p) are both trivial because {En(K[c])}n∈N(p) is
trivial by the Mordell-Weil theorem; furthermore, by proposition 7.3.8 there
is a finite set of prime numbers E such that for all divisors c on Spec A and
all integers n prime to E the group En(K[c]) is trivial. Hence the restriction
homomorphism

φ(n, c) : H1(K,En)→ H1(K[c], En)Gc

is a quasi-isomorphism of quasi-groups in [N(p)]Z; furthermore, for all divisors
c on Spec A and all integers n prime to E the homomorphism φ(n, c) is an
isomorphism, which proves the final statement of the proposition. �
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(7.14.3) The homomorphism H(π)c : H(0)
c,Z → E(K[c]) then provides a homo-

morphism of Gal(Ksep/K)-modules

H(π)c,S : H(0)
c,S → E(K[c])⊗Z S.

Hence we obtain a homomorphism of Gc-invariants

f : (H(0)
c,S)Gc → (E(K[c])⊗Z S)Gc .

(7.14.4) A standard generator of the Heegner module H(ρ)Z = lim−→ Hc,Z is

denoted as usual by < a, c > where a ∈ Pic(Oc) (see (5.3.8)). Whenever c is
prime to I, we write the Drinfeld-Heegner point (a, I1, c, π) as

ya,c = (a, I1, c, π) = H(π)c(< a, c >) ∈ E(K[c]).

(7.14.5) For any field extension L of F we have the exact sequence

0→ mE(L)→ H1(Lsep/L,Em(Lsep))→ H1(Lsep/L,E(Lsep))m → 0.

From this and the homomorphism f (of (7.14.3)) we obtain for any divisor c
of Div+(A) prime to I the following commutative diagram with exact rows
and an exact right-hand column:

0
↓

H1(K[c]/K,E(K[c]))m
j inf ↓

0→ mE(K) → H1(K,Em) → H1(K,E)m → 0
↓ res ↓ quasi− isom. res ↓

0→ (mE(K[c]))Gc ∂→ H1(K[c], Em)Gc → H1(K[c], E)Gcm
f ↑

(H(0)
c,S)Gc

The middle restriction homomorphism here is a quasi-isomorphism of quasi-
groups in [N(p)]Z where the finite exceptional set of prime numbers may be
taken independent of c, by the preceding proposition 7.14.2.

This diagram then provides the fundamental Heegner homomorphism, for
all m prime to the finite exceptional set of prime numbers,

(H(0)
c,S)Gc → H1(K,E)

whose image lies in H1(K[c]/K,E(K[c]))m.
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(7.14.6) Assume c ∈ Div+(A) is a sum
∑r
i=1 zi of distinct prime divisors zi

which are unramified and inert in K/F . As in proposition 7.13.4, put

M(c) =
r⊗

i=1

Hom(G(c/c− zi), S)⊗S
r⊗

i=1

AnnS(azi ⊗ 1).

(7.14.7) Assume c ∈ Div+(A) is a sum
∑

i zi of distinct prime divisors zi which
are unramified and inert in K/F , in particular c is prime to I. By proposition
7.13.4 we have a homomorphism of S-modules

η : Hc,S ⊗S M(c)→ (Hc,S)G(c/0)

given by
δ ⊗S (ψi)i ⊗S a �→ Eψ(δ ⊗S a)

where Eψ is a Kolyvagin element (definition 5.6.11). Composing this with the
trace

TrK[0]/K : (Hc,S)G(c/0) → (Hc,S)Gc , δ �→
∑

σ∈Gc/G(c/0)

σδ,

we obtain the homomorphism of S-modules

TrK[0]/K ◦ η : Hc,S ⊗S M(c)→ (Hc,S)Gc .

(7.14.8) Assume c ∈ Div+(A) is a sum
∑

i zi of distinct prime divisors zi
which are unramified and inert in K/F . We may compose the homomorphism
TrK[0]/K ◦ η with the homomorphism f (see the diagram (7.14.5))

Hc,S ⊗S M(c)
TrK[0]/K◦η−→ (Hc,S)Gc

f→(E(K[c])⊗Z S)Gc

and obtain the homomorphism of S-modules η̃c

η̃c : Hc,S ⊗S M(c)→ (E(K[c])⊗Z S)Gc .

By the diagram of (7.14.5), there is a finite set E of exceptional prime numbers
such that for all integers m prime to E we have a homomorphism of quasi-
groups where NE denotes the set of positive integers prime to E

{(E(K[c])⊗Z Z/mZ)Gc}m∈NE → {H1(K,Em)}m∈NE .

The exceptional set E is independent of the divisor c. We may then compose
this homomorphism with the homomorphism of S-modules η̃c and obtain the
homomorphism γc of S-modules

γc : Hc,S ⊗S M(c)→ H1(K,Em)
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for all integers m prime to E , where S = Z/mZ. We may then compose γc
with the homomorphism j : H1(K,Em) → H1(K,E)m (see the diagram of
(7.14.5)) and obtain a homomorphism of S-modules for all m prime to E

δc : Hc,S ⊗S M(c)→ H1(K[c]/K,E(K[c]))m.

7.14.9. Lemma. Suppose that l is a prime number where l ∈ P \ E and
E is the finite exceptional set of proposition 7.14.2. Let c ∈ Dln and put
S = Z/lnZ. Then we have:
(i) The divisor c ∈ Div+(A) is a sum of distinct prime divisors

∑
i zi which

are unramfied and inert in K/F .
(ii) We have an isomorphism of S-modules M(c) ∼= S and the maps η̃c, γc, δc
form a commutative diagram

(E(K[c])⊗Z S)Gc
η̃c ↗ ↓

Hc,S
γc−→ H1(K,Eln)

δc ↘ ↓
H1(K[c]/K,E(K[c]))ln

Proof. The lemma holds as c is a sum of prime divisors c =
∑
i zi where zi is

inert and unramified in K/F (definition 7.11.3(ii)) and where |G(c/c− zi)| is
divisible by ln for all i and the integer azi is divisible by ln for all i (lemma
7.11.5). Hence we have an isomorphism of S-modules

M(c) =
⊗

i

SHom(G(c/c− zi), S)⊗S
⊗

i

AnnS(azi ⊗ 1) ∼= S. �

7.14.10. Notation. Suppose that l is a prime number where l ∈ P \ E . Let
c ∈ Dln where c =

∑r
i=1 zi is a sum of prime divisors; the divisor c is a sum

of distinct prime divisors zi which are unramfied and inert in K/F by the
previous lemma 7.14.9. Put S = Z/lnZ.

(i) Each group G(c/c − zi) for all i is cyclic of order (|κ(zi)| + 1) or
(|κ(zi)| + 1)/(|B∗|/|A∗|) (see (2.3.11)); in particular the order is an integer
divisible by ln (lemma 7.11.5). Fix a generator σzi of G(c/c− zi) for all i and
fix the homomorphism hzi ∈ Hom(G(c/c−zi), S) such that hzi : σzi �→ 1. The
homomorphisms hzi determine a unique isomorphism of S-modulesM(c) ∼= S.

(ii) The images η̃c(Hc,S), γc(Hc,S), δc(Hc,S) are principal S-modules.
[To prove this, it suffices by lemma 7.14.9 to show that η̃c(Hc,S) is a princi-

pal S-module. By definition, all primes of P are odd hence ln is an odd integer.
For any homomorphism of finite abelian groups
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χ : D → S = Z/lnZ we then have
∑
x∈D χ(x) = 0. From the definition

of the map η : Hc,S ⊗S M(c)→ (Hc,S)G(c/0), given by

δ ⊗S (ψi)i ⊗S a �→ Eψ(δ ⊗s A)

we have that Eψ = Eψixi for all i and for some xi ∈ ∆c,S ; hence we have

t∆c,c−zi(Eψ) = xit∆c,c−zi(
∑

g∈G(c/c−zi)
ψi(g)g−1) = 0 for all i

by the previous remark. Hence η factors through the natural surjection

Hc,S ⊗S M(c)→ H′c,S ⊗S M(c).

As the image of η lies in (Hc,S)G(c/0) by proposition 7.13.4, we obtain that the
image of η lies in (H′c,S)G(c/0). Hence the image of η coincides with the image
of ∆c,S in (H′c,S)G(c/0) under the map ∆c,S ⊗S M(c) → (H′c,S)G(c/0). The
moduleM(c) is itself a principal S-module as the groups G(c/c−zi) are cyclic
for all i = 1, . . . , r. Hence the image of η̃c : Hc,S⊗SM(c)→ (E(K[c])⊗Z S)Gc

coincides with the image of ∆Gcc,S ⊗SM(c); but this last module is a principal
S-module. Hence the image of η̃c is a principal S-module.]

(iii) Select generators Pc, γ(c), δ(c) of the principal S-modules η̃c(Hc,S),
γc(Hc,S), δc(Hc,S), respectively, as follows. Let < a, c > be a standard gener-
ator of the Heegner module Hc,S where a ∈ Pic(Oc) (see (5.3.8)). We put

Pc = η̃c(< a, c > ⊗hz1 ⊗ . . .⊗ hzr ) ∈ (E(K[c])⊗Z S)Gc

where η̃c is the homomorphism defined in (7.14.8). As the image of η̃c lies in
the Gc-invariant submodule of E(K[c]) ⊗Z S, the element Pc is independent
of the class a ∈ Pic(Oc).

Put
γ(c) = γc(< a, c > ⊗hz1 ⊗ . . .⊗ hzr) ∈ H1(K,Eln)

δ(c) = δc(< a, c > ⊗hz1 ⊗ . . .⊗ hzr ) ∈ H1(K[c]/K,E(K[c]))ln

The elements γ(c), δ(c) are independent of the class a ∈ Pic(Oc) and are
induced by the element Pc ∈ (E(K[c])⊗Z S)Gc under the homomorphisms of
lemma 7.14.9.
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7.14.11. Lemma. There is a finite set of exceptional prime numbers F such
that for all integers n ≥ 1, for all prime numbers l ∈ P \ F we have the
following, where S = Z/lnZ.
(i) E(K[d])l∞ = 0 for all d ∈ Div+(A);
(ii) Let τ be the non-trivial element of Gal(K/F ). For all c ∈ Dln we have

Pc ∈
(
(E(K[c])⊗Z S)Gc

)τ=−εc

γ(c) ∈ H1(K,Eln)τ=−εc

δ(c) ∈ H1(K[c]/K,E)τ=−εcln

where εc = ε(−1)g(c), g(c) is the number of prime divisors in Supp(c), and
ε = ±1 is the sign in the functional equation of the L-function L(s, E) of E.

Proof. We take F to be the smallest finite set of prime numbers l containing the
set E (of proposition 7.14.2) such that for all l ∈ P\F and for all d ∈ Div+(A)
we have E(K[d])l∞ = 0. The finite set F exists by proposition 7.3.8. The
property (i) then holds by the definition of F .

For (ii), let

c =
m∑

i=1

zi

where zi are prime divisors. The group Gal(K[c]/F ) is generalised dihedral
(proposition 2.5.7) and hence contains an element τ � of order 2 which lifts
τ , the non-trivial element of Gal(K/F ); namely, we may take τ � to be the
restriction to K[c] of the non-trivial element of Gal(K∞/F∞).

For a ∈ Pic(Oc) we have that

(a, I1, c, π) = H(π)c,Z(< a, c >) ∈ E(K[c])

is the Drinfeld-Heegner point corresponding to < a, c >∈ Hc,Z, as in (7.14.4).
By theorem 4.8.6 we have

τ �(a, I1, c, π) ≡ −εσ(a, I1, c, π) modulo E(Ksep)tors

for some σ ∈ Gal(K[c]/K) = Gc. Denote by [x] the image of x ∈ E(K[c]) in
E(K[c])⊗Z S. As E(K[c])l∞ = 0 for all except finitely many prime numbers l
by part (i), we then have that for some σ ∈ Gc there is an equality of elements
of E(K[c])⊗Z S

τ �[(a, I1, c, π)] = −ε[σ(a, I1, c, π)].

As Gal(K[c]/F ) is a generalised dihedral group, for any

ψ ∈
m⊗

i=1

Hom(G(c/c− zi), S)
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the action of τ � on the Kolyvagin element Eψ is given by (see definition 5.6.11)

τ �Eψ = τ �
∑

g∈G(c/0)

g−1ψ(g)

=
∑

g∈G(c/0)

gψ(g)τ � = (−1)mEψτ �.

Hence we have for any elements ψi ∈ Hom(G(c/c − zi), S) for all i where
ψ = ⊗iψi

τ �η̃c(< a, c > ⊗ψ1 ⊗ . . .⊗ ψm) = (−1)m(−ε)η̃c(σ < a, c > ⊗ψ1 ⊗ . . . ψm)

= −εcη̃c(< a, c > ⊗ψ1 ⊗ . . .⊗ ψm).

Hence the image η̃c(Hc,S ⊗SM(c)) lies in the −εc-eigenspace of (E(K[c])⊗Z

S)Gc . Similar conclusions for the images γc(Hc,S ⊗S M(c)) and δc(Hc,S ⊗S
M(c)) now follow from this and the commutative diagram of lemma 7.14.9(ii).
�

7.14.12. Remarks. Let l ∈ P \ E , where E is the finite exceptional set propo-
sition 7.14.2, and let c ∈ Dln where n ≥ 1 is an integer.

(i) The homomorphism

δ0 : H0,Z/lnZ → H1(K[0]/K,E)ln

is zero.
[For the proof, let < a, 0 > where a ∈ Pic(B) be one of the standard

generators of the Heegner module H0,Z with coefficients in Z. We have that
(see (7.14.4))

(a, I1, 0, π) = H(π)0,Z(< a, 0 >) ∈ E(K[0]).

Put
x = TrK[0]/K(a, I1, 0, π)

where x ∈ E(K) lies in the group E(K) of K-rational points of E. Then
P0 = η̃0(< a, 0 >) is the image in lnE(K) of x for all l and n (see
notation 7.14.10). It follows from the diagram (7.14.5) that γ0(< a, 0 >) is
zero if and only if x is divisible by ln in E(K) and that δ0(< a, 0 >) is always
equal to 0.]

(ii) The order lt of γ(c) is equal to the order of Pc in lnE(K[c]).
[This follows from the diagram (7.14.5).]
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(iii) The exponent t of the order lt of δ(c) is the least integer t such that

ltPc ∈
lnE(K[c]) +E(K)

lnE(K[c])
.

[This also follows from the diagram (7.14.5).]

7.14.13. Notation. For any place v of K, we define the restrictions resvγ(c)
and resvδ(c) for all suitable divisors c ∈ Div+(A) as follows.

(i) Let
resv : H1(Ksep/K,En)→ H1(Ksep

v /Kv, En)

be the evident restriction homomorphism for all integers n ≥ 1. This defines
the restriction resvγ(c) for all v and all suitable divisors c.

(ii) For any divisor c ∈ Div+(A), for v a place of K, let resv denote the
restriction homomorphism

resv : H1(K[c]/K,E)→ H1(Ksep
v /Kv, E)

obtained as a composite

H1(K[c]/K,E) inf→ H1(Ksep/K,E) res→ H1(Ksep
v /Kv, E)

where the first homomorphism is inflation and the second homomorphism is
the restriction induced from the inclusion of fields K → Kv. This defines
resvδ(c) for all v and all suitable divisors c.

7.14.14. Lemma. Assume that c ∈ Dln where l ∈ P \F , where F is the finite
exceptional set of prime numbers of proposition 7.14.11, and where n ≥ 1 is
an integer.
(i) We have resvδ(c) = 0 for all places v of K where v �∈ Supp(c).
(ii) Suppose that c = z+ c′, z, c′ ∈ Dln where z is a prime divisor prime to c′.
Let z� be the unique prime of K lying over z and let z′ be a prime divisor of
K[c′] over z�. Let K[c′]z′ be the completion of K[c′] at z′. Suppose that the
order of the class of z� in Pic (Oc′) is prime to l. Then the order of resz�δ(c)
in H1(Kz� , E(Ksep

z�
))ln is equal to the order of resz′Pc′ in lnE(K[c′]z′).

Proof. (i) The field K[c] is a subfield of K∞ as∞ is split completely inK[c]/K
(see (2.3.13)). We have res∞δ(c) ∈ H1(K∞, E)ln and res∞Pc ∈ lnE(K∞).
From the diagram (7.14.5), it follows that res∞δ(c) = 0.

Suppose now that v is a place of K such that v �=∞ and v �∈ Supp(c). We
have that

δ(c) ∈ H1(K[c]/K,E(K[c]))ln .



7.14 The cohomology classes γ(c), δ(c) 391

But K[c]/K is unramified at v (see (2.3.13)) and hence

resvδ(c) ∈ H1(Knr
v /Kv, E(Knr

v ))ln ⊂ H1(Kv, E(Ksep
v ))ln .

Therefore resvδ(c) = 0 by (7.10.3)(d).
(ii) We prove the result in several steps. We write ∆ for the cohomology class
resz�δ(c) ∈ H1(Kz� , E(Ksep

z�
)).

Step 1. The prime divisor z′ is totally ramified in the field extensionK[c]/K[c′]
That z′ is totally ramified in this field extension is shown in (2.3.13).

Let z× be the unique prime divisor of K[c] lying over z′. The class δ(c)
lies in H1(K[c]/K,E(K[c]))ln which is contained via the inflation map in
H1(K,E(Ksep))ln (diagram (7.14.5)).

Step 2. Let P̄c ∈ E(K[c]) be a lifting of Pc ∈ lnE(K[c]). The class
∆ ∈ H1(Kz� , E(Ksep

z�
)) is represented by the cocycle

g �→ − (g − 1)P̄c
ln

, Gal(K[c]z×/Kz�)→ E(Ksep
z�

).

To prove this, from the diagram (7.14.5) the restriction homomorphism

H1(K,Eln(Ksep))→ H1(K[c], Eln(Ksep))Gc

is an isomorphism.
Let P̄c

ln ∈ E(Ksep) be a fixed lnth division point of P̄c, that is to say P̄c
ln is

any point which satisfies ln( P̄cln ) = P̄c. Then the cocycle

φ : g �→ g
( P̄c
ln
)
− P̄c
ln
, Gal(Ksep/K[c])→ Eln(Ksep),

represents a cohomology class in H1(K[c], Eln(Ksep))Gc which is the image of
Pc ∈ lnE(K[c]) under

∂ : lnE(K[c])→ H1(K[c], Eln(Ksep))Gc

(see the diagram (7.14.5)). The inflation of φ to Gal(Ksep/K) is given by the
cocycle

φ� : Gal(Ksep/K)→ E(Ksep), g �→ g
( P̄c
ln
)
− P̄c
ln

which need not necessarily be annihilated by ln.
For any element g ∈ Gal(Ksep/K), denote by

(g − 1)P̄c
ln

the unique lnth root of (g − 1)P̄c in E(K[c]). This root exists because Pc lies
in (lnE(K[c])Gc ; furthermore, it is unique because E(K[c])l∞ = 0 (see lemma
7.14.11(i)).
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The cochain

ψ : Gal(Ksep/K)→ E(K[c]), g �→ − (g − 1)P̄c
ln

,

is a cocycle whose restriction to the subgroup Gal(Ksep/K[c]) is the zero
cochain. But ψ need not be annihilated by ln. The cochain

φ� + ψ : Gal(Ksep/K)→ E(K[c]), g �→ g
( P̄c
ln
)
− P̄c
ln
− (g − 1)P̄c

ln
,

is a cocycle which is annihilated by ln and whose restriction to Gal(Ksep/K[c])
is the cocycle

φ : Gal(Ksep/K[c])→ Eln(Ksep).
Hence the cochain φ� + ψ is a cocycle

φ� + ψ : Gal(Ksep/K)→ Eln(Ksep)

and this cochain represents the cohomology class γ(c) in H1(K,Eln). There-
fore the cohomology class δ(c) of H1(K[c]/K,E)ln is represented by the co-
cycle

ψ : Gal(K[c]/K)→ E(Ksep), g �→ − (g − 1)P̄c
ln

.

It follows that ∆ is represented by the cocycle obtained by restriction (as
in (7.14.13)(iii)) of the cocycle ψ to the galois group Gal(K[c]z×/Kz�), as
required.

Step 3. Let E0 be the closed fibre above z of the Néron model of E/F . There
is an isomorphism

H1(K[c]z×/Kz� , E(K[c]z×))ln
∼=→ H1(K[c]z×/Kz� , E0(κ(z×)))ln .

The image of ∆ under this isomorphism is represented by the cocycle

g �→ − (g − 1)P̄c
ln

(mod z×).

For z �= ∞ is coprime to the conductor I, hence the elliptic curve E has
good reduction at z. Let E0 be the closed fibre above z of the Néron model of
E/F . The kernel J of the surjective reduction map modulo z

E(K[c]z×)→ E0(κ(z×))

is a pro-p-group (see for example [L, Chapter 3, §3]). Hence we have

Hi(K[c]z×/Kz� , J)ln = 0 for all i ≥ 1.

We obtain from the long exact sequence of cohomology an isomomorphism

H1(K[c]z×/Kz� , E(K[c]z×))ln → H1(K[c]z×/Kz� , E0(κ(z×)))ln .

Therefore the order of ∆ is the same as that of its image in
H1(K[c]z×/Kz� , E0(κ(z′)))ln , where we note that κ(z×) = κ(z′), as required.
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Step 4. There is an isomorphism

H1(K[c]z×/Kz� , E(K[c]z×))ln
∼=→ Hom(Gal(K[c]z×/K[c′]z′), E0(κ(z�)))ln .

The image of ∆ under this isomorphism is represented by the cocycle

g �→ − (g − 1)P̄c
ln

(mod z×), Gal(K[c]z×/K[c′]z′)→ E0(κ(z�)).

For the proof, we have the Hochschild-Serre spectral sequence

Ei,j2 ⇒ Hi+j(K[c]z×/Kz� , E0(κ(z′))).

where we have κ(z′) = κ(z×) (by Step 1) and where we write

Ei,j2 = Hi(K[c′]z′/Kz� , H
j(K[c]z×/K[c′]z′ , E0(κ(z′)))).

The short exact sequence of low degree terms attached to this spectral
sequence is then in part

0→ E1,0
2 → H1(K[c]z×/Kz� , E0(κ(z′)))→ E0,1

2 → E2,0
2 .

But we have, as z′ is totally ramified in the field extension K[c]/K[c′] (Step
1),

Ei,02 = Hi(K[c′]z′/Kz� , H
0(K[c]z×/K[c′]z′ , E0(κ(z′))))

∼= Hi(K[c′]z′/Kz� , E0(κ(z′))).
The extension of local fields K[c′]z′/Kz� is unramified. Hence by passage to
the residue fields, we obtain an isomorphism of galois groups compatible with
the action on E0(κ(z′))

Gal(K[c′]z′/Kz�) ∼= Gal(κ(z′)/κ(z�)).

Hence we have isomorphisms

Ei,02
∼= Hi(κ(z′)/κ(z�), E0(κ(z′))).

But the order of the class of z� in Pic (Oc′) is prime to l. Hence the degree of
the extension κ(z′)/κ(z�) is prime to l. But then

(Ei,02 )ln = 0 for all i ≥ 1.

The galois group Gal(K[c]z×/K[c′]z′) acts trivially on E0(κ(z′)) again be-
cause z′ is totally ramified in K[c]z×/K[c′]z′ (see Step 1). Hence we have

E0,1
2 = H0(K[c′]z′/Kz� , H

1(K[c]z×/K[c′]z′ , E0(κ(z′))))

∼= H0(K[c′]z′/Kz� ,Hom(Gal(K[c]z×/K[c′]z′), E0(κ(z′))))
∼= Hom(Gal(K[c]z×/K[c′]z′), E0(κ(z�)).
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Hence the short exact sequence of low degree terms above provides the iso-
morphism

H1(K[c]z×/Kz� , E0(κ(z′)))ln
∼= (E0,1

2 )ln = Hom(Gal(K[c]z×/K[c′]z′), E0(κ(z�)))ln .

Combining this isomorphism with the isomorphism of Step 3, we obtain an
isomorphism

H1(K[c]z×/Kz� , E(K[c]z×))ln ∼= Hom(Gal(K[c]z×/K[c′]z′), E0(κ(z�)))ln .

The image of ∆ under this isomorphism is given by the restriction of the
cocycle

g �→ − (g − 1)P̄c
ln

(mod z×)

to the subgroup Gal(K[c]z×/K[c′]z′) where this restricted cocycle takes its
values in the subgroup E0(κ(z�)) of E0(κ(z′)), as required.

Step 5. We have an isomorphism

H1(K[c]z×/Kz� , E(K[c]z×))ln ∼= Hom(G(c/c′), E0(κ(z�)))ln .

The image of ∆ under this isomorphism is given by the restriction of the
cocycle

g �→ − (g − 1)P̄c
ln

(mod z×)

to the subgroup Gal(K[c]z×/K[c′]z′) ∼= G(c/c′).
The group Gal(K[c]z×/K[c′]z′) has order (see (2.3.8), (2.3.12))

|κ(z)|+ 1 if c′ �= 0;
(|κ(z)|+ 1)/|B∗/A∗| if c′ = 0.

As K �= F ⊗Fq Fq2 (by the hypothesis (7.6.1)(c)) we have that B∗/A∗ is the
trivial group. Hence passage to the completions provides an isomorphism of
groups

Gal(K[c]z×/K[c′]z′) ∼= G(c/c′)

where G(c/c′) is a cyclic group of order |κ(z)|+1 and where this isomorphism
is compatible with the action of the galois groups on P̄c ∈ E(K[c]). We obtain
the isomorphism

H1(K[c]z×/Kz� , E0(κ(z�))) ∼= Hom(G(c/c′), E0(κ(z�))).

From Step 4, we then obtain an isomorphism

H1(K[c]z×/Kz� , E(K[c]z×))ln → Hom(G(c/c′), E0(κ(z�)))ln
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as required. The image of ∆ under this isomorphism is given by the restriction
of the cocycle

g �→ − (g − 1)P̄c
ln

(mod z×)

to the subgroup G(c/c′) ∼= Gal(K[c]z×/K[c′]z′) where the restricted cocycle
takes its values in the subgroup E0(κ(z�)) of E0(κ(z′)).

Step 6. End of proof.
By Step 5, the image of ∆ in Hom(G(c/c′), E0(κ(z�)))ln is given by the

cocycle

g �→ − (g − 1)P̄c
ln

(mod z×), Gal(K[c]z×/K[c′]z′) ∼= G(c/c′)→ E0(κ(z�)).

This cocycle is the reduction modulo z× of a cocycle in
H1(K[c]/K[c′], E(K[c]))Gal(K[c′]/K) given by g �→ − (g−1)P̄c

ln .
Since G(c/c − z) = G(c/c′) is cyclic and generated by σz

(notation 7.14.10(i)), the cohomology class ∆ has the same order as Q (mod
z×) where

Q = − (σz − 1)P̄c
ln

.

We write Q for the image of Q modulo z� in E0(κ(z×)) where Q lies in the
subgroup E0(κ(z�)).

The definition of Pc (see notation 7.14.10) is the following. Let c =
∑r

i=1 zi
be the decomposition of c as a sum of distinct prime divisors, where we write
z = z1. Put S = Z/lnZ. Let < a, c > be a standard generator of the Heegner
module Hc,S where a ∈ Pic(Oc) (see (5.3.8)). Then we have

Pc = η̃c(< a, c > ⊗hz1 ⊗ . . .⊗ hzr ) ∈ (E(K[c])⊗Z S)Gc

where hzi are standard generators of Hom(G(c/c − zi), S); the element P̄c is
an inverse image of Pc under the map E(K[c])→ E(K[c])⊗Z S. The map η̃c
is the composite

Hc,S ⊗S M(c)
TrK[0]/K◦η−→ (Hc,S)Gc

f→(E(K[c])⊗Z S)Gc

where f is defined in the diagram (7.14.5).
The elements hzi are group homomorphisms with values in the additive

group of S where

hzi ∈ Hom(G(c/c− zi), S) for all i.

Let ψ0 be the multilinear map

ψ0 :
∏

i

G(c/c− zi) → S

(g1, . . . , gr) �→
∏

i

hzi(gi).



396 Finiteness of Tate-Shafarevich groups

As the kernel of the natural homomorphism
∏
iG(c/c − zi) → G(c/0) has

order which is a unit of S, it follows that the map ψ0 factors though
a map ψ : G(c/0) → S where the restriction of ψ to each subgroup
G(c/c − zi) is equal to hzi for all i (as in the definition of η in the proof of
proposition 7.13.4).

The map ψ is a 1-cochain in Coch1(G(c/0), S). Let

Eψ =
∑

g∈G(c/0)

ψ(g)g−1

be the Kolyvagin element of ψ (see §5.6, definition 5.6.11), where

Eψ ∈ S[G(c/0)].

The map η is then given by

δ ⊗ a �→ Eψ(aδ)

where δ ∈ Hc,S and a ∈
⊗

iAnnS(azi ⊗ 1).
We have an exact sequence of abelian groups

0→ G(c/c′)→ G(c/0)→ G(c′/0)→ 0.

We obtain a corresponding decomposition of the Kolyvagin element Eψ

Eψ =
∑

g∈G(c/c′)

ψ(g)g−1
∑

h∈G(c/0)/G(c/c′)

ψ(h)h−1

where the inner sum here runs over a set of coset representatives of G(c/c′)
in G(c/0). Put, where the sum runs over a fixed set of coset representatives,

E1 =
∑

h∈G(c/0)/G(c/c′)

ψ(h)h−1.

Then E1 is an element of S[G(c/0)]; select a lifting E�1 of E1 where E�1 ∈
Z[G(c/0)] and

E�1 ≡ E1 (mod ln).

Let ψ�1 be a lifting of ψ1 : G(c/c′)→ S to Z; that is to say

ψ�1 : G(c/c′)→ Z

is a map such that
ψ�1 ≡ ψ1 (mod ln).

Let Eψ�1 ∈ Z[G(c/0)] be the Kolyvagin element of ψ�1. Then Eψ�1 is a lifting of

Eψ1 =
∑

g∈G(c/c′)

ψ1(g)g−1.
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Then we have
Eψ�1

E�1 ≡ Eψ (mod ln).

As in 7.14.10, the element σz1 is a standard generator of the cyclic group
G(c/c′) and hz1 : G(c/c′) → S is the homomorphism σz1 �→ 1. We may then
select a lifting Ψ : G(c/c′)→ Z where

σ−sz1 �→ −s, for s = 0, 1, . . . , |G(c/c′)| − 1.

The Kolyvagin element of Ψ is then

EΨ = −
|G(c/c′)|−1∑

r=1

rσrz1 .

We have

(7.14.15) (σz1 − 1)EΨ = eG(c/c′) − |G(c/c′)|.

Furthermore, we have
Eψ�1
≡ EΨ (mod ln).

As Eψ�1 is a Kolyvagin element, we have by proposition 5.6.12,

(g − 1)Eψ�1 = ψ�1(g)eG(c/c′) −
∑

h∈G(c/c′)

h−1(∂1ψ�1)(h, g), for all g ∈ G(c/c′).

As ψ1 is a homomorphism G(c/c′)→ S we have that

(∂1ψ�1)(h, g) ∈ lnZ for all g, h ∈ G(c/c′).

By definition we have

Pc = f ◦ TrK[0]/K ◦ η(< a, c > ⊗hz1 ⊗ . . .⊗ hzr) ∈ (E(K[c])⊗Z S)Gc .

Let S be a set of coset representatives of G(c/0) in Gc = Gal(K[c]/K). The
element P̄c ∈ E(K[c]), which is any lifting of Pc, may then be taken to be

P̄c =
∑

σ∈S
σE�1EΨya,c.

If here EΨ is replaced by E�ψ1
then P̄c is changed by an element of lnE(K[c]).

Put
a′ = t∆c,c′(a) ∈ Pic(Oc′).

We have (see (4.8.3) and the table 4.8.5), where ya,c = (a, I1, c, π),

|O∗c′ |
|A∗| TrK[c]/K[c′]ya,c = azya′,c′ .
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By definition Q = −((σz − 1)P̄c)/ln hence we have from (7.14.15)

Q = −
∑

σ∈S
σE�1
( (σz − 1)EΨ

ln
)
ya,c

=
∑

σ∈S
σE�1
( |G(c/c′)|

ln
ya,c −

|A∗|
|O∗c′ |

az
ln
ya′,c′
)
.

As K is not obtained from F by ground field extension (hypothesis 7.6.1(c)),
we have A∗ = O∗c′ ; hence we obtain

Q =
∑

σ∈S
σE�1
( |G(c/c′)|

ln
ya,c −

az
ln
ya′,c′
)
.

As the image of ∆ in Hom(G(c/c′), E0(κ(z�)))ln is given by the cocycle

g �→ − (g − 1)P̄c
ln

(mod z×), Gal(K[c]z×/K[c′]z′) ∼= G(c/c′)→ E0(κ(z�))

we have that − (g−1)P̄c
ln modulo z× lies in E0(κ(z�)). Hence the point Q lies in

E0(κ(z�)). It follows that −(gz − 1)P̄c modulo z× lies in E0(κ(z�)).
Denote by Frobz the Frobenius automorphism x �→ x|κ(z)| of the closed

fibre E0/κ(z) of the Néron model of E/F . Theorem 4.8.9 gives that for any
prime z′′ of K[c′] above z we have, where ya,c = (a, I1, c, π),

(7.14.16) Frobzya,c ≡ ya′,c′ (mod z′′).

As z is inert and unramified in K/F , theorem 4.6.19(ii) shows that the
point < a, c > of the modular curve XDrin

0 (I) ⊗ κ(z) is defined over the
quadratic extension field κ(z�) of κ(z). As the map

π : XDrin
0 (I)→ E

is a morphism of F -schemes, we obtain that ya,c mod z× is defined over the
subfield κ(z�) of κ(z×). Hence we have from (7.14.16)

|G(c/c′)|
ln

ya,c −
az
ln
ya′,c′ ≡

|G(c/c′)|Frobz − az
ln

ya′,c′ (mod z′′).

By definition the point Pc′ ∈ (E(K[c′])⊗Z S)Gc′ is given by

Pc′ = f ◦ TrK[0]/K ◦ η(< a′, c′ > ⊗hz2 ⊗ . . .⊗ hzr)

where f is here the map

f : (Hc′,S)Gc′ → (E(K[c′])⊗Z S)Gc′ .
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Let P̄c′ ∈ E(K[c′]) be an inverse image of Pc′ under the map
E(K[c′]) → E(K[c′]) ⊗Z S. In view of the action of E1 on E(K[c′]) ⊗Z S,
the element P̄c′ may be taken to be

P̄c′ =
∑

σ∈S
σE�1ya′,c′

where E�1 ∈ Z[G(c/0)] is a lifting of E1. We then have

Q =
∑

σ∈S
σE�1
( |G(c/c′)|

ln
ya,c −

az
ln
ya′,c′
)

(7.14.17) ≡ Q ≡ |G(c/c′)|Frobz − az
ln

P̄c′ (mod z′′).

The homomorphism |G(c/c′)|Frobz−az annihilates E0(κ(z�)). For we have
that the frobenius Frobz acts on E0/κ(z) with characteristic polynomial

x2 − xaz + |κ(z)|.

Writing F for Frobz it follows that F 2 − Faz + |κ(z)| annihilates E0(κ(z�)).
But F 2 is the identity automorphism on E0(κ(z�)) as κ(z�)/κ(z) is a quadratic
extension of finite fields. Hence F 2−Faz+F 2|κ(z)| annihilates E0(κ(z�)). That
is to say F (F (1+ |κ(z)|)−az) annihilates E0(κ(z�)). As F is an automorphism
we obtain that F (1 + |κ(z)|)− az annihilates E0(κ(z�)), as required.

Let α, β ∈ C be the complex roots of the characteristic polynomial of
frobenius Frobz acting on E0/κ(z)

x2 − xaz + |κ(z)|.

Then we have, where G(c/c′) is cyclic of order |κ(z)|+ 1,

|E0(κ(z))| = |G(c/c′)| − α− β = |G(c/c′)| − az

and

|E0(κ(z�))| = |κ(z)|2 + 1− α2 − β2 = |κ(z)|2 + 1− a2z + 2|κ(z)|

= (|G(c/c′)| − az)(|G(c/c′)|+ az).
We then obtain the decomposition under the action of τ , the non-trivial ele-
ment of Gal(K/F ),

E0(κ(z�)) ∼= E0(κ(z))⊕ E0(κ(z�))−

where
|E0(κ(z�))ε| = |G(c/c′)| − εaz for ε = ±1.
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By lemma 7.11.5, we have group isomorphisms

E0(κ(z�))εln ∼=
Z

lnZ
for ε = ±1.

In particular, as n ≥ 1 the l-torsion subgroups of E0(κ(z�))− and E0(κ(z�))+
are both non-trivial. As

E0(κ(z))lt ∼=
Z

ltZ
⊕ Z

ltZ
for all t ≥ 1

we obtain that the l-torsion subgroups of E0(κ(z�))−l∞ and E0(κ(z�))+l∞ are
both cyclic and denoting by |.|l the normalised l-adic absolute value on Q we
have

|E0(κ(z�))εl∞ | = | |G(c/c′)| − εaz|−1
l for ε = ±1.

Let h be the homomorphism

h =
|G(c/c′)|Frobz − az

ln
.

The map
h : E0(κ(z�))→ E0(κ(z�))

is annihilated by ln; furthermore, lnE0(κ(z�)) lies in the kernel of h. Hence h
induces a homomorphism

h′ : E0(κ(z�))⊗Z S → E0(κ(z�))ln .

On each eigencomponent (E0(κ(z�)) ⊗Z S)ε, where ε = ±1, the map h′ is
multiplication by the integer

Nε =
ε|G(c/c′)| − az

ln
.

We have
|Nε|l = ln| |G(c/c′)| − εaz|l = ln|E0(κ(z�))εl∞ |−1.

It follows that the restriction of h′ to each eigencomponent (E0(κ(z�))⊗Z S)ε

is an injection. As τ commutes with h, the homomorphism h′ preserves the
τ -eigencomponents. As E0(κ(z�))⊗ZS and E0(κ(z�))ln have the same number
l2n of elements it follows that h′ is an isomorphism.

The reduction P �c′ of Pc′ modulo z′′ lies in the −εc′-eigenspace for τ on
E0(κ(z′′))⊗Z S (see lemma 7.14.11(ii)). As we have by (7.14.17)

Q = h′(P �c′)

and that h′ is an isomorphism it follows that Q and P �c′ have the same order.
Since the kernel of the reduction

E(K[c′]z′′)→ E0(κ(z′′))
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modulo z′′ is a pro-p-group we have that P �c′ and Pc′ have the same order.
This proves the stated result. �

7.14.18. Remark. Referring to the proof of part (ii) of the previous lemma
7.14.13, the prime z� need not split completely in K[c′]/K as z� is not nec-
essarily a principal prime ideal of B, the integral closure of A in K. This is
unlike the proof of part (ii) of lemma 5.7.10 of [Br2] where z� splits completely
in K[c′]/K. This is the reason for some complications in the proof given above
in comparison with the proof of [Br2, lemma 5.7.10].

7.14.19. Conjecture. For all but finitely many prime numbers l there is an
integer n(l) ≥ 0 such that for all integers n > n(l) there is c ∈ Div+(A) such
that the homomorphism (see (7.14.5))

(H(0)
c,Z/lnZ)Gc → H1(K,Eln)

is non-zero.

7.14.20. Conjecture. For all but finitely many prime numbers l we have
n(l) = 0.

7.14.21. Conjecture. Suppose that l is a prime number where l ∈ P \ E
and E is the finite exceptional set of prime numbers of proposition 7.14.2.
Then for all sufficiently large integers n > 0 there is c ∈ Dln such that the
homomorphism (see lemma 7.14.9)

γc : Hc,Z/lnZ → H1(K,Eln)

is non-zero.

7.14.22. Remarks. Evidently conjecture 7.14.21 implies that conjecture 7.14.19
holds for prime numbers l ∈ P \ E where the divisors c are sums of distinct
prime divisors which are inert and unramified in the field extension K/F (by
proposition 7.13.4).

If l is a prime number where l ∈ P \ E then

γ0 : H0,Z/lnZ → H1(K,Eln)

is non-zero for all sufficiently large n if and only if x = TrK[0]/K(a, I1, 0, π)
has infinite order in E(K) (by remarks 7.14.12(i) and (ii)).

These conjectures above are the counterparts of conjectures of Kolyvagin
[K3] for elliptic curves over Q.
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7.15 Tate-Poitou local duality

We shall briefly explain Tate-Poitou local duality for elliptic curves over a
local field. For more details see [M, Chapter 1].

(7.15.1) Let

L be a non-archimedian complete local field with valuation v : L∗ → Z;
A/L be an elliptic curve over L;
n ≥ 1 be an integer prime to the characteristic of L;
G be the Galois group Gal(Lsep/L) where Lsep is a separable closure of L.

(7.15.2) Let µn be the multiplicative subgroup of Lsep of nth roots of unity.
Then µn is a finite G-module. Let An denote the G-module of n-torsion points
of A(Lsep). We have an abelian group isomorphism

An ∼=
Z

nZ
⊕ Z

nZ
.

Denote by {, } the Weil pairing

{, } : An ×An → µn.

This is a perfect pairing of G-modules. In particular, we have an isomorphism
of G-modules

An ∼= HomG(An, µn).

(7.15.3) The Weil pairing induces a cup-product pairing in Galois cohomology

H1(L,An)×H1(L,An)→ H2(L, µn).

By local class field theory, we have a canonical isomorphism of abelian groups,
where Br(L) is the Brauer group of L,

Br(L) ∼=
Q

Z
.

This induces an isomorphism

H2(L, µn) = Br(L)n ∼=
Z

nZ
.



7.15 Tate-Poitou local duality 403

7.15.4. Theorem. (Tate-Poitou local duality). The cup product pairing

(7.15.5) <,>v: H1(L,An)×H1(L,An)→
Z

nZ

obtained from the Weil pairing is an alternating and non-degenerate pairing
of Z

nZ -modules.
[See [M, Chapter 1, Cor. 2.3].]�

7.15.6. Theorem. Assume that n is prime to the residue field characteristic
of L.
(i) The subgroup nA(L) of H1(L,An) is isotropic for the alternating pairing
<,>v.
(ii) If A has good reduction at v then the pairing <,>v on H1(L,An) induces
a non-degenerate pairing of abelian groups

<,>v: nA(L)×H1(L,A)n →
Z

nZ
.

Proof. (i) Let Lnr be the maximal unramified separable extension of L. We
have the commutative diagram with exact rows obtained by multiplication by
n

0 → An(Lnr) → A(Lnr) n→ A(Lnr) → 0
↓ ↓ ↓

0 → An(Lsep) → A(Lsep) n→ A(Lsep) → 0

The long exact sequence of cohomology associated to these exact sequences
provides the commutative diagram with exact rows
(7.15.7)
0 → nA(L) → H1(Lnr/L,An(Lnr)) → H1(Lnr/L,A(Lnr))n → 0

↓ ↓ ↓
0 → nA(L) → H1(L,An) → H1(L,A)n → 0

It follows that the subgroup nA(L) ofH1(L,An) is isotropic for the alternating
pairing <,>v as we have

H2(Lnr/L, µn(Lnr)) = 0.

(ii) If A has good reduction at v then H1(Lnr/L,A(Lnr)) = 0 (by theorem
7.10.2) and the diagram (7.15.7) then provides an isomorphism

nA(L) ∼= H1(Lnr/L,An(Lnr)).

The result now follows from the diagram (7.15.7) and that the subgroup
H1(Lnr/L,An(Lnr)) is a maximal isotropic subgroup of H1(L,An) (see [M,
Chap. 1, Theorem 2.6]). �
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7.16 Application of Tate-Poitou duality

(7.16.1) We retain the notation of §§7.5, 7.6. in particular, we assume that
K is an imaginary quadratic extension field of F with respect to ∞;
E/F is an elliptic curve satisfying the conditions of (7.6.1);
n > 2 is an odd integer prime to the characteristic of F ;
τ is the non-trivial element of Gal(K/F ).

(7.16.2) The element τ acts on the Selmer group S(n)(E/K) of the elliptic
curveE×FK overK (see §7.9); as n is an odd integer, we have a decomposition
into eigenspaces under the action of τ (see (7.11.2))

S(n)(E/K) = S(n)(E/K)+ ⊕ S(n)(E/K)−

where the sign + or − denotes the submodule on which τ acts as +1 or −1
respectively.

7.16.3. Proposition. Let w be a place of K such that E has good reduction
at w. Let ε = + or −. Let m ≥ 1 be an integer dividing n. Suppose that d is
an element of the eigenspace H1(K,E)εn of τ which satisfies the conditions
(i) resv(d) = 0 for all places v of K distinct from w;
(ii) resw(d) has order divisible by n/m in the eigenspace H1(Kw, E)εn;
(iii) nE(Kw)ε is a cyclic abelian group.
Then the homomorphism resw : S(n)(E/K)ε → nE(Kw) is annihilated by m.

Proof. Let µn be the subgroup of Ksep∗ of nth roots of unity. Then µn is a
finite Gal(Ksep/K)-module. Denote by {, } the global Weil pairing

{, } : En × En → µn.

This is a perfect pairing of Gal(Ksep/K)-modules. In particular, we have an
isomorphism of G-modules

En ∼= HomGal(Ksep/K)(En, µn).

Denote by <,> the global pairing obtained by cup product from the global
Weil pairing {, }

<,>: H1(K,En)×H1(K,En)→ H2(K,µn) = Br(K)n

where Br(K) is the Brauer group of K.
For any place v of K let <,>v denote the local Tate-Poitou pairing (as in

theorem 7.15.4)

<,>v: H1(Kv, En)×H1(Kv, En)→ Z/nZ
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where Kv denotes the completion of K at the place v. This induces a non-
degenerate pairing of abelian groups (theorem 7.15.6)

nE(Kv)± ×H1(Kv, E)±n → Z/nZ.

The global pairing <,> is given in terms of the local Tate-Poitou pairings
<,>v (see §7.15) via the exact sequence obtained from class field theory

(7.16.4)

∑

0 → Br(K) →
⊕

v∈ΣK
Br(Kv) → Q/Z→ 0 .

That is to say, the global pairing is the sum of the local pairings of the re-
strictions

< x, y >=
⊕

v∈ΣK
< resv(x), resv(y) >v, for all x, y ∈ H1(K,En).

Via the exact sequence, obtained by multiplication by n,

0→ (nE(K))ε → H1(K,En)ε → H1(K,E)εn → 0

the class d lifts to a class c in H1(K,En)ε; this element c is determined
uniquely up to the addition of an element of (nE(K))ε.

Let s ∈ S(n)(E/K)ε. Then we have resv(s) ∈ (nE(Kv))ε for all places
v ∈ ΣK and we have from property (i) of d and theorem 7.15.6(i)

< resv(s), resv(d) >v=< resv(s), resv(c) >v= 0 for all v ∈ ΣK \ {w}.

Hence we have
< s, c >=

⊕

v∈ΣK
< resv(s), resv(c) >v

where all terms except at most one in the sum are zero. But
∑

v∈ΣK
< resv(s), resv(c) >v

is equal to zero by the exact sequence (7.16.4); hence we must have (theorem
7.15.6(ii))

< resw(s), resw(c) >w=< resw(s), resw(d) >w= 0.

By property (ii) of d, the element resw(d) has order divisible by n/m; hence
we have that mresw(s) = 0 as nE(Kw)ε is a cyclic abelian group and by the
non-degeneracy of the local pairing <,>w (theorem 7.15.6). �
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7.17 Equivariant Pontrjagin duality

In this section we give an equivariant version of Pontrjagin duality. This vari-
ant of Pontrjagin duality explained below may be extended to general locally
compact topological abelian groups but we here only consider a special case.

[For more details on Pontrjagin duality, see [P]].

(7.17.1) Let S be a multiplicative set of non-zero integers S ⊆ Z; we may
assume that S is saturated that is to say if mn ∈ S where m,n are integers
then m ∈ S and n ∈ S. Let S−1Z denote the subring of Q of rational numbers
of the form p/q where p ∈ Z and q ∈ S. Let S−1Z/Z denote the subgroup of
Q/Z of torsion annihilated by the integers in S.

The group S−1Z/Z is equipped with its topology as a subgroup of the
circle group R/Z over R.

(7.17.2) Let G be a locally compact topological abelian group. We assume
that G is either a discrete torsion group or is a profinite group; in the main
duality theorem 7.17.11 we assume that G is a discrete torsion group.

7.17.3. Definition. The saturated multiplicative subset S of Z is sufficiently
large if when G is torsion then the order of every element of G lies in S and
if when G is profinite then the order of G/U for every open subgroup U of G
also lies in S.

(7.17.4) The group
G∗ = Homcts(G,S−1Z/Z)

denotes the group of continuous characters of G with values in S−1Z/Z. The
group G∗ is equipped with a topology making it a topological group in the
following way.

For any subset U of G and any subset V of S−1Z/Z let W (U, V ) denote
the set of characters χ ∈ G∗ such that χ(U) ⊆ V .

For any integer k ≥ 1 let Λk be the set of elements x of S−1Z/Z such
that x admits a representative y in S−1Z ⊂ R such that |y| < 1/(3k). Then
the set of sets of the form W (U,Λk) for any compact subset U of G and any
integer k ≥ 1 forms a base of neighbourhoods of 0 of G∗ and this defines the
topology on the group G∗.

If S is the set of all non-zero natural numbers then G∗ is the Pontrjagin
dual of G, where the abelian group G is here assumed to be either discrete
torsion or profinite.

(7.17.5) Let P be a profinite group, not necessarily commutative, and letM be
a finite direct sum of n copies of S−1Z/Z equipped with its induced topology.
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Then M is an abelian topological group. Assume that there is a continuous
group homomorphism

ρ : P → Aut(M).

Then P acts on the topological group

G� = Homcts(G,M)

which is a direct sum of n copies of the Pontrjagin dual G∗. The set of sets of
the formW (U, V ) for any compact subset U ofG and any open neighbourhood
V of zero of M forms a base of neighbourhoods of zero of G�.

We call G� the P -character group of G.

(7.17.6) We obtain a pairing of topological groups

(, ) : G×G� → M, g × χ �→ (g, χ) = χ(g).

This pairing satisfies

p(g, χ) = (g, χp
−1

) for all p ∈ P, g ∈ G, χ ∈ G�.

We obtain an injection
G→ HomP (G�,M)

where HomP (−,−) denotes the module of continuous homomorphisms of
topological Z[P ]-modules. The topology on HomP (G�,M) is that as a sub-
space of the topological group (G�)� = Homcts(G�,M).

7.17.7. Proposition. Assume that S is sufficiently large.
(i) LetH be a subgroup of the topological groupG and let Φ be the annihilator
of H that is

Φ = {χ ∈ G�| χ(h) = 0 for all h ∈ H}.
Then the map

Φ �→ Homcts(G/H,M), x �→ {g +H �→ x(g +H)}

defines an isomorphism of topological groups Φ ∼= (G/H)�.
(ii) Let Φ be a Z[P ]-submodule of the topological group G� and let
A ⊂ HomP (G�,M) be the annihilator of Φ that is

A = {h ∈ HomP (G�,M)| h(χ) = 0 for all χ ∈ Φ}.

Then the map

A→ HomP (G�/Φ,M), x �→ {χ+ Φ �→ x(χ + Φ)}

defines an isomorphism of topological groups

A ∼= HomP (G�/Φ,M).
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Proof. (i) As G is torsion or profinite and S is sufficiently large, G∗ is topo-
logically isomorphic to the Pontrjagin dual of G. Hence

G� ∼=
n⊕

i=1

G∗

is a topological isomorphism where P acts continuously onG�. The property of
the annhilator for the Pontrjagin dual [P, theorem 37, p.243] then transposes
to G�.
(ii) Let f : G� → G�/Φ be the natural surjective topological homomorphism.
Let

φ : HomP (G�/Φ,M)→ HomP (G�,M)

be the induced map.
Let h ∈ A. Then we have h(Φ) = 0 hence there is a homomorphism of Z[P ]-

modules x : G�/Φ→M such that h = x◦ f . To show that x is continuous, let
V be a neighbourhood of zero of M . Let U be a neighbourhood of zero of G�

such that h(U) ⊆ V . Then f(U) is a neighbourhood of zero of G�/Φ which
satisfies x(f(U)) = h(U) ⊆ V . It follows that x is continuous. Furthermore,
for any h ∈ A there is an element x ∈ HomP (G�/Φ,M) such that h = x ◦ f ;
hence we have φ(HomP (G�/Φ,M)) = A.

The kernel of φ is evidently zero so that φ is injective. Hence φ defines an
isomorphism of groups which is continuous

φ∗ : HomP (G�/Φ,M)→ A.

Let W (F ∗, V ) be any neighbourhood of zero of HomP (G�/Φ,M) where
F ∗ is a compact subset of G�/Φ and V is an open neighbourhood of zero of
M . Let U be an open neighbourhood of zero of G� having compact closure.
The compact set F ∗ is contained in the union of a finite number of open sets
of the form f(xi+U), xi ∈ G�; let F ⊂ G� be the union of the corresponding
compact sets xi + Ū . Then we have f(F ) ⊇ F ∗.

Let h ∈ A∩W (F, V ). Then as has already been shown there is an element
x ∈ HomP (G�/Φ,M) such that h = x ◦ f ; we then have x(F ∗) ⊆ x(f(F )) =
h(F ) ⊆ V and hence we have x ∈ W (F ∗, V ). Hence we have φ(W (F ∗, V )) ⊇
A∩W (F, V ) and we obtain that φ∗ : HomP (G�/Φ,M)→ H is an open map.
Hence φ∗ is an isomorphism of topological groups. �

7.17.8. Proposition. Let H be a subgroup of G and let
Φ = {f ∈ G�| f(H) = 0} and H ′ = {f ∈ G| f(Φ) = 0}. Then we have
H ′ = H .

Proof. Evidently we have H ⊆ H ′. As G� is a direct sum of a finite number
of copies of the Pontrjagin dual G∗ of G, the stated result follows from the
same property for the Pontrjagin dual [P, theorem 40, p.252]. �
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7.17.9. Proposition. Let H be a subgroup of G and let
Φ = {f ∈ G�| f(H) = 0}. Then the Z[P ]-module G�/Φ is topologically
isomorphic to the Z[P ]-module H�.

Proof. As G� is a direct sum of a finite number of copies of the Pontrjagin dual
G∗ of G, the stated result follows from the same property for the Pontrjagin
dual [P, theorem 41, p.253]. �

(7.17.10) The group S−1Z/Z decomposes as a direct sum of primary compo-
nents

S−1Z/Z ∼=
⊕

l∈S
(lN)−1Z/Z

where lN denotes the multiplicative subgroup of integers which are powers of l
and l runs over all prime numbers contained in S. This isomorphism of groups
in general is not an isomorphism of topological groups.

Similarly M decomposes as
⊕

l∈SMl∞ . The profinite group P acts con-
tinuously via this isomorphism on each component Ml∞ for all l.

7.17.11. Theorem. Assume that:
(1) G is a discrete torsion group;
(2) S is sufficiently large;
(3) for each prime number l ∈ S, Ml is a simple Z[P ]-module and that

EndP (Ml) ∼= Z/lZ.

Then the duality (, ) : G × G� → M is perfect that is to say the natural
homomorphism

ω : G→ HomP (G�,M)

is an isomorphism of topological groups.

Proof. Let H be a finitely generated subgroup of G. Let

Φ = {χ ∈ G�| χ(H) = 0}.

Let
G′ = HomP (G�,M).

Put
H ′ = {f ∈ G′| f(Φ) = 0}.

Then G�/Φ is the P -character group of H by proposition 7.17.9.
It follows that we have an isomorphism

H ′ = HomP (G�/Φ,M) ∼= HomP (H�,M).
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Furthermore the natural map

H → H ′, h �→ {χ ∈ H� �→ χ(h) ∈M},

is an injection. For if h ∈ H is in the kernel of this map then χ(h) = 0 for
all χ ∈ H�. But H� is a finite direct sum of Pontrjagin duals of H hence by
Pontrjagin duality h = 0.

The group H is a finitely generated torsion group and therefore is finite.
Hence H admits a canonical decomposition into finite cyclic groups of the
form

H =
r⊕

i=1

Z/miZ

where the integers mi ≥ 1 satisfy

m1|m2| . . . |mr.

Then we have

H� = Hom(H,M) =
r⊕

i=1

Hom(Z/miZ,M) ∼=
r⊕

i=1

Mmi

where Mmi is the Z[P ]-submodule of M annihilated by mi. Hence we have
an isomorphism of topological groups

HomP (H�,M) ∼=
r⊕

i=1

HomP (Mmi ,M)

The image of any homomorphism of Z[P ]-modules Mmi →M is contained in
the submodule Mmi of M . Hence we obtain an isomorphism

(7.17.12) HomP (H�,M) ∼=
r⊕

i=1

HomP (Mmi ,Mmi).

Let
mi =
∏

j

l
nj
j

be the factorisation of mi as a product of prime powers where lj are prime
numbers of S and nj ∈ N for all j. Then we have

HomP (Mmi ,Mmi) ∼=
∏

j

HomP (M
l
nj
j

,M
l
nj
j

).

Let l be a prime number of S and let n ≥ 1 be a positive integer. Put
Fr = ln−rMln . The Z[P ]-module Mln admits a filtration of Z[P ]-submodules

Mln = Fn ⊃ Fn−1 ⊃ . . . ⊃ F1 ⊃ {0}
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where there are isomorphisms of Z[P ]-modules

Fr/Fr−1
∼=Ml for all r.

The module Ml is a simple Z[P ]-module by hypothesis. This Jordan-Hölder
filtration of Mln is unique: the only Z[P ]-submodules of Mln are the modules
Fr.

Let s ∈ HomP (Mln ,Mln). Then the image of s is a submodule of Mln

which is annihilated by ln and is equal to Fr for some r. As s(Mln) = Fr we
then have

s(Ft) = s(ln−tMln) = ln−rs(Mln) = ln−rFt = Fmax(r+t−n,0).

In particular, we have s(Fn−r+1) = F1 and s(Fn−r) = 0. Hence the restriction
s|Fn−r+1 of s to Fn−r+1 factors as

Fn−r+1 → Fn−r+1/Fn−r ∼= F1 → F1.

The isomorphism Fn−r+1/Fn−r ∼= F1 is obtained by multiplication by ln−r;
furthermore EndP (F1) ∼= Z/lZ by hypothesis. It follows that the homomor-
phism s|Fn−r+1 is a homothety of the form ln−rm where m ∈ Z is an integer
prime to l.

Similarly, we have s|Ft/Ft−1 = nt where nt ∈ Z for all t and nt is an
integer of the form ln−rqt where qt is an integer prime to l. As Ft = ln−tMln

for all t it follows that there is an integer q ∈ Z such that s|Ft/Ft−1 = q for
all t. It follows from this and that the Fr form a filtation of Mln that the
endomorphism s is the homothety of multiplication by the integer q. That is
to say, there is an isomorphism

HomP (Mln ,Mln) ∼= Z/lnZ.

It follows that for any integer m in S there is an isomorphism of abelian
groups

HomP (Mm,Mm) ∼= Z/mZ.

We obtain from (7.17.12) the isomorphism of discrete abelian groups

HomP (H�,M) ∼=
r⊕

i=1

HomP (Mmi ,Mmi) ∼=
r⊕

i=1

Z/miZ ∼= H.

Furthermore, we obtain that the injection

H → HomP (H�,M) = H ′

is an isomorphism. We have proved that for any finitely generated subgroup
H of G, the natural map H → H ′ is an isomorphism of topological groups.

Let a, b be arbitrary elements such that a ∈ G and b ∈ G′. Let V be an
open neigbourhood of zero of M . Let U be a neighbourhood of zero in G�
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such that b(U) ⊆ V and let H1 ⊆ G be a finitely generated subgroup such
that {f ∈ G�| f(H1) = 0} ⊆ U ; as G� is a finite direct sum of copies of the
Pontrjagin dual of G that such a finitely generated subgroup exists follows
from the same property holding for the Pontrjagin dual of G [P, §I of Section
36, p.250]. Let H be the subgroup of G generated by H1 and a. Then we also
have Φ = {f ∈ G�| f(H) = 0} ⊆ U ; as b(Φ) ⊆ V and Φ is a group, we must
have b(Φ) = 0 as M is a group divisible by integers belonging to S; hence we
have b ∈ H ′. That is to say, we have shown that there is a finitely generated
subgroup H of G such that a ∈ H and b ∈ H ′. From the first part of the
proof, the theorem holds for all finitely generated subgroups of G hence the
natural map ω : G → G′ is an isomorphism of discrete abelian groups; this
proves the theorem. �

7.18 Proof of theorem 7.7.5

The proof consists of proving separately the finiteness of the groups∐∐
(E/K)εl∞ and

∐∐
(E/K)−εl∞ where ε is the sign in the functional equation

of the L-function L(s, E) of the elliptic curve E. For this, the cohomology
classes δ(c) provide annihilators of the corresponding Selmer groups where c
is a sum of at most 2 distinct prime divisors.

The field L = K(Eln)

(7.18.1) Let

P be the infinite set of prime numbers given by definition 7.10.3;
F be the finite exceptional set of prime numbers of lemma 7.14.11;
ε = ±1 be the sign in the functional equation of the L-function of E/F ;
l ∈ P \ F .

Let < a, 0 > where a ∈ Pic(B) be one of the standard generators of the
Heegner module H0,Z with coefficients in Z. We have that (see (7.14.4))

(a, I1, 0, π) = H(π)0,Z(< a, 0 >) ∈ E(K[0]).

Put
x0 = TrK[0]/K(a, I1, 0, π)

where x0 ∈ E(K) lies in the group E(K) of K-rational points of E. It is
assumed that x0 has infinite order in the group E(K) (see theorem 7.7.5).

The element P0 = η̃0(< a, 0 >) is the image in lnE(K) of x0 for all l and
n (see notation 7.14.10).
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(7.18.2) Let t(l) be the largest integer such that

x0 ∈ lt(l)E(K).

Then t(l) = 0 for all but finitely many primes l, as x0 has infinite order. Let
n be a positive integer such that

n ≥ 2t(l) + 1.

7.18.3 Lemma. Put L = K(Eln). Then the restriction map

H1(K,Eln(L))→ H1(L,Eln(L))Gal(L/K)

is an isomorphism.

Proof. The Hochschild-Serre spectral sequence,

Hp(L/K,Hq(L,Eln(L)))⇒ Hp+q(K,Eln(L))

gives rise to a short exact sequence of low degree terms

0→ H1(L/K,Eln(L))→ H1(K,Eln(L))→ H1(L,Eln(L))Gal(L/K) →

→ H2(L/K,Eln(L))→ H2(K,Eln(L)).

The two cohomology groups H1(L/K,Eln(L)) and H2(L/K,Eln(L)) are zero
by definition 7.10.3(b); hence this exact sequence shows that restriction map
of the lemma is an isomorphism.�

Application of Pontrjagin duality

(7.18.4) As Eln(L) is a trivial Gal(Lsep/L)-module we obtain an isomorphism
obtained from restriction (by lemma 7.18.3)

H1(K,Eln(L))→ HomGal(L/K)(Gal(Lsep/L), Eln(L)), s �→ ŝ,

where the action of Gal(L/K) on Gal(L/K) and Gal(Lsep/L) is described
below.

As Eln(L) is an abelian group, any homomorphism in
Hom(Gal(Lsep/L), Eln(L)) factors through Gal(Lab/L), where Lab is the max-
imal abelian extension of L. Hence the restriction map gives an isomorphism

H1(K,Eln(L))→ HomGal(L/K)(Gal(Lab/L), Eln(L)), s �→ ŝ.

(7.18.5) The action of Gal(L/K) on the module of abelian group homomor-
phisms Hom(Gal(Lab/L), Eln(L)) is given explicitly as follows. We have an
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exact sequence of profinite groups

0→ Gal(Lab/L)→ Gal(Lab/K)→ Gal(L/K)→ 0.

As Gal(Lab/L) is an abelian normal subgroup of Gal(Lab/K), we obtain an
action of Gal(L/K) on the right by conjugation on Gal(Lab/L); that is to say

hg = ḡ−1hḡ, g ∈ Gal(L/K), h ∈ Gal(Lab/L)

where ḡ is any element of Gal(Lab/K) lifting g. The action of g ∈ Gal(L/K)
on a homomorphism s in Hom(Gal(Lab/L), Eln(L)) is given by

(gs)(h) = g(s(ḡ−1hḡ)) for all h ∈ Gal(Lab/L).

where ḡ ∈ Gal(Lab/K) is any lifting of g (see [HS, Chap. 1, 7]).

(7.18.6) We then obtain a pairing of groups

<,>: H1(K,Eln(L))× Gal(Lab/L)→ Eln(L)
t × h �→ < t, h >= t̂(h).

This satisfies, for g ∈ Gal(L/K)

g < t, h >= g(t̂(h)) = gt̂(g−1hg
−1
g) = t̂(hg

−1
) =< t, hg

−1
> .

(7.18.7) Let KL be the closed subgroup of elements h ∈ Gal(Lab/L) such that

< t, h >= 0 for all t ∈ H1(K,Eln(L)).

That is to say, KL is the intersection of the kernels of all homomorphisms
< t,− >. Then GL = Gal(Lab/L)/KL is the abelian galois group of an
extension field L̃/L. Furthermore, GL is a Z[Gal(L/K)]-module.

7.18.8. Proposition. The pairing

H1(K,Eln(L))×GL → Eln(L)

is perfect, that is to say the natural homomorphism

ω : H1(K,Eln(L))→ HomGal(L/K)(GL, Eln(L)).

is an isomorphism of discrete torsion groups and the natural homomorphism

ω′ : GL → Hom(H1(K,Eln(L)), Eln(L)).

is an isomorphism of profinite groups.



7.18 Proof of theorem 7.7.5 415

Proof. The abelian groups H1(K,Eln(L)) and GL are both annihilated by ln.
The group H1(K,Eln(L)) is a discrete torsion group and GL is a profinite
group.

Recall from definition 7.10.3(a) and 7.10.3(c) that the prime number l is
chosen so that l �= 2 and we have a commutative diagram of finite groups with
exact rows

Gal(L/K)
↓∼=

0 → SL(2,Z/lnZ) → Gal(F (Eln)/F ) → Hln → 0
↓= ↓ ↓

0 → SL(2,Z/lnZ) → GL(2,Z/lnZ) → (Z/lnZ)∗ → 0
det

where Hln is the subgroup of (Z/lnZ)∗ generated by the powers of q modulo
ln. The isomorphism

Gal(L/K)→ Gal(F (Eln)/F )

at the top of this diagram is obtained by restriction to the subfield F (Eln)
of L; that this restriction is an isomorphism holds because K and F (Eln) are
linearly disjoint over F (by definition 7.10.3(e)) and hence K ∩ F (Eln) = F .

We now calculate the group

HomSL(2,Z/lnZ)(El, El)

where we have the standard action of SL(2,Z/lnZ).
The module El is a simple Z[SL(2,Z/lnZ)]-module. Let

s ∈ HomSL(2,Z/lnZ)(El, El). Then either s : El → El is surjective or s is
equal to 0. Suppose then that s is surjective. As El has only finitely many
elements, the map s : El → El must then be an isomorphism. Hence s is given
by a matrix in GL(2,Z/lZ) which commutes with SL(2,Z/lnZ); hence s is a
homothety. That is so say, there is an isomorphism of rings

HomSL(2,Z/lnZ)(El, El) ∼= Z/lZ.

As SL(2,Z/lnZ) is a subgroup of Gal(L/K), we obtain an isomorphism of
rings

HomGal(L/K)(El, El) ∼= Z/lZ.

The conditions of theorem 7.17.11 are then fulfilled for the discrete torsion
groupH1(K,Eln(L)) and the finite group Gal(L/K) acting on Eln . We obtain
from this theorem the equality

H� = Homcts(H1(K,Eln(L)), Eln(L)))
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and the isomorphism

HomGal(L/K)(H�, Eln(L)) ∼= H1(K,Eln(L)).

By (7.18.4), we obtain an isomorphism obtained from restriction

H1(K,Eln(L))
∼=→ HomGal(L/K)(GL, Eln(L)), s �→ ŝ.

The group GL is a Z[Gal(L/K)]-submodule of Homcts(H1(K,Eln(L)),
Eln(L)); that is to say we have an inclusion of Z[Gal(L/K)]-modules

GL ⊆ H�.

Let
A ⊆ HomGal(L/K)(H�, Eln(L))

be the annihilator of GL; that is to say

A = {h ∈ HomGal(L/K)(H�, Eln(L)) | h(g) = 0 for all g ∈ GL}.

As we have
HomGal(L/K)(H�, Eln(L)) ∼= H1(K,Eln(L))

we obtain A = 0. By proposition 7.17.7(ii), we obtain

HomGal(L/K)(H�/GL, Eln(L)) ∼= A = 0.

The module El is a simple Z[Gal(L/K)]-module and Eln has a composition
series whose composition factors are all isomorphic to El. We have

H� = Homcts(H1(K,Eln(L)), Eln(L))

where H� is a profinite group annihilated by ln; it follows that every com-
position factor of every finitely generated Z[Gal(L/K)]-submodule of H� is
isomorphic to El. As A = 0, it follows that H�/GL = 0 and hence GL = H�.
�

(7.18.9) Let S be a finite subgroup of H1(K,Eln(L)). Let GS be the open and
closed subgroup of elements g of Gal(Lab/L) for which < s, g >= 0 for all
s ∈ S. Let LS be the finite galois extension field of L which is the fixed field
of GS . Then the pairing <,> induces a pairing

S ×Gal(LS/L)→ Eln(L), s, g �→< s, g > .
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7.18.10. Corollary. The pairing

S ×Gal(LS/L)→ Eln(L), s, g �→< s, g >

is non-degenerate that is to say it induces an isomorphism of Z[Gal(L/K)]-
modules

Gal(LS/L) ∼= Hom(S,Eln(L))

and an isomorphism of abelian groups (if S is a Z[Gal(K/F )]-module then an
isomorphism of Z[Gal(K/F )]-modules)

S ∼= HomGal(L/K)(Gal(LS/L), Eln(L)).

Proof. This follows from proposition 7.18.8, proposition 7.17.9, and theorem
7.17.11.�

The cocycles γi(0)

(7.18.11) Let N(p) be the set of positive integers prime to p, where p is the
characteristic of the global field F .

(7.18.12) For a place v of the field K, we write Kv for the completion of K
at the place v. We have a commutative diagram of groups for all n ∈ N(p),
where the maps resv are the restriction homomorphisms and the rows are
exact sequences

0 → nE(K) → H1(K,E(Ksep)n) → H1(K,E(Ksep))n → 0
↓ ↓ resv ↓ resv

0 → nE(Kv) → H1(Kv, E(Ksep
v )n) → H1(Kv, E(Ksep

v ))n → 0

For any integer n prime to p, the Selmer group of E ×F K/K is defined as

S(n)(E/K) =
⋂

v∈ΣK
res−1

v (nE(Kv)).

Then S(n)(E/K) is a finite subgroup of H1(K,En(L)).

(7.18.13) Let x0
ln ∈ E(Ksep) be a fixed lnth division point of x0, that is to say

x0
ln is any point which satisfies ln(x0

ln ) = x0. We have x0 ∈ E(K) and by
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definition γ(0) = ∂P0. The cocycle

γ(0) : g �→ g
(x0

ln
)
− x0

ln
, Gal(Ksep/K)→ Eln(Ksep),

represents a cohomology class in H1(K,Eln(Ksep)) which is the image of
P0 ∈ lnE(K) under the homomorphism

∂ : lnE(K)→ H1(K,Eln(Ksep))

(see the diagram (7.14.5)).
We obtain that γ(0) is an element of the Selmer group

γ(0) ∈ S(ln)(E/K).

The restriction of this cocycle γ(0) to Gal(Lsep/L) is a group homomorphism

γ(0)|L : Gal(Lsep/L)→ Eln(L), g �→ g
(x0

ln
)
− x0

ln
.

The kernel of this homomorphism γ(0)|L is the subgroup of elements which
fix x0

ln , that is to say the fixed field of ker(γ(0)|L) is precisely the field

Ln = L
( 1
ln
x0

)
.

which is an abelian galois extension of L.

(7.18.14) For any integer i such that 0 ≤ i ≤ n put

Li = L
( 1
li
x0

)
.

The element x0 induces cocycles γi(0) ∈ H1(K,Eli ) represented by

g �→ g
(x0

li
)
− x0

li
, g ∈ Gal(Ksep/K).

The cocycle γi(0) is equal to ln−iγ(0).

7.18.15 Proposition. (i) The cocycle γi(0) is zero in H1(K,Eli ) if and only
if x0 ∈ liE(K).
(ii) We have Li = L if and only if x0 ∈ liE(K); in particular, we have
Lt(l)+1 �= L.

Proof. (i) The cocycle γi(0) is zero in H1(K,Eli) if and only if it is of the
form (g − 1)Q where Q ∈ Eli that is to say if and only if

g(
x0

li
−Q) =

x0

li
−Q for all g ∈ Gal(Ksep/K).
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This happens if and only if x0
li −Q is an element of E(K); as liQ = 0, this is

to say γi(0) = 0 if and only if x0 ∈ liE(K).
(ii) Letting S be the subgroup generated by ln−iγ(0) in the corollary 7.18.10,
we obtain an isomorphism

Gal(LS/L) ∼= Hom(S,Eln(L)).

The field LS is equal to Li for the same reason that the fixed field of ker(γ(0)|L)
is equal to Ln; hence Li = L if and only if S = 0. That is to say, we have Li = L
if and only if x0 ∈ liE(K); in particular by (7.18.2) we have Lt(l)+1 �= L. �

(7.18.16) By the isomorphism of lemma 7.18.3

H1(K,Eln(L)) ∼= HomGal(L/K)(Gal(Lsep/L), Eln(L))

there is a smallest finite abelian extension field M of L, Galois over F and of
order a power of l, through which all elements of the finite group S(ln)(E/K)
factor. By corollary 7.18.10, we have

S(ln)(E/K) = H1(Gal(M/L), Eln(L))Gal(L/K).

and we have
Gal(M/L) ∼= Hom(S(ln)(E/K), Eln(L)).

(7.18.17) We have the inclusions, where L �= Lt(l)+1 by proposition 7.18.15,

(7.18.18) L = L0 = L1 = . . . = Lt(l) ⊂ Lt(l)+1 ⊂ . . . ⊂ Ln ⊂M.

Let Ii = Gal(M/Li) and H = Gal(M/L). Then Ii is a nested sequence of
subgroups of H

H = I0 = I1 = . . . = It(l) ⊃ It(l)+1 ⊃ . . . ⊃ In ⊃ {1}.

We have a diagram of fields

(7.18.19)

M
Ii↗

Li ↑ H
↖

L = K(Eln)
↑
K
↑
F

Let τ∞ ∈ Gal(L/F ) be as in (7.11.1). Then τ∞ has order 2. Let
τ ′ ∈ Gal(M/F ) be a lifting of τ∞. As M/L is a galois extension of order
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a power of l where l �= 2 (by (7.18.1)) we may assume that τ ′ has order 2.
Then we have

(7.18.20) τ ′2 = 1.

The element τ∞ acts on H by conjugation by τ ′: this action is independent of
the choice of lifting τ ′. As l > 2, the group H , and its subgroups, decompose
into a sum of eigenspaces under the action of the involution τ∞: namely

(7.18.21) H = H+ ⊕H−.

Lemma 7.18.22. Let h ∈ H and let z be a closed point of Spec A prime to
the conductor I and the discriminant of K/F such that Frobz(M/F ) = [τ ′h]
where [g] denotes the conjugacy class of an element g. Then z remains inert
in K; let z� be the unique place of K lying above z. We have
(i) z� splits completely in L/K and z ∈ Dln ;
(ii) h1+τ∞ ∈ I+i if and only if x0 ∈ liE(Kz�);
(iii) h1+τ∞ �∈ I+i if and only if resz�δ(z) (notation 7.14.13) has order at least
ln−i+1, provided that l is prime to |Pic(B)|.

Proof of lemma 7.18.22. (i) We have Frobz(L/F ) = Frobz(M/F )|L = [τ ′h]|L =
τ∞. Hence we have Frobz�(L/K) = [τ2

∞] = [1]. This shows that z� splits com-
petely in L/K and that z ∈ Dln by definition 7.11.3(ii).
(ii) We have x0 ∈ liE(Kz�) if and only if Frobz×(Li/L) = [1] where z× is
any place of L over z�. But, by part (i), we have Frobz×(Li/L) = (τ ′h)2|Li ,
the restriction to Li of (τ ′h)2. Hence we have x0 ∈ liE(Kz�) if and only if
(τ ′h)2 ∈ Ii which is the case if and only if

τ ′hτ ′−1
h ∈ Ii

as τ ′ has order 2 by (7.18.20). As H is abelian, we have τ ′hτ ′−1
h ∈ Ii if and

only if (by (7.18.21))

h1+τ∞ = hτ∞h = τ ′hτ
′−1h ∈ I+i = Ii ∩H+.

(iii) By lemma 7.14.14(ii), the order of resz�P0 in lnE(Kz�) is equal to the
order of resz�δ(z) as the order of z� in Pic(B) is prime to l by hypothesis. As
z� splits completely in L/K by (i), it follows that

E(Kz�)ln ∼= (Z/lnZ)2.

Therefore the exponent u of the order lu of resz�P0 is the least integer u such
that

x0 ∈ ln−uE(Kz�).

Now for any integer u we have x0 ∈ ln−uE(Kz�) if and only if h1+τ∞ ∈ I+n−u
by part (ii) above.�
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7.18.23. Lemma. The field extension M/K is unramified at all primes of K
not dividing I and ∞.

Proof. Let S be a finite set of primes of K containing the primes at which
E has bad reduction; that is to say, S is a set of primes of K containing all
the primes dividing the conductor I of E/F and the prime ∞. Let KS be the
maximal subfield of Ksep containing K which is ramified only at the primes
in S. Let GS be the galois group Gal(KS/K). Write E(m) for the m-primary
component of E that is E(m) =

⋃
r≥1Emr . If m is prime to the characteristic

p of F , by [M, Chap. 1, Prop. 6.5] we have an exact sequence

0→ H1(GS , E(m))→ H1(K,E(m))→
∏

v �∈S
H1(Kv, E).

Furthermore, by the definition of the field M and (7.18.16) we have the in-
clusions for any n prime to p

S(n)(E/K) = H1(M/L,En(L))Gal(L/K) ⊆ H1(L,En(L))Gal(L/K).

It follows from this previous exact sequence and that

S(n)(E/K) =
⋂

v∈ΣK
res−1

v (nE(Kv))

that any prime of K not dividing I and ∞ is unramified in M/K. �

7.18.24. Lemma. We have an isomorphism of groups, for δ = ±,

Hδ/Iδt(l)+1
∼= Z/lZ.

Proof. By definition of t(l) (see (7.18.2)), we have

x0 = lt(l)y where y ∈ E(K) \ lE(K).

We then have isomorphisms of τ∞-modules

H/It(l)+1
∼= Gal(L(

1
l
y)/L) ∼= El(L).

As H/It(l)+1 is a group of order l2 where l > 2 it follows that

Hδ/Iδt(l)+1
∼= (H/It(l)+1)δ ∼= El(L)δ.

As l ∈ P we may select a prime divisor z ∈ Dln . Then z remains inert in
K/F (definition 7.11.3); let z� denote the place of K lying over F . Let E0,z
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denote the reduction modulo z of the Néron model of E/F . The reduction
homomorphism

E(L)l → E0,z(κ(z�))l
is then an isomorphism. By lemma 7.11.5, we obtain

E(L)δl
∼=−→ E0,z(κ(z�))δl ∼= Z/lZ

whence the result holds.�

Finiteness of
∐∐

(E/K)εl∞

(7.18.25) Let h ∈ H be such that

h1+τ∞ �∈ I+t(l)+1.

This choice is possible because I+t(l)+1 �= H+ by lemma 7.18.24. By Čebotarev’s
density theorem, we may select a closed point z of Spec A, unramified inM/F ,
such that

Frobz(M/F ) = [τ ′h].

7.18.26. Lemma. If l is prime to |Pic(B)|, we have

lt(l)resz�(S
(ln)(E/K)ε) = 0.

Proof. We have z ∈ Dln by lemmas 7.18.22 and 7.18.23. Again by lemma
7.18.22, z remains inert in K and the place z� lying over z splits completely
in L/K.

Let δ(z) ∈ H1(K,E)εln be the class given by notation 7.14.10 and lemma
7.14.11. By lemma 7.14.14(i), δ(z) is locally trivial at all places of K except
possibly at z�. By lemma 7.18.22(iii) we then have the order of resz�δ(z) is at
least ln−t(l).

Let s ∈ S(ln)(E/K)ε. By proposition 7.16.3 we have

(7.18.27) lt(l)resz�s = 0.

as required.�

7.18.28. Proposition. If l is prime to |Pic(B)|, we have

lt(l)S(ln)(E/K)ε = 0.
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Proof. Let s ∈ S(ln)(E/K)ε. Let z be as in (7.18.25). The place z� of K lying
over z splits completely in L/K. Let z× be a place of L lying over z�. As z is
unramified in M/F any place above z in L is unramified in M/L. Hence the
frobenius element Frobz×(M/L) is well defined and we have

resz�(s) = ŝ(Frobz×(M/L)).

where ŝ is the image of s under the isomorphism (see (7.18.4))

H1(K,Eln(L))→ HomGal(L/K)(Gal(Lab/L), Eln(L)), s �→ ŝ.

By definition resz�(s) is the restriction to Gal(Ksep
z�
/Kz�) of the cocycle

s. As s is trivialised over M , an extension of L unramified at z, we have
that the restriction of s lies in H1(Kun

z� /Kz� , Eln) where Kun
z� is the maximal

unramified extension of Kz� . This holds because

0→ H1(Kun
z� /Kz� , Eln)→ H1(K,Eln)→ H1(Kz� , E)

is exact (from [M, Chap. I, Prop.6.5]). But the group Gal(Kun
z� /Kz�) is gen-

erated topologically by the Frobenius element at z�. We have

Frobz(L/F ) = [τ∞]

and
Frobz×(M/L) = [(τ ′h)2].

Hence by lemma 7.18.26 we have

lt(l)ŝ((τ ′h)2) = 0.

Hence we have (as τ ′ has order 2 by (7.18.20))

lt(l)ŝ(τ ′hτ ′−1
h) = 0.

Whence we have, as ŝ is a homomorphism H = Gal(M/L)→ Eln ,

lt(l)ŝ(hτ
′
) + lt(l)ŝ(h) = 0.

As s is in the ε eigenspace under the action of τ∞, this equation becomes

lt(l)(ετ∞)ŝ(h) + lt(l)ŝ(h) = lt(l)(1 + ετ∞)ŝ(h) = 0.

We have therefore shown that for every g ∈ H such that

g1+τ∞ �∈ I+t(l)+1

then

(7.18.29) lt(l)(1 + ετ∞)ŝ(g) = 0.
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Let
α = lt(l)(1 + ετ∞)ŝ.

Then α is a homomorphism H → Eln which is zero on
H \(H−⊕I+t(l)+1). As H−⊕I+t(l)+1 is a proper subgroup of H (lemma 7.18.24),
the map α must be the zero homomorphism on H . It follows that we have
from (7.18.29)

(7.18.30) lt(l)ŝ(H) ⊂ E−εln .

That is to say, the image of H under lt(l)ŝ is cyclic and defined over K and
hence is contained in a Borel subgroup rational over K. But Gal(L/K) is
not contained in a Borel subgroup of GL(2, Eln) by definition 7.10.3(c) and
7.10.3(e). Hence we must have

lt(l)ŝ(H) = 0.

Therefore we have
lt(l)S(ln)(E/K)ε = 0.

as required.�

7.18.31. Corollary. If l is prime to |Pic(B)|, we have

lt(l)
∐∐

(E/K)εl∞ = 0

and
(E(K)/E(K)2−torsion)ε is finite.

Proof. We have the exact sequence (see (7.9.3))

0→ ( lnE(K))ε → S(ln)(E/K)ε →
∐∐

(E/F )εln → 0.

By taking arbitrarily large values of n we obtain from proposition 7.18.28 and
this exact sequence that

lt(l)
∐∐

(E/K)εl∞ = 0.

Furthermore we have that

lt(l)
[
(lnE(K))ε

]
= 0.

Taking again n to be arbitrarly large we obtain that, as the group E(K) is
finitely generated by the Mordell-Weil theorem,

(E(K)/E(K)2−torsion)ε is finite
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as required.�

Finiteness of
∐∐

(E/K)−εl∞

(7.18.32) As in (7.18.2), let n be an integer satisfying n ≥ 2t(l) + 1.
As in (7.18.25), let h ∈ H be such that

h1+τ∞ �∈ I+t(l)+1

and let z be a closed point of Spec A, unramified in M/F , such that

Frobz(M/F ) = [τ ′h].

7.18.33. Lemma. Let m ≥ 0 be an integer. Suppose that l is prime to
|Pic(B)|. We have that these are equivalent:

(a) lmγ(z) ∈ S(ln)(E/K);
(b) resz�(lmδ(z)) = 0;
(c) lmx0 ∈ lnE(Kz�);
(d) h1+τ∞ ∈ I+n−m;
(e) lmδ(z) ∈

∐∐
(E/F )ln .

Proof. We have the commutative diagram of torsion abelian groups with exact
rows and an exact right-hand column

0
↓

0 → ∗E(K) → S(∗)(E/K) →
∐∐

(E/F )∗ → 0
=↓ ↓ ↓

0 → ∗E(K) → H1(K,E∗) → H1(K,E)∗ → 0
↓ ↓ resv ↓ resv

0 →
∏
v ∗E(Kv) →

∏
vH

1(Kv, E∗) →
∏
vH

1(Kv, E)∗ → 0

(a) ⇒ (b) follows from this diagram as lmγ(z) ∈ S(ln)(E/K) implies that
lmδ(z) ∈

∐∐
(E/F )ln and hence that resw(lmδ(z)) = 0 for all places w (lemma

7.14.14(i)).
(b) ⇒ (c) follows from lemma 7.14.14(ii) (or lemma 7.18.22(ii) and (iii)).
(c) ⇔ (d). From lemma 7.11.5(ii) it follows that

E(Kz�)ln ∼= (Z/lnZ)2.

Hence the implications (c) ⇔ (d) follow from lemma 7.18.22(ii).
(d)⇒ (e) by lemma 7.18.22 and as δ(z) is locally trivial at all places different
from z.
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(e) ⇔ (a) from the above diagram as δ(z) is the image of γ(z) under the
homomorphism

H1(K,Eln)→ H1(K,E)ln . �

7.18.34. Remarks. (i) We have z ∈ Dln ; this holds because for any z with
Frobz(M/F ) = [τ ′h] we have Frobz(L/F ) is the restriction to L of the conju-
gacy class [τ ′h] but this restriction is equal to [τ∞] (see (7.11.1)). Furthermore,
again by lemma 7.18.22, z remains inert in K and the place z� lying over z
splits completely in L/K.
(ii) Suppose that l is prime to |Pic(B)|. By lemma 7.18.22(ii) and (iii), the
element

δ(z) ∈ H1(K,Eln)ε

satisfies that the order of resz�δ(z) is precisely equal to ln−t(l).
It follows that, by lemma 7.18.33 above, that ln−t(l)γ(z) ∈ S(ln)(E/K)ε

and that ln−t(l)−1γ(z) �∈ S(ln)(E/K). It also implies that the order of resz�γ(z)
is at least ln−t(l).

(7.18.35) Suppose that l is prime to |Pic(B)|. Denote by γ̂ the image of γ(z)
under the isomorphism (see lemma 7.18.3)

H1(K,Eln) ∼= HomGal(L/K)(Gal(Lsep/L), Eln).

There is smallest finite abelian extension field L′ of L through which ln−t(l)−1γ̂
factors; that is to say we have a commutative diagram of groups

ln−t(l)−1γ̂
Gal(Lsep/L) → Eln

↘ ↗ g
Gal(L′/L)

where the homomorphism g is injective. Let L′′ be the smallest extension
field of L through which ln−t(l)γ̂ factors. Then ln−t(l)γ(z) ∈ S(ln)(E/K)
(remarks 7.18.34(ii)) and we have a diagram of fields

L′ M
↖ ↗ ↑

L′′ Ln
↑ ↗
L

Furthermore we have isomorphisms of Gal(L/K)-modules

Gal(L′/L′′) ∼= El

Gal(L′′/L) ∼= Elr



7.18 Proof of theorem 7.7.5 427

where lr is the order of ln−t(l)γ(z).

7.18.36. Lemma. Suppose that l is prime to |Pic(B)|. Let w ∈ Dln , where
w �= z, and let w� be the unique place of K above w. The following statements
are equivalent:
(a) Frobw�(L′/L) = 1;
(b) the primes over w split completely in L′/L;
(c) ln−t(l)−1γ̂(Frobw�(L′/L)) = 0;
(d) resw�ln−t(l)−1γ̂ = 0;
(e) resw�ln−t(l)−1Pz = 0.

Proof. The place w� is unramified and splits completely in L/K by definition
7.11.3; we denote by the same symbol w� any place of L lying over the place
w� of K. The equivalences of (a), (b) are evident.

The implication (b)⇒(c) is evident. That (c)⇒(b) follows from the fact
(see (7.18.35)) that the homomorphism

g : Gal(L′/L)→ Eln

representing ln−t(l)−1γ is injective and hence

ln−t(l)−1γ̂(Frobw�(L
′/L) = g(Frobw�(L

′/L)) = 0⇔Frobw�(L
′/L) = 1.

To show the equivalence of (c) and (d), by the diagram 7.14.5 we have the
exact sequences

0→ mE(K) → H1(K,Em) → H1(K,E)m → 0
↓ res ↓ quasi− isom. res ↓

0→ (mE(K[c]))Gc ∂→ H1(K[c], Em)Gc → H1(K[c], E)Gcm

As w �= z, we have resw�δ(z) = 0; hence we have that resw�γ(z) ∈ lnE(Kw�)
(see §7.9). That is to say resw�γ(z) is in the image of the homomorphism

lnE(Kw�)→ H1(Kw� , Em)

and we have
γ(z)(g) = g(

P

ln
)− P

ln

for some P ∈ E(Kw�). As γ(z) ∈ H1(L′/L,Eln) the restriction of γ(z)
to Kw� is then an element of H1(L′w×/Lw� , Em) where w× is a place of
L′ over w�. As Gal(L′w×/Lw�) is cyclic and generated by the Frobenius el-
ement Frobw�(L′/L) we obtain that resw�ln−t(l)−1γ(z) = 0 if and only if
ln−t(l)−1γ̂(Frobw�(L′/L)) = 0. The equivalence of (c) and (d) follows from
this. That (d) and (e) are equivalent follows from remark 7.14.12(ii). �

(7.18.37) Let τ ′ ∈ Gal(M/F ) be as in (7.18.20), that is to say it is a lifting
of τ∞. We may then select a lifting τ ′′ ∈ Gal(L′/F ) of τ∞ such that τ ′′ has
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order 2 and that τ ′|L′′ = τ ′′|L′′ . That such an element τ ′′ of order 2 exists is
a consequence of the group Gal(L′/K) having odd order namely a power of l.

7.18.38. Lemma. Suppose that l is prime to |Pic(A)|. For any element i ∈ H
such that i1+τ∞ ∈ I+n there is a prime divisor w ∈ Dln , w �= z, of Spec A, and
with lifting w� to K, satisfying the four conditions

(a) Frobw(M/F ) = [τ ′i] where i1+τ∞ ∈ I+n ;
(b) Frobw(L′/F ) = [τ ′′j] where j ∈ Gal(L′/L) satisfies j1+τ∞ �= 1;
(c) Frobw�(K[z]/K) has order prime to l;
(d) Frobz�(K[w]/K) has order prime to l.

Proof. The two conditions (a) and (b) on w are simultaneously satisfiable
provided that

i|L′′ = j|L′′

as we have L′ ∩ M = L′′; for then the restrictions to L′′ of the Frobenius
elements Frobw(M/F ) and Frobw(L′/F ) coincide.

If lr is the order of ln−t(l)γ̂, we have by corollary 7.18.10

Gal(L′/L) ∼= Hom(Zln−t(l)−1γ̂, Eln(L)) ∼= Elr+1(L)

and
Gal(L′′/L) ∼= Hom(Zln−t(l)γ̂, Eln(L)) ∼= Elr (L).

Hence we have an isomorphism of τ∞-modules

Gal(L′/L′′) ∼= Elr+1 (L)/Elr(L).

The surjective homomorphism

Elr+1(L) lr−→El

shows that there is an isomorphism

Gal(L′/L′′) ∼= El(L).

It follows from this and from lemma 7.11.5(ii) that we have

Gal(L′/L′′)± ∼= El(L)± ∼= Z/lZ.

In particular, Gal(L′/L′′)+ is not reduced to the identity element. We have
surjective homomorphism of galois groups

Gal(L′/L) Gal(M/L)
↘ ↙

Gal(L′′/L)
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It follows that for any element i ∈ Gal(M/L) such that i1+τ∞ ∈ I+n there is
at least one element j ∈ Gal(L′/L) such that j1+τ∞ �= 1 and j|L′′ = i|L′′ that
is to say for any element i satisfying (a) there is an element j satisfying (b)
where

i|L′′ = j|L′′ .

Hence for any element i ∈ Gal(M/F ) satisfying i1+τ∞ ∈ I+n there is a prime
divisor w ∈ Dln and satisfying the conditions (a) and (b) above.

Furthermore, as w ∈ Dln the prime w remains inert in K/F (definition
7.11.3). It follows from the conditions (a) and (b) that Frobw(K[z]/F ) = [m],
where m ∈ Gal(K[z]/F ) and m �∈ Gal(K[z]/K). Hence we have
Frobw(K[z]/F ) = [τk] where τ is the nontrivial element of Gal(K/F ) and
k ∈ Gal(K[z]/K). Then we have Frobw�(K[z]/K) = [(τk)2]. As Gal(K[z]/F )
is a generalised dihedral group (proposition 2.5.7), it follows that (τk)2 lies
in the subgroup Pic(A) of Gal(K[z]/K). As l is prime to |Pic(A)|, it follows
that Frobw�(K[z]/K) ∈ Pic(A) has order prime to l; this gives the condition
(c).

Similarly, as z ∈ Dln the prime z remains inert in K/F (definition
7.11.3). Hence we have Frobz(K[w]/F ) = [m], where m ∈ Gal(K[w]/F )
and m �∈ Gal(K[w]/K). Hence we have Frobz(K[w]/F ) = [τk] where τ
is the nontrivial element of Gal(K/F ) and k ∈ Gal(K[w]/K). Then we
have Frobz�(K[w]/K) = [(τk)2]. As Gal(K[w]/F ) is a generalised dihedral
group (proposition 2.5.7), it follows that (τk)2 lies in the subgroup Pic(A) of
Gal(K[w]/K). As l is prime to |Pic(A)|, it follows that
Frobz�(K[w]/K) ∈ Pic(A) has order prime to l; this gives the condition (d).�

7.18.39. Lemma. Suppose that l is prime to |Pic(A)| and is prime to |Pic(B)|.
Let i ∈ H be any element such that i1+τ∞ ∈ I+n . Let w ∈ Dln be as in
lemma 7.18.38 applied to i. Let w� be the unique place of K above w. Then
lt(l)δ(z + w) is locally trivial at all places except at w� and its restriction at
the latter place has order at least ln−2t(l).

Proof. The place w� splits completely in the extension L/K. For we have
Frobw(L/F ) = Frobw(L′/F )|L = [τ ′′j]|L = τ∞ so we have Frobw�(L/K) =
[τ ′′]2 = 1.

Since i1+τ∞ ∈ I+n , by lemma 7.18.22(iii) we obtain that resw�(δ(w)) = 0.
Hence by lemma 7.14.14(i), δ(w) is locally trivial everywhere. Therefore we
have (by lemma 7.14.11(ii) and lemma 7.18.33)

δ(w) ∈
∐∐

(E/K)εln and γ(w) ∈ S(ln)(K/F )ε.

But by proposition 7.18.28 and corollary 7.18.31, we then have

lt(l)γ(w) = lt(l)δ(w) = 0.
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By remark 7.14.12(ii) we then have

(7.18.40) lt(l)Pw = 0 in lnE(K[w]).

By lemma 7.14.11(ii) we have

δ(z + w) ∈ H1(K[z + w]/K,E)−εln

and by lemma 7.14.14(i)
resvδ(z + w) = 0

for all places v �= z�, w� ofK. On the one hand, by (7.18.40), lemma 7.14.14(ii)
and condition (d) of lemma 7.18.38, we have

resz� l
t(l)δ(z + w) = 0.

On the other hand, let w′ be a prime ofK[z] lying over w�; then resw�(lt(l)δ(z+
w)) has the same order as resw′lt(l)Pz in lnE(K[z]w′), by lemma 7.14.14(ii)
and condition (c) of lemma 7.18.38. But we have by lemma 7.18.36

resw′(ln−t(l)−1Pz) = 0

if and only if
Frobw′(L′/L) = 1;

but we have, as w� splits completely in L/K (remark 7.18.34),

Frobw′(L′/L) = [(τ ′′j)2]

hence Frobw′(L′/L) = 1 if and only if (τ ′′j)2 = 1. As τ ′′ has order 2,
Frobw′(L′/L) = 1 then holds if and only if j1+τ∞ = 1 which contradicts
the hypothesis (b) of lemma 7.18.38 on j. Therefore the order of resw′lt(l)Pz
is at least ln−2t(l). Hence the order of resw�lt(l)δ(z+w) is at least ln−2t(l). We
have in conclusion that lt(l)δ(z + w) is locally trivial at all places except at
w� and its restriction at the latter place has order at least ln−2t(l).�

7.18.41. Proposition. Suppose that l is prime to |Pic(A)| and is prime to
|Pic(B)|. We have the inclusion

l2t(l)S(ln)(E/K)−ε ⊆ Zγ(0)

and we have
l2t(l)
∐∐

(E/K)−εl∞ = 0.

Proof. Let s ∈ S(ln)(E/K)−ε. Let i ∈ H be an element such that i1+τ∞ ∈ I+n
and let δ(z+w) be the cohomology class given by lemmas 7.18.38 and 7.18.39
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applied to i. Applying proposition 7.16.3 to lt(l)δ(z + w), we obtain that (by
lemma 7.18.39)

resw�l
2t(l)s = 0.

Therefore as Frobw(M/F ) = [τ ′i] (by condition (a) of lemma 7.18.38) we have

l2t(l)ŝ((τ ′i)2) = 0.

Hence we have as τ ′ has order 2

l2t(l)ŝ(τ ′hτ ′−1
h) = 0.

Whence we have (as ŝ is a homomorphism H → Eln)

l2t(l)ŝ(hτ
′
) + l2t(l)ŝ(h) = 0.

As s is in the −ε eigenspace under the action of τ∞, this equation becomes

l2t(l)(−ετ∞)ŝ(h) + l2t(l)ŝ(h) = l2t(l)(1−ετ∞)ŝ(h) = 0.

We obtain for all i ∈ H such that i1+τ∞ ∈ I+n

(7.18.42) l2t(l)(1−ετ∞)ŝ(i) = 0.

In particular, (7.18.42) holds for all i ∈ In. Hence we have from (7.18.42)

(7.18.43) l2t(l)(1−ετ∞)ŝ(In) = 0

that is
l2t(l)ŝ(In) ⊆ Eεln .

But then l2t(l)ŝ(In) is a cyclic subgroup of Eln defined over K and hence is
zero by definition 7.10.3(c) and (e). Therefore we obtain

l2t(l)ŝ(In) = 0.

Hence l2t(l)ŝ induces a homomorphism H/In → Eln . But we have that H/In
is isomorphic to the galois group of the field extension Ln/L (see the commu-
tative diagram (7.18.19)). Hence we have that

l2t(l)ŝ ∈ HomGal(L/K)(Gal(Ln/L), Eln).

But by the corollary 7.18.10 we have

HomGal(L/K)(Gal(Ln/L), Eln) ∼= Zγ(0)

as the field Ln is precisely the field LZγ(0) in the terminology of the corollary
7.18.10. It follows that l2t(l)s is an integral multiple of γ(0). We then have the
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inclusions, as s is any element of S(ln)(E/K)−ε,

l2t(l)S(ln)(E/K)−ε ⊆ Zγ(0).

We have the exact sequence of quasi-groups (see (7.9.3))

0→ ∗E(K)→ S(∗)(E/K)→
∐∐

(E/K)∗ → 0.

Hence as l2t(l)S(ln)(E/K)−ε is contained in the image of lnE(K) we obtain

(7.18.44) l2t(l)
∐∐

(E/K)−εl∞ = 0. �

End of proof of theorem 7.7.5

7.18.45. Proposition. Suppose that l is prime to |Pic(A)| and is prime to
|Pic(B)|. We have:
(i) the highest power of l dividing [E(K) : Zx0] is at most l6t(l);
(ii) l2t(l)

∐∐
(E/K)l∞ = 0;

(iii) l2t(l)
∐∐

(E/F )l∞ = 0.

Proof. We have from proposition 7.18.41 and corollary 7.18.31

l2t(l)
∐∐

(E/K)l∞ = 0.

We then obtain from proposition 7.9.4

l2t(l)
∐∐

(E/F )l∞ = 0.

This proves parts (ii) and (iii) of the proposition.
For part (i), from proposition 7.18.41 we have

l2t(l)S(ln)(E/K)−ε ⊆ Zγ(0)

and we have from proposition 7.18.28

l2t(l)S(ln)(E/K)ε = 0.

It then follows that
l2t(l)(lnE(K)) ⊆ Zγ(0).

That is to say we have, as γ(0) = ∂P0, where P0 is the image of x0 ∈ E(K)
in lnE(K) (see the diagram of 7.14.5)

l2t(l)E(K)⊗Z Z/lnZ ⊆ ZP0 ⊆ E(K)⊗Z Z/lnZ.
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We may then take the inverse limits over n of these inclusions and obtain
the inclusions of Zl-modules, where Zl is the l-adic completion of Z, (cf. [H,
pp.190-192])

l2t(l)E(K)⊗Z Zl ⊆ Zlx0 ⊆ E(K)⊗Z Zl.

As Zlx0 is a free Zl-module of rank 1; it follows that l2t(l)E(K) ⊗Z Zl is a
free Zl-module of rank 1. Furthermore by the Mordell-Weil theorem E(K) is
a finitely generated group; hence we obtain an isomorphism

E(K)⊗Z Zl ∼= Zl ⊕ T

where T is a finite abelian l-group such that

l2t(l)T = 0.

As E is an elliptic curve, the l-torsion subgroup of T is a vector space of
dimension ≤ 2 over the prime field Fl; we obtain

|T | ≤ l4t(l).

The group
E(K)⊗Z Zl

Zlx0

is then a homomorphic image of the quotient group

Zl ⊕ T
l2t(l)(Zl ⊕ T )

∼=
Zl

l2t(l)Zl
⊕ T.

This group has order
l2t(l)|T | ≤ l6t(l).

We obtain that, where |.|l denotes the usual l-adic valuation of Z,

|[E(K) : Zx0]|l ≥ l−6t(l). �

7.19 Comments and errata for [Br2]

We would like to take this opportunity to give some comments and corrections
on the first paper [Br2] of this series. The page numbers and proposition
numbers are that of [Br2] unless otherwise stated.

p.490. l.↓13. The second sentence should read: “Let F be the rational function
field k(T ) over k.”

p.490. Theorem 1.1(i). The statement concerning E(F ) is not correct. It
should read that E(F ) is of finite order if the sign ε = ±1 in the func-
tional equation for the L-function L(E/F, s) of E/F is equal to +1 and is
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an abelian group of rank 1 if ε = −1. The same change should be made in the
corresponding statement of Theorem 5.2.6.(i).

p.491. In this list of surfaces over finite fields, for which the Tate conjecture is
known, should be included all Fermat surfaces over finite fields. This has been
proved by Shioda and Katsura [SK, Theorem 2.6]. They have also proved the
Tate conjecture for many higher dimensional Fermat varieties.

p.501. l.↓16-17. This definition of split multiplicative reduction should read
that the closed fibre above ∞ of a ∞-minimal model of E/F is a nodal cubic
where the tangents at the node are rational over the residue field κ(∞).

p.501. Theorem 4.1. A proof of this function field analogue of the Taniyama-
Weil conjecture has been given for the general case of Tate elliptic curves
over global fields of positive characteristic by Gekeler and Reversat [GR]. The
original Taniyama-Weil conjecture has been proved by Wiles [W] for semi-
stable elliptic curves over the rational numbers Q.

p.504. Lemma 5.5.6. In the statement of this lemma, finitely many primes of P
must be excluded, namely the primes l = 2, 3 and the primes dividing q2 − 1,
where q = |k|. The reason for excluding 2 and 3 is that the group SL(Zl) has
no non-trivial abelian homomorphic images for l ≥ 5 but such images exist
for l = 2 and 3. The reason for excluding l|q2 − 1 is that the implication in
the proof that M ⊆ K[0] implies M ⊆ K need not be true otherwise. In fact
this lemma 5.5.6 holds for all except finitely many prime numbers l and not
just the primes l lying in P as is stated in the lemma.

[See proposition 7.3.8 of the present paper for an improved version of
lemma 5.5.6.]

p.505. Lemma 5.5.10.(ii) This should read E0,z(κ(z)) ln ∼= Z/lnZ. Similarly,
p.506. l.↓2 should read EFrobz

ln
∼= Z/lnZ.

p.507. l.↑1-3. Let ε be the sign in the functional equation of E; then the
Atkin-Lehner involution wI acts on E as −ε. The ε in this paper [Br2] is
used confusingly for both these two opposite rôles. In Lemma 5.7.9, ε is the
opposite of the sign of functional equation. Furthermore, p.510 l.↓2-3 should
also read that ε is the opposite of the sign of functional equation.

p.512 l.↓21. ”Then L′ ∩M = L . . .” this is true if t(l) = 0, which holds for
all except finitely many l; this is sufficent to prove the main theorem 5.2.6.
Nevertheless L′∩M �= L if t(l) �= 0 and in this case the proof can be completed
by the modification of the same argument given in lemma 7.18.38 above.



Appendix A

Rigid analytic modular forms

This appendix is an introduction to rigid analytic modular forms of charac-
teristic p > 0 and rigid analytic spaces. Rigid analytic modular forms were
first introduced by Goss. The application to elliptic curves over function fields
is explained in §A.13 and is the following; with the notation of theorem 4.7.1,
if f : XDrin

0 (I) → E is a finite surjective morphism of F -schemes where E is
an elliptic curve over F , and if ω is a Néron differential on E then f∗ω is a
rigid analytic modular form on the rigid analytic space (XDrin

0 (I) ⊗F F∞)an
associated to the curve XDrin

0 (I)/F .
[We only give here a brief résumé of the definition and main properties of

rigid analytic spaces and also of modular forms; in particular, most proofs are
omitted. For more details see [T4], [BGR],[Hu], [Go1], and [Go2].]

A.1 Basic definitions

(A.1.1) Let L be a fixed ground field, complete with respect to a non-trivial
non-archimedean absolute value denoted by |x| for all x ∈ L. The absolute
value |.| satisfies for all x, y ∈ L

|xy| = |x|.|y|

and
|x+ y| ≤ max(|x|, |y|).

The field L is complete with respect to the metric d(x, y) = |x− y|.

(A.1.2) Let L be the algebraic closure of L. The absolute value |.| then extends

uniquely to an absolute value |.|F on L. Let L̂ denote the completion of L with

respect to this absolute value |.|L. Then the field L̂ is also algebraically closed.

M.L. Brown: LNM 1849, pp. 435–505, 2004.
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(A.1.3) Let R = {x ∈ L | |x| ≤ 1}. Then R is the ring of integers of L and
possesses a unique maximal ideal m = {x ∈ L | |x| ≤ 1}. The quotient R/m
is the residue field of R.

(A.1.4) Let

f(z) =
∞∑

i=0

aiz
i

be a formal power series with coefficients in L; that is to say f ∈ L[[z]]. Let
x ∈ L; then the power series f(x) converges in L if and only if aixi → 0 as
i→∞, as the absolute value is non-archimedian.

A.2 The Tate algebra

(A.2.1) Let Dn be the polydisc

Dn = {(x1, . . . , xn) ∈ Ln | |xi| ≤ 1 for all i}.

Let L{z1, . . . , zn} be the ring of all formal power series in n variables z1, . . . , zn
which converge in Dn. The algebra L{z1, . . . , zn} is called a Tate algebra.

For an n-tuple i of non-negative integers i = (i1, . . . , in) we write zi for
the monomial zi11 . . . z

in
n ; we write

||i|| =
n∑

r=1

ir.

Then we have that a formal power series f ∈ L[[z1, . . . , zn]] is an element of
the Tate algebra L{z1, . . . , zn} if and only if

f(z1, . . . , zn) =
∑

i

aizi

where
|ai| → 0 as ||i|| → ∞.

We write Tn in place of L{z1, . . . , zn}.

(A.2.2) The Tate algebra Tn is noetherian. Define a norm on Tn by

||
∑

i

aizi|| = max
i∈Nn

|ai|.

Then this norm is multiplicative on the algebra Tn and Tn is then a Banach
algebra over L with respect to this norm.
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(A.2.3) For any maximal ideal J of Tn the L-algebra Tn/J can be shown to
be a finite field extension of L. Let

max(Tn) = the set of maximal ideals of Tn.

A.3 Affinoid spaces, rigid analytic spaces

(A.3.1) Let I be an ideal of Tn. The algebra A = Tn/I is called an affinoid
algebra. The L-algebra A is noetherian and is a Banach algebra with respect
to the quotient norm

||f || = inf{||f ′ + g|| | g ∈ I}, for any lifting f ′ of f.

(A.3.2) Let Y ⊂ max(Tn) denote the zero set of I: the set Y is the set of
maximal ideals m of Tn such that all elements of I induce zero in the residue
field Tn/m, that is to say m ⊃ I. Denote by max(A) the set of maximal ideals
of A. The natural surjection Tn → A induces a map of the maximal spectra

max(A)→ max(Tn).

This map induces a bijection between max(A) and Y .

(A.3.3) Let U be a subset of X = max(A) such that the functor which
associates with each affinoid algebra B over L the set of homomorphisms
φ : A→ B such that φ∗(max(B)) ⊆ U is representable; then a subset U of X
of this type is called an open affinoid subset. Thus U is such a subset of X if
and only if the following two conditions hold:

(a) There is an affinoid algebra B and a homomorphism f : A → B such
that the induced map f∗ : max(B)→ max(A) has its image contained in U ;

(b) If C is an affinoid algebra and g : A → C is a homomorphism such
that the induced map g∗ : max(C) → max(A) has its image contained in U
then there is a unique homomorphism h : B → C such that g = h ◦ f .

(A.3.4) If U ⊆ X is an open affinoid subset corresponding to the homomor-
phism f : A → B and V ⊆ max(B) is an open affinoid subset corresponding
to the homomorphism g : B → C then f∗(V ) ⊆ U is an open affinoid subset
of X corresponding to the homomorphism g ◦ f : A→ C.
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A.3.5. Definition. Let f0, . . . , fn ∈ A be elements such that A =
∑n

i=0 fiA,
that is to say f0, . . . , fn have no common zeros on X = max(A). The set

X(f0, . . . , fn) = {x ∈ X | |fi(x)| ≤ |f0(x)|, for all i}

is an open affiniod subset of X called a rational subset of X .

(A.3.6) The affinoid algebra corresponding to the rational open affinoid
X(f0, . . . , fn) of X is

A{T1, . . . , Tn}/(f0Ti − fi, i = 1, . . . , n).

If R1 is a rational subset of X and R2 is a rational subset of the affinoid
R1 then R2 is a rational subset of X . The intersection of two rational subsets
of X is also a rational subset of X .

A.3.7. Theorem. (Gerritzen-Grauert, [BGR, p.309]) Every open affinoid
subset of X is a finite union of rational subsets of X . �

(A.3.8) An admissible open subset of X is a rational affinoid open subset; de-
note by G the category of admissible open subsets of X , where the morphisms
U → V are just the inclusion morphisms U ⊆ V , if any.

A covering U of an admissible open subset U ∈ G is admissible if U is
finite and all elements of U are rational open subsets of X . Let cov(U) denote
the set of all admissible open coverings of the admissible subset U , that is to
say cov(U) is the set of finite coverings of U by admissible open subsets.

The category of admissible subsets G of X together with the admissible
coverings cov(U) of all U ∈ G form a Grothendieck topology on X in that it
satisfies the following conditions:

The admissible subsets satisfy:

(a) ∅, X are admissible subsets;

(b) for all U, V ∈ G then U ∩ V is admissible;

The admissible coverings satisfy:

(c) for all U ∈ cov(U) and for all V ∈ U then V is an admissible
subset;

(d) {U} is an admissible covering of U ;

(e) if U ∈ cov(U) and if V ⊂ U is an admissible subset then

{U ′ ∩ V | U ′ ∈ U}

is an admissible covering of V ;
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(f) if (Ui)i∈I is an admissible covering of U and if Ui is an admissible
covering of Ui for all i then

⋃

i∈I
Ui

is an admissible covering of U .

(A.3.9) Let X = max(A) be equipped with its Grothendieck topology of
admissible open subsets and admissible coverings, that is to say X is a site.
A presheaf of abelian groups (or rings, modules etc) on the site X is then a
contravariant functor

F : Gopp → Ab

where Ab denotes the category of abelian groups.
A presheaf F on X is a sheaf if for any admissible subset U of X and for

any admissible covering U = {Ui}i∈I of U then the sequence

F(U)→
∏

i

F(Ui)
−→
−→
∏

i,j

F(Ui ∩ Uj)

is exact.
[See [M2, Chapter 2] for more details of presheaves and sheaves for a

Grothendieck topology.]

(A.3.10) Let X be the maximal spectrum max(A) of the affinoid algebra A.
Denote by O(U) be the affinoid algebra of a rational subset U ⊂ X . The
algebras O(U) together with their natural restriction homomorphisms form a
presheaf O on X .

A.3.11. Theorem. The preasheaf O is a sheaf. More precisely, let {Uλ}λ be
a finite covering of X by rational affinoid subdomains Uλ ⊆ X . Denoting by
Ȟi(U ,O) the Čech cohomology of the presheaf O with respect to {Uλ}λ, we
have Ȟ0({Uλ}λ,O) = A and Ȟ i({Uλ}λ,O) = 0 for all i > 0. �

[See [T4, §8] or [BGR, §8.2] for the proof. For full details of Čech coho-
mology of a presheaf on a site see [M2, Chapter 3, §2] or for the case of the
rigid analytic site, see [BGR, §8.1]; for a particular case of Čech cohomology
on a site, see §5.4 above.]

(A.3.12) An affinoid space over L is a topological space max(A), where A is
an affinoid L-algebra, and where this space is equipped with its Grothendieck
topology of admissible subsets and admissible coverings and is equipped with
the structure sheaf O. The space max(A) is then a locally ringed space.

A morphism φ : max(A) → max(B) of L-affinoid spaces is a pair (f∗, f)
where f : B → A is an L-algebra homomorphism and f∗ : max(A)→ max(B)
is the map induced by f .
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A.3.13. Remarks. (1) If X = max(A) is an affinoid space over L then a map
φ : X → Dn, where Dn is the polydisc over L (see (A.2.1)) is affinoid if and
only if there are functions f1, . . . , fn ∈ A such that φ(x) = (f1(x), . . . , fn(x))
for all x ∈ X .

(2) That an L-algebra morphism of affinoid algebras f : B → A induces a map
of the corresponding maximal spectra, that is to say f−1(m) is a maximal ideal
of B for all maximal ideals m of A follows from A/m being a finite extension
of the ground field L. This is Hilbert’s Nullstellensatz for affinoid algebras
[BGR, §7.1.2].

(A.3.14) A rigid analytic space is triple (X,G,O) where X is a topological
space equipped with a Grothendieck topology G and a sheaf of L-algebras O
such that there is a covering (Xi)i∈I of X , with respect to the Grothendieck
topology, such that each triple (Xi,G|Xi ,O|Xi) is an affinoid space.

A morphism of rigid analytic spaces (X,OX)→ (Y,OY ) is an L-morphism
of locally ringed spaces.

A.3.15. Remarks. (1) Let X be a rigid analytic space over L. Assume that X
is reduced in that it has no nilpotent functions. ThenX is said to be connected
if a rigid function with zero Taylor series at a point is everywhere zero. The
space X is said to be geometrically connected if it is connected when viewed
as a rigid analytic space over all finite extensions of L.

(2) The Grothendieck topology on a rigid analytic space (X,G,O) in (A.3.14)
is not uniquely determined by its restrictions to each open subset Xi of the
covering (Xi)i∈I (see [BGR, §9.1.3] for more details).

A.4 Etale cohomology of rigid analytic spaces

In Drinfeld’s paper [Dr1], the étale cohomology of rigid analytic spaces is
defined for the first time but only for the sheavesZ/nZ and µn and only forH0

and H1. The cohomology of rigid analytic spaces was subsequently developed
by Berkovich [Be], Huber [Hu], Fresnel and van der Put [FP], Schneider and
Stuhler [SS].

Drinfeld’s original definition is presented in this section and the properties
that Drinfeld [Dr1] states are here proved, as this is all that is necessary for
these appendices A and B.
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(A.4.1) LetX be a rigid analytic space over L. The following étale cohomology
groups are then defined in terms of global sections of rigid analytic sheaves,
where Z/nZ is the constant sheaf and µn is the sheaf of nth roots of unity on
X ,

H0
ét(X,Z/nZ) = H0

rigid(X,Z/nZ))

and
H0

ét(X,µn) = H0
rigid(X,µn).

(A.4.2) The group H1
ét(X,µn) is defined to be the group under tensor product

of pairs (L, φ) up to isomorphism where L is an invertible sheaf on X and φ
is an isomorphism φ : OX ∼= L⊗n.

The group H1
ét(X,Z/nZ) is defined by the equation

H1
ét(X,Z/nZ) = H1

ét(X,µn)⊗ µ−1
n

where µ−1
n is the Gal(Lsep/L)-module

µ−1
n = Hom(µn,Z/nZ).

(A.4.3) Let Lsep be the separable closure of the field L. Let M denote one of
the sheaves Z/nZ or µn. Then the cohomology groups Hi

ét(X ⊗L Lsep,M),
for i = 0, 1, are then defined by the equation

Hi
ét(X ⊗L Lsep,M) = lim−→

K

Hi
ét(X ⊗L K,M)

where K runs over all finite separable extension fields of L contained in Lsep.
The group Gal(Lsep/L) acts on all these cohomology groups.

A.4.4. Proposition. If f : X → Y is a finite étale morphism of rigid analytic
spaces with galois group G of order prime to n then the induced map

g : H1
ét(Y, µn)→ H1

ét(X,µn)
G

is an isomorphism.

Proof. Let K denote the sheaf on Y whose sections Γ (U,K) are obtained by
inverting the non-zero divisors of the ring Γ (U,O) for all open affinoid subsets
U of Y . Let K∗ denote the corresponding sheaf of multiplicatively invertible
elements of K.

Let L be a line bundle on Y such that there is an isomorphism
φ : L⊗n → OY . Suppose also that there is an isomorphism of OX -modules
ψ : OX ∼= f∗L. There is an admissible open covering {Ui}i of Y such that L
is represented by (Ui, fi) where fi ∈ Γ (Ui,K∗) and fif−1

j is a unit on Ui ∩Uj
for all i �= j.
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As f∗L is trivial, there is h ∈ Γ (X,K∗) such that (f−1(Ui), fi/h) is equiv-
alent to a trivial Cartier divisor, that is to say fi/h is a unit on f−1(Ui) for all
i. As the isomorphism class of the line bundle f∗L is G-invariant, we then have
that for all σ ∈ G, fi/hσ is a unit on f−1(Ui) for all i. Hence h/hσ is a unit
on f−1(Ui) for all i and all σ. Hence ε(σ) = hσ/h is a cocycle G→ Γ (X,O∗)
and its corresponding cohomology class is in H1(G,Γ (X,O∗)).

Via the isomorphism φ, there is then an element f ∈ Γ (Y,K∗) such that
fni /f is a unit on Ui for all i. It follows that hσn/f is a unit on f−1(Ui) for
all i and all σ. That is to say there is an element η ∈ Γ (X,O∗) such that
hnη = f . We then obtain the equation for all σ ∈ G

ε(σ)nησ = η.

That is to say, σ �→ ε(σ)n is a coboundary. Hence the class of ε in
H1(G,Γ (X,O∗)) is annihilated by n. As it is also annihilated by |G|, the
class of ε is therefore zero as |G| and n are coprime. It follows that there is
a unit u ∈ Γ (X,O∗) such that uh is G-invariant and hence is an element of
Γ (Y,O∗), as f−1(Ui)→ Ui is a finite étale morphism for all i. It follows that
fi/uh is a unit on Ui for all i and hence L is a trivial line bundle. This shows
that the kernel of the homomorphism g is reduced to zero.

Suppose now that (I, ψ) is a line bundle on X whose cohomology class
lies in H1

ét(X,µn)G and where ψ is an isomorphism I⊗n ∼= OX . We have the
two projection morphisms φ1, φ2 : X ×Y X → X . Furthermore, as X is finite
and étale over Y with galois group G, the product X ×Y X is isomorphic
to the disjoint union

∐

σ∈G
Xσ of copies of X . As the isomorphism class of I

is G-invariant, the pullbacks φ∗1I and φ∗2I are isomorphic. Furthermore, the
isomorphism ψ : I⊗n ∼= OX is also G-invariant up to isomorphism. Hence by
descent, there is a line bundle L on Y such that I ∼= f∗L and such that there
is an isomorphism χ : L⊗n ∼= OY which induces the isomorphism ψ. Hence
the map g is surjective. �

A.4.5. Proposition. (Kummer sequence) Let X/L be a rigid analytic space.
Then there is an exact sequence of abelian groups induced from multiplication
by n : O∗X → O∗X

0→ H0
ét(X,µn)→ H0

rigid(X,O∗X)→ H0
rigid(X,O∗X)→

H1
ét(X,µn)→ H1

rigid(X,O∗X)→ H1
rigid(X,O∗X).

Proof. The exactness of the sequence at every point except the termH1(X,µn)
is obvious. In particular, it is clear that the kernel of
H1

rigid(X,O∗X)→ H1
rigid(X,O∗X) is the image of H1

ét(X,µn)→ H1
rigid(X,O∗X).

Suppose then that (L, φ) is an element of H1(X,µn) which is in the kernel
of H1(X,µn) → H1

rigid(X,O∗X). Here L is a line bundle on X and φ is an
isomorphism L⊗n ∼= OX .
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As (L, φ) is in the kernel, we have that there is an isomorphism
ψ : L ∼= OX . It follows that ψ ◦ φ−1 is an automorphism of OX and hence is
given by an element of H0

rigid(X,O∗X). Hence the above sequence is exact.�

A.4.6. Proposition. Let {Xi}i∈I be an admissible open covering of a rigid
analytic spaceX with nerve of dimension ≤ 1. Then there is an exact sequence

0→ H0
ét(X,µn)→

∏

i

H0
ét(Xi, µn)→

∏

i�=j
H0

ét(Xi ∩Xj , µn)→

H1
ét(X,µn)→

∏

i

H1
ét(Xi, µn)→

∏

i�=j
H1

ét(Xi ∩Xj, µn)

Proof. It is assumed that the index set I is well ordered by > and that the
products

∏
i,j are over pairs i, j such that i > j. That the nerve of the covering

{Xi}i∈I has dimension ≤ 1, means that Xi ∩Xj ∩Xk is empty for any triple
of distinct indices i, j, k.

That the sequence

0→ H0
ét(X,µn)→

∏

i

H0
ét(Xi, µn)→

∏

i�=j
H0

ét(Xi ∩Xj , µn)

is exact is then the definition of µn being a sheaf on X .
The coboundary map

∏

i�=j
H0

ét(Xi ∩Xj , µn)→ H1
ét(X,µn)

is defined as follows. Let fij ∈ H0
ét(Xi∩Xj , µn) for all i �= j, where i > j. It is

required to define an element (L, φ) of H1
ét(X,µn). On every open subscheme

Xi we have the sheaf OXi . Define an isomorphism of sheaves for every i > j

φij : OXi∩Xj → OXi∩Xj

by h �→ hfij . We have that φ⊗nij is the identity map OXi∩Xj → OXi∩Xj . We
may then use the φij to glue the sheaves OXi together to obtain a locally free
rank 1 sheaf L on X . As φ⊗nij is the identity map for all i > j we have that
there is an isomorphism of sheaves of OX -modules φ : L⊗n → OX . This pair
(L, φ) ∈ H1

ét(X,µn) is the image of {fij}ij . It is now evident that the kernel
of the coboundary map

∏
i�=j H

0
ét(Xi ∩Xj, µn) → H1

ét(X,µn) is equal to the
image of

∏
iH

0
ét(Xi, µn)→

∏
i�=j H

0
ét(Xi ∩Xj, µn).

Suppose now that (L, φ) in H1
ét(X,µn) is in the kernel of

H1
ét(X,µn)→

∏
iH

1
ét(Xi, µn). Then the restriction of (L, φ) to each Xi is

isomorphic to OX . But φ is an isomorphism L⊗n ∼= OX . Hence there is an
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isomorphism for all i
ψi : L|Xi ∼= OXi .

such that
ψ⊗ni : L⊗n|Xi ∼= OX

coincides with the restriction φ|Xi of φ for all i. We obtain that on each open
subset Xi ∩Xj there are isomorphisms

L|Xi∩Xj
ψi|Xj−→OXi∩Xj

ψ−1
j
|Xi−→ L|Xj∩Xi .

We then have that fij = ψi|Xj ◦ψ−1
j |Xi is an isomorphism OXi∩Xj → OXi∩Xj

and hence fij ∈ H0
ét(Xi ∩Xj ,O∗X); by the compatibility of the ψ⊗ni with φ,

we have that f⊗nij is equal to the identity automorphism of OXi∩Xj . Hence
we have that {fij}ij ∈

∏
i>j H

0
ét(Xi ∩ Xj , µn) and that (L, φ) is the image

of {fij}ij under the coboundary map
∏
i�=j H

0
ét(Xi ∩ Xj, µn) → H1

ét(X,µn).
This proves the exactness at H1

ét(X,µn).
Suppose now that

∏
i(Li, φi) in

∏
iH

1
ét(Xi, µn) is in the kernel of

∏

i

H1
ét(Xi, µn)→

∏

i�=j
H1

ét(Xi ∩Xj , µn).

Then the image of
∏
i(Li, φi) in

∏
i�=j H

1
ét(Xi ∩ Xj, µn) is the product∏

i�=j(Li ⊗ L
−1
j , φi ⊗ φj); here φj denotes the isomorphism L⊗−nj

∼= OX ob-
tained from φj . Hence we have that for all i �= j then Li ⊗L−1

j is isomorphic
to OX on Xi ∩Xj ; that is to say the restrictions of Li and Lj to Xi ∩Xj are
isomorphic for all i �= j. As this holds for all i, j there is then a locally free
sheaf L of rank 1 on X whose restriction to Xi is isomorphic to Li for all i; it
follows easily that L⊗n is isomorphic to OX on X and hence there is a pair
(L, φ) whose restriction to Xi is isomorphic to (Li, φi) for all i. �

A.5 The space Ωd

(A.5.1) We have the following notation, as in §2.1 of the main text:

k is a finite field with q = pm elements;
C/k is an integral smooth 1-dimensional projective k-scheme, where k is

the exact field of constants (a curve);
∞ is a closed point of C/k;
Caff is the affine curve C − {∞};
A is the coordinate ring H0(Caff ,OCaff ) of the affine curve Caff ;
F is the fraction field of A (that is, the function field of C/k);
κ(z), where z is a closed point of C, is the residue field at z.
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(A.5.2) Let F∞ be the completion of the field F at ∞; in this way, F∞ is a
local field of positive characteristic and containing F . Let F∞ be the algebraic
closure of F∞. Let F̂∞ be the completion of F∞.

(A.5.3) Let

Ωd(F̂∞) = Pd−1(F̂∞) \
⋃

(F∞ − rational hyperplanes).

That is to say, Ωd(F̂∞) is obtained from Pd−1(F̂∞) by removing all hyper-
planes which are rational over the subfield F∞.

The subset Ωd of Pd−1(F̂∞) is open. Denoting a point of Pd−1(F̂∞) by
homogeneous coordinates (x1 : . . . : xn), the group GLd(F∞) of invertible
matrices g = (aij) with coefficients in F∞ acts on Ωd via the linear fractional
transformations, for all ω ∈ Ωd, ω = (ω1 : . . . : ωd),

g.ω = ((gω)1 : . . . : (gω)d).

(A.5.4) Let

W d = {x ∈ Ad(F̂∞) | x is not contained in any hyperplane defined over F∞}.

The spaces W d, Ωd have a natural action of GLd(F∞) as rigid analytic auto-
morphisms.

Let Af denote the ring of finite adèles, that is, the subring of the ring of
adèles A without the component at ∞. We have Af = Â ⊗A F where Â is
the profinite completion of A.

A.5.5. Theorem. (Drinfeld) (i) The spacesW d, Ωd are admissible open sub-
sets of Ad,Pd−1, respectively.
(ii) The group GLd(F∞) acts by rigid analytic automorphisms on W d and
Ωd.
(iii) If Γ ⊆ GLd(F∞) is a discrete subgroup then the quotients Ωd/Γ
and W d/Γ have natural rigid analytic structures where the natural maps
Ωd → Ωd/Γ , W d →W d/Γ are rigid analytic morphisms. �

A.6 The moduli scheme Md
I

Let S be a locally noetherian A-scheme.

(A.6.1) A Drinfeld module of rank d over a locally noetherian scheme S is
given by a pair (GL, φ) where L is a line bundle on S and φ is a k-algebra
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homomorphism
φ : A→ End(GL)

where GL is the additive S-group scheme

GL = SpecOS

∞⊕

n=0

L⊗n.

This pair (GL, φ) further satisfies the conditions that if a ∈ A and the cardi-
nality of A/(a) is equal to qm, where q = |k| and F is the Frobenius x �→ xq ,
then

φ(a) = aF 0 +
dm∑

i=1

φi(a)F i

and the section φdm(a) is nowhere zero.

(A.6.2) Let (D1, φ1), (D2, φ2) be two Drinfeld modules over a locally noethe-
rian scheme S. A homomorphism from D1 to D2 is a homomorphism of S-
group schemes f ∈ HomS(GL1 , GL2) such that fφ1 = φ2f .

(A.6.3) Let I be a non-zero ideal of A. A full level I-structure on the rank
d Drinfeld module D/S is a finite flat subgroup-scheme Z/S of GL/S and a
homomorphism of A-modules

ψ : (I−1/A)d → GL(S)

such that there is an equality of relative Cartier divisors
∑

m∈(I−1/A)d

ψ(m) = Z.

Note that GL(S) = Γ (S,L); hence the image of the full level I-structure
ψ lies in Γ (S,L).

A.6.4. Theorem. (Drinfeld, [Dr1, Prop. 5.3], [DH, Chapter I, Theorem 6.2])
Let I be a non-zero ideal of A such that the ring A/I contains at least two
distinct maximal ideals. Then the functor on the category A− Sch of locally
noetherian A-schemes given by

A− Sch→ Sets

S �→






S − isomorphism classes of pairs (D,Z) where D/S
is a Drinfeld module of rank d and Z/S is a

full level I − structure on D






is representable by a scheme Md
I of finite type over Spec A and of relative

dimension d− 1. �
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Compactification of M2
I

(A.6.5) For the case where d = 2, the moduli scheme M2
I admits a compacti-

fication as described in the next theorem.

A.6.6. Theorem. (Drinfeld, [Dr1, Prop.9.3]) The modular surface M2
I can

be compactified into a smooth surface M
2

I/k containing M2
I as an open ev-

erywhere dense subscheme such that the morphism M2
I → Spec A extends to

a proper smooth morphism M
2

I/k→ Spec A and M
2

I \M2
I is finite over Spec

A. �

(A.6.7) If J ⊂ I is an ideal of A contained in I then we have a transition
morphism

Md
J →Md

I .

Set
Md = lim←−M

d
I

where the limit is over all non-zero ideals I of A such that A/I has at least
two maximal ideals.

The compactification M̄2
I of M2

I (theorem A.6.6) is compatible with the
transition morphisms M2

J →M2
I , where J ⊂ I, and one puts

M̄2 = lim←− M̄
2
I .

Action of GL(d,Af )/F ∗ on Md

(A.6.8) Let Af denote the ring of finite adèles, as in (A.5.4). Then
F ∗\GL(d,Af ) acts on Md; the action is described in this way.

Let D/S be a Drinfeld module of rank d represented by the pair (L, ψ).
Let GL be the additive S-group scheme associated to L (see (A.6.1)). Let

φ : (F/A)d → GL(S)

be a homomorphism of A-modules such that for each non-zero ideal I of A
the restriction of φ to (I−1/A)d is a full level I-structure. Let g ∈ GL(d,Af )
be a matrix with coefficients in Â, where Â is the profinite completion of A.
Then g can be considered as an endomorphism of (F/A)d. Its kernel P is a
finite A-module. The divisor

H =
∑

a∈P
[φ(a)]
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is then an A-invariant subgroup scheme of GL and the quotient D/H is a
Drinfeld module over S of rank d represented by a pair (L1, ψ1), say. Let GL1

be the additive S-group scheme associated to L1. We may then define a homo-
morphism of A-modules φ1 : (F/A)d → GL1 so that we have a commutative
diagram

φ
(F/A)d → GL
g ↓ ↓

(F/A)d → GL1

φ1

We have that for any non-zero ideal I the restriction of φ1 to (I−1/A)d

is a full level I-structure. This defines the action on Md of matrices in
GL(2,Af ) whose coefficients are in Â. The diagonal elements of GL(2,Af )
with coefficients in A act trivially on Md hence we finally obtain an action of
GL(2,Af )/F ∗ on Md. This gives the first part of the next theorem A.6.9

For the case where d = 2, the action of GL(2,Af )/F ∗ on M2 extends to
an action on the compactification M̄2.

A.6.9. Theorem. (Drinfeld) (i) There is a left action of GLd(Af )/F ∗ onMd.

(ii) Let ŨI be the kernel of the natural map GLd(Â)→ GLd(Â/IÂ). Then we
have ŨI\Md =Md

I . �

A.7 An analytic description of Md
I

(A.7.1) Let L be a finite extension field of F∞, the completion of F at ∞.
Let Lsep be the separable closure of L. A lattice over L is a finitely generated
discrete A-submodule Λ of Lsep invariant with respect to Gal(Lsep/L). The
rank of a lattice Λ is the dimension of the F -vector space Λ⊗A F .

For 2 lattices Λ1, Λ2 over L of rank d, a morphism from Λ1 to Λ2 is an
element α ∈ L such that αΛ1 ⊆ Λ2. Composition of morphisms is obtained
by multiplication by elements of L.

(A.7.2) Let Λ be a lattice of rank d over L. Put

eΛ(z) = z
∏

λ∈Λ,λ�=0

(
1− z

λ

)
.

Then eΛ is an entire function on L, the algebraic closure of L, and is called
the exponential function associated to the lattice Λ.
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(A.7.3) This function eΛ has an expansion of the form, where cn ∈ L for all
n,

eΛ(z) =
∞∑

n=0

cnz
qn

and is a surjective additive k-linear homomorphism L→ L with kernel equal
to Λ. It induces an isomorphism of rigid analytic spaces L/Λ ∼= L. The result-
ing composite homomorphism φ : A → L → L/Λ ∼= L where the first map is
the natural inclusion, the second is the quotient map by Λ, is then a Drinfeld
module D(Λ) of rank d over L.

This construction Λ→ D(Λ) then gives rise to the equivalence of categories
of the next theorem A.7.4.

A.7.4. Theorem. (Drinfeld, [Dr1, Prop. 3.1]) The category of Drinfeld mod-
ules of rank d over L is isomorphic to the category of lattices of rank d over
L. �

(A.7.5) Take Af to be a discrete set and put

Ω̃d = (GLd(Af )×Ωd)/GLd(F )

W̃ d = (GLd(Af )×W d)/GLd(F ).

(A.7.6) The isomorphism classes of rank d projective A-modules are repre-
sented by direct sums

⊕d
i=1 Ii where Ii are fractionary ideals ofA. Let Picd(A)

denote the set of isomorphism classes of rank d projective A-modules.

(A.7.7) We have isomorphisms, where ŨI is as in theorem A.6.9,

ŨI\Ω̃d =
⋃

Y ∈Picd(A)

GL(Y )\(Ωd ×GLd(Y/IY ))

ŨI\W̃ d =
⋃

Y ∈Picd(A)

GL(Y )\(W d ×GLd(Y/IY )).

The sets ŨI\Ω̃d and ŨI\W̃ d are then disjoint unions of rigid spaces of the
form GL(Y )\Ωd and GL(Y )\W d. These images of GL(Y )\Ωd, GL(Y )\W d in
the above decompositions are called the components.

A.7.8. Remark. The quotients ŨI\Ω̃d and ŨI\W̃ d are rigid analytic spaces
associated to the moduli scheme Md

I of rank d Drinfeld modules with level I
structure (see theorem A.8.7).
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A.8 Rigid analytic modular forms

In this section we define rigid analytic modular forms. These were first defined
by Goss [Go2]. They are modular forms associated to Drinfeld modules and
with values in algebras of finite characteristic.

(A.8.1) Let w ∈ Z. Let R be a noetherian A-algebra. A modular form over R
of rank d weight w is a rule F which to each Drinfeld module D = (GL, φ) of
rank d defined over a locally noetherian R-scheme S assigns a section

F(D) ∈ Γ (S,L−⊗w)

which satisfies the two conditions for any morphism of locally noetherian R-
schemes g : S′ → S:

(a) We have F(g∗D) = g∗F(D).

(b) Suppose over S′ there is a nowhere vanishing section α of g∗L. Then
the element

F(g∗D).α⊗w ∈ Γ (S′,OS′)
depends only on the S′-isomorphism class of (D,α).

A.8.2. Remarks. (1) Modular forms may be defined on the category of Drinfeld
modules of rank d equipped with supplementary structures.

For example, let I be a non-zero ideal of A. A modular form F of full level
I and weight w is defined in the same way except that F is a rule on pairs
(D,ψ) where D is a Drinfeld module of rank d and equipped with a full level
I-structure ψ.

Similarly, for modular forms of rank 2 and weight w defined on pairs (D,Z)
where Z is an I-cyclic subgroup of D (see definition 2.4.2).

(2) A modular form satisfying the previous definition is more precisely called
an algebraic modular form, to distinguish it from the analytic modular forms
defined in §A.9.

A.8.3. Examples. (1) Let a ∈ A. With the notation of (A.6.1), then φi(a)
is a form of weight qi − 1.
(2) Let ψ be a full level I-structure on any Drinfeld D/S module of rank d.
Then by definition ψ is a homomorphism of A-modules (see (A.6.3))

ψ : (I−1/A)d → GL(S) = Γ (S,L).

satisfying the conditions of the full level I-structure. Let α be a non-zero
element of (I−1/A)d. Then ψ(α), as (D,ψ) varies, is a modular form of weight
−1 and level I.
(3) Eisenstein series provide examples of modular forms (see §A.11).



A.9 Analytic modular forms 451

A.8.4. Definition. Let Hd be the graded ring of modular forms of rank d
over A. Let Hd

I be the graded ring of modular forms of rank d and level I over
A.

A.8.5. Theorem. (Goss, [Go2, Theorem 1.18]) (i) The scheme Spec Hd rep-
resents isomorphism classes of pairs (D,ω) where D = (GL, φ) is a Drinfeld
module of rank d and ω is a nowhere vanishing section of L.
(ii) Assume that A/I has at least two elements. The scheme Spec Hd

I repre-
sents isomorphism classes of triples (D,ω, ψ) where D = (GL, φ) is a Drinfeld
module of rank d and ω is a nowhere vanishing section of L and where ψ is a
full level I-structure on D. �

A.8.6. Remarks. (1) The natural map Spec Hd
I → Md

I is a principal Gm-
bundle.
(2) The rings Hd

I , H
d are regular finitely generated k-algebras of dimension

d + 1. As A-algebras they are flat and are smooth away from Spec A/I (see
[Go2, Theorem 1.21]).

A.8.7. Theorem. (Drinfeld, Goss, [Go2, Theorem 1.39]) Assume that A/I
has at least two maximal ideals. Then there are isomorphisms of rigid analytic
spaces

ŨI\Ω̃d = (Md
I ⊗ F∞)an

ŨI\W̃ d = (Spec(Hd
I )⊗ F∞)an. �

A.9 Analytic modular forms

(A.9.1) Let Ωd,W d be as in §A.5. The spaces W d, Ωd have a natural action
of GLd(F ) as rigid analytic automorphisms. As in (A.5.4), let Af denote the
ring of finite adèles, that is, the subring of the ring of adèles A without the
component at ∞.

A.9.2. Theorem. (Goss) Let F be a modular form of rank d, full level I and
weight w defined over a finite extension field K of F∞. Then F gives rise to a
rigid analytic function f on W̃ d defined over K. On each component we have
f(cx) = c−wf(x) for all x ∈W d and c ∈ F ∗∞.

[This follows immediately from theorem A.8.7.] �

(A.9.3) For any projective A-module Y of rank d, put

ΓY = GL(Y )

and
ΓY (I) = ker(GL(Y )→ GL(Y/IY )).
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Recall that we have (see (A.7.7))

ŨI\W̃ d =
⋃

Y ∈Picd(A)

GL(Y )\(W d ×GLd(Y/IY )).

In particular, a rigid analytic function on ŨI\W̃ d has a restriction to each
component ΓY (I)\W d. for every projective A-module Y of rank d.

(A.9.4) Let f : W̃ d → F̂∞ be the rigid analytic function associated to the
modular form F of rank d, full level I and weight w defined over a finite
extension field K of F∞.

Let f also denote the restriction of f to a component Ωd by sending x ∈ Ωd
to (x, 1) ∈ W d and where the component is associated to the projective A-
module Y of rank d.

Let g ∈ ΓY (I) and let

gt =
(
G b
c d

)

where G is a d− 1 × d− 1-minor and d is a scalar. Then we have, where the
dot notation is the scalar product,

f

(
xG+ bt

x.ct + d

)
= f(x)(x.ct + d)w.

A.9.5. Definition. A rigid function f : W d → F̂∞ satisfying the above
transformation property of (A.9.4) is said to be an analytic modular form of
level I, weight w and type Y .

In the particular case of rank 2, a rigid analytic modular form f of weight
w, level I and type Y satisfies the transformation property for all g ∈ ΓY (I)
and where

gt =
(
a b
c d

)

we have

f

(
ax+ b
cx+ d

)
= f(x)(cx + d)w.

A.9.6. Remark. Analytic modular forms f : W d → F̂∞ may be defined simi-
larly for any discrete group of finite index Γ of GL(Y ).

A.10 q-expansions at the cusps of M
2

I

(A.10.1) Let I be a non-zero ideal of A such that A/I has at least two maximal
ideals. By theorem A.8.7 and (A.7.7) we have for d = 2 an isomorphism of
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rigid analytic spaces

(M2
I ⊗ F∞)an =

⋃

Y ∈Pic2(A)

GL(Y )\(Ωd ×GL2(Y/IY )).

(A.10.2) Let Y be a projective A-module of rank 2. The rigid analytic space
ΓY (I)\Ω2 is the analytification of a smooth connected affine curve over F∞.
This affine curve has a natural compactification to a smooth projective curve
which is obtained by adding a finite set of points called the cusps.

More generally for any discrete subgroup of finite index Γ of GL2(Y ), the
rigid analytic space Γ\Ω2 is the analytification of a smooth connected affine
curve over F∞ which can be compactified by the addition of a finite set of
cusps.

A.10.3. Theorem. The cusps of Γ\Ω2 are in bijection with the elements of
Γ\P1(F ). In particular, the cusps of GL2(Y )\Ω2 are in bijection with Pic(A).
�

[For more details see [Go2, Prop. 1.78] and [PT]; see also definition
B.5.14(2) and theorem B.5.18 of Appendix B].

A.10.4. Remark. A point of P1(F ) represents a 1-dimensional subspace over
F of F 2. This line then induces a cusp (or an end) of the Bruhat-Tits building
T associated to F with respect to the valuation at ∞ (see §B.5 of Appendix
B).

The above theorem A.10.3 is then equivalent to the assertion that the
cusps of the quotient Γ\T are in bijection with the elements of Γ\P1(F ). For
the case where Γ is the group GL2(Y ) this is proved in theorem B.5.18(i) of
Appendix B.

(A.10.5) Let Y be a projective A-module of rank 2. Let α ∈ P1(F ) so that α
corresponds to a cusp of ΓY (I)\Ω2. Select an element ρα ∈ SL2(F ) such that

ρα(α) =∞.

(A.10.6) Let Γα ⊆ ΓY (I) be the stabilizer of α, where ΓY (I) is as in (A.9.3).
Then ραΓαρ−1

α is the group of translations by a fractional ideal Cα of A (for
the proof see [Go2, Prop. 1.69]).

A.10.7. Definition. Put

eα(z) = z
∏

β∈Cα, β �=0

(
1− z/β) and qα = 1/eα.
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A.10.8. Theorem. (Goss, [Go2, Theorem 1.76]) At the cusp α of ΓY (I)\Ω2,
qα is an analytic local parameter. �

(A.10.9) Let f be an analytic modular form of level I, weight w, and type Y
(definition A.9.5). If

ρ−1
α (z) =

az + b
cz + d

for all z

then
f(ρ−1

α (z))
(cz + d)w

determines an analytic germ
∑

−∞<n<+∞
anq

n
∞

by theorem A.10.8 where q∞ is the analytic local parameter at ∞.
The series

∑

−∞<n<+∞
anq

n
∞ is the analytic q-expansion at the cusp α of f .

A.10.10. Theorem. (Goss, [Go2, Theorem 1.79]) (i) An analytic modular
form of level I, weight w, and type Y is an algebraic modular form (see
(A.8.1)) if and only if at each cusp the q-expansion is finite tailed.
(ii) The space of analytic modular forms of full level I, weight w, type Y , and

holomorphic at the cusps, is finite dimensional over F̂∞ �

A.11 Eisenstein series

(A.11.1) Let L be a finite extension field of F∞, the completion of F at∞. Let
Lsep be the separable closure of L. Let Λ be a lattice over L of rank d, that
is to say Λ is a finitely generated discrete A-submodule Λ of Lsep invariant
with respect to Gal(Lsep/L) (see (A.7.1)).

(A.11.2) For any positive integer j ∈ N \ {0}, the Eisenstein series Ej(Λ) is
the element of L given by

Ej(Λ) =
∑

λ∈Λ
λ �=0

λ−j .

Suppose that Λ is equipped with a full level I-structure, where I is a non-zero
ideal of A; that is to say, there is an isomorphism of A-modules

Ψ : (I−1/A)d ∼= I−1Λ/Λ.

Let x be an element of (I−1/A)d. The Eisenstein series Ejx,I(Λ) is the element
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of Lsep given by
Ejx,I(Λ) =

∑

α∈I−1Λ, α �=0
α≡Ψ(x) (mod Λ)

α−j .

A.11.3. Examples. (1) Let Y be a projective A-module of rank 2 which is a

submodule of F̂∞. Then Y is isomorphic to I1⊕ I2 where I1, I2 are invertible
ideals of the Dedekind domain A. For all z ∈ Ω2(F̂∞) we have

Ej(I1z + I2) =
∑

(c1,c2)∈Y
(c1,c2)�=0

(c1z + c2)−j .

By multiplying I1z + I2 by elements of k∗, it is evident that Ej(I1z + I2) is
zero unless the weight j is divisible by |k|− 1. Furthermore, z �→ Ej(I1z+ I2)
is then a function Ω2 → F̂∞ which evidently satisfies the transformation
property of (A.9.4), that is to say for all g ∈ ΓY (I) where

gt =
(
a b
c d

)

we have

f

(
ax+ b
cx+ d

)
= f(x)(cx + d)j .

(2) More generally, let I1, . . . , Id be invertible ideals of A. and let Y =
⊕d

i=1 Ii.

Let w = (w1, . . . , wd) ∈ W d. Then Λ(w) =
∑

i Iiwi is also a lattice in F̂∞
and is isomorphic to Y as an A-module. Suppose that there is given an iso-
morphism of A-modules

Ψ : (I−1/A)d ∼= I−1Y/Y.

That is to say, Ψ is a full level I-structure on Y . By composing Ψ with the
natural isomorphism I−1Λ/Λ ∼= I−1Λ(w)/Λ(w), the isomorphism Ψ induces
a full level I-structure on Λ(w)

Ψ(x) : (I−1/A)d ∼= I−1Λ(w)/Λ(w).

For any element x of (I−1/A)d, we have the Eisenstein series, Ej(Λ(w)) and
Ejx,I(Λ(w)); these series as functions of w are then defined on W d.

A.11.4. Proposition. ([Go2, Theorem 2.3, Corollary 2.4]) The functions
w �→ Ej(Λ(w)) and w �→ Ejx,I(Λ(w)) are rigid analytic on W d and are rigid
analytic modular forms of weight j, type Y, for the groups ΓY and ΓY (I),
respectively. �
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A.11.5. Remark. It may be shown (see [Go2]) that the functions
w �→ Ej(Λ(w)) and w �→ Ejx,I(Λ(w)) are algebraic modular forms in the
sense of (A.8.1) and are holomorphic at the cusps.

A.12 Hecke operators

(A.12.1) Let Λ be a lattice in F̂∞ of rank d, that is to say Λ is a finitely
generated discrete A-submodule of F̂∞ (note the difference of this definition
with that of (A.7.1)).

(A.12.2) Let z be a closed point of the affine curve Caff/k. Let mz be the
maximal ideal of A corresponding to the point z. The Hecke operator Tz is
then defined on the set of rank d lattices in F̂∞ by

Tz(Λ) =
∑

Λ′⊃Λ
Λ′

here the right hand side here is a formal sum of A-lattices Λ′ of rank d in F̂∞
such that there is an isomorphism of A-modules

Λ′

Λ
∼=
A

mz
.

(A.12.3) Suppose that Λ is equipped with a full level I structure, that is to
say, there is an isomorphism of A-modules

Ψ : (I−1/A)d ∼= I−1Λ/Λ.

Let Λ′ be an A-lattice of F sep containing Λ and such that there is an isomor-
phism of A-modules Λ′/Λ ∼= A/mz. If z is prime to A/I then the inclusion
Λ ⊂ Λ′ gives rise to an isomorphism of A-modules

I−1Λ/Λ ∼= I−1Λ′/Λ′.

Hence Ψ lifts to a full level I-structure Ψ ′ : (I−1/A)d ∼= I−1Λ′/Λ′ on Λ′.
The Hecke operator Tz is then defined on the set of pairs (Λ, Ψ) where Λ

is an A-lattice equipped with a full level I-structure Ψ ; we have

Tz(Λ, Ψ) =
∑

Λ′⊃Λ
(Λ′, Ψ ′)

here the right hand side here is a formal sum of pairs (Λ′, Ψ ′) where Λ′ is an
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A-lattice of rank d in Lsep such that there is an isomorphism of A-modules

Λ′

Λ
∼=
A

mz

and Ψ ′ is a full level I-structure on Λ′ which lifts Ψ .

(A.12.4) Let F be a modular form of rank d and weight w, and of full level I.
Let f be the rigid analytic function on W̃ d with values in F̂∞ associated to
the modular form F (theorem A.9.2).

Let I1, . . . , Id be invertible ideals of A. and let Y =
⊕d

i=1 Ii. Let w =

(w1, . . . , wd) ∈ W d. Then Λ(w) =
∑

i Iiwi is also a lattice in F̂∞ and is
isomorpic to Y as an A-module. Suppose that there is given an isomorphism
of A-modules

Ψ : (I−1/A)d ∼= I−1Y/Y.

That is to say, Ψ is a full level I-structure on Y . By composing Ψ with the
natural isomorphism I−1Λ/Λ ∼= I−1Λ(w)/Λ(w), the isomorphism Ψ induces
a full level I-structure on Λ(w)

Ψ(w) : (I−1/A)d ∼= I−1Λ(w)/Λ(w).

Assume that Y is equipped with a full level I-structure for each represen-
tative Y of the elements of Picd(A). We then define Tzf via the formula: let
Λ(w), where w ∈W d, be a lattice isomorphic to Y . Put

(Tzf)(Λ(w), Ψ) =
∑

Λ′⊃Λ(w)

f(Λ′, Ψ ′)

where the right hand side here is a sum of pairs (Λ′, Ψ ′) such that Λ′ is an

A-lattice of rank d in F̂∞ equipped with an isomorphism of A-modules

Λ′

Λ
∼=
A

mz
.

and Ψ ′ is a full level I-structure on Λ′ which lifts Ψ .

A.12.5. Remark. Let I be a non-zero ideal of A. Let Â be the profinite com-
pletion of A and let Γ0(I) be the compact open subgroup of finite index of

GL2(Â) of matrices
(
a b
c d

)
such that c ∈ IÂ. Then Γ0(I) is an arithmetic

subgroup of GL2(Â) as it contains ŨI (definition B.4.7).
Let F be a modular form of rank 2 and weight w, with respect to the

subgroup Γ0(I); that is to say an algebraic modular form of weight w on
Drinfeld modules of rank 2 equipped with an I-cyclic structure (see remarks
A.8.2(1), and (B.11.14) of Appendix B).
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Let f be the rigid analytic function on W̃ 2 with values in F̂∞ associated
to the modular form F .

Let I1, I2 be invertible ideals ofA. and let Y =
⊕2

i=1 Ii. Let w = (w1, w2) ∈
W 2. Then Λ(w) =

∑
i Iiwi is also a lattice in F̂∞ and is isomorpic to Y as an

A-module. Suppose that there is given an isomorphism of A-modules

Ψ : I−1/A ∼= Y ′/Y.

That is to say, Ψ is an I-cyclic structure on Y . By composing Ψ with the
natural isomorphism I−1Λ/Λ ∼= I−1Λ(w)/Λ(w), the isomorphism Ψ induces
a Hecke level I-structure on Λ(w)

Ψ(w) : I−1/A ∼= Λ′(w)/Λ(w).

Assume that Y is equipped with an I-cyclic structure for each represen-
tative Y of the finitely many elements of Pic2(A). We then define Tzf for z
prime to Spec A/I via the formula: let Λ(w), where w ∈ W 2, be a lattice
isomorphic to Y . Put

(Tzf)(Λ(w), Ψ) =
∑

Λ′⊃Λ(w)

f(Λ′, Ψ ′)

where the right hand side here is a sum of pairs (Λ′, Ψ ′) such that Λ′ is an

A-lattice of rank d in F̂∞ equipped with an isomorphism of A-modules

Λ′

Λ
∼=
A

mz
.

and Ψ ′ is an I-cyclic structure on Λ′ which lifts Ψ .

A.13 Elliptic curves over F and modular forms

(A.13.1) Let E/F be an elliptic curve with split multiplicative reduction at∞.
Let I, which is an ideal of A, be the conductor of E without the component
at∞. Then there is a finite surjective morphism of F -schemes (theorem 4.7.1;
see also theorem B.11.17 of Appendix B).

ψ : XDrin
0 (I)→ E.

(A.13.2) Let l be a prime number different from the characteristic of F . Let
Tl(E) be the l-adic Tate module of E equipped with its action by the Galois
group Gal(F sep/F )

ρ : Gal(F sep/F ) −→ EndZl(Tl(E)).
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For z a place of F we write az for the trace of a Frobenius above z

az = Tr(ρ(Frobz)|Tl(E)Iz )

where Iz denotes an inertia subgroup of Gal(F sep/F ) over z and Frobz de-
notes a corresponding Frobenius element above z. We then have (see examples
5.3.18(1))

az = |Ez(κ(z))| − 1− |κ(z)|

where Ez denotes the closed fibre above z of the Néron model of E.

(A.13.3) The curve XDrin
0 (I)/F admits the analytic parametrisation over F̂∞

Γ0(I)\Ω̃2 → XDrin
0 (I)(F̂∞).

where Γ0(I) is the arithmetic subgroup of GL2(Â) of matrices
(
a b
c d

)
such

that c ∈ IÂ (see also (B.11.14) of Appendix B).
LetK be the canonical line bundle on E and let ω ∈ Γ (E,K) where ω �= 0;

that is to say, ω is a non-zero differential on E and is uniquely determined up
to multiplication by a scalar. Then ψ∗ω is a rigid analytic modular form on
Ω̃2 with respect to the arithmetic subgroup Γ0(I) of GL2(Â).

(A.13.4) The Hecke correspondances Tz for all closed points z �=∞ of C dis-
joint from Spec A/I are defined in (4.5.2) and in §A.12 on the curve XDrin

0 (I);
we have that Tz acts on the elliptic curve E by multiplication by az for all
closed points z �= ∞ of C disjoint from Spec A/I (theorem 4.5.7 “Eichler-
Shimura congruence”). We then obtain that Tz acts on the space of differen-
tials Γ (E,K) by multiplication by az modulo p, where p is the characteristicof
F . The integer az satisfies the congruence

az ≡ |Ez(κ(z))| − 1 (mod p).

We then have that Tz acts as multiplication by az on the rigid analytic mod-
ular form ψ∗ω for all z disjoint from Spec A/I and∞. The following theorem
is then an immediate consequence.

A.13.5. Theorem. The rigid analytic modular form ψ∗ω is an eigenvector
of the Hecke operators Tz for all z disjoint from Spec A/I and ∞ and the
corresponding eigenvalues are the reductions modulo p of the traces az of the
Frobenius elements for all such z. �

[This result is given in [Br2, Theorem 4.1] for the case where F is the
rational field Fq(T ).]



Appendix B

Automorphic forms and elliptic curves over
function fields

In this appendix Drinfeld’s proof is given for GL2 of global fields of positive
characteristic of the Langland’s conjecture for automorphic representations
and galois representations which are special at ∞; furthermore, we give the
application of this to elliptic curves over function fields, that is to say the
analogue for function fields of the Shimura-Taniyama-Weil conjecture (see
§B.11 and theorem 4.7.1 in the main text).

In the final part, we briefly state the generalisation of Drinfeld’s work to
the Langlands conjecture for GLn by Lafforgue [La].

[The proof given in appendices A and B of the main theorem B.9.4 is
complete except that the existence of the moduli schemesM2

I (theorem A.6.4)
and their analytic description (theorems A.7.4 and A.8.7) are assumed. For
proofs of these results on the moduli schemes M2

I , see [Dr1] or [DH].]

B.1 The Bruhat-Tits building for PGL over a local field

(B.1.1) Let L be a non-archimedean local field with discrete valuation ring R.
Let |.| be the absolute value on L normalised so that |π| = q−1 where π is a
local parameter of R and q is the cardinality of the residue field of R.

Let V be a finite dimensional vector space over L.
A norm on V is a map α : V → R such that

(i) α(x) ≥ 0 for all x ∈ V and α(x) = 0 if and only if x = 0;
(ii) α(x + y) ≤ max(α(x), α(y)) for x, y ∈ V ;
(iii) α(ax) = |a|α(x) for all a ∈ L and all x ∈ V .

The properties (i) and (ii) say that d(x, y) = α(x−y) is an ultrametric distance
on V .
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(B.1.2) If α is a norm then the dialation tα is a norm for any real number
t > 0. Let N(V ) denote the set of dialation classes of norms on V .

(B.1.3) We write α(V ) for the set of values taken by the norm α on V . A
norm α is integral if for some real number t > 0 then tα(V ) ⊆ qZ ∪ {0}.

In the same way, a norm α is rational if for some real number t > 0 then
tα(V ) ⊆ qQ ∪ {0}.

Let Λ be an R-lattice of V (that is to say, Λ is a noetherian R-submodule
of V which generates V as an L-vector space). Define

αΛ(x) = inf{1/|a| | ax ∈ Λ}.

Then αΛ is an integral norm on V (exercise B.1.9(2)). Furthermore, a norm
α is in the dialation class of such a norm αΛ constructed from a lattice Λ if
and only if α is integral norm (exercise B.1.9(3)).

(B.1.4) Let PGL(V ) denote GL(V )/L∗. The Bruhat-Tits building I(V ) for
the group PGL(V ) over L is the simplicial complex whose vertices are the
dialation classes [Λ] of lattices Λ in V and whose simplices are sets of vertices
(v0, . . . , vn) where up to permutation of the indices vi = [Λ(i)] there is a chain

Λ(0) ⊃ Λ(1) ⊃ . . . ⊃ πΛ(0)

of strict inclusions. The group GL(V ) acts as a group of automorphisms of
the building I(V ).

[For the case of SL2(L) see §3.1. For details on the apartments of this
building I(V ) and the associated Tits system, see [Bro2].]

(B.1.5) The geometric realisation of the Bruhat-Tits building I(V )R is the
subset of elements (tv)v of

∏

v∈vert(I(V ))

[0, 1]

where vert(I(V )) is the set of vertices of I(V ) and such that {v| tv �= 0} is a
simplex of I(V ) and

∑
v tv = 1.

For each simplex σ = {v0, . . . , vn} of I(V ), its geometric realisation |σ| ⊂
I(V )R is the subset of (tv)v ∈ I(V )R with tv = 0 for all v �∈ σ. The subset
|σ| of I(V )R is compact for all simplices σ; the complex I(V )R is the union
of all |σ| where σ runs over all simplices of I(V ) and the topology on I(V )R
is defined to be the inductive topology on this union where M is closed in
I(V )R if and only if M ∩ |σ| is closed for all simplices σ of I(V ). In this way
I(V )R is a CW-complex.

(B.1.6) The set I(V )Q ⊂ I(V )R of elements (tv)v such that tv ∈ Q for all v, is
dense in I(V )R. The set I(V )Q corresponds to the dialation classes of rational
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norms; the set I(V )Z may be identified with the dialation classes of integral
norms, that is to say with the vertices of I(V ).

(B.1.7) Define a map from I(V )R to the dialation classes of norms on V

Θ : I(V )R → N(V )

in the following way. Let σ = {v0, . . . , vn} be a simplex of I(V ) and let
t = (tv)v ∈ |σ| be a point. Write ti = tvi . By permuting the indices may
suppose that tn > 0 and that there are lattices Λ(i) ∈ vi with Λ(0) ⊃ Λ(1) ⊃
. . . ⊃ πΛ(0) and where all inclusions of this chain are strict. Put

Θ(t) = sup
i

(qti+...+tnαΛ(i)).

B.1.8. Theorem. The map Θ : I(V )R → N(V ) is a bijection taking the
vertices onto the set of classes of integral norms and I(V )Q onto the set of
classes of rational norms.

[The proof of this theorem is exercise B.1.9(5) below.] �

B.1.9. Exercises. (1) Let v1, . . . , vm be a basis of V and let r1 > 0, . . . , rm > 0 be
real numbers. Show that the map α : V → R given by

α(

m∑

i=1

aivi) = max
i

ri|ai|

is a norm on V . Show that every norm on V takes this form for a choice of basis
v1, . . . , vm and real numbers ri > 0.

(2) Let Λ be an R-lattice of V . Define

αΛ(x) = inf{1/|a| | ax ∈ Λ}.
Show that αΛ is a norm on V .

(3) Show that the following are equivalent for a real number t > 0 and a norm α on
V :

(i) α = tαΛ for some lattice Λ of V ;
(ii) α(V ) = t|L| where t|L| denotes the set of values of |.| multiplied by t;
(iii) for some basis v1, . . . , vm of V we have

α(

m∑

i=1

aivi) = tmax
i

|ai|.

(4) Let α be a norm on V . Put S = α(V )∩]1, q], where ]1, q] is the semi-open interval
of the real line joining 1 and q. For any r ∈ S, put Λ(r) = B(0, qr), the open ball in
V of centre 0 and radius qr.
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(i) Show that Λ(r) is a lattice of V for all r ∈ S.
(ii) Show that dimL(V ) ≥ 
S, where 
S denotes the cardinality of the set S, and

that α = supr∈S(rαΛ(r)).

(5) Prove theorem B.1.8 above.
[To show that Θ is bijective, use part (ii) of the preceding exercise B.1.9(4).]

(6) Let R be a discrete subring of a local field K archimedean or non-archimedean.
Assume that K/R is a compact abelian group. Let W be a finite dimensional vector
space over K; then W is a normed vector space over K and its topology is uniquely
determined.

(i) Suppose that the subgroup G of W is discrete, that is to say there is a
neighbourhood N of 0 in W such that N ∩ G = {0}. Let M be a
neighbourhood of 0 of W such that M + M ⊆ N . Show that if
M + x ∩ M + y �= ∅ where x, y ∈ G then we have x = y.

(ii) If Λ is a discrete R-module contained in W show that
dimK(Λ ⊗R K) ≤ dimK(W ).

(iii) Suppose that Λ is a projective R-submodule of W . Show that Λ is discrete
if and only if the natural map Λ ⊗R K → W is injective.

B.2 The building map on Ωd

(B.2.1) The notation we use is principally that of §2.1, namely: let

C be a smooth geometrically irreducible projective curve over a finite field
k of characteristic p;

F be the field of functions of C/k;
∞ be a place of F ;
Caff = C \ {∞} be the affine curve obtained from C by removing ∞;
A = Γ (Caff ,OC) be the coordinate ring of Caff ;
A be the adèle ring of F ;
Af be the ring of finite adèles of F (see (A.5.4));
F∞ be the completion of F at ∞;
O∞ be the ring of valuation integers of F∞;
q∞ be the order of the residue field of O∞;
|.| be the valuation on F∞ given by ∞ and normalised so that if π∞ is a

local parameter at ∞ then |π∞| = q−1∞ ;
F̂∞ be the completion of the algebraic closure F∞ of F∞;
Ωd(F̂∞) = Pd−1(F̂∞) \

⋃
(F∞ − rational hyperplanes) (see (A.5.3)).

The valuation |.| has a unique extension to the field F̂∞ which is also denoted

|.|. If S is a subset of F̂∞, write |S| for the set of real numbers which are
absolute values of elements of S.
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(B.2.2) Let z = (z1, . . . , zd) ∈ Ωd(F̂∞). The function on F d∞ given by

αz : a = (a1, . . . , ad) �→ αz(a) = |
d∑

i=1

aizi|

is a norm on the d-dimensional F∞-vector space F d∞ (exercise B.2.3(1)).
Define the building map λ by

λ : Ωd → I(F d∞)Q, z �→ λ(z) = dialation class of αz.

The image of λ lies in the subset I(F d∞)Q of I(F d∞)R because the absolute

values of elements of F̂∞ lie in qQ∞ ∪ {0}.

B.2.3. Exercises. (1) Let z = (z1, . . . , zd) ∈ F̂
d

∞. Show that the map on F d
∞ given

by

a = (a1, . . . , ad) �→ αz(a) = |
d∑

i=1

aizi|

is a norm on the F∞-vector space F d
∞ if and only if z ∈ Ωd(F̂∞). Show that for

c ∈ F̂∞ and z ∈ F̂
d

∞ we have αcz = |c|αz .

(2) Show that the map λ : Ωd → I(F d
∞)Q is GLd(F∞)-equivariant for actions on the

left. Deduce that for any subgroup Γ of GLd(F∞), there is a corresponding quotient
map

λΓ : Γ\Ωd → Γ\I(F d
∞)R.

(3) For 2 norms α, β on the vector space V = F d
∞ over F∞, define the distance

ρ(α, β) by the formula

ρ(α, β) = logq∞

(
sup

x∈V,x �=0

α(x)

β(x)

)
+ logq∞

(
sup

x∈V,x �=0

β(x)

α(x)

)
.

Show that ρ(α, β) depends only on the dialation classes of α and β. Show that ρ is
a metric on the space of dialation classes N(V ) of norms on V .

(4) (i) Let M ⊃ N ⊃ πr
∞M be lattices of V = F d

∞ over O∞ and let αM , αN be their
corresponding norms on V (exercises B.1.9(2)). If π∞M �⊃ N �⊃ πr−1

∞ M
show that ρ(αM , αN ) = r.

(ii) Show that a set of lattices M0, . . . , Mr of V determines a simplex in the
building I(F d

∞)R if and only if ρ(αMi , αMj ) = 1 for all i �= j.
[Under the isomorphism Θ : I(V )R → N(V ) of theorem B.1.8, it follows from

this exercise that the metric ρ is induced by the standard metric on the Euclidean
Bruhat-Tits building I(V )R.]

(5) Let α be the norm associated to the standard lattice Od
∞ contained in F d

∞. Let

z = (z1, . . . , zd) ∈ Ωd(F̂∞) and suppose that |zi|/|zj | �∈ qZ for all i �= j. Show that

ρ(λ(z), α) = logq∞
maxi |zi|
minj |zj | .
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B.3 Fibres of the building map on Ω2

(B.3.1) For the case where d = 2, the Bruhat-Tits building I(F 2
∞)R is a tree

T (a contractible 1-dimensional simplicial complex; see for example figures
1,2,3,4 of §3.8). The standard metric ρ on T is such the distance between
adjacent vertices is equal to 1 (exercise B.2.3(3) and (4); see also §3.1).

For any element u ∈ F̂∞, the imaginary norm |u|im of u is defined to be

|u|im = inf
a∈F∞

|u− a|.

[This is the analogue for F̂∞ of the imaginary parts of numbers in the complex
upper half-plane.]

B.3.2. Proposition. Let α be the norm associated to the standard lattice
O2∞ contained in F 2∞. Let λ : Ω2 → T be the building map. Then for all
u ∈ Ω2 we have

ρ(λ(u), α) =
{
− logq∞ |u|im, if |u| ≤ 1
− logq∞ |1/u|im, if |u| ≥ 1.

Proof. Put
S = O2

∞ \ π∞O2
∞.

The building map λ : Ω2 → T is given by (see (B.2.2))

λ(u)(a, b) = |a+ ub| for all (a, b) ∈ F 2
∞, u ∈ Ω2.

If |u| ≤ 1 then we have
sup

(a,b)∈S
|a+ bu| = 1.

Furthermore, we have

inf
(a,b)∈S

|a+ bu| = inf
|a|≤1,|b|=1

|a+ bu|

= inf
a∈O∞

|a+ u| = |u|im.

Therefore we have (by exercise B.2.3(3))

ρ(λ(u), α) = logq∞(1/|u|im)

as required.
If |u| ≥ 1 then we have by the first part

ρ(λ(u), α) = ρ(λ(1/u), α) = − logq∞(1/|u|im)

as required.�
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(B.3.3) The reduction map r : P1(F̂∞) → P1(Fq∞), where Fq∞ is the al-

gebraic closure of Fq∞ , admits a section s : P1(Fq∞) → P1(F̂∞) such that
s(0) = 0 and s(∞) =∞ and rs is the identity on P1(Fq∞).

For a metric space, we write B∗(x, c) for the closed ball with centre x and
radius c and we write B(x, c) for the corresponding open ball; for the point z

at infinity of P1(F̂∞), write B(z, c) = {z} ∪ {u ∈ F̂∞| |u| > 1/c}.

B.3.4. Corollary. Let x be the vertex of T corresponding to the standard
lattice O2∞ contained in F 2∞. For c a real number in [0, 1[ we have that

λ−1(B∗(x, c)) is equal to P1(F̂∞) minus q∞ + 1 disjoint open discs; more
precisely we have

λ−1(B∗(x, c)) = P1(F̂∞) \
⋃

x∈P1(F∞)

B(s(x), q−c∞ ).

Proof. Let u ∈ Ω2. Suppose first that |u| ≤ 1. By proposition B.3.2, we have
u ∈ λ−1(B∗(x, c)) if and only if

q−1
∞ < q−c∞ ≤ |u|im ≤ 1.

This is the case if and only if u does not lie in one of the (q∞ + 1) discs
B(s(x), q−c∞ ) for all x ∈ P1(F∞), as required.

The case where |u| > 1 now follows from this and proposition B.3.2 where
we note that u lies in one of the discs B(s(x), q−c∞ ), where x ∈ P1(F∞), if and
only if 1/u does so. �

B.3.5. Exercises. (1) Show that |.|im has the following properties.

(i) For u ∈ F̂∞, we have |u|im = 0 if and only if u ∈ F∞.

(ii) For u ∈ F̂∞ and c ∈ F∞, we have |cu|im = |c||u|im.

(iii) If u ∈ F̂∞ and |u| �∈ qZ∞ then |u|im = |u|.
(iv) Suppose that u ∈ F̂∞ and |u| = 1; let r(u) denote the residue class of u in

Fq∞ . We have |u|im = 1 if and only if r(u) ∈ Fq∞ \ Fq∞ .

(2) Let m be an integer ≥ 0 and let c be a real number in the interval [m, m + 1[.
Let x be the vertex of T corresponding to the standard lattice O2

∞ contained in F 2
∞.

Show that λ−1(B∗(x, c)) is equal to P1(F̂∞) minus (q∞ + 1)qm
∞ discs of radius q−c

∞ .

(3) Let x be the vertex of T corresponding to the standard lattice O2
∞. Let y ∈

P1(Fq∞) and let y∗ be the corresponding open edge emanating from x. Show that
all the points of B(s(y), 1) \ B∗(s(y), q−1

∞ ) of Ω2 project via λ onto the edge y∗.
Describe similarly the inverse images in Ω2 by λ of all the open edges of T .

Replacing P1(F̂∞) by the complex Riemann sphere P1(C) and replacing cor-
responding open discs by complex open discs, explain why Ω2, equipped with the
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building map λ : Ω2 → T , resembles intuitively the boundary of a tubular neigh-
bourhood of the tree T in 3-dimensional Euclidean space (see [DH, pp.63-64]).

B.4 Structures of level H on Drinfeld modules; the
moduli scheme Md

H

(B.4.1) Let U be a non-empty open subscheme of the projective curve C/k.
as in (B.2.1). Let S be a finite set of closed points of U . A locally free sheaf E
of rank n on U is trivialised over U \ S if there is an isomorphism of sheaves
of OC -modules

E|U\S ∼= OnC |U\S .

(B.4.2) Let V be the localisation of E at the generic point of U . Then V is a
vector space of dimension n over the function field F of C/k. Then E defines
for all closed points x of U a finitely generated OC,x-submodule L(x) of V ,
where OC,x is the local ring of C at x.

Let Fx denote the completion of the field F at x. Let ÔC,x denote the
completion of the discrete valuation ring OC,x; thus Fx is the fraction field of
ÔC,x. We obtain a commutative diagram of bijections

GLn(F )/GLn(OC,x) −→ {OC,x − lattices in Fn}
↓ ↓

GLn(Fx)/GLn(ÔC,x) −→ {ÔC,x − lattices in Fnx }

(B.4.3) If E is trivialised over U \ S then there is a basis x1, . . . , xn of V such
that for all points x of U \ S we have

L(x) =
n⊕

i=1

xiOC,x.

This gives the diagram of bijections where the vertical map is a homeomor-
phism

∏

x∈S
GLn(Fx)/GLn(ÔC,x) →






isomorphism classes of
locally free sheaves of rank
n on U trivialised over U \ S





↓∏

x∈S
GLn(Fx)×

∏

x∈U\S
GLn(ÔC,x)/

∏

x∈U
GLn(ÔC,x)

(B.4.4) Let I be an ideal of A. Let I be the corresponding sheaf of ideals of
OC . Suppose that E is equipped with a full level I-structure; that is to say
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there is an isomorphism of OC -modules

E ⊗OC OC/I ∼= (OC/I)n.

Assume that the support of Spec A/I is contained in the finite set of points
S. For all x ∈ U put

GLn(ÔC,x, I) = ker{GLn(ÔC,x)→ GLn(ÔC,x/IÔC,x)}.

We then have the diagram of bijections

∏

x∈S
GLn(Fx)/GLn(ÔC,x, I) →






isomorphism classes of
locally free sheaves of rank
n on Uequipped with a
trivialisation over U \ S

with full level I structure






↓∏

x∈S
GLn(Fx)×

∏

x∈U\S
GLn(ÔC,x)/

∏

x∈U
GLn(ÔC,x, I)

(B.4.5) Take now the particular case where U = C \{∞}. We have, where Af

is the ring of finite adèles (see (A.5.4)),

GLn(Af ) = lim−→
S

∏

x∈S
GLn(Fx)×

∏

x∈C\S
GLn(ÔC,x)

where the limit runs over all finite subsets S of closed points of the open
subscheme C \ {∞} of C/k. We obtain

GLn(Af )/
∏

x∈C\{∞}
GLn(ÔC,x, I)=






isomorphism classes of locally free
sheaves on C \ {∞} of rank n

equipped with a trivialisation outside
Spec (A/I) with full level I structure





.

(B.4.6) Let Â be the profinite completion of A; then we have an isomorphism
of groups which is a homeomorphism

GLd(Â) ∼=
∏

x∈C\{∞}
GLd(ÔC,x).

For any ideal I of A, let ŨI be the kernel of the natural map
GLd(Â)→ GLd(Â/IÂ) (as in theorem A.6.9).

B.4.7. Definition. An arithmetic subgroup H of GLd(Â) is a compact open
subgroup of GLd(Â) such that H contains a compact open subgroup of the
form ŨI for some non-zero ideal I of A.
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(B.4.8) Let H be an arithmetic subgroup of GLd(Â). Then H contains a
normal subgroup of finite index ŨI for some non-zero ideal I ofA; furthermore,
by taking a subgroup of ŨI if necessary, it may be supposed that A/I contains
at least 2 maximal ideals.

Let Md
I be the fine moduli scheme of rank d Drinfeld modules equipped

with a full level I-structure. By (A.6.8) there is an action of GLd(Af )/F ∗ on
Md. We define Md

H to be the quotient scheme of Md under H

Md
H = (Md)H .

As the quotient H/ŨI is a finite group, we obtain

Md
H = (Md

I )H/ŨI .

The quotient Md
H of the scheme Md

I by the finite group H/ŨI exists and is of
finite type over A. We say that scheme Md

H is the moduli scheme of Drinfeld
modules with an H-structure.

B.4.9. Proposition. Let S ⊂ GLd(Af ) be a finite set of representatives of
the double cosets H\GLd(Af )/GLd(F ). The isomorphism of rigid analytic
spaces

(Md
I ⊗ F∞)an ∼= ŨI\Ω̃d

induces bijections

Md
H(F̂∞) = H\Ω̃d

=
∐

x∈S
Ωd/(xHx−1 ∩GLd(F ))

where the disjoint union here is over the finitely representatives of S.

Proof. The first bijection Md
H(F̂∞) = H\Ω̃d follows immediately from theo-

rem A.8.7 and the definition Md
H = (Md

I )H/ŨI . For the second bijection, we
have

Ω̃d = (GLd(Af )×Ωd)/GLd(F ).

Hence we obtain

H\Ω̃d = H\(GLd(Af )×Ωd)/GLd(F )

= H\((
∐

yH∈GLd(Af )/H

yH)×Ωd)/GLd(F )

=
∐

x∈S
Ωd/(xHx−1 ∩GLd(F )). �
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B.5 Action of arithmetic subgroups of GL2(F ) on T

We consider the action of the subgroup GL2(A) of GL2(F ) on the Bruhat-Tits
building I(F 2) with respect to the valuation on F arising from ∞. The main
results of this section are theorem B.5.18 and corollary B.5.19 which are used
to prove the isomorphism of cuspidal cohomology of proposition B.7.10 (see
also exercise B.7.16(1)).

B.5.1. Remarks. (1) It is assumed in this section that the ground field k is
finite. Nevetheless, most of the results here are valid with minor modifications
for any ground field.

[For more details on the results of this section, see [S4, Chapitre II, §2].]

(2) The tree I(F 2) is that associated to the global field F with respect to the
discrete valuation corresponding to the point∞. The tree I(F 2) is isomorphic
to the tree I(F 2

∞)R corresponding to the local field F∞, the completion of F
at ∞. Nevertheless, the two corresponding buildings are not isomorphic as
I(F 2∞)R contains many more apartments than I(F 2). This is unimportant
for the application to cuspidal cohomology in proposition B.7.10 and exercise
B.7.16(1).

(B.5.2) Let R be the local ring OC,∞ of the curve C/k at ∞. Put

d = degk(∞).

Let I∞ be the sheaf of ideals of OC corresponding to the closed point ∞. We
write T for the tree I(F 2)R.

A locally free sheaf of rank 1 on C is called a line bundle. Note that as k is
a finite field the greatest common divisor of the degrees of k-rational divisors
on C is equal to 1. An isomorphism between sheaves on C will always mean
an isomorphism of sheaves of OC -modules.

(B.5.3) Let Λ be an R-lattice in F 2. Associated to Λ is the vertex xΛ of the
tree T and the coherent sheaf of OC -modules EΛ on the projective curve C/k
defined by the properties:

(a) EΛ is a subsheaf of the constant sheaf F 2 on C;
(b) at every point x of Caff the localisation EΛ,x is equal to A2

x, where Ax
is the localisation of the ring A at x;

(c) the localisation EΛ,∞ at ∞ is equal to Λ.

As a sheaf is uniquely determined by its stalks, the existence and uniqueness
of the coherent sheaf EΛ defined by these properties is clear.

(B.5.4) Two locally free sheaves E , E ′ on C are I∞-equivalent if there is an
integer n ∈ Z such that E ′ is isomorphic to E ⊗OC In∞.
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A locally free sheaf of rank n on Caff is trivial if it is isomorphic to the
sheaf associated to the free A-module An of rank n.

B.5.5. Proposition. The applications Λ→ xΛ and Λ→ EΛ induce a bijec-
tion between the vertices of GL2(A)\T and the set of I∞-equivalence classes
of locally free sheaves of rank 2 on C whose restrictions to Caff are trivial.

Proof. By construction, the restriction of the sheaf EΛ to Caff is trivial.
If α ∈ F ∗ and n = v(α) where v is the valuation on F corresponding to∞,

then we have an isomorphism of sheaves of OX -modules EαΛ ∼= I⊗n∞ ⊗OC EΛ.
If Λ,Λ′ are R-lattices in F 2 then the sheaves EΛ and EΛ′ are isomorphic if

and only if there is g ∈ GL2(A) such that gΛ = Λ′, because the subgroup of
GL2(F ) stabilising the sublattice A2 is GL2(A). �

B.5.6. Lemma. Let E a locally free sheaf of rank 2 on C. Write det(E) for
the locally free sheaf of rank 1 which is the determinant of E . The following
conditions are equivalent:

(a) the restriction to Caff of E is trivial;
(b) the restriction of det(E) to Caff is trivial;
(c) there is n ∈ Z such that det(E) is isomorphic to I⊗n∞ .

Proof. The equivalence of (a) and (b) results from C being of dimension 1;
more precisely, the projective modules of rank 2 over the Dedekind domain A
are isomorphic to A⊕M where M is an invertible ideal of A.

The equivalence of (b) and (c) is evident.�

B.5.7. Proposition. The correspondence Λ → EΛ induces a bijection be-
tween the vertices of GL2(A)\T and the set of isomorphism classes of locally
free sheaves of rank 2 on C such that det(E) is isomorphic to OC or I∞.

Proof. Let E be a locally free sheaf of rank 2 on C such that the restriction to
Caff is trivial. Then by lemma B.5.6, there is an isomorphism det(E) ∼= I⊗n∞
for some n ∈ Z. As we have det(E ⊗OC Im∞) ∼= In+2m

∞ the result follows. �

Sub-bundles of rank 2 bundles

(B.5.8) The line bundles on C form a group Pic(C). Let J/k denote the
jacobian of C; then J(k) is the finite group of k-rational points of J as k is
finite. We have the exact sequence obtained from the degree homomorphism
Pic(C)→ Z

0 → J(k) → Pic(C)
deg→ Z → 0.
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B.5.9. Definitions. (1) Let E be a locally free sheaf of rank 2 on C. Let L be
a line bundle on C which is a subsheaf of E . Then L is contained in a unique
line bundle L′ which is a subsheaf of E and which is maximal with respect to
this inclusion property. This subsheaf L′ can be defined as the subsheaf which
is the intersection of E with the line of the generic fibre of E containing L.

When L = L′, then L is said to be sub-bundle of E ; in this case when L is
a line sub-bundle, of E , the quotient sheaf E/L is also a line bundle.
(2) Let L be a line bundle. Put

∆(E ,L) = E ⊗OC L−1

and put
N(E ,L) = −deg(∆(E ,L)).

When L is a line sub-bundle of E , we then have

N(E ,L) = deg(L)− deg(E/L) = 2deg(L) − deg(E) = deg(L ⊗OC (E/L)−1).

Furthermore, we have that Γ (C,∆(E ,L)) is the space of OC -module homo-
morphisms L → E and if L is a line sub-bundle, of E , then
H1(C,L⊗OC (E/L)−1) is the space of isomorphism classes of extensions of L
by E/L.

Put
N(E) = supN(E ,L)

where the supremum runs over all line sub-bundles L of E .

B.5.10. Proposition. (i) If E contains a sub-bundle L of rank 1 such that
N(E ,L) > 0 then this sub-bundle is unique.
(ii) Let g be the genus of the curve C/k. We have that N(E) is finite and

N(E) ≥ −2g.

Proof. (i) Suppose that E contains another rank 1 sub-bundle L′ such that
N(E ,L′) > 0. We then have

deg(∆(E ,L′)/(L ⊗OC L′−1)) = −1
2
N(E ,L)− 1

2
N(E ,L′) < 0.

Hence we have
Γ (C,∆(E ,L′)/(L⊗OC L′−1)) = 0.

Hence the exact sequence

0→ Γ (C,L⊗OC L′−1)→ Γ (C, E ⊗OC L′−1)→ Γ (C,∆(E ,L′)/(L⊗OC L′−1))

shows that the non-zero element of Γ (C, E ⊗OC L′−1) corresponding to the
injection L′ → E is also an element of Γ (C,L ⊗OC L′−1); that is to say the
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injection L′ → E factors through the injection L → E . As L′ is a rank 1
sub-bundle of E it follows that L′ = L.

(ii) Select a line bundle L on C/k such that

1
2
deg(E)− g ≤ deg(L) <

1
2
deg(E) + 1− g.

This is possible as the greatest common divisor of the degrees of line bundles
on C/k is equal to 1. Then we have

−2g ≤ N(E ,L) < 2− 2g.

By the Riemann-Roch theorem we have

dim Γ (C,∆(E ,L)) ≥ −N(E ,L) + 2− 2g ≥ 1.

Hence there is an injection of sheaves of OC -modules L → E . Let L′ be the
line sub-bundle of E containing the image of L, that is to say L′ is the maximal
subsheaf of E which is a line bundle containing the image of L. Then we have

deg(L′) ≥ deg(L).

Hence we have
N(E ,L′) ≥ N(E ,L) ≥ −2g.

We obtain
N(E) ≥ −2g.

Suppose that N(E ,L) were not bounded as L runs over all rank 1 sub-
bundles of E . Then there would be a rank 1 sub-bundle J of E such that
N(E ,J ) > 0; hence by part (i), J would be the unique sub-bundle with
N(E ,J ) > 0 and hence N(E ,L) would be bounded, a contradiction. Hence
we must have that N(E) is finite. �

B.5.11. Definition. A locally free sheaf E of rank 2 on C is decomposable
if it is the direct sum of 2 line bundles on C. Such a decomposition is unique
up to an automorphism of E (exercise B.5.21(2)).

B.5.12. Proposition. A locally free sheaf E of rank 2 on C such that
N(E) > 2g − 2 is decomposable.

Proof. As N(E) > 2g − 2, there is a rank 1 sub-bundle L of the locally free
sheaf E of rank 2 such that N(E ,L) > 2g − 2. Put L′ = E/L. Then E is
an extension of the line bundle L′ by the line bundle L and the extension is
classified by an element of the space H1(C,L ⊗OC L′−1). As we have

deg(L ⊗OC L′−1) = N(E ,L) > 2g − 2
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this cohomology group is zero by Serre duality. Therefore this extension is
trivial. �

The graph GL2(A)\T

(B.5.13) A graph G is a set vert(G) of vertices and a set line(G) of lines
where the two extremities of every line are vertices in vert(G); line(G) may
be considered as a subset of vert(G)2 × E for some set E, in particular, two
vertices may be joined by more than one line.

B.5.14. Definitions. (1) Let Pic(A) be the group of locally free sheaves
of rank 1 on Spec A. The finite group Pic(A) is isomorphic to the quotient
of Pic(C) by the subgroup generated by I∞ and, from (B.5.8), it lies in the
exact sequence

0 → J(k) → Pic(A)
deg→ Z/dZ → 0

where d = degk(∞). Let c ∈ Pic(A). Then there is a unique element c∗ ∈
Pic(C) which extends c and such that

0 ≤ deg(c∗) < d.

Let Fc be the line bundle on C of class c∗; this line bundle is determined
uniquely up to isomorphism. We put

fc = deg(Fc).

(2) For c ∈ Pic(A), the cusp ∆c is the subgraph of GL2(A)\T defined as
follows. Let Fc be the line bundle defined above and let n ∈ Z. Put

F ′n,c = I⊗n∞ ⊗OC F−1
c , Ec,n = Fc

⊕
F ′n,c.

Then Ec,n restricted to Caff is trivial (lemma B.5.6) and so by proposition
B.5.7 it defines a vertex xc,n of GL2(A)\T . We have

deg(Ec,n) = −nd and N(Ec,n,Fc) = 2fc + nd.

The inclusion I⊗n∞ ⊆ I⊗(n+1)
∞ defines the inclusion of Ec,n in Ec,n+1. Hence

this gives a line yc,n joining xc,n to xc,n+1. In the same way, there is a line
yc,n joining xc,n with xc,n−1.

B.5.15. Proposition. The vertices xc,n, for all c ∈ Pic(A) and all n ≥ 1,
are distinct.

Proof. If n ≥ 1 then N(Ec,n,Fc) > 0 which shows that Fc is the unique rank 1
sub-bundle of maximal degree of En,c (proposition B.5.10). Suppose then that
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xc,n = xb,m where b, c,∈ Pic(A) and n ≥ 1, m ≥ 1. By proposition B.5.5, it
follows that for some integer s there is an isomorphism

Ec,n ∼= Eb,m ⊗OC I⊗s∞ .

Therefore there are isomorphisms, by the uniqueness of the decomposition of
Ec,n as a sum of line bundles (see exercise B.5.21(2)),

Fc ∼= Fb ⊗OC I⊗s∞ and F ′c,n ∼= F ′b,m ⊗OC I⊗s∞ .

As Fc is uniquely determined in its I∞-equivalence class, by the definition of
Fc it follows that c = b and s = 0. Hence we have m = n. �

B.5.16. Proposition. If N(En,c,Fc) = nd+ 2fc > 2g − 2 + d then the only
lines of GL2(A)\T emanating from xc,n are yc,n and yc,n.

Proof. Let E be a locally free sheaf of rank 2 corresponding to the vertex x
of GL2(A)\T . Then the lines of GL2(A)\T with origin x correspond to the
orbits of the group Aut(E) acting on the space of k-lines of the fibre E(∞) of
E at ∞, this fibre being a vector space over κ(∞) of dimension 2. When we
take x = xc,n, E = Ec,n, the fibre of E at ∞ is the direct sum of two lines

Ec,n(∞) ∼= D ⊕D′

where D is the fibre of Fc and D′ is the fibre of F ′c at ∞. The line D cor-
responds to the line yc,n and the line D′ to the line yc,n. If we put G =
Aut(Ec,n), then the proposition is equivalent to the assertion that every line
of D ⊕D′ distinct from D is G-conjugate to D′.

The group G contains automorphisms of the form
(

1 s
0 1

)
where s is a

section of the line bundle

H = Hom(F ′c,n,Fc) ∼= F⊗2
c ⊗OC I⊗−n∞ .

Such an automorphism acts on the fibre D ⊕ D′ by the unipotent matrix(
1 s(∞)
0 1

)
where s(∞) denotes the value of the section s at ∞.

The degree of H satisfies

deg(H) = nd+ 2fc > 2g − 2 + d

and we have the exact sequence

Γ (C,H)→ Γ (C,H⊗ OCI∞
)→ H1(C, I∞ ⊗OC H).
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We then have H1(C, I∞ ⊗OC H) = 0 as

deg(I∞ ⊗OC H) > 2g − 2.

The homomorphism

Γ (C,H)→ Γ (C,H⊗ OCI∞
)

of evaluation at ∞ is therefore surjective. Hence every line of D⊕D′ distinct
from D is G-conjugate to D′. �

B.5.17. Definition. (1) Put

m = sup(2g − 2 + d, 3d− 2).

Let nc be the largest integer such that dnc + 2fc ≤ m, that is to say
N(En,c,Fc) ≤ m. We have, as may be checked,

(a) nc ≥ 1

(b) dnc > 2g − 2− 2fc

(2) Let ∆c be the subgraph of GL2(A)\T having for vertices the points xc,n,
n ≥ nc and for lines yc,n, n ≥ nc. Then ∆c is an infinite half-line with origin
xc = xc,n where n = nc.

The inequality (a) together with proposition B.5.15 shows that the paths
∆c are disjoint. The inequality (b) together with proposition B.5.16 shows
that ∆c intersects the rest of GL2(A)\T only at the point xc.

(3) Let Ym be the sub-graph of GL2(A)\T whose vertices correspond to locally
free sheaves E of rank 2 such that N(E) ≤ m and whose lines are those of
GL2(A)\T both extremities of which lie in Ym.

As N(Ec,nc) = 2fc + dnc is ≤ m, the points xc are vertices of Ym.

B.5.18. Theorem. (i) The graph GL2(A)\T is a union of subgraphs Ym
and ∆c for all c ∈ Pic(A).
(ii) We have vert(Ym) ∩ vert(∆c) = {xc} and line(Ym) ∩ line(∆c) = ∅.
(iii) The graph Ym is finite.

Proof. (i) Let x be a vertex of GL2(A)\T and let E be the locally free sheaf of
rank 2 corresponding to x. If N(E) ≤ m then x is a vertex of Ym by definition
of Ym. If N(E) ≥ m there is a line sub-bundle L of E such that N(E ,L) ≥ m.
As m > 2g − 2, proposition B.5.12 shows that L is a direct factor of E .
Therefore E = L ⊕ L′. Let c ∈ Pic(A) be the class of the restriction of L to
Caff . Tensoring E by a power of I∞ if necessary, we may assume that L = Fc
(definition B.5.15). As det(E) is a power of I∞ (lemma B.5.6), we then have
that L′ is isomorphic to I⊗n∞ ⊗OC F−1

c where n ∈ Z. That is to say, E ∼= Ec,n
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and x = xc,n. The hypothesis N(E ,L) ≥ m means that 2fc+nd ≥ m; in view
of the definition of nc, this implies that n ≥ nc and shows that x is a vertex
of ∆c. We therefore have

vert(GL2(A)\T ) = vert(Ym) ∪
⋃

c∈Pic(A)

vert(∆c).

Suppose now that y is a line of GL2(A)\T . If the two extremities of y
lie in Ym then y is a line of the graph Ym by definition of Ym. If one of the
extremities does not lie in Ym, it is a vertex xc,n of one of the ∆c and we have
xc,n �= xc whence n ≥ nc + 1 and

(n− 1)d ≥ ncd > 2g − 2− 2fc

(see (b)). By proposition B.5.16, this gives that y is a line of ∆c. Therefore
we have

line(GL2(A)\T ) = line(Ym) ∪
⋃

c

line(∆c).

(ii) Let xc,n ∈ vert(Ym) ∩ vert(∆c). As xc,n lies in Ym we have N(Ec,n) ≤ m,
that is to say that 2fc + dn ≤ m. In view of the definition of nc and the
hypothesis that n ≥ nc, as xc,n ∈ vert(∆c), this implies that n = nc and we
then have vert(Ym) ∩ vert(∆c) is reduced to one point xc,n.

That we have line(Ym) ∩ line(∆c) = ∅ is evident because no vertex of ∆c
can have both extremities equal to xc.

(iii) The vertices of GL2(A)\T corresponding to indecomposable bundles on
C are vertices of Ym as all vertices of ∆c correspond to decomposable bundles.
This subset of vert(Ym) is finite by exercise B.5.21(1).

Furthermore, the decomposable bundles E = L⊕L′ on C corresponding to
vertices in Ym satisfy −2g ≤ N(E) ≤ m and det(E) is isomorphic to OC or I∞
(see proposition B.5.7); it follows that both deg(L) and deg(L′) are bounded.
Hence there are only finitely many isomorphism classes of such decompos-
able bundles E . Hence this subset of vert(Ym) corresponding to decomposable
bundles is also finite. Therefore Ym is finite. �

B.5.19. Corollary. The inclusion Ym → GL2(A)\T is a homotopy equiva-
lence. The graph Ym is connected and finite.

Proof. The only point to check is the connectedness of Ym. This holds as Ym
is obtained from a quotient of a tree.�

B.5.20. Corollary. Suppose that Γ is a subgroup of GL2(A) of finite index.
Then the graph Γ\T is homotopic to a finite connected graph.
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Proof. As there are surjective morphisms of graphs T → Γ\T → GL2(A)\T
where the second morphism is a finite covering and T is a tree, this result
follows from the preceding corollary. �

B.5.21. Exercises. (1) (i) Let L,L′ be two line bundles on C. Show that there
are only finitely many isomorphism classes of extensions of L by L′.

(ii) Let c ∈ Pic(C). Show that there are only finitely many isomorphism classes
of indecomposable locally free sheaves E of rank 2 such that det(E) is of
class c.

[Show that N(E) takes only finitely many values, by propositions B.5.10 and
B.5.12, and then use (i).]
(iii) Show that that part of GL2(A)\T which corresponds to indecomposable

rank 2 locally free sheaves on C is finite.
[It is essential for this exercise that the ground field k be finite.]

(2) Suppose that the locally free sheaf E of rank 2 on C is decomposable. Show that
the decomposition E = L1 ⊕L2 as a sum of 2 line bundles L1, L2 on C is unique up
to automorphism of E .

[Let J1 ⊕ J2 be a second decomposition of E and consider Γ (C,Li ⊗OC J−1
j )

for all i, j.]

(3) Suppose that C is the projective line P1 over the finite field k. Let d be the
degree over k of the point ∞. Let F be a line bundle on C of degree 1.

(i) Show that every locally free sheaf E of rank 2 on C is decomposable and that
there are integers a, b ∈ Z such that E ∼= Ea,b where

Ea,b
∼= F⊗a ⊕ F⊗b.

[Use propositions B.5.10 and B.5.12.]
(ii) Show that the restriction of Ea,b to C \ {∞} is trivial if and only if

a ≡ −b (mod d). Denote by v(a, b) the vertex of GL2(A)\T corresponding
to Ea,b in this case where a ≡ −b (mod d).

(iii) Show that the distinct vertices of GL2(A)\T are precisely the vertices
v(nd − b, b), where n, b ∈ N, 0 ≤ b < d, n ≥ 1, and where n ≥ 2 if d ≥ d/2.

(iv) Show that if d = 1 then GL2(A)\T is the infinite half line v(n, 0), n ∈ N,
where there is at most one line joining a pair of vertices.
Show that if d = 2, then GL2(A)\T is the infinite line with vertices v(2n, 0),
v(2n+1, 1), n ∈ N, where there is at most one line joining a pair of vertices.

[For the cases where d > 2 see [S4, §2.4 and Exercice 2.4(2)].]

B.6 Cohomology of Ω2 and harmonic cochains

The étale cohomology of rigid analytic spaces is defined in §A.4 only for H0

and H1 and for the coefficients the group µn of nth roots of unity and the
group Z/nZ where n is any integer prime to the characteristic of the ground
field; this is all that is required for this appendix.
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[For more details on the étale cohomology of rigid analytic spaces, see [Be]
and [Hu].]

B.6.1. Proposition. Let D0, . . . , Dm be m + 1 pairwise disjoint open discs

in P1(F̂∞) of radius in |F̂∞|. Let n be an integer prime to the characteristic
of the field F∞. Then the rigid analytic space

X = P1(F̂∞) \
m⋃

i=0

Di

has cohomology given by

(a) H0
ét(X ⊗F∞ F sep

∞ ,Z/nZ) ∼= Z/nZ;
(b) H1

ét(X ⊗F∞ F sep∞ , µn) ∼= (Z/nZ)m.

Proof. (a) The open unit disc {x| |x| < 1} is geometrically connected, as it
is the maximal spectrum of the Tate algebra F∞{x} (see §A.2); hence every

open disc in P1(F̂∞) is geometrically connected. Since X ∪ D1 ∪ . . . Dm =
P1(F̂∞)\D0 is a disc and hence geometrically connected and since the spher-
ical boundaries of the Di are geometrically connected, it follows that X is
geometrically connected.
(b) Every divisor on X is principal hence we have H1

rigid(X,O∗X) = 0. The set
of rational functions without poles onX is everywhere dense in H0

rigid(X,OX).
If f ∈ H0

rigid(X,OX) and supx∈X |f(x)−1| < 1 then evidently f = gn for some
g ∈ H0

rigid(X,OX). Therefore every element of H0
rigid(X,O∗X)⊗ZZ/nZ can be

represented by a rational function. Furthermore, the natural homomorphism
H0

rigid(X,O∗X)⊗Z Z/nZ→ H1
ét(X,µn) is surjective by proposition A.4.5.

If f is a rational function on P1/F∞ whose divisor in P1(F̂∞) is con-
tained in precisely one of the discs Di then there is c ∈ F∞ such that
supx∈X |cf(x) − 1| < 1 (see exercise B.6.4); hence we have cf = gn for some
g ∈ H0

rigid(X,OX). We then obtain a surjective homomorphism

φ : (Z/nZ)m → H1
ét(X,µn)/[F

∗
∞/F

∗n
∞ ].

The algebra F∞{z, z−1} (see §A.2) has maximal spectrum which is a circle
B of radius 1 given by |z| = 1. Let j be an integer such that n does not
divide j and let m be the maximal ideal of O∞. If zj were an nth power in
F∞{z, z−1}, we would have zj = fn where ‖ f ‖= 1 and where ‖ . ‖ is the
norm on F∞{z, z−1} (see §A.2); it would follow that zj (modulo m) would be
an nth power in κ(∞)[z, z−1] which is not the case. Hence zj is not an nth
power in F∞{z, z−1}. It follows that

H1
ét(B,µn)/[F ∗∞/F

∗n
∞ ] ∼= Z/nZ.
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Let Si be the boundary of Di for all i. Then Si is a circle of radius ci, say,
where ci ∈ |F̂∞|. We then obtain the isomorphism

H1
ét(Si, , µn)/[F

∗
∞/F

∗n
∞ ] ∼= Z/nZ.

It follows that the homomorphism φ is an isomorphism and we then obtain
the exact sequence

0→ F ∗∞/F ∗n∞ → H1
ét(X,µn)→ (Z/nZ)m → 0.

Passing to the separable algebraic closure of F∞ gives the isomorphism

H1
ét(X ⊗F∞ F sep

∞ , µn) ∼= (Z/nZ)m. �

B.6.2. Definition. Let M be an abelian group and let G be a (possibly
infinite) graph (see definition B.5.13). Let E be the set of oriented edges of G.
The edge with the opposite orientation to an edge e ∈ E is denoted e∗ ∈ E.

The group of 1-cochains C1(G,M) is the subgoup of ME of elements c
such that c(e∗) = −c(e).

The group of harmonic cochains H1
harm(G,M) is the subgroup of c ∈

C1(G,M) such that the sum of the values of the cochain c on all edges ema-
nating from a single vertex is equal to 0 and where this holds for every vertex
of G.

B.6.3. Proposition. Denote by T the Bruhat-Tits building I(F 2
∞)R (see

§B.3). Let n be an integer prime to the characteristic of the field F∞. The
building map λ : Ω2 → T induces isomorphisms which are compatible with
the action of GL2(F∞)

H0
ét(Ω

2 ×F∞ F sep
∞ ,Z/nZ) ∼= Z/nZ

H1
ét(Ω

2 ×F∞ F sep
∞ , µn) ∼= H1

harm(T,Z/nZ).

The group Gal(F sep∞ /F∞) acts trivially on both groups.

Proof. Put X = Ω2. Define an admissible affine covering X =
⋃
i∈I Xi of X

where I is the set of vertices and edges (the simplices) of the tree T as follows.
If i is a vertex v, then Xi is λ−1(B∗(v, 1/3)) and if i is an edge e then Xi is
equal to

λ−1
(
e \
⋃

v

B(v, 1/4)
)

where the union is over all vertices of T . The nerve of this covering has ver-
tices I and is the first barycentric subdivision of the simplicial complex T .
Furthermore this covering is GL2(F∞)-invariant.

We have by corollary B.3.4 and exercise B.3.5(3) that if i is a vertex then
Xi is P1(F̂∞) minus (q∞ + 1) closed discs and if i is an edge then Xi is
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P1(F̂∞) minus two disjoint closed discs. Furthermore, if i is a vertex and j is

an edge emanating from i then we have that Xi ∩Xj is P1(F̂∞) minus two
disjoint closed discs.

For two simplices i, j ∈ I, the space Xi∩Xj is isomorphic to a space of the
type considered in proposition B.4.1. Since Xi∩Xj is geometrically connected
and the tree T is connected, it follows thatX = Ω2 is geometrically connected.
This proves the isomorphism H0

ét(Ω
2 ×F∞ F sep

∞ ,Z/nZ) ∼= Z/nZ.
Let E be the subset of I of elements i ∈ I corresponding to the edges.

Choose orientations for each edge i ∈ E. Select isomorphisms for all edges
i ∈ E

H1
ét(Xi, µn) ∼= Z/nZ

by proposition B.6.1 and exercise B.3.5(3). Furthermore, if i is a vertex we
have an isomorphism by proposition B.6.1

H1
ét(Xi, µn) ∼= (Z/nZ)q∞ .

We have for all i �= j
H1

ét(Xi ∩Xj, µn) ∼= 0

unless i is a vertex and j is an edge emanating from i (or vice versa); in the
latter case we have

H1
ét(Xi ∩Xj , µn) ∼= Z/nZ

by proposition B.6.1. By proposition A.4.6 we have the exact sequence

0→ H0
ét(X,µn)→

∏

i∈I
H0

ét(Xi, µn)→
∏

i�=j
H0

ét(Xi ∩Xj , µn)

→ H1
ét(X,µn)→

∏

i∈I
H1

ét(Xi, µn)→
∏

i�=j
H1

ét(Xi ∩Xj , µn).

We have the composite homomorphism

H1
ét(X,µn)→

∏

i∈I
H1

ét(Xi, µn)→
∏

i∈E
H1

ét(Xi, µn) ∼=
∏

i∈E
Z/nZ.

This provides an isomorphism

H1
ét(X,µn)→ H1

harm(T,Z/nZ)

where this map is injective, by the previous exact sequence and proposition
B.6.1, and the image consists precisely of those functions in

∏
i∈E Z/nZ, ex-

tended to be alternating on all ordered edges, which are harmonic.�

B.6.4. Exercise. Let f be a rational function on P1/F∞ defined over F∞ whose

divisor in P1(F̂∞) is contained in the open disc D = {z| |z − a| < |b|} where

a, b ∈ F sep
∞ and where z is a parameter on P1/F∞. Let X = P1(F̂∞)\D. Show that

there is α ∈ F∞ such that supx∈X |αf(x) − 1| < 1.
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B.7 Cohomology of the moduli space M2
H

(B.7.1) Let UI be the congruence subgroup of GL2(A) corresponding to the
ideal I of A, that is to say

UI = ker{GL2(A)→ GL2(A/I)}.

Thus the subgroup UI consists of those matrices
(
a b
c d

)
where a, b, c, d ∈ A

and b, c ∈ I and whose determinant is a unit of A. As in §A.6, we put

ŨI = ker{GL2(Â)→ GL2(Â/IÂ)}.

The building map λ induces a morphism

UI\Ω2 → UI\T.

(B.7.2) Put
T̃ = GL2(F )\(T ×GL2(Af )).

where GL2(Af ) is considered as a discrete set. As in (A.7.5), we put

Ω̃2 = GL2(F )\(Ω2 ×GL2(Af )).

We have by theorem A.8.7 that if A/I has at least two maximal ideals then
there is an isomorphism of rigid analytic spaces

ŨI\Ω̃2 = (M2
I ⊗ F∞)an.

(B.7.3) Let H be an arithmetic subgroup of GL2(Â) (see §B.4). Then there is a
corresponding moduli schemeM2

H where we have (proposition B.4.9), for S ⊂
GL2(Af ) a finite set of representatives of the double cosets
H\GL2(Af )/GL2(F ),

M2
H(F̂∞) = H\GL2(Af )×Ω2(F̂∞)/GL2(F ) =

=
∐

x∈S
Ω2/(xHx−1 ∩GL2(F ))

where the disjoint union here is over the finitely representatives of S.
We say that this space M2

H is the moduli space of Drinfeld modules
“equipped with an H-structure”.

Put
Hx = xHx−1 ∩GL2(F )

for any double coset HxGL2(F ) of H\GL2(Af )/GL2(F ).
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B.7.4. Proposition. Assume that the stabiliser in Hx of any vertex or edge
of T is a p-group. We have the cohomology sequence, where the coefficients
are in Z/nZ or µn,

(B.7.5) 0→ H1(Hx\T )→ H1
ét(Hx\Ω2)→ H1

harm(T )Hx ⊗ µ−1
n → 0.

Proof. Let n be an integer prime to the characteristic p of F . The group Hx
acts on the Bruhat-Tits tree T = I(F 2

∞)R. The building map modulo Hx is
then

λHx : Hx\Ω2 → Hx\T.
The Leray spectral sequence of this map is the covering space spectral se-
quence whose exact sequence of terms low degree gives the exact sequence,
with coefficients in Z/nZ or µn,

0→ H1(Hx\T )→ H1
ét(Hx\Ω2)→ H1

ét(Ω
2)Hx → H2(Hx\T )

As Hx acts on T with stabilizer subgroups of edges and vertices which are p-
groups the groupsH∗(Hx\T ) are the cohomology groups of the discrete group
Hx with coefficients in in Z/nZ or µn. As T is a tree, we have furthermore
that H2(Hx\T ) = 0.

By proposition B.6.3, the group H1
ét(Ω

2,−)Hx is isomorphic to
H1

harm(T,−)Hx the group of Hx-invariant harmonic cochains with coefficients
in µ−1

n or Z/nZ. �

B.7.6. Corollary. Assume that the stabiliser in Hx of any vertex or edge of
T is a p-group. We have the cohomology sequence, where the coefficients are
in Z/nZ or µn,

(B.7.7) 0→ H1(H\T̃ )→ H1
ét(M

2
H ⊗ F sep

∞ )→ H1
harm(T̃ )H ⊗ µ−1

n → 0.

Proof. This follows from the isomorphism of rigid analytic
spaces H\Ω̃2 = (M2

H ⊗ F∞)an (theorem A.8.7 and (B.7.1)). �

B.7.8. Definition. The cuspidal cohomology H1
! harm(T,Z/nZ, Hx) is the

subgroup of H1
harm(T,Z/nZ)Hx of harmonic Hx-invariant cochains with com-

pact support modulo Hx. Similarly, the cuspidal cohomology
H1

! harm(T̃ ,Z/nZ, H) is the subgroup of H1
harm(T̃ ,Z/nZ)H of harmonic H-

invariant cochains of T̃ with compact support modulo H .
The cuspidal cohomology H1

! (M2
H ⊗ F sep∞ ,Z/nZ) is then defined by the

exact sequence (B.7.7) to be the subgroup of H1
ét(M

2
H⊗F sep

∞ ,Z/nZ) of classes
with image in H1

! harm(T̃ ,Z/nZ, H)⊗ µ−1
n .
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B.7.9. Proposition. Let I0 be the inertia subgroup of the galois group
Gal(F sep

∞ /F∞). Assume that the stabiliser in Hx of any vertex or edge of
T is a p-group. Then (σ, x) �→ σx− x, for σ ∈ I0

I0 ×H1
ét(Hx\Ω2,Z/nZ)→ H1

ét(Hx\Ω2,Z/nZ)

induces a homomorphism

fn : H1
harm(T,Z/nZ)Hx → H1(Hx\T,Z/nZ).

This map associates to a Hx-invariant harmonic cochain on T the cohomology
class of the corresponding cochain on Hx\T .

Proof. In the short exact sequence obtained from (B.7.5) by taking coefficients
in Z/nZ

0 → H1(Hx\T,Z/nZ) → H1
ét(Hx\Ω2,Z/nZ) → H1

harm(T,Z/nZ)Hx ⊗ µ−1
n → 0

the inertia group I0 acts trivially on the extremities H1(Hx\T,Z/nZ) and
H1

harm(T,Z/nZ)Hx ⊗ µ−1
n . It follows that (σ, x) �→ σx− x defines a map

I0
In0
×H1

ét(Hx\Ω2,Z/nZ)→ H1(Hx\T,Z/nZ)

which is bilinear and Gal(F sep∞ /F∞)-equivariant. The group I0/In0 may be
identified with µn; hence µn×H1(Hx\T,Z/nZ) lies in the kernel of this map
and we obtain a homomorphism

fn : H1
harm(T,Z/nZ)Hx → H1(Hx\T,Z/nZ).

This map associates to a Hx-invariant harmonic cochain on T the cohomology
class of the corresponding cochain on Hx\T . �

B.7.10. Proposition. Let l be a prime number distinct from the charac-
teristic of F . Assume that the stabiliser in Hx of any vertex or edge of T
is a p-group. Letting n run over all powers li of l and tensoring with Ql,
the homomorphisms lim−→ fli ⊗Zl Ql above induce an isomorphism of cuspidal

cohomology

lim−→ fl
i ⊗Zl Ql : H1

! harm(T,Ql, Hx)→ H1(Hx\T,Ql).

Proof. Let l be a prime number distinct from the characteristic of F . The
quotient Hx\T is a graph, possibly with multiple edges joining two vertices.
Let A be the affine coordinate ring Γ (C\{∞},OC) of the affine curve C\{∞}.
AsHx is a subgroup of finite index in GL2(A), by theorem B.5.18 and corollary
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B.5.20, there is a finite subgraph Y of Hx\T where (Hx\T )− Y consists of a
finite number of half-lines. Letting n run over all powers li of l and tensoring
with Ql, we obtain that the homomorphisms fn above induce an isomorphism
of cuspidal cohomology (exercise B.7.16(1))

H1
! harm(T,Ql, Hx)→ H1(Hx\T,Ql). �

B.7.11. Proposition. Assume that for all x the stabiliser in Hx of any vertex
or edge of T is a p-group. For all integers n prime to p, we have the short
exact sequence of cuspidal cohomology
(B.7.12)

0→ H1(H\T̃ , Z

nZ
)→ H1

! (M2
H ⊗F sep

∞ ,
Z

nZ
)→ H1

! harm(T̃ ,
Z

nZ
, H)⊗µ−1

n → 0.

In the limit we obtain the non-split exact sequence of Gal(F sep
∞ /F∞)-modules

for any prime number l distinct from p

0→ H1(H\T̃ ,Ql)→ H1
! (M2

H ⊗F sep
∞ ,Ql)→ H1

! harm(T̃ ,Ql, H)⊗Ql(−1)→ 0.

Proof. The exact sequence (B.7.7) restricted to cuspidal cohomology provides
the exact sequence (B.7.12). Taking the projective limit of this sequence as n
runs over all integers li, and tensoring this with −⊗Zl Ql we obtain the final
exact sequence. The sequence is non-split as by propositions B.7.9 and B.7.10,
the invariant subgroup of H1

! (M2
H ⊗ F sep∞ ,Ql) under the inertia subgroup I0

of Gal(F sep
∞ /F∞) is precisely H1(H\T̃ ,Ql). �

(B.7.13) Let π∞ be a local parameter of O∞. Let l be a prime number distinct
from the characteristic p of F∞. Let µli be the multiplicative subgroup of F sep

∞
of lithe roots of unity. Let L(i) be the subfield of F sep

∞ given by F∞(π1/li

∞ , µli).
The field extension L(i)/F∞ is galois and the galois group is generated by

two elements φi and ui which satisfy the relation φiuiφ−1
i = uq∞i . The element

ui acts as
ui(π1/li ) = ζπ1/li

where ζ is a primitive lith root of unity. The element φi is any element of
the galois group Gal(L(i)/F∞) which induces the Frobenius automorphism
x �→ xq∞ on the extension of residue fields.

The fields L(i) form a direct system L(i) ⊂ L(i+ 1) for all i; the elements
φi, ui for all i may then be chosen to be compatible with respect to these
inclusions that is to say the restrictions of φi+1, ui+1 to L(i) are equal to
φi, ui, respectively.

The field L =
⋃
i∈N L(i) is galois over F∞ and its galois group is profinite

and topologically generated by two elements φ, u which induce elements φi, ui
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of the group Gal(L(i)/F∞) for all i. The elements φ, u satisfy the relation
φuφ−1 = uq∞ .

B.7.14. Definition. The special representation spGal of the Galois group
Gal(F sep∞ /F∞) is the 2-dimensional representation over Ql which factors
through the profinite galois group Gal(L/F ); this group is topologically gen-
erated by the two elements φ and u with φuφ−1 = uq∞ . This representation

Gal(F sep
∞ /F∞)→ GL(spGal)

is given explicitly by the formulae

φ �→
(

1 0
0 q−1

∞

)

u �→
(

1 1
0 1

)
.

The representation spGal has an invariant 1-dimensional subrepresentation
and is the unique representation of Gal(F sep

∞ /F∞), up to isomorphism, for
which there is a non-split exact sequence (exercise B.7.16(2))

0→ Ql → spGal → Ql(−1)→ 0.

B.7.15. Proposition. Assume that the stabiliser in Hx of any vertex or edge
of T is a p-group. We have an isomorphism of Gal(F sep∞ /F∞)-modules

H1
! (M2

H ⊗ F sep
∞ ,Ql) ∼= H1

! harm(T̃ ,Ql, H)⊗Ql spGal.

Proof. From proposition B.7.10., we have the isomorphism

H1
! harm(T,Ql, Hx)→ H1(Hx\T,Ql).

where Hx = xHx−1 ∩GL2(F ) for any coset xH of H in GL2(Af ). It follows
from (B.7.3) that we have an isomorphism

H1
! harm(T̃ ,Ql, H)→ H1(H\T̃ ,Ql).

Hence from proposition B.7.11 we obtain the non-split exact sequence of
Gal(F sep

∞ /F∞)-modules

0→H1
! harm(T̃ ,Ql, H)→H1

! (M2
H⊗F sep

∞ ,Ql)→H1
! harm(T̃ ,Ql, H)⊗Ql(−1)→0.

The result now follows immediately. �

B.7.16. Exercises. (1) Let G be a graph (possibly with multiple edges joining
pairs of vertices) on which the group U acts as a group of automorphisms. Let R
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be a ring. The valency of a vertex of G is the number of edges emanating from that
vertex. Assume that every vertex of G has finite valency and that the valency of
every non-isolated vertex of G is a unit of the ring R.

(i) Show that U\G is also a graph.
(ii) Assume that U\G is a finite graph. Let

f : H1
harm(G, R)U → H1(U\G, R)

be the map associating a harmonic U -invariant cochain on G to the
corresponding cochain on U\G. Show that f is an isomorphism.

(iii) Let H1
! harm(G, R,U) denote the group of harmonic cochains on G invariant

by U and with compact support modulo U . Let

f! : H1
! harm(G, R,U) → H1(U\G, R)

be the map associating a harmonic U -invariant cochain on G to the
corresponding cochain on U\G. Suppose that there is a finite subgraph Y
of U\G such that (U\G) − Y consists of a finite number of disjoint half
lines. [A half line is a graph isomorphic to N where there is an edge
joining every pair of consecutive integers.] Show that f! is an isomorphism.

(2) Let V be a 2-dimensional Ql-representation of Gal(F sep
∞ /F∞) which is a non-split

extension
0 → Ql → V → Ql(−1) → 0

of the 1-dimensional representations Ql and Ql(−1) of Gal(F sep
∞ /F∞). Show that V

is isomorphic to the special representation spGal.

B.8 Harmonic cochains and the special representation
of GL2(F∞)

(B.8.1) For any x ∈ P1(F∞), considered as a 1-dimensional subspace of F 2∞,
denote the quotient linear homomorphism by

γx : F 2
∞ → F 2

∞/x.

If Λ is a lattice of F 2
∞ then γx(Λ) as also a lattice in F 2

∞/x.

(B.8.2) For an ordered edge e of T represented by a pair of O∞-lattices L0 ⊃
L1, let P (e) denote the subset of x ∈ P1(F∞) such that γx(L1) = γx(L0).

The sets P (e) generate the Boolean algebra of all open compact subsets
of P1(F∞) (exercise B.8.13).

B.8.3. Remarks. (1) Denote by T the Bruhat-Tits building I(F 2∞)R (see §B.3).
For an oriented edge e of T (see (B.6.2)) represented by an ordered pair of
lattices L0 ⊃ L1 the opposite edge e∗ is represented by L1 ⊃ π∞L0. We then
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have the inclusions of lattices in the 1-dimensional F∞-space F 2∞/x

π∞γx(L0) = γx(π∞L0) ⊂ γx(L1) ⊂ γx(L0).

It follows that either γx(π∞L0) = γx(L1) or that γx(L1) = γx(L0) but not
both equalities simultaneously. In particular, we have a partition of P1(F∞)
as P (e) ∪ P (e∗).

(2) The elements of P1(F∞) may be identified with the ends of the tree T .
A point x of P1(F∞) corresponds to a 1-dimensional subspace aF∞. Let

O2
∞ be the standard lattice of F 2

∞. Then the end associated to x is the half
line in T given by the classes of the lattices π−n∞ aO∞ +O2∞ for n ∈ N.

Let e be an oriented edge of T . Then the subset P (e) of P1(F∞), under this
identification with ends, is precisely the set of ends of T beginning with the
edge e.

(B.8.4) For a ring R, define a map from the harmonic 1-cochains of T into the
set of R-valued measures on P1(F∞)

H1
harm(T,R)→ Meas(P1(F∞), R)

c �→ µc
by µc(P (e)) = c(e).

B.8.5. Proposition. The map c �→ µc is an isomorphism

H1
harm(T,R) ∼= Meas(P1(F∞), R)0

from the set of R-valued harmonic cochains of T onto the set of R-valued
measures on P1(F∞) of total mass zero.

Proof. Let e1, . . . , es be the ordered edges emanating from a vertex. The har-
monic condition c(e∗1) =

∑s
i=2 c(ei) (see exercise B.8.13) gives the equation

µc(P (e∗1)) =
s∑

i=2

µc(P (ei))

It follows that µc is a finitely additive function on the set of compact open
subsets of P1(F∞), as the sets P (e) generate the Boolean algebra of all open
compact subsets of P1(F∞). From the partition P1(F∞) = P (e) ∪ P (e∗) (see
remarks B.8.3) we obtain that µc(P1(F∞)) = 0.

The inverse of c �→ µc is given by µ → cµ where cµ(e) = µ(P (e)). The
harmonic condition for the cochain cµ follows from the finite additivity of µ
and that µ(P1(F∞)) = 0 (see exercise B.8.13(iii)). �

B.8.6. Remark. The measures on P1(F∞) with values in R are linear func-
tionals on the space of R-valued locally constant functions on P1(F∞). This
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space denoted C∞(P1(F∞), R) is a representation space of GL2(F∞) and is
related to the special representation of the group GL2(F∞).

B.8.7. Definition. Let R be a ring. Then the special representation Vsp(R)
of GL2(F∞) with values in R is the module

Vsp(R) = C∞(P1(F∞), R)/R

that is to say Vsp(R) is the GL2(F∞)-representation on the space of locally
constant functions

P1(F∞)→ R

factored out by the constant functions R.
The action of GL2(F∞) on Vsp(R) is given by

(sf)(x) = f(s−1x)

for f ∈ C∞(P1(F∞), R), x ∈ P1(F∞) and s ∈ GL2(F∞). If R is the field Ql,
the algebraic closure of the l-adic field Ql, then this representation Vsp(R) is
an admissible irreducible representation of GL2(F∞).

B.8.8. Proposition. The map c �→ µc is an isomorphism

H1
harm(T,R) ∼= HomR(Vsp(R), R)

where HomR(Vsp(R), R) is the R-module dual of Vsp.

Proof. To the element c is attached the measure µc by proposition B.8.5. For
any locally constant function f ∈ C∞(P1(F∞), R) we may integrate with

respect to the measure µc and obtain
∫

P1(F∞)

fdµc ∈ R. As the measure µc

has total mass zero, the map f �→
∫

P1(F∞)

fdµc then induces an element

HomR(Vsp(R), R). The map is evidently bijective. �

B.8.9. Proposition. There is a natural isomorpism of R-modules

HomGL2(F∞)(Vsp(R), C∞(GL2(F∞), R)) ∼= HomR(Vsp(R), R)

given by, where i is the identity of the group GL2(F∞),

{ψ : f �→ ψ(f)} �→ {f �→ ψ(f)(i)}, for f ∈ Vsp(R).
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Proof. The inverse map is given by, for f ∈ Vsp(R) and φ ∈ HomR(Vsp(R), R),

{f �→ φ(f)} �→ {f �→ {s �→ φ(sf) for all s ∈ GL2(F∞)}}. �

B.8.10. Notation. (1) Let Γ be a subgroup of GL2(F∞). Then Γ acts on the
tree T , the space P1(F∞), and the representation Vsp. Hence the isomorphisms
of propositions B.8.5, B.8.8, B.8.9 restrict to isomorphisms of Γ -invariant
subgroups

H1
harm(T,R)Γ ∼= HomR(Vsp(R), R)Γ

∼= HomGL2(F∞)(Vsp(R), C∞(GL2(F∞)/Γ,R)).

(2) Assume now that Γ is a subgroup of GL2(A) of finite index. Let f be a
locally constant function on GL2(F∞)/Γ . For each parabolic subgroup P over
the global field F of GL2(F ) with unipotent radical U we put

fP (x) =
∫

u∈U/(Γ∩U)

f(xu)du.

The subgroup U is conjugate to
(

1 ∗
0 1

)
by an element of GL2(F ).

B.8.11. Definition. A locally constant function f on GL2(F∞)/Γ is cuspidal
if fP (x) = 0 for all parabolic subgroups P of GL2(F ).

Write L0(GL2(F∞)/Γ,R) for the subspace of cuspidal elements of
C∞(GL2(F∞)/Γ,R).

B.8.12. Proposition. The isomorphism of proposition B.8.8 and B.8.10

H1
harm(T,R)Γ ∼= HomGL2(F∞)(Vsp(R), C∞(GL2(F∞)/Γ,R))

restricts to an isomorphism

H1
! harm(T,R, Γ ) ∼= HomGL2(F∞)(Vsp(R), L0(GL2(F∞)/Γ,R)).

[As in (B.7.8), the group H1
! harm(T,R, Γ ) denotes the group of harmonic

cochains which are Γ -invariant and have compact support modulo Γ .]

Proof. Let f ∈ C∞(GL2(F∞)/Γ,R) be the image of an element of Vsp(R)
by a homomorphism in HomGL2(F∞)(Vsp(R), C∞(GL2(F∞)/Γ,R)). Then the
function f is cuspidal if and only if it has compact suppport modulo Γ and
the centre of GL2(F∞) (see [Ha, 1.2.3]). �

B.8.13. Exercise. Let z be a parameter on the projective line P1/F∞.
(i) Show that there is an ordered edge e of the Bruhat-Tits tree T such that P (e) is
the open unit disc {z ∈ F∞| |z| < 1}.
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(ii) Show that any finite open disc {z| |z − a| < c}, and any open disc at infinity
{z| |z| > c}, is of the form P (e) for some ordered edge e of the tree T .
(iii) Let e be an ordered edge of T and e∗ be the edge with the opposite orientation.
Show that P1(F∞) = P (e) ∪ P (e∗) is a partition of P1(F∞). If e1, . . . , es are the
ordered edges issuing from a vertex show that there is a partition of P1(F∞)

P1(F∞) =

s⋃

i=1

P (ei)

and that there is a partition of P (e∗1)

P (e∗1) =

s⋃

i=2

P (ei)

(iv) Shows that the subsets P (e) of P1(F∞) generate the Boolean algebra of all
compact open subsets of P1(F∞).

B.9 Automorphic forms and the main theorem

(B.9.1) Let Ql be the algebraic closure of the l-adic field Ql, where l is a prime
number distinct from the characteristic of F . Let A denote the adèle ring of
the global field F .

The space
A0 = L0(GL2(F )\GL2(A))

of cuspidal automorphic forms with values in Ql is the set of functions

f : GL2(F )\GL2(A)→ Ql

such that

(a) f is invariant by a compact open subgroup;

(b) the GL2(F∞)-transforms of f generate a finite direct sum of irreducible
representations;

(c) f is cuspidal, that is to say
∫

A/F

f(x
(

1 z
0 1

)
)dz = 0

for all x ∈ GL2(A).

Let f be a function satisfying the conditions (a) and (b). Then f is in A0 if
and only if f has compact support modulo the centre of GL2 (see [Ha, 1.2.3]).
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B.9.2. Proposition. We have an isomorphism

H1
harm(T,C∞(GL2(Af ),Ql))

∼= HomGL2(F∞)(Vsp(Ql), C
∞(GL2(Af )×GL2(F∞),Ql)).

Proof. We put
R = C∞(GL2(Af ),Ql)

in proposition B.8.12, where Af denotes the ring of finite adèles. �

B.9.3. Proposition. Let H be an arithmetic subgroup of GL2(Â), where

Â is the profinite completion of A. Assume that the stabiliser in Hx of any
vertex or edge of T is a p-group. There is isomorphism of (centralizer(H) in
GL2(Af ))×Gal(F sep∞ /F∞)-representations

θH : H1
! (M2

H ⊗ F sep
∞ ,Ql) ∼=

HomGL2(F∞)(Vsp(Ql), L0(GL2(F )\GL2(A)/H,Ql))⊗Ql spGal.

Proof. From proposition B.9.2 we have an isomorphism

θ : H1
harm(T,C∞(GL2(Af ),Ql))

∼= HomGL2(F∞)(Vsp(Ql), C
∞(GL2(Af )×GL2(F∞),Ql)).

We have from proposition B.7.15 the isomorphism

H1
! (M2

H ⊗ F sep
∞ ,Ql) ∼= H1

! harm(T̃ ,Ql, H)⊗Ql spGal.

We have the two coset descriptions of M2
H (proposition B.4.9)

M2
H(F̂∞) = GL2(F )\GL2(Af )×Ω2(F̂∞)/H

=
∐

xH∈GL2(Af )/H

Ω2(F̂∞)/(xHx−1 ∩GL2(F )).

Put, as in proposition B.7.4, Hx = xHx−1 ∩ GL2(F ) for any coset xH of H
in GL2(Af ).

From proposition B.8.12, we have the isomorphism

H1
!harm(T,Ql, Hx)∼=HomGL2(F∞)(Vsp(Ql), L0(GL2(F∞)/Hx,Ql)).

Hence we obtain the isomorphisms

H1
! harm(T̃ ,Ql, H)



494 Appendix B. Automorphic forms

∼= HomGL2(F∞)(Vsp(Ql), L0(GL2(F )\GL2(F∞)×GL2(Af )/H,Ql)

∼= HomGL2(F∞)(Vsp(Ql), L0(GL2(F )\GL2(A)/H,Ql).

We obtain an isomorphism

θH : H1
! (M2

H ⊗ F sep
∞ ,Ql) ∼=

HomGL2(F∞)(Vsp(Ql), L0(GL2(F )\GL2(A)/H,Ql))⊗Ql spGal. �

B.9.4. Main Theorem. We have an isomorphism of
GL2(Af )×Gal(F sep∞ /F∞)-representations where the limit runs over all arith-

metic subgroups H of GL2(Â)

lim−→H
1
! (M2

H × F sep
∞ ,Ql) ∼= HomGL2(F∞)(Vsp(Ql),A0)⊗Ql spGal.

Proof. The subgroups ŨI are cofinal in the category of arithmetic subgroups
of GL2(Â); the groups ŨI satisfy the condition that the stabiliser in Hx of any
vertex or edge of T is a p-group. Hence the theorem follows from proposition
B.9.3 by passing to the limit over all H , where H runs over all arithmetic
subgroups of GL2(Â). �

B.9.5. Remarks. (1) This last theorem is one of the principal results of Drin-
feld’s paper [Dr1].
(2) A fundamental result [J-L, prop. 11.1.1] in the theory of automorphic
forms for GL2, is that the representation of GL2(A) on A0 decomposes as a
sum of admissible irreducible representations with multiplicity 1

A0 =
⊕

π∈Π
π

where Π is a set of irreducible admissible representations of the adèle group
GL2(A).

Each representation π in Π decomposes as a tensor product π = ⊗vπv
over all places v of F where πv is an irreducible admissible representation
with a GL2(Ov)-invariant vector for all but finitely many places v of F , where
Ov denotes the completion of the local ring OX,v of X at v.

B.9.6. Corollary. We have an isomorphism of GL2(Af ) × Gal(F sep∞ /F∞)-
representations

lim−→H
1
! (M2

H × F sep
∞ ,Ql) ∼=

( ⊕

π∈Π
π∞∼=Vsp(Ql)

⊗

v �=∞
πv

)
⊗ spGal.
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Proof. The module Vsp(Ql) is an admissible irreducible representation of
GL2(F∞). For a representation π ∈ Π over Ql of GL2(A), we have
HomGL2(F∞)(Vsp(Ql), π) is equal to zero unless the component π∞ of π is
isomorphic to Vsp(Ql). This gives the isomorphism of the corollary where
Gal(F sep

∞ /F∞) acts trivially on (
⊗

v �=∞ πv)⊗ spGal except for the last compo-
nent spGal. �

(B.9.7) Let Π∞ be the subset of Π of irreducible admissible representations of
the adèle group GL2(A). which are isomorphic to the special representation
Vsp(Ql), at ∞.

(B.9.8) Let Σ∞ be the set of isomorphism classes of 2-dimensional
Ql-representations of Gal(F sep/F )

ρ : Gal(F sep/F )→ GL2(Ql)

which are ramified at only finitely many places of F and such that the re-
striction of ρ to the subgroup Gal(F sep∞ /F∞) is isomorphic to the special
representation spGal.

B.9.9. Corollary. There is a map

Π∞ −→ Σ∞, π �→ σ(π)
and an isomorphism of GL2(Af )×Gal(F sep/F )-modules

lim−→H
1
! (M2

H ×F F sep,Ql) ∼=
⊕

π∈Π∞

[
(
⊗

v �=∞
πv)⊗ σ(π)

]
.

Proof. The group Gal(F sep∞ /F∞) is a subgroup of Gal(F sep/F ). It follows that
as a GL2(Af ) × Gal(F sep

∞ /F∞)-module, the cohomology group
lim−→H

1
! (M2

H × F sep,Ql) is isomorphic to
⊕

π∈Π
π∞∼=Vsp(Ql)

[(
⊗

v �=∞
πv)⊗ spGal] from the

previous corollary B.9.6. The action of Gal(F sep/F ) commutes with the action
of GL2(Af ); for any π ∈ Π∞, the module

⊗
v �=∞ πv is an irreducible represen-

tation of GL2(Af ) hence the group Gal(F sep/F ) acts on the 2-dimensional Ql-
space spGal, where this representation depends on π. Denoting this represen-
tation of Gal(F sep/F ) by σ(π), we obtain the isomorphism of the corollary.�

B.10 The Langlands correspondence π → σ(π)

(B.10.1) Let W be the Weil group of the global field F ; that is to say, W
consists of elements of Gal(F sep/F ) whose image in Ẑ belongs to Z under the
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restriction homomorphism to Gal(ksep/k) ∼= Ẑ. The topology on W is that
induced by the embedding W ⊆ Gal(F sep/F )×Z.

If v is a place of F , let Fv denote the completion of F at v. Let Wv

denote the Weil group of Fv, that is to say, Wv consists of elements of
Gal(F sep

v /Fv) whose image in Ẑ belongs to Z under the restriction homo-
morphism to Gal(ksep/k) ∼= Ẑ.

(B.10.2) Let E be a number field, that is to say a finite extension field of Q.
Denote by Ψ(E) the set of isomorphism classes of compatible systems {ρλ}λ
of absolutely irreducible 2-dimensional λ-adic representations of W

ρλ :W → GL2(Eλ)

where λ runs over all non-archimedean places of E which do not divide the
characteristic of F .

The system of representations {ρλ}λ of the Weil group W is compatible
if for every place v of F and every element g ∈ W then the trace tr(ρλ(g))
belongs to E and is independent of the place λ.

(B.10.3) Put
Ψ = lim−→

E

Ψ(E)

where E runs over all number fields.
Let Ψ∞ denote the subset of Ψ of compatible systems of representations

which are isomorphic to the special representation spGal at ∞
(see also (B.9.8)).

(B.10.4) Let Π be the set of isomorphism classes of irreducible admissible
cuspidal representations of GL2(A) over Ql. Let Π∞ be the subset of Π of
representations which are isomorphic to the special representation Vsp(Ql) at
∞, as in (B.9.7).

(B.10.5) Let E be a number field and ρ = {ρλ}λ be an element of Ψ(E) and
let π ∈ Π . The representation π is said to be compatible with ρ if for some
place λ of E and almost all places v of F then

L(s− 1
2
, πv) = det(1 − fvq−sv , ρλ)−1

where L denotes the Jacquet-Langlands L-function, fv ∈ W is a geometric
frobenius element at v and qv is the order of the residue field of Fv at v.

Let ρ = {ρλ}λ be an element of Ψ and let π ∈ Π . The π is said to be
compatible with ρ if there is a number field E and an element ρE of Ψ(E) such
that ρ is the image of ρE and π is compatible with ρE .
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B.10.6. Theorem. (Drinfeld) Let Γ be the subset of pairs (ρ, π) ∈ Ψ∞×Π∞
such that π is compatible with ρ. Then Γ is the graph of a bijection Ψ∞ ∼= Π∞.

Sketch proof. The surjectivity of the projection Γ → Ψ∞ is a consequence of
results of [D1]. The projection Γ → Ψ∞ is injective because an irreducible
cuspidal representation of GL2(A) is uniquely determined by all but finitely
many local components.

That Γ → Π∞ is injective follows from the Čebotarev density theorem. It
remains to prove the surjectivity of Γ → Π∞.

Let π ∈ Π∞. By theorem 8.3 and corollary 8.8, there is a representation
σ(π). It remains to show that π is compatible with σ(π); for this see [Dr1] or
[DH]. �

B.10.7. Remark. Drinfeld [Dr2, Dr3] also proves that the compatibility of
representations of Π and Ψ induces a bijection Π → Ψ . For this, Drinfeld
introduces the moduli schemes of stukas; Drinfeld modules are special cases
of Drinfeld’s stukas, but this is not an obvious consequence of the definition
of stukas.

Lafforgue has generalised Drinfeld’s proof to GLn for all integers n (see
[La] or §B.12 below).

B.11 Elliptic curves as images of Drinfeld modular
curves

The conductor of an elliptic curve

(B.11.1) Let L be a local field of residue characteristic p. For a finite galois
extension of fields J/L, let G be the galois group of J/L. Let R be the valu-
ation ring of the field J and let p be the maximal ideal of R. The ith higher
ramification group is then

Gi = {σ ∈ G| v(ασ − α) ≥ i+ 1 for all α ∈ R}.

That is to say, Gi is the normal subgroup of G which acts trivially on R/pi+1.
In particular, G0 is the inertia subgroup of G. Put gi = |Gi|.

(B.11.2) Let l be a prime number distinct from the residue characteristic of
L. Let F be a finite field of characteristic l. Let W be a finite dimensional
representation over F of Gal(J/L) that is to say a homomorphism

ρ : Gal(J/L) −→ EndF(W ).

Let I be the inertia subgroup of Gal(J/L). The tame part of the conductor
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of ρ is equal to
ε(ρ) = dimFW/W

I .

The wild part of the conductor (or the Swan conductor) of ρ is equal to

sw(ρ) =
∞∑

i=1

gi
g0

dimF

(
W

WGi

)
.

The exponent of the conductor of ρ is then equal to

f(ρ) = ε(ρ) + sw(ρ).

(B.11.3) Let E be an elliptic curve defined over the local field L of residue
characteristic p. Let Tl(E) be the l-adic Tate module of E/L; put Vl =
Tl(E)⊗Zl Ql. Then Vl is equipped with an action by Gal(Lsep/L)

ρ : Gal(Lsep/L) −→ EndQl(Vl).

Let I be the inertia subgroup of Gal(Lsep/L). The tame part of the con-
ductor of E is equal to

ε(E) = dimQlVl/V
I
l .

Let E[l] be the l-torsion subgroup of E. Let J = L(E[l]), that is to say
J is the smallest field of rationality over L of the l-torsion points of E. Thus
E[l] is a 2-dimensional vector space over Z/lZ.

The wild part of the conductor of E/L is equal to

δ(E) =
∞∑

i=1

gi
g0

dimZ/lZ

(
E[l]
E[l]Gi

)
.

The exponent of the conductor of E/L is then

f(E/L) = ε(E) + δ(E).

The conductor is independent of the choice of prime number l (see [Si2, Chap.
6, Theorem 10.2]). The conductor f(E/L) is zero if E/L has good reduction.

(B.11.4) Suppose that E is an elliptic curve defined over a global field K. The
conductor of E/K is then the divisor

f(E/K) =
∑

v

f(E ⊗K Kv/Kv).v

where the sum runs over all non-archimedean places v of K and where
f(E ⊗K Kv/Kv) is the local exponent of the conductor of E ⊗K Kv over
the local field Kv and where Kv denotes the completion of K at v. This sum
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is finite as the curve E/K has good reduction at all but finitely many places
of K.

Elliptic curves with split multiplicative reduction

(B.11.5) With the notation of (B.2.1) Let OC,∞ be the local ring of the curve
C/k at∞. Let F∞ be the completion of F at∞. Let |.| be the corresponding
valuation on the local field F∞.

(B.11.6) Let E/F be an elliptic curve (that is to say a 1-dimensional abelian
variety). The curve E/F has split multiplicative reduction at ∞ if the closed
fibre over ∞ of the minimal proper smooth model C of E at ∞ has a node
and the tangents at the node are rational over the residue field κ(∞) at ∞.

[See [Si1] for more details.]

(B.11.7) If E/F has split multiplicative reduction at ∞, then the curve E/F
is a Tate curve at ∞. That is to say, there is an element x ∈ F ∗∞, such that
|x|∞ < 1, and an isomorphism of rigid analytic tori

F ∗∞/x
Z ∼= E(F∞).

[See [Si2, Chapter V] for more details.]

B.11.8. Proposition. Suppose that E/F has split multiplicative reduction
at ∞. For any prime number l distinct from the characteristic of F , let Tl(E)
be the Tate module of E/F . Then there is a non-split exact sequence of
Gal(F sep

∞ /F∞)-modules

0 → Tl(µ) → Tl(E) → Zl → 0.

where Gal(F sep
∞ /F∞) acts trivially on Zl.

Proof. There is an isomorphism of abelian groups compatible with the action
of G = Gal(F sep∞ /F∞) for some element x ∈ F ∗∞ with |x|∞ < 1

F sep ∗
∞ /xZ → E(F sep

∞ ).

The ln-torsion of E is isomorphic to (Z/lnZ)2. Fix an lnth root ζ of x in F sep∞ .
The ln-torsion of F sep ∗

∞ /xZ is isomorphic to

H = µlnζZ.

It follows that there is a non-split exact sequence of Gal(F sep
∞ /F∞)-modules

0 → µln → Eln(F sep
∞ ) → Z/lnZ → 0.
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where Gal(F sep∞ /F∞) acts trivially on Z. Passing to the projective limit gives
the exact sequence of the proposition.�

B.11.9. Corollary. The representation of Gal(F sep/F ) on the l-adic coho-
mology H1

ét(E ×F F sep,Ql) is isomorphic to the special representation spGal

at ∞. The exponent of the conductor of E at ∞ is equal to 1. �

Analogue of the Shimura-Taniyama-Weil conjecture for elliptic curves over F

(B.11.10) Let E/F be an elliptic curve. Then for all prime numbers l distinct
from the characteristic of F , the cohomology groups H1

ét(E ×F F sep,Ql) pro-
vide a compatible system of 2-dimensional l-adic representations of the galois
group Gal(F sep/F )

ρl : Gal(F sep/F ) −→ EndQl(H
1
ét(E ×F F sep,Ql)).

For all places v of F , we put (see examples 5.3.18(1))

av = Tr(ρ(Frobv)|H1
ét(E ×F F sep,Ql)Iv )

where Iv is an inertia subgroup of Gal(F sep/F ) at v. Let Ev denote the re-
duction at v of the Néron model of E/F . Then we have

av = |Ev(κ(v))| − 1− |κ(v)|.

(B.11.11) The local L-function at v of the elliptic curve E is then defined to
be, where qv is the order of the residue field κ(v),

Lv(s) = (1 − avq−sv + q1−2s
v )−1 if E has good reduction at v

Lv(s) = (1− avq−sv )−1 if E has bad reduction at v.

The global L-function of E/F is then defined to be

L(E, s) =
∏

v

Lv(s)

where the product runs over all places v of F .

(B.11.12) Suppose that the elliptic curve E/F is not isotrivial.
For each place v of F (see [D2, §3]), the representation of Gal(F sep

v /Fv) on
H1
ét(E ×F F sep,Ql) defines an irreducible admissible representation πv(E) of

GL2(Fv). As the representations H1
ét(E ×F F sep,Ql) are compatible for all l
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distinct from p, the representation πv(E) is defined over Q and is independent
of l. Let πv(E) also denote the corresponding representation over Ql. The
centre F ∗v of GL2(Fv) acts as the quasi-character ω2 : a �→ |a|2v on πv(E)
where |.|v is the normalised absolute value of Fv. For all but finitely many
places v, the representation πv(E) has a GL2(Ov)-invariant vector, where Ov
is the valuation ring of the local field Fv.

By [D1, Exemple 9.6] and [JL, theorem 11.3, 11.5] the tensor product
π(E) =

⊗

v

πv(E) is then a direct factor of the representation

L0(ω2,GL2(F )\GL2(A),Ql)

in the space of cuspidal locally constant Ql-valued functions with compact
support on GL2(F )\GL2(A) transforming the centre via the quasi-character
ω2. The representation π(E) has by construction the same local L-factors as
{ρl}l. That is to say, π(E) is compatible with {ρl}l. Furthermore the conductor
of π(E) is equal to the conductor of the representation ρl provided by the curve
E/F (see [D2, §3.2(C)]).

(B.11.13) Suppose now that E/F has split mutliplicative reduction at ∞;
in particular, E/F is not isotrivial. The conductor of E is then equal to
div(I)+∞, where I is an ideal of A and div(I) is the divisor on C/k associated
to I.

The component π∞(E) at ∞ of the automorphic representation π(E) at-
tached to E/F is then isomorphic to the special representation Vsp(Ql).

(B.11.14) Let Γ0(I) be the Hecke subgroup of GL2(Â), where Â is the profinite
completion of A; that is to say, the subgroup given by

Γ0(I) =
{(

a b
c d

)
∈ GL2(Â) | c ≡ 0 (mod IÂ)

}
.

Then Γ0(I) is an arithmetic subgroup of GL2(Â); in particular, it contains
the principal congruence subgroup ŨI . We write spGal(Ql) for the special
representation over Ql, that is to say,

spGal(Ql) = spGal ⊗Ql Ql.

Write Γ in place of Γ0(I). The group Γ satisfies the hypothesis of propo-
sition B.9.3 that the stabiliser in Γx of any vertex or edge of T is a p-group.
By proposition B.9.3 we have for the arithmetic subgroup Γ an isomorphism
of (centralizer(Γ ) in GL2(Af ))×Gal(F sep∞ /F∞)-representations

θΓ : H1
! (M2

Γ ⊗ F sep
∞ ,Ql) ∼=

HomGL2(F∞)(Vsp(Ql), L0(GL2(F )\GL2(A)/Γ,Ql))⊗Ql
spGal(Ql).
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The representation L0(GL2(F )\GL2(A)/Γ,Ql) decomposes as a direct
sum of irreducible representations of multiplicity 1 [JL, proposition 11.1.1]

L0(GL2(F )\GL2(A)/Γ,Ql) ∼=
⊕

π∈ΠΓ
π

where ΠΓ is a set of irreducible admissible representations of GL2(A). As
π(E) is a direct factor of L0(GL2(F )\GL2(A)/Γ,Ql) and as π∞(E) is iso-
morphic to Vsp(Ql) it follows that there is an isomorphism of (centralizer(Γ )
in GL2(Af ))×Gal(F sep/F )-representations

θ∗Γ : H1
! (M2

Γ ⊗F F sep,Ql) ∼=
{

(
⊗

v �=∞
πv(E))⊗σ(π(E))

}
⊕
⊕

π∈Π′
Γ

(
⊗

v �=∞
πv)⊗σ(π)

where Π ′Γ is a subset of ΠΓ . Here σ(π(E)) is a 2-dimensional representation
over Ql of Gal(F sep/F ) compatible with π(E). Hence σ(π(E)) is isomorphic
over Ql to the l-adic representation ρl given by E (see (B.11.10)).

Let XDrin
0 (I)/F be the smooth projective curve obtained from M2

Γ by
adjoining the cusps. Let Tl(XDrin

0 (I)/F ) be the l-adic Tate module of the jaco-
bian ofXDrin

0 (I)/F . AsH1
! (M2

Γ⊗F sep,Ql(1)) is isomorphic to Tl(XDrin
0 (I))⊗Zl

Ql, we obtain a surjective homomorphism of Gal(F sep/F )-modules

Tl(XDrin
0 (I))⊗Zl Ql → Tl(E)⊗Zl Ql.

B.11.15. Theorem. (Zarhin, [Z1], [Z2], S. Mori) Let A,B be abelian varieties
over F and let l be a prime number distinct from the characteristic of F .
Let Tl(A), Tl(B) be the Tate modules of A,B, respectively. Then there is an
isomorphism

HomF (A,B) ⊗Z Zl ∼= HomGal(F sep/F )(Tl(A), Tl(B)). �

(B.11.16) By this theorem of Zarhin, completed for the case of characteristic
2 by S. Mori, we obtain the next theorem, which is a restatement of theorem
4.7.1 of the main text.

B.11.17. Theorem. Suppose that E/F has split mutliplicative reduction
at ∞. Let I, which is an ideal of A, be the conductor of E/F without the
component at ∞. Then there is a finite surjective morphism of F -schemes

XDrin
0 (I)→ E. �

B.11.18. Remarks. (1) Let A,B be abelian varieties over a field K which is
finitely generated over its prime subfield. Let l be a prime number distinct
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from the characteristic of K. Let Tl(A), Tl(B) be the Tate modules of A,B,
respectively. Then “the isogeny conjecture” is that there is an isomorphism
(see [T1, p.98])

HomK(A,B)⊗Z Zl ∼= HomGal(Ksep/K)(Tl(A), Tl(B)).

The conjecture states that if a group homomorphism of Gal(Ksep/K)-modules
f : A[l∞]→ B[l∞], is given, where A[l∞] and B[l∞] denote the l-power torsion
subgroups ofA,B, respectvely, then for all integers n there is a homomorphism
of abelian varieties fn : A → B over K where fn coincides with f on points
of order ln.

(2) The result stated in the theorem B.11.15 is the “isogeny conjecture” for
global fields of positive characteristic. Zarhin proved the isogeny conjecture for
abelian varieties over function fields of characteristic p �= 2 (see [Z1], [Z2]); the
proof for p = 2 was completed by S. Mori (see [Mo] Chapitre XII, Corollaire
2.4, Théorème 2.5). Faltings [F] proved the “isogeny conjecture” for abelian
varieties over number fields.

(3) In [GR], the theorem 4.7.1 is also proved for elliptic curves over global
fields of positive characteristic. The method of [GR] is different from that
explained above (see remark 4.7.2).

B.11.19. Examples. The following examples are taken from [GR]. Suppose
that q = 2 and F is the rational field F2(T ). Let ∞ be the point at infinity
of F with residue field F2.

(1) Let I = T 2(T − 1)F2[T ]. Then XDrin
0 (I) has genus 1. Let E/F be the

elliptic curve with Weierstrass equation

Y 2 + TXY = X3 + TX.

This has j-invariant T 8/(T−1)2 and conductor I.∞. It has split multiplicative
reduction at∞. It follows from theorem 4.7.1 that there is an isogeny of elliptic
curves (in fact there is an isomorphism)

XDrin
0 (I)→ E.

(2) Let I = T 3F2[T ]. Then XDrin
0 (I) also has genus 1. Let E/F be the elliptic

curve with Weierstrass equation

Y 2 + TXY = X3 + T 2.

This has j-invariant T 4 and conductor I.∞. It has split multiplicative reduc-
tion at ∞. It follows from theorem 4.7.1 that there is an isogeny of elliptic
curves

XDrin
0 (I)→ E.
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In fact XDrin
0 (I) is isomorphic to E.

(3) Let I = T (T 2 + T + 1)F2[T ]. Then XDrin
0 (I) has genus 2. Let E1/F be

the elliptic curve with Weierstrass equation

Y 2 + (T + 1)XY + Y = X3 + T (T 2 + T + 1).

Let E2/F be the elliptic curve with Weierstrass equation

Y 2 + (T + 1)XY + Y = X3 +X2 + T + 1.

Then E1 has j-invariant (T + 1)12/[T (T 2 + T + 1)]3 and E2 has j-invariant
(T + 1)12/T 5(T 2 + T + 1). The curves E1, E2 have split multiplicative reduc-
tion at ∞. The jacobian of the curve XDrin

0 (I) is isogenous to E1 × E2.

B.12 The Langlands conjecture for GLn over function
fields (according to Lafforgue)

Lafforgue [La] has extended the method of Drinfeld for proving the Langlands
conjecture for GL2 to GLn for all integers n ≥ 1. Lafforgue considers instead
of moduli schemes of Drinfeld modules, the cohomology of moduli schemes of
Drinfeld’s stukas.

(B.12.1) To state the main result of Lafforgue, with the notation of (B.2.1), fix
a prime number l different from the characteristic of F . For every integer r ≥
1, letAr(F ) denote the set of automorphic irreducible cuspidal representations
π of GLr(A) of which the central character χπ is of finite order. Let Grl (F )
denote the set of l-adic representations of Gal(F sep/F ) which are unramified
everywhere except for finitely many places and are irreducible of dimension r
and such that the determinant representation is of finite order. The Langlands
correspondence for the function field F can then be stated as follows.

B.12.2. Theorem. (Lafforgue) For every integer r ≥ 1 we have:

(i) To every automorphic cuspidal representation π ∈ Ar(F ) there is associ-
ated a unique Galois representation σπ ∈ Grl (F ) which is unramified at every
place x of C where π is unramified and has eigenvalues for the Frobenius equal
to the eigenvalues of Hecke z1(π), . . . , zr(π) of π.

(ii) Conversely, to every Galois representation σ ∈ Grl (F ) there is associated
a unique automorphic cuspidal representation πσ ∈ Ar(F ) where the Hecke
eigenvalues z1(π), . . . , zr(π) of πσ are equal to the eigenvalues for the Frobe-
nius of σ. �

(B.12.3) Lafforgue also proves the Ramanujan-Petersson conjecture for the
automorphic cuspidal representations of Ar(F ) as well as the Generalised
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Riemann Hypothesis for the corresponding L-functions of these automorphic
representations for function fields. The precise statement is as follows.

B.12.4. Theorem. (Lafforgue)

(i) (Ramanujan-Petersson conjecture) For every integer r ≥ 1 and every au-
tomorphic cuspidal representation π ∈ Ar(F ) the local factors πx of π are
tempered at all places x of C. In particular, at every place x ∈ C where πx is
unramified, its Hecke eigenvalues satisfy

|zi(πx)| = 1 for all 1 ≤ i ≤ r.

(ii) (Generalised Riemann Hypothesis) For every pair of cuspidal automorphic
representations π ∈ Ar(F ) and π′ ∈ Ar′(F ) of ranks r, r′ ≥ 1, all zeros of the
global L-function L(π × π′, Z) are on the circle

|Z| = |k|−1/2. �
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- Čech galois cohomology. See Čech galois cohomology
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