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Preface

In this text, we define the Heegner module of an elliptic curve over a global
field. For global ground fields of positive characteristic, Drinfeld proved that
certain elliptic curves are the images of Drinfeld modular curves. On these
modular curves are points corresponding to Heegner points on classical mod-
ular curves. These points, called Drinfeld-Heegner points, correspond to gen-
erators of the Heegner module of the elliptic curve. Furthermore, for the case
of a Weil elliptic curve over the rational field Q, the Heegner module of the
curve is generated by the corresponding Heegner points.

The cohomology of the Heegner module of an elliptic curve over a global
field induces elements in the cohomology of the elliptic curve. As an applica-
tion, we prove the Tate conjecture for a class of elliptic surfaces over finite
fields. This case of the Tate conjecture is essentially equivalent to the con-
jecture of Birch and Swinnerton-Dyer for a corresponding class of elliptic
curves over global fields and is also equivalent to the finiteness of the Tate-
Shafarevich groups of these elliptic curves. This application is parallel to V.A.
Kolyvagin’s proof of the conjecture of Birch and Swinnerton-Dyer for a class
of Weil elliptic curves over the field of rational numbers.

Paris, March 2004 M.L. Brown
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1

Introduction

The points of departure of this text are twofold: first the proof by Drinfeld
in 1974 ([Drl], see also Appendix B) of an important case of the Langlands
conjecture for GL2 over a global field of positive characteristic and second the
proof by Kolyvagin [K] in 1989 of the Birch Swinnerton-Dyer conjecture for
a class of Weil elliptic curves over the rational field Q.

A consequence of Drinfeld’s work is that an elliptic curve E over a global
field F of positive characteristic with split multiplicative reduction at a place is
an image of a Drinfeld modular curve (see Appendix B, §B.11). The analogues
of Heegner points on elliptic curves over the rational field @ may be then
constructed on the curve F; these points on E are called Drinfeld-Heegner
points.

These Drinfeld-Heegner points satisfy relations given by the action of the
Hecke operators on the Drinfeld modular curves. We may then define, by gen-
erators and these relations, a Heegner module attached to the elliptic curve
E. The Drinfeld-Heegner points of F generate a subgroup of E which is a ho-
momorphic image of the Heegner module; nevertheless, the Heegner module
is an object distinct from E. The cohomology of the Heegner module may be
computed to a large extent (see Chapter 6). As an application of the coho-
mology of the Heegner module, we may then prove under suitable hypotheses
the Tate conjecture for the elliptic surface over a finite field corresponding to
the elliptic curve E/F (see Chapter 7).

The final part of the proof of the Tate conjecture (see Chapter 7) is parallel
to Kolyvagin’s calculation with “Euler systems” (see [R]). In particular, the
derived cohomology classes of Kolyvagin transposed to the present case of
elliptic curves over function fields arise naturally as part of the cohomology
of the Heegner module.

Chapter 7 of this text is the sequel to the paper [Br2], in which we con-
sidered the Tate conjecture for surfaces equipped with a rational pencil of
elliptic curves; here we consider the general case of surfaces with an irrational
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2 Introduction

elliptic fibration. Furthermore, for the original case of a rational pencil of el-
liptic curves, we give much more complete results and eliminate some of the
technical hypotheses of the main theorem 1.1 of the first paper [Br2].

In this chapter below, we summarise the main results of this text.

1.1 Statement of the Tate conjecture

Let

k be a finite field of characteristic p with ¢ = p™ elements;

k be an algebraic closure of k;

C/k be a smooth projective irreducible curve over k;

F be the function field of the curve C}

X/k be an elliptic surface over C; that is to say, X/k is a smooth projective
irreducible surface, equipped with a morphism f : X — C with a
section such that all fibres of f, except a finite number, are
elliptic curves;

E/F be the generic fibre of f : X — C, which is an elliptic curve E
over F;

oo be a closed point of C.

The zeta function (X, s) of X is defined by the formula

1
o= 1L e

zeX (k)

By Grothendieck and Deligne, for every prime number [ # p the zeta function

takes the form A

C(X,5) = [ Pi(X,q—) D

=0

i4+1

where we have

(i) Pi(X,t) = det(1 — tO] H (X x5 k, Qu))
Po(X,t)=1—1t, Py(X,t)=1-q*,

where © is the Frobenius automorphism of X X}, k relative to k;
(ii) P;(X,t) € Z[t] is independent of the prime number [ for all 4;
(i) the roots of P;(X,t) in € have absolute values equal to ¢~%/2.

Let p(X) be the rank of the Néron-Severi group NS(X) of X/k. The Tate
conjecture for this particular case of a surface over a finite field can be stated
in one of these three equivalent ways:
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(a) If I # p, the cycle map
NS(X) @z Q — HZ(X xp k, Q(1))G k/k)

is an isomorphism.
(b) The multiplicity of ¢ as an inverse root of Py(X,t) is equal to p(X).
(¢) The order of the pole of {(X,s) at s = 1 is equal to p(X).

[For more details see [Br2, Introduction], [T1], [T3].]

1.2 The Drinfeld modular curve X2"*(I)

Let A be the coordinate ring I'(C'\ {0}, O,) of the affine curve C'\ {o0}. Let
I be a non-zero ideal of A.

The curve XP™1(I) is the coarse moduli scheme of Drinfeld modules of
rank 2 for A equipped with an I-cyclic subgroup (Definition 2.4.2); this curve
is compactified by a finite number of cusps which correspond to “degenerate”
Drinfeld modules. The points of X" (I)/F correspond to pairs (D, Z) where
D is a Drinfeld module of rank 2 for A and Z is a finite closed sub-group
scheme of D which is isomorphic to A/I, as an A-module-scheme.

This modular curve XP™"(I) is an analogue for the global field F' of the
classical modular curve Xo(N) which is the coarse moduli scheme of elliptic
curves equipped with a cyclic subgroup of order N, where N is a positive
integer.

[For more details see, §2.4.]

1.3 Analogue for F' of the Shimura-Taniyama-Weil
conjecture

Let E/F be an elliptic curve which admits “split Tate multiplicative reduc-
tion” at co. Let I be the non-zero ideal of the ring A which is the conductor,
without the place at oo, of the elliptic curve F.

Thanks to the work of Drinfeld on the Langlands conjecture for GL(2),
there is a finite surjective morphism of curves

Y X9 (I) — E.

This result is the analogue for the global field F' of the Shimura-Taniyama-
Weil conjecture proved by Wiles [W] for semi-stable elliptic curves over Q.
[For more details, see §4.7 and Appendix B.]
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1.4 Drinfeld-Heegner points

Let K be a field which is an quadratic extension of F' where the place oo
remains inert; K is said to be an imaginary quadratic extension of F.

Let D be a Drinfeld module for A of rank 2 with complex multiplication
by an order O of K; let Z be an I-cyclic subgroup of D. Then the pair (D, Z)
represents a point on the modular curve XP'(I) (see §1.2).

If the quotient Drinfeld module D/Z has the same ring of endomorphisms
O as D then the point (D,Z) on the modular curve XP"(I) is called a
Drinfeld-Heegner point (see chapter 4).

If (D,Z) is a Drinfeld-Heegner point and ¢ : XP""(I) — E is a finite
surjective morphism of curves, where F is an elliptic curve over F' (see §1.3),
then the point ¥(D, Z) is called a Drinfeld-Heegner point of the elliptic curve
E.

The Drinfeld-Heegner points (D, Z) and ¥(D, Z) are rational over the ring
class field K|c], where ¢ is the conductor of the order O of K relative to A
(see §82.2,2.3).

1.5 Heegner sheaves

Let E/F be an elliptic curve equipped with a finite surjective morphism of
curves

Y XP() - E.
where T is the conductor, without the place at oo, of E (see §1.3).

Let F®°P be a separable closure of the field F. The set of Drinfeld-
Heegner points of E generates a subgroup H of the abelian group F(F*®°P) of
F®°P-rational points of E. The group H equipped with its action by the Galois
group Gal(F®°P/F) is then a sheaf of abelian groups for the étale topology of
Spec F' (see chapter 4) where for any étale morphism U — Spec F we have

IUH) = [U—E | the geometric points of
T |  the image of f are Drinfeld — Heegner [

Evidently H is a subsheaf of the étale sheaf defined by the elliptic curve E.

In the same way, the set of Drinfeld-Heegner points of XP""(I) defines a
sheaf of sets for the étale topology on Spec F'. Furthermore, a sheaf of abelian
groups may be defined for the étale topology on the curve C' and which is the
subsheaf generated by the Drinfeld-Heegner points of the sheaf defined by the
Néron model of £ over C' .

1.6 Hecke operators

Let z be a closed point of C'\ {oco} let m, be the maximal ideal of the ring A
defined by z. If z is not in the support of Spec A/I, the Hecke operator T, is
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defined on the curve X"(I) by

T.:(D,Z)— > (D/H,(Z+H)/H)
H

where H runs over the m,-cyclic subgroups of D and the right hand side of
this formula is a divisor on XP*"(T).
[See §4.5 for more details.]

1.7 Bruhat-Tits buildings with complex multiplication

Let A(SLy(F)) be the euclidean Bruhat-Tits building for SLs of the field F'
equipped with its discrete valuation associated to a closed point z. For this
case of SLg, the building A(SLa(F')) is a tree.

Let £ be the set of vertices of A(SLa(F)). Then a Bruhat-Tits tree with
complex multiplication is a couple (A(SLo(F)), Exp) where Exp, called an
exponent function, is a map of sets (see chapter 3)

Exp: L — Z.

We are principally concerned with Bruhat-Tits buildings with complex
multiplication which arise in the following way. Let

M be a reduced 2-dimensional commutative F-algebra;

R be the discrete valuation ring of F' associated to the closed point z;
7 be a uniformising parameter of R;

S be the integral closure of R in M.

As M is a 2-dimensional vector space over F', the R-lattices contained in
M correspond surjectively to the elements of £. Two R-lattices Ay, Ag in M
correspond to the same point in £ if and only if they are equivalent, that is,
Ay = aAy for some a € F*.

To each lattice equivalence class [A] € £, where A C M is a lattice of M,
is associated the ring of endomorphisms End?/ (A) which is the subring of M

preserving A:
End} (A) = {m e M | mA C A}.

The ring End} (A) is uniquely determined by its conductor ideal [S:Endf (A)],
which is an ideal of R, and depends only on the lattice class of A. The con-
ductor [S : End} (A)] is of the form 7™®(AD R where the exponent of the
conductor Exp([4]) is an integer; this defines a map

Exp: L — Z.

This pair (A(SLz(F)),Exp) is a Bruhat-Tits building with complex multi-
plication. When the algebra M is not reduced, a Bruhat-Tits building with
complex multiplication may also be defined (chapter 3).
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This construction may be globalised to define a Bruhat-Tits net with com-
plex multiplication for any excellent Dedekind domain R (see §§3.9, 3.10, 3.11).

1.8 Bruhat-Tits buildings with complex multiplication
and Drinfeld-Heegner points

Let (D, Z) be a Drinfeld-Heegner point on X' () relative to the imaginary
quadratic field extension K of F (see §1.4). Let z be a closed point of C'\ {oo}
where z is not in the support of Spec A/T; let T, be the Hecke operator at z.
Then

T.(D,7)

is a divisor on XP""(I) whose irreducible components are also Drinfeld-

Heegner points.

The Drinfeld module D, which has complex multiplication by an order of
K, corresponds to an A-sublattice A of rank 2 of K, under the equivalence
between Drinfeld modules of infinite characteristic and lattices. Hence D cor-
responds via A to a vertex v of the Bruhat-Tits building A(SLy(F)) with
respect to the discrete valuation on F' corresponding to z. The irreducible
components of T, (D, Z) then correspond to the neighbouring vertices of v in
A(SL2(F)). The exponents at z of the conductors of the endomorphism rings
of these components of T, (D, Z) are then the values of an exponent function
Exp on the corresponding vertices of A(SLy(F)).

The endomorphism rings of the components of T, (D, Z) are in this way de-
scribed by a Bruhat-Tits tree with complex multiplication (A(SLy(F)), Exp)
with respect to z (see §§3.6-3.8).

1.9 Classification of Bruhat-Tits buildings with complex
multiplication

Let M, R, zbe asin §1.7. Let (A(SL2(F)), Exp) be the corresponding Bruhat-
Tits tree with complex multiplication.

We prove that there are precisely 4 distinct forms of the Bruhat-Tits trees
with complex multiplication (A(SLy(F)), Exp), that is to say, 4 distinct forms
of the exponent functions Exp; there are 3 forms corresponding to the splitting
of the place z in the quadratic extension of algebras M/F and there is a 4th
form when M is not a reduced algebra.

We give a simple formula for the exponent functions Exp in terms of the
standard metric on the euclidean building A(SL2(F')) (see theorems 3.7.3,
3.7.5 and figures 1, 2, 3, and 4 of §3.8).
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1.10 The Heegner module of a galois representation

Let

p be a finite dimensional continuous representation over a local field L of
the galois group Gal(F*®°P/F), where F*°P denotes the separable
closure of F’;

K/F be an imaginary quadratic field extension;

R be a subring of L such that the character of p takes its values in R.

We construct a discrete galois R-module H(p) over Gal(K*P/K) called
the canonical Heegner module attached to p and K/F with coefficients in R.

The Heegner module H(p) is defined by generators and relations over the
ring R. The generators are the symbols < b, ¢ > where ¢ runs over all effective
divisors on Spec A and b runs over all divisor classes of Pic(O,), the Picard
group of the order O, of K with conductor c. The relations are explicitly given
in (5.3.5)-(5.3.8); they are derived from the action of the Hecke operators on
Drinfeld-Heegner points.

The most important case of this construction of H(p) arises from elliptic
curves. Suppose that E/F is an elliptic curve equipped with a finite surjective
morphism of curves

¢ Xg"(I) — E.

For any prime number [ different from the characteristic of F, the curve FE
provides a continuous [-adic representation

o : Gal(F**?/F) — Endq, (HE (E xr F*°P,Q))).

Let K/F be an imaginary quadratic extension field of F' in which all primes
dividing the conductor of E, except oo, split completely. The character of this
representation o takes its values in Z. The Heegner module H(o) attached
to o and K/F is then an abelian group equipped with the structure of a
discrete Gal(K®°P/K)-module; it is also equipped with a galois-equivariant
homomorphism (see examples 5.3.18)

f M) — B(F*P)

where H(0)(® is the direct summand of H (o) generated by the symbols
< b, ¢ > where c runs over all effective divisors on Spec A prime to a particular
finite exceptional set of prime divisors. The image of this homomorphism is
precisely the subgroup of E(F®°P) generated by the Drinfeld-Heegner points;
that is to say, the image f(H(0)(®) may be considered as a sheaf of abelian
groups for the étale topology on Spec K and it coincides with the Heegner
sheaf H of E, as in §1.5.
[See chapter 5 for more details.]
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1.11 Cohomology of the Heegner module

As in the preceding section §1.10, let H(p) over Gal(K*°P/K) be the Heegner
module over R attached to p, K/F, and R.
The Heegner module H(p) is an abelian representation of Gal(K*P/K) in

that the action of this galois group factors through an abelian quotient.
More precisely, let K[c| be the ring class field of K over F' with conductor

¢ (§2.3). Then H(p) may be expressed as a direct limit
H(p) = lim H,

where ¢ runs over all effective divisors on Spec A and H. is a Gal(K|[c|/K)-
module and is an R-module of finite type. This direct limit (which under a
simple hypothesis is a direct union; see corollary 5.9.4) defines a filtration on
H(p) and gives this Heegner module the structure of a discrete module over
the abelian galois group

Gal(|  K[d/K).

For any R-algebra S and any prime divisor z in the support of ¢, we
attempt to determine in Chapter 6 the galois cohomology groups

HY(Gal(K[c]/K|c— z]),H. ®r S), fori>0.
This is the first step in the determination of the galois cohomology groups
H(Gal(K**?/K),H(p) ®r S), for i > 0.

The most precise results we obtain are for the case where S is an infinitesimal
trait that is to say an artin local ring which is a quotient of a discrete valuation
ring.

[See chapter 6 for more details.]

1.12 The Tate conjecture and the Heegner module

Let £/C be the Néron model of the elliptic curve E/F. Then £ can be con-
sidered as a sheaf of abelian groups on C for the étale topology.
The Tate-Shafarevich group of E/F is defined by

]J_[(E7F) = Hélt(C7 5)

As k is a perfect field, this says that [[[(E,F) is the group of principal
homogeneous of F/F which are everywhere locally trivial. Thanks to the work
of Artin, Tate and Milne, the finiteness of the group [[[(E, F) is equivalent
to the Tate conjecture for the elliptic surface £/k of §1.1.
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Suppose that E/F is an elliptic curve equipped with a finite surjective
morphism of curves over F'

Y X9 (I) — E.

For any prime number [ different from the characteristic of F', we have a
continuous [-adic representation

p: Gal(F*P/F) — Endg, (Hi(E xr F*P, Q).

Let K/F be an imaginary quadratic extension field of F' in which all primes
dividing the conductor of E, except oo, split completely. As in §1.10, let
H(p) =lim H. be the Heegner module attached to p and K/F and the ring

of coefficients Z; we have a morphism of sheaves for the étale topology over
Spec K
f:H(P)® - E.

The morphism of sheaves f provides homomorphisms of cohomology
groups

Z C -
)Gal(K[ 1/K) _, Hélt(Spec K[CLETL)Gal(K[c]/K)

H =
( < ®z nZ,
for all integers n > 1 prime to the characteristic of F' and all ¢ prime to a
finite exceptional set of divisors, where E,, is the n-torsion subgroup of F.
This gives rise (see (7.14.5)) to the fundamental Heegner homomorphism, for

all n prime to a finite exceptional set of prime numbers,

Z a C
)G IK[/K) _, H (Spec K, E).

He —
( Rz N
The subgroups of Hj (Spec K, E) coming from the calculation of the coho-
mology of the Heegner module H(p), by a fine analysis in Chapter 7, enables
us to show, under suitable hypotheses, the finiteness of the Tate-Shafarevich
group [[[(E, F') and hence to prove the Tate conjecture for £/k.

1.13 Statement of the main result on the Tate
conjecture

In this section, let F' be a global field of positive characteristic and with exact
field of constants k; fix a place oo of F' with residue field equal to k. Let E/F
be an elliptic curve with an origin and with split multiplicative reduction at
00. Then E/F is equipped with a map of F-schemes

7 X () - F

where I, which is an ideal of A, is the conductor of E without the component
at oo (see §1.3). Let K be an imaginary quadratic extension field of F for



10 Introduction

which every prime dividing the conductor of E/F', except oo, splits completely
in K/F. Let < 0,I1,0,7 > be a Drinfeld-Heegner point of E(K]0]) (for the
notation, see (4.8.2)). Put

o = TrK[O]/K <0,I,0,m >€ E(K)

Let € = 1 be the sign in the functional equation of the L-function of E/F.

1.13.1. Theorem. Suppose that K # F ®p, IF;2 and that x¢ has infinite
order in the group E(K). Let £/k (resp. £'/k) be a proper smooth model of
the Néron model of the elliptic curve E/F (resp. E xp K/K ). Then we have:
(i) E(F) is a finite abelian group if € = +1, and is an abelian group of rank
life=—1;

(ii) E(K) is an abelian group of rank 1;

(iii) The Tate conjecture holds for the elliptic surfaces € /k and £’ [k (see §1.1);
(iv) The Birch-Swinnerton-Dyer conjecture holds for the elliptic curves E/F
and E xp K/K (see [Br2, Introduction]);

(v) The Artin-Tate conjecture holds for the elliptic surfaces £/k and &'/k
provided that char.(F) # 2 (see [Br2, Introduction)).

1.13.2. Remark. In this extension of the main theorem 1.1 of [Br2], the hy-
potheses stated therein have been largely eliminated. It is probable that the
hypothesis that p # 2 in part (v) of the above theorem 1.13.1 can be dispensed
with completely.

1.14 Heegner points on the classical modular curve

Xo(N)/Q

In this paper, we apply the methods developped to the Tate conjecture for
elliptic surfaces over finite fields. Nevertheless, the work below applies equally
to classical Heegner points on elliptic curves over Q and in this way goes
beyond prior work of Kolyvagin on the Birch-Swinnerton Dyer conjecture. In
particular, the Bruhat-Tits trees with complex multiplication, global Bruhat-
Tits nets, Heegner sheaves, and Heegner modules, defined in Chapters 3,4,
and 5, and the cohomology of the Heegner module computed in Chapter 6,
with minor modifications, also apply to elliptic curves over Q.

1.15 Prerequisites and guide
Prerequisites for reading this text are scheme theory, class field theory, and a

basic knowledge of Drinfeld modules and elliptic curves ([H), [N], [DH], [Sil],
and [Si2] respectively). Group cohomology is used throughout but almost all
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the basic definitions are given. Etale cohomology, except for §§5.4,5.5, is hardly
used until the final chapter 7 (see [M2]).

Drinfeld’s proof of a particular case of the Langlands conjecture for GLq
is presented in Appendix B but only the statement of the result and its impli-
cations for elliptic curves over function fields are required to follow the main
text (see §B.11 and notably theorem B.11.17). Rigid analytic modular forms
and rigid analytic spaces are sketched in Appendix A; but this is inessential
for understanding the main text.

The important results not covered in this text are the following:

(i) Igusa’s determination of the Galois action on torsion points on elliptic

curves over function fields [IJ.

(ii) The relation between the conjectures of Tate, Artin-Tate, for surfaces

over finite fields and the Birch Swinnerton-Dyer conjecture for
elliptic curves over function fields (see [T1], [T3], [M1]).

It is unnecessary to read the whole text to follow the proof of the Tate
conjecture theorem 1.13.1. For this, it is sufficient to read the following:

(a) Examples 5.3.18(1) and the definition of the Heegner module
in §§5.3.1-5.3.11.

(b) That part of section 5.6 on Kolyvagin elements notably
proposition 5.6.12.

(c) Case (1) of the table 6.10.7 (z remains prime in K/F and is
prime to ¢) on the galois invariants of the Heegner module.

(d) Chapter 7.

For a clear presentation of a special case of Kolyvagin’s work on elliptic curves
over Q, see [GB2].



2

Preliminaries

This chapter contains preliminaries on orders in quadratic extension fields,
ring class fields, complex multiplication of Drinfeld modules, and Drinfeld
modular curves. Proofs in this chapter are usually omitted as the results of
this chapter are essentially well known.

In this chapter and the chapters 3 and 4, we extend the results of Section 2
of the paper [Br2] to the general case of global fields of positive characteristic
p > 0. In [Br2, §2], the ground field is assumed to be the rational function field
F = k(T) and in some instances the characteristic p is assumed to be different
from 2. The results of [Br2, §2] generalise with few changes; nevertheless, some
differences arise because the affine coordinate ring A (see §2.1 below) need
no longer have class number 1. We shall give much more complete results
than those of [Br2, §2] and indeed give complementary results for the case of
rational function fields.

2.1 Notation

The following notation is fixed for the rest of this paper:
k is a finite field with ¢ = p™ elements;
0 is the Frobenius z — xP;
C'/k is an integral smooth 1-dimensional projective k-scheme, where k is
the exact field of constants (a curve);
o0 is a closed point of C/k;
Cag is the affine curve C'\ {o0};
A is the coordinate ring H%(Cug, Oc,,,) of the affine curve Cag;
F is the fraction field of A (that is, the function field of C'/k);
k(z), where z is a closed point of C, is the residue field at z;
K/F is a quadratic extension field of F’;
B is the integral closure of A in K.

M.L. Brown: LNM 1849, pp. 13-30, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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2.2 Orders in quadratic field extensions

(2.2.1) We list below various elementary properties of orders in quadratic field
extensions; these are easily verified and most proofs are omitted.

(2.2.2) One says that K/F is imaginary if the point oo is inert or ramified in
the quadratic field extension K/F.

(2.2.3) The ring B is a finite A-module [ZS, Vol. 1, Ch. 5, §4, Th. 9] and is a
Dedekind domain.

(2.2.4) An order O in K with respect to A is an A-subalgebra of B whose
field of fractions is equal to K.

(2.2.5) The conductor of an order O is [B : O], which is an ideal of A.
We then have that Spec A/[B : O] 4 is a zero dimensional closed subscheme
of Spec A to which we may associate an effective divisor ¢ on Cyg

c= Z p.ordy,[B : O)a
peE Spec A
which we also call the conductor of O. We have ¢ = 0 if and only if O = B.
(2.2.6) There is a bijection (as in [Br2, §2.4]) between orders O, of K with

respect to A and effective k-rational divisors ¢ on the affine curve C,g, where
¢ is the conductor of O.. This is written

c— O.=A+ Bl(c)
where I(c) is the ideal of A cutting out the effective divisor c.
(2.2.7) For effective divisors ¢, ¢’ on Cyg we have ¢ > ¢ if and only if O, C O,r.

Let
f : Spec Oy, — Spec A

be the structure map. If ¢ > ¢’ then the map Spec O — Spec O, obtained
from inclusion is finite and is an isomorphism outside the closed subscheme
of Spec O, given by

7 {p € Spec A ord,(c) > ord,(c)}.

(2.2.8) The units of the order O, are given by

« A" ifc#0;
OC_{B*, if c=0.
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(2.2.9) Let p be a maximal ideal of A which is contained in the support of the
effective divisor ¢ on C,g. Then there is a unique prime ideal of O, lying over
p. This prime ideal is equal to, in the notation of (2.2.6),

p+I(c)B.

(2.2.10) Let p be a maximal ideal of A. Let ¢ be an effective divisor on Cag
whose support contains p that is to say

¢ =m.p + (prime to p)

where m > 1. Let q1,...,4; (¢ < 2) be the prime ideals of B lying over p.
Let p1 = g1 N O, which is the unique prime ideal of O, lying over p. Let B,
denote the semi-local ring

(B—q1—...—q;) 'B=B®4a A,.
The quotient of unit groups of the localizations

B; /O;Pl
is a finite group and the natural map B — B, induces an isomorphism of
finite multiplicative groups
B, /Oc,, = (B/p™B)"/(A/p™)".

Furthermore, if B’p and OA&p , are the corresponding completions of these semi-
local rings with respect to their jacobson radicals then we have a natural
isomorphism of quotients of multiplicative groups

B,/0;,, = B,/O;

c,p1 c,p1”

(2.2.11) Suppose now that ¢ > ¢’ are effective divisors on Chg where ¢ is as
in (2.2.10) above and
¢ =m'.p+ (prime to p)

where m > m' > 1, so that p is in the support of both ¢ and ¢'.

Let U(m,m’,p) denote the subgroup of “higher principal units” of
(B/p™B)*/(A/p™)* that is the group given as the kernel of the natural sur-
jective homomorphism

U(m,m',p) = ker{(B/p™B)*/(A/p™)* — (B/p™ B)*/(A/p™)"}.
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Let p; be the unique prime ideal of O, which lies over p. Let p} be the unique
prime of O lying over p. The quotient of unit groups of the localizations

:’,p’l/O*

c,p1

is a finite abelian group; we have a natural isomorphism of groups obtained
from (2.2.10)
021/ 0%p, 2U(m,m/,p).

c,p1

Furthermore, if OAC/VP/1 and OAQpl are the corresponding completions of these
local rings with respect to their maximal ideals then we have a natural iso-
morphism of quotients of multiplicative groups

Ak Ak ~ * *
c',n’l/Oc,m = c’,p'l/Ocml'

(2.2.12) Let ¢ > ¢’ be effective divisors on Cug. The inclusion map O, C Oy
then gives rise to a surjective homomorphism of abelian groups, where Pic(R)
denotes the Picard group of a ring R,

te,er : Pic(O.) — Pic(Ov).

(2.2.13) In the case where ¢’ = 0 and ¢ > 0, the kernel ker(t. ) of the homo-

morphism ¢, . of Picard groups of (2.2.12) is given, by

_ (B/I(0BY
(A1)

where I(c) is the ideal of A cutting out c.

ker(tc,0) /(B /A7)

[In order to prove this, for any effective divisors ¢ > ¢ on C,g put
X = Spec Oy, Y = Spec O, and j : X — Y the map obtained from the
inclusion O, C O.. We then obtain an exact sequence of sheaves of abelian
groups for the Zariski topology on X

0— ;0% = 0% = H—0

where j7'O} denotes the inverse image sheaf [H, p.65] and where H is a
skyscraper sheaf with support contained in the set of the points of X where
c and ¢ differ. The long exact sequence of cohomology then gives an exact
sequence

0—O0f— 05— HY(X,H) —» H'(X,; '0%) — H'(X,0%) — 0
where we evidently have H(X,H) = 0. Furthermore we have
H'(X,j0}) = Pic(0,)
H'(X,0%) = Pic(O).
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This gives the exact sequence of abelian groups
(2.2.14) 0— O -0} — H°(X,H) — Pic(O,) — Pic(Ox) — 0.
In the particular case where ¢ = 0, we have by (2.2.10)

0w (B/I()B)
X H) = "oy

This with the exact sequence (2.2.14) gives the expression above for the kernel
ker(t,0) in the case where ¢ > ¢ = 0.]

(2.2.15) In the case where ¢ > ¢ > 0, for the kernel ker(¢.,) of the surjective
homomorphism
te,er : Pic(O,) — Pic(O)

we have an isomorphism

(B/1(d)B)* 11

kerllee) = “CaT1(a))

1

U(mp7m;3ap)'

p€ Supp (¢')

The product is over all maximal ideals p of A in the support of the divisor ¢'.
Here the symbols are given by

c=>, My.p;

d = ip My, s

d= Zpe Supp (¢’
prime to ¢’;

I(d) is the ideal of A defining the effective divisor d.

) Mp-P is the greatest effective divisor which is < ¢ and

[This formula follows immediately from (2.2.10), (2.2.11), (2.2.13) and the
exact sequence (2.2.14): with the notation above and that of (2.2.13) we have
the isomorphism

HO(X, H) = % I[I  Ulmp,myp).]
p€ Supp ()
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2.3 Ring class fields

In this section we give some generalities on ring class field extensions associ-
ated to orders in imaginary quadratic extensions.

(2.3.1) Let

K/F be an imaginary quadratic field extension, with respect to oo
(§2.2, (2.2.2));

B be the integral closure of A in K;

K2 be the maximal abelian separable extension field of K;

Jk be the idele group of K;

Ji /K* be the idele class group of K;

[, K** /K] : Jx/K* — Gal(K®/K) be the Artin reciprocity map.

The homomorphism [—, K*P/K] is injective and its image consists of ele-
ments of Gal(K*"/K) whose restrictions to Gal(k/k) are integral powers of
the Frobenius automorphism, where k is the algebraic closure of k.

(2.3.2) Let

O, be an order of K, relative to A, with conductor ¢ (§2.2, (2.2.6));

A,, for a place v distinct from oo of F', denote the localization of the ring
A at the maximal ideal corresponding to v;

A, be the completion of A, with respect to the topology defined by the
maximal ideal of A,;

Ocm be the completion of the semi-local ring O, ® 4 A, with respect to
the topology defined by its jacobson radical, that is to say
Oc,v = Oc XA Av;

Ge =K% [0 OZU be the subgroup of the idele group Jx whose
components are the units of OAM for all places v # oo of F', and K}
for the component at v = oo, and where in the product v runs over
all places of F.

For a given place v # oo of F, that part OZU of the product for G, is a sub-
group of (B® 4 A,)* which is the unit group of the product of the completions
of B at all the places of K lying over v. Note that distinct places of K may
give rise to the same restriction on O.. Then K*G./K* is an open subgroup
of finite index in the idele class group Jxi /K*; hence via the reciprocity map
K*G./K* corresponds to a finite abelian galois extension field K|c| of K.

(2.3.3) The field extension K[c]/K defined in (2.3.2) is called the ring class

field extension with conductor c.
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(2.3.4) The Artin reciprocity map induces an isomorphism
Pic(O.) = Gal(K|[d|/K).

If p is a prime ideal of B which is unramified in K{c]/K, then this isomorphism
associates the Frobenius element at p of the abelian Galois group Gal(K[c]/K)
to the Cartier divisor class [p N O] in Pic(O,) of the locally free O.-module
pN O, of rank 1.

(2.3.5) Let ¢ > ¢ be effective divisors on Cug. Then by (2.3.4), the galois
group Gal(K|[c]/K|[c]) is naturally isomorphic to the kernel

(2.3.6) ker(Pic(O.) — Pic(O)).

Let I(c) be the ideal of A defining the conductor c. By (2.2.13) we then obtain
that if ¢ # 0 there is a natural isomorphism

(2.3.7) Gal(K[d/K[0]) ~ % J(B* /A%,

More explicitly, if ¢ # 0 and
c=Y myp
p
then we have the natural group isomorphism

(238) Gal(K[d/K0) = { [ (B B) /(Afp™) }/(B"/A").

pESupp(c)

(2.3.9) In general, if ¢ > ¢ > 0 then by (2.2.15) and (2.3.5) we obtain a
natural isomorphism

(2.3.10) Gal(K|[c]/K|]) = % H U(mpam;’p)'
p€ Supp (¢)

The product here is over all maximal ideals p of A in the support of the divisor
¢ and, as in (2.2.15), the divisor d is the greatest effective divisor < ¢ and

prime to ¢’ and
/

/
myp = ordpe,  my, = ordyc’.

(2.3.11) The numerical order of the Galois group Gal(K[c]/K|[c']) is given by
these formulae. For any prime divisor z of Cug, define an integer (z, K/F) in
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Z, by the recipe

—1, if zis inert in K/F
(2, K/F) =4 +1, if z splits completely in K/F
0, if z ramifies in K/F.

If n is a positive integer then from (2.3.8) we have that K[n.z]/K[0] is a field
extension of degree

5" (|K(2)] = (2, K/F))/|B*[A"].

The extension K[z]/K][0] is cyclic if z is inert or splits completely in K/F,
but need not be cyclic if z is ramified in K/F.

(2.3.12) Let z be a prime divisor in Supp(c) where ¢ € Divy(A), ¢ # 0.
(a) If ¢ — z # 0 then the field extension K|c|/K|[c — z] has degree equal to

{ |k(2)| = (2, K/F), if z ¢ Supp(c— 2)
|k(2)], if z € Supp(c— z).

(b) If z & Supp(c — z) and either z is inert or split completely in K/F then
Gal(K|c]/K]c — z]) is cyclic of order prime to the characteristic of F.

On the other hand, if either z € Supp(c — z) or z is ramified in K/F then
Gal(K|c]/K]c — z]) is a direct sum of cyclic groups of prime order equal to
the characteristic of the field F'.

(¢) The group Gal(K|[c]/K[c — z]) is pure that is to say a direct sum of cyclic
groups of the same order.

[Part (c) follows from (b). The parts (a) and (b) follow from the explicit
description of the group G = Gal(K|[c]/K|[c— z]) given in (2.2.15) and (2.3.9)
by considering the separate cases as we now check. Let p be the prime ideal
of the affine coordinate ring A corresponding to the point z.

Case 1. Assume that z ¢ Supp(c — z).
Then we have an isomorphism

(B/pB)*/(Afp)* ifc—z#0

G=19 (B/pB)*/(A/p)*

B/ A ife—2z=0.

(a) Suppose that p is inert in the field extension K/F.
As B/pB is a finite field its group (B/pB)* of non-zero elements is cyclic.
Hence the group G is cyclic of order prime to the characteristic of F'.
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(b) Suppose that p is split completely in the field extension K/F.
We have an isomorphism of rings
B A A
— X —.
pp

~

pB
Hence we have the isomorphism of groups

(A/p)* ifec—2#0
G=q A ifc—2z=0
B*/A* ’

Again (A/p)* is a finite cyclic group as it is the group of units of a finite field;
hence the group G is cyclic of order prime to the characteristic of F'.

(¢c) Suppose that p is ramified in the field extension K/F.
Let m be a local parameter of the infinitesimal trait B/pB (definition
6.7.5). Then we have an isomorphism

(B/pB)"/(Afp)" = (B/n*B)"/(A/p)".

As the residue field of B/pB is isomorphic to A/p we obtain an isomorphism

of groups
(B/pB)"/(A/p)" = (A/p)"

where (A/p)T is the additive group if the field A/p. If the field extension
K/F admits ramified primes such as p then we have B* = A* and hence G is
isomorphic to the additive group of the field A/p and hence is a direct sum
of cyclic groups of order equal to the characteristic of F'.

Case 2. Assume that z € Supp(c — 2).
Let r > 1 be the order of z in the divisor ¢ — z. Then G is isomorphic to
a kernel as follows

G = ker{(B/p"" B)"/(A/p"™)" — (B/p"B)"/(A/p")"}.

(a) Suppose that p is inert in the field extension K/F.

As p is inert in K/F the infinitesimal traits B/p"™'B (definition 6.7.5)
and A/p"*! have the same local parameter 7 Hence G is isomorphic to the
kernel of the natural homomorphism

G 2 ker{(B/n" ™' B)*/(A/x" Tt A)* — (B/n"B)*/(A/1" A)*}.
It follows that there is an isomorphism
G = (B/mB)t/(A/xA)*T

where (B/mB)*t, (A/mrA)" are the additive groups of the finite fields B/7 B,
A/mA. Hence G is a direct sum of cyclic groups of order equal to the charac-
teristic of F.
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(b) Suppose that p is split completely in the field extension K/F.
Let p1,po be the distinct prime ideals of B lying over p. Then we have
isomorphisms

(B/p™1B)*(Afp™ 1) 2= (B/pTTY)* x (B/py )" /(A/p™H1)" 2= (AfpT )"
Hence we have a group isomorphism
G = ker{(A/p"™)" — (A/p")"}.

As r > 1 it follows that we have an isomorphism G = (A/p)™; that is to say
G is isomorphic to the additive group of the finite field A/p. Hence G is a
direct sum of cyclic groups of order equal to the characteristic of F.

(¢c) Suppose that p is ramified in the field extension K/F.
Let m be a local parameter of the infinitesimal trait B/pB (definition
6.7.5). Then we have an isomorphism

(B/p B)" [(Afp" )" = (B/m VB [(Afp™1)".
Hence we have an isomorphism
G = ker{(B/m*"TVB)" [(A/p"*)" — (B/7*"B)"/(A/p")"}.

As the residue field of B/pB is isomorphic to A/p, we obtain an isomorphism
G = (A/p)T where (A/p)T is the additive group if the field A/p. Hence G is
a direct sum of cyclic groups of order equal to the characteristic of F. |

(2.3.13) Suppose that ¢ € Divy (A) and z is a prime divisor of Chg.

(a) The primes ramified in K[c]/K are precisely the primes in the support
of c.

(b) The extension K|c]/K is split completely at the place of K lying
above oo.

(c) If z € Supp(c) then for any positive integer n, the galois extension
K[c+ nz]/K]|c] is totally ramified at all places of K[c| above z.

[For the proof, assume that the prime divisor z of Cyag is not in the support
of c. Asin (2.3.2), let

_ * I | Ak
Gc+nz - Koo Oc+nz,v
PEZS)

be the subgroup of the ideéle group Jx which corresponds to the ring class field
K[c+ nz| via the reciprocity map. Write C for the ideéle class group Jg /K*.
Then we have a commutative diagram of abelian group homomorphisms
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0 — Gal(K[c+ nz]/K]c]) — Gal(K[c;—nz]/K) — Gal(K[c}T/K)—»O
Crx/K*Geqnz/K* — Cg/K*G./K*

where the horizontal morphisms form an exact sequence and the vertical ar-
rows are the reciprocity isomorphisms. Let w be a prime of K lying over
the prime z of F. Let U denote the subgroup of Cx given by the ideles
(1,1,...,1,a4,1,...) where a,, is the w-component of the idele and a,, is a
unit in the completion of K at w (i.e. a,, is a unit of the corresponding discrete
valuation ring). By the above diagram, (2.3.8), and (2.3.10), the image of U in
Gal(K[c+nz]/K) is precisely the subgroup Gal(K [c+nz]/K]c]). It follows that
the inertia group of w in Gal(K|[c+ nz]/K) is equal to Gal(K[c + nz]/K]|c]).
Therefore the primes of K above z are unramified in the extension K{c|/K
and the primes above z in K]lc| are totally ramified in the field extension
K[c+ nz]/K][c]. This proves (c); parts (a) and (b) are obvious by class field
theory. |

2.4 The Drinfeld moduli schemes Y™ (I), XD *(I), M¢

We give a few brief remarks on the basic geometric properties of the Drinfeld
moduli schemes Y52 (1), X§™1(T), and M¢. For some further details on these
moduli schemes as well as the moduli scheme M I‘fl, see appendices A and B.
For properties of the generic fibres of these moduli schemes, which are curves
over global fields of positive characteristic, see [Ge].

(2.4.1) Let I be a non-zero ideal of A. Let S be a locally noetherian A-scheme
and D/S a Drinfeld module of rank 2 for A. We may assume that D is a
standard Drinfeld module given by the pair (G, ¢), where £ is a line bundle
L on S, where G is the additive S-group scheme Speco, EB:OZO L8" and
where ¢ : A — End(G) is a k-algebra homomorphism.

2.4.2. Definition. An I-cyclic subgroup Z of D/S is a finite flat subgroup
scheme Z/S of G /S and a homomorphism of A-modules

Y AJI — Gr(S)

such that there is an equality of relative Cartier divisors of G, /S

> wim) =2

meA/l

2.4.3. Remark. For the case where A = F,[T], an I-cyclic subgroup of D/S
was defined in [Br2, Definition 2.6.1]. The above definition is an immediate
generalisation of this case.
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This method of defining supplementary structures on moduli problems, by
equality of Cartier divisors, is due to Drinfeld. It equally applies to moduli
of elliptic curves (see [KM]); by this means some technical difficulties that
formerly arose in the theory of moduli of elliptic curves are avoided.

(2.4.4) Let YP"n(I) denote the coarse moduli scheme of rank 2 Drinfeld mod-
ules equipped with a cyclic I-structure; that is to say, YP"'"(I) is a coarse
moduli scheme for the functor on the category A — Sch of locally noetherian
A-schemes given by

A — Sch — Sets

S — isomorphism classes of pairs (D, Z) where
S — D/S is a Drinfeld module of rank 2 and Z/S is an
I — cyclic subgroup of D

(2.4.5) If L is an algebraically closed field then the L-valued points of YJ*#(T)
are represented by pairs (D, Z) where D/L is a Drinfeld module of rank 2 for
A and Z/L is an I-cyclic subgroup of D.

(2.4.6) For any integer d > 0, let M¢ denote the coarse moduli scheme of
Drinfeld modules for A of rank d equipped with a full level I-structure.

If Spec A /I contains at least two elements then M is a fine moduli scheme
for Drinfeld modules of rank d equipped with a full level I-structure [Dr, Prop.
5.3]. In this case, M is a smooth k-scheme and the map M{ — Spec A is
smooth over Spec A outside of the closed subscheme Spec A/I (see [Dr, Cor.
to Prop. 5.4]).

(2.4.7) The k-scheme Y5™(I) is normal and 2-dimensional. Furthermore,
YPU(T) is an A-scheme of finite type. Provided that Spec A/I has at least
2 elements, then Y"1 (1) may be obtained as the quotient by a finite group
of the fine moduli scheme M?.

Let F[0] be the Hilbert classs field of F, that is to say F'[0] is the maximal
unramified abelian extension of F' which is split completely at co. We write
Y,PH1(T)/F for the generic fibre of the A-scheme Y§'*(I)/A. Then the exact
field of constants of Y°'"(I)/F is F[0] (see [GR, §8.3]).

As the generic fibre of Y§™"(I)/A is a smooth curve defined over the field
F[0] we have that the normal surface Y5 (1) is fibred over Spec A[0], where
AJ0] is the integral closure of A in the Hilbert class field F[0] of F. Further-
more, Y5 (I) as a k-scheme has only a finite number of isolated singular
points. These singular points only occur at points corresponding to the super-
singular Drinfeld modules of finite characteristic dividing I. By blowing up
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these singular points we obtain a smooth surface which is the minimal smooth
desingularisation of Y™ (I).

(2.4.8) The A-scheme Y5*®(I) may be compactified to a scheme X5**(I)/A
by adding the cusps to the surface Y5 " (I). The generic fibre of X5 (I)/A
is a smooth curve defined over F[0] and written X" (I)/F[0].

Write J(I)/F|[0] for the jacobian of the smooth curve XY (I)/F[0].

2.4.9. Theorem. The abelian variety J(I)/F[0] has good reduction at all
places of F[0] prime to I and oco. The cusps of XP*®(I)/F[0] generate a

torsion subgroup of J(I)(F), where F is the algebraic closure of F.

Proof. That J(I)/F[0] has good reduction at all places prime to Supp I and
oo follows from the modular interpretation of the reduction of the scheme
Y (I) at such places. That the cusps generate a torsion subgroup is a
consequence of [G, Chapter VI, Corollary 5.12]. O

(2.4.10) Let

F, be the completion at co of F;
F . be the algebraic closure of Fs;

Foo bAe the completion at a place above 0o of Fo;
2 = Fo, — F, be the Drinfeld “upper half-plane”.

The group GL(2, A), of invertible 2 x 2-matrices with coefficients in A,
acts on {2 via homographic transformations; that is to say, if g = <‘; Z) €
GL(2,A) and w € £2, then we have

aw + b
cw+d

gw =

Let I" be a discrete subgroup of GL(2, A). Then the quotient space I"\ {2 may
be equipped with the sructure of a rigid analytic space over Fi, (see [Dr],
[GR]).

Let I'h(I) be the congruence (discrete) subgroup of GL(2, A) given by

no(1) = {<¢; Z) € GL(2, A) | ¢ = 0 (modulo 1)}

Fix an embedding o : F[0] — ﬁoo. Then the set YODri“(I)(ﬁoo) of ﬁoo—valued
points of the curve Y P'"(I)/F[0] is also a rigid analytic space over Fu, and
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there is an isomorphism of rigid analytic spaces

YO (1) (F o) =2 To(1)\ 2.

[For more details on Drinfeld moduli schemes as rigid analytic spaces, see
appendices A and B.]

2.5 Complex multiplication of rank 2 Drinfeld modules

(2.5.1) For any non-zero ideal I of A such that Spec A/I contains at least two
elements, let M} be the fine moduli scheme of rank 1 Drinfeld modules for A
with a full level I-structure (see (2.4.6)). Let

M =lim M}

where I runs over all ideals of A such that Spec A/I contains at least two
elements.

(2.5.2) Let J}; be the idele group of F' without the component at co; that is
to say, the idele group of F' is Jp = FZ X J};. The group F'* is a subgroup
of J I{: and we write J }; J/F* for the quotient group i.e. the idele class group
without the component at oco.

(2.5.3) The group J};/F* acts on M! as follows. Let S be a locally noetherian
A-scheme; let D/S be a Drinfeld module of rank 1 for A equipped with a
homomorphism of A-modules

P: F/A— D(S)

such that for any non-zero ideal I of A the restriction of ¥ to I=1/A is a full
level I-structure on D.

As the A-module F/A is torsion and the annihilator of every element is
a finite group, the action of A on F/A extends to a module action of the
profinite completion Aof Aon F /A. Let a € A be a non-zero element; the
kernel P of a on F/A is finite. The divisor H C D which is equal to

H=>Y ()

beP

is an A-invariant subgroup scheme of D; hence the quotient D/H is a rank
1 Drinfeld module for A. Define the map 1, : F/A — (D/H)(S) so that the
following diagram is commutative

(
F/A — D(S)
al !
F/A J (D/H)(S)
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Then the restriction of 11 to I-1/A, for any non-zero ideal I, is a full level
I-structure of D/H. This defines an action on the left by the multiplicative
monoid A — {0} on the pairs (D,1)) and hence an action of A — {0} on M".
The non-zero elements of A contained in A act trivially on M!. Hence we
obtain an action of the quotient A —{0}/A — {0} of multiplicative monoids on
M1 this quotient of monoids is a group isomorphic to J 1’; /F* and this defines
the action of J./F* on M.

2.5.4. Main Theorem of Complex Multiplication. (Drinfeld [Dr, §8]).
The scheme M"! is the spectrum of the ring of oco-integers of the maximal
abelian extension of F' which is split completely at co. Furthermore, the action
of JL/F* on M" coincides with the galois action of Gal(F*P/F) on M" via
the reciprocity map Jp/F* — Gal(F5?/F). O

(2.5.5) Let D be a Drinfeld module of rank 2 for A of infinite characteristic and
defined over a field L. Let End(D) denote the A-algebra of endomorphisms of
D.
The Drinfeld module D is said to have complex multiplication if End(D)
is commutative and
dimp End(D) ®4 F = 2.

In this event, K = End(D) ® 4 F is an imaginary quadratic field extension of
F and End(D) is an order O, of K relative to A of conductor ¢, say.

By the main theorem of complex multiplication of Drinfeld modules, D can
be defined over the ring class field K|[c] of K. There are precisely [K|[c] : K]
isomorphism classes of Drinfeld modules of rank 2 with complex multiplication
by O, and they are permuted transitively by the Galois group Gal(K|[c|/K).

(2.5.6) A finite group G is called generalised dihedral if there are subgroups
H, C5 of G such that H is an abelian normal subgroup, C5 is a cyclic subgroup
of order 2, and G is the semi-direct product of H and Cs, that is to say there
is a short exact exact sequence of finite groups

0 — H —- G 4, Cy — 0
where the restriction of the homomorphism f to the subgroup Cj is the iden-
tity.

Assume that G is generalised dihedral with the corresponding abelian sub-
groups H,Cs as in the previous definition. Then the elements of C5 act via
conjugation on H. Let H? be the subgroup of H which is invariant under
the action of C5. Let o be the non-trivial element of the subgroup Cs. Then
there is a norm homomorphism

Ne¢, : H— H®, h+s hoho L.
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The composition law on the group G is then completely determined by the
two abelian groups H, C, the homomorphism N¢, : H — H, and the relation

ho = N¢,(h)oh™! for all h € H.

2.5.7. Proposition. (i) The finite group Gal(K|c]/F) is generalised dihedral.
There is a short exact sequence of groups where Gal(K|[c]/K) is an abelian
normal subgroup and Gal(K/F') is a cyclic subgroup of order 2 of Gal(K|c|/ F)
and the restriction of f to Gal(K/F) is the identity

0 — Gal(K[d/K) — Gal(K[d/F) L Gal(K/F) — 0.

(ii) The group Pic(A) is naturally isomorphic to a subgroup of
Gal(K|[c]/ K )UK/ F) and the norm homomorphism
Nk : Gal(K|c]/F) — Gal(K|[c]/F)S2E/F) factors as

Gal(K|[d]/K) — Pic(A) — Gal(K|[c]/ K)% K/ F)

Proof. Let F[0] be the maximal unramified abelian extension of F' which is
split completely at co. Then F[0] is a subfield of K|c], as the join F[0].K of
the fields F[0] and K in the separable closure of K is an abelian unramified
extension of K which is split completely at the prime of K above co. The
reciprocity maps give a commutative diagram

N Piﬁ(A) i Gal(FT[O]/F)
K/Pfic(OC) - Gal(K|c]/K)

where the horizontal maps are the reciprocity isomorphisms. The vertical
homomorphism Pic(O.) — Pic(A) is the norm Ng,p and the homomor-
phism Gal(K|[c]/K) — Gal(F[0]/F) is the restriction of the galois group
Gal(K|c]/K) to the subfield F[0] of K|c].
The restriction of the galois group Gal(Ko/Fs) to K|c] gives a homo-
morphism
Gal(K»/Fx) — Gal(K|c]/F)

whose image is a subgroup Cs of Gal(K|[c]/F') order 2.
The restriction homomorphism Gal(K|[c]/F) — Gal(K/F) gives rise to
the exact sequence of galois groups

0 — Gal(K[c]/K) — Gal(K[c]/F) — Gal(K/F) — 0.
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In particular, Gal(K[c]/K) is an abelian normal subgroup of Gal(K|[c]/F) and
we have that Gal(K|[c]/F) is a semi-direct product of the subgroups C2 and
Gal(K|c]/K). This proves that Gal(K|[c]/F) is a generalised dihedral group
and proves part (i).

Let Ca(O,) be the group of Cartier divisors on Spec O.. Then we have a
short exact sequence of abelian groups

0 — K* — Ca(O.) — Pic(O.) — 0.

The group Gal(K/F) acts on the component groups of this exact sequence;
taking invariants, we obtain the commutative diagram whose rows are short
exact sequences, as H1(Gal(K/F), K*) =0,

0 = P = (Ca(0) SR~ (Pie(0)) ST~ o

= T T
0 - F - Ca(A) — Pic(A) - 0

The canonical isomorphisms
Ca(B) = Div(B), Ca(A) = Div(A)

where Div(B) is the group of Weil divisors on the normal scheme Spec B,
then shows that the natural homomorphism

Ca(A) — Ca(B)

is injective. Taking ¢ = 0 in the previous diagram, it follows that the homo-
morphism

Pic(A) — (Pic(B))CE/F)
is an injection. As this injection factors through the homomorphism
(Pic(0,)) G E/F) _, (Pic(B))CaK/F)
it follows that the homomorphism
Pic(A) — (Pic(O,)) 2K/ F)
is injective.

The above diagram with ¢ = 0 provides the commutative diagram with
exact rows

0 — F* - Div(A) - Pic(A) — 0
= | |

0 — F* —  Div(B)GalE/F) . Pig(B)GK/E)
Ng/r 1 Ng/r 1 Ng/r 1

0 — K* — Div(B) — Pic(B) - 0

A diagram chase shows that the subgroup Nk, p(Pic(B)) is contained in the
image of Pic(A) in Pic(B).
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Suppose now that ¢ > 0 is any divisor of Div;(A4). We have the exact
sequence of abelian groups, from (2.3.8),

0 — I — Pic(O.) — Pic(B) — 0

where the kernel I is the subgroup

I%{ II (B/P’""B)*/(A/pmp)*}/(B*/A*).

pESupp(c)

It follows that the norm Nk, g : Pic(O.) — Pic(O,) lies in the commutative
diagram

0 — I — Pic(O.) - Pic(B) - 0
Ng/pl Ngrl

It follows from this and that the subgroup Ng,p(Pic(B)) is contained in the
image of Pic(A) in Pic(B), that we have Nk, p(Pic(O,.)) is contained in the
subgroup Pic(A) of Pic(O,). This proves (ii).

The composition law of the group Gal(K[c]/F) may be written as follows.
Let o be the non-trivial element of order 2 of the subgroup Cs of Gal(K|c]/F).
Let h € Gal(K[c]/K). Then we have cho~! € Gal(K[c]/K) and

hoho™' = Nk, p(h) € Pic(4). O

2.5.8. Remark. A different proof of this proposition for the rational function
field case is given in [Brl, Prop. 2.5.6].
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Bruhat-Tits trees with complex multiplication

Let

FE be a global field;

S be a non-empty set of places of E containing all the archimedean places,
if any;

E’ be a quadratic extension field of E

R be the ring of S-integers of F;

A be an R-sublattice of rank 2 of E’;

EndE (A) = {m € E'| mA C A} be the subring of E of elements which
are R-endomorphisms of A.

The principal problem of this chapter is to determine this ring of endomor-
phisms End% (A) of the lattice A.

For the case where R is a discrete valuation ring, we introduce in §3.6
“Bruhat-Tits trees with complex multiplication” which describe precisely the
ring of endomorphisms Endgl (A). We show that for the case of rank 2 lattices
over discrete valuation rings only 3 types of Bruhat-Tits trees with complex
multiplication arise; these are represented diagrammatically in the figures 1,
2, and 3 of §3.8. A 4th type also occurs for the case of non-reduced quadratic
algebras (figure 4 of §3.8).

For the general case of rings of S-integers of global fields, we define a
“Bruhat-Tits net” in §3.10 which is essentially a union of all the local Bruhat-
Tits trees; a Bruhat-Tits net resembles pictorially a spider’s web.

The results of this chapter are applied in the next to the action of the
Hecke operators on Drinfeld-Heegner points. The results here apply equally
to the action of Hecke operators on classical modular curves.

M.L. Brown: LNM 1849, pp. 31-74, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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3.1 The Bruhat-Tits building A for SLs of a discretely
valued field

We shall describe the Bruhat-Tits building A(SL2(L)) of the group SLa(L)
relative to the discrete valuation v of a field L. For more details see [Bro2,
Chap. 5, §8] and Appendix B, §B.1.

(3.1.1) Let

R be a discrete valuation ring;

L be the fraction field of R;

7 € R be a local parameter of R;

v be the corresponding discrete valuation on L normalised so that v(7) = 1.

(3.1.2) Let V be a 2-dimensional vector space over L. A lattice in V is a
finitely generated R-submodule of V' which generates V' as a vector space
over L. Evidently, a lattice is then a free R-module of rank 2.

(3.1.3) We may define these relations between lattices of V:

(1) Two lattices A, A’ of V are equivalent if there is a € L* such that
ad=A".

Equivalence of lattices is an equivalence relation. For a lattice A in V' we
write [A] for the corresponding lattice class.

(2) Two lattice classes [A],[A’] of V are incident if they admit
representative lattices A, A’ such that

mAdc A cC A

The relation of incidence is symmetric and reflexive amongst the lattice
classes.

(3.1.4) The group GLa(L) acts in a natural way on the set of lattice classes of
V. This permutation action is transitive and the stabilizer of a given lattice
class is the product of the subgroup of homotheties of GLo(L) with the group
of automorphisms of the lattice.

(3.1.5) Fix a lattice class [Ag] of V. For any lattice class [A] of V there is
(by (3.1.4)) an element g € GL2(L), uniquely determined up to multiplication
by a homothety and an automorphism of Ag, such that g[4] = [Ag]. Let
det(g) € L* be the determinant of g; the parity of the integer v(det(g)),
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which is the valuation of det(g), is independent of the choice of g and depends
only on [A] and [Ag].
The type of the lattice class [A] is defined to be the parity of the integer

o(det(g)).

(3.1.6) The set L of lattice classes of V with the relation of incidence is a
plane incidence geometry.

A flag in the plane incidence geometry L is a set of pairwise incident
elements; the flag complex associated to L is a simplicial complex A which
has £ as a vertex set and the finite flags as simplices. The type of a vertex
of the simplicial complex A is then the type of a lattice class as described
in (3.1.5).

The Bruhat-Tits building A(SLa(L)) is then the flag complex A equipped
with the labelling of vertices given by their type. Indeed, A is a Euclidean
building as its apartments are Euclidean Coxeter complexes [Bro2, Chap.
VI,82].

(3.1.7) The underlying simplicial complex of the Bruhat-Tits building
A(SLa(L)) of SLy(L) is a tree.

Fix a lattice A = Re; @ Res in V; then a fundamental apartment X of
A(SLz(L)) is an (infinite) line in the tree A with vertices [Rm%; @ RrPes)
where the exponents a,b € Z run through all positive and negative integers.
All other apartments of A(SLy(L)) are of the form g% where g € GLa(L).

(3.1.8) The standard metric d on the Euclidean building A(SLy(L)) is defined
as follows. Given any two points z,y of A(SLy(L)) there is an apartment E
containing x and y and which is a Euclidean space with metric dg; put

d(l‘,y) = dE(x>y)

It is readily checked that this is independent of the choice of apartment F.
This defines the metric d on A(SLs(L)) up to multiplication by a real scalar.
For more details, see [Bro2, Chap VI §3].

It is convenient to normalise the standard metric d by setting the distance
between any two adjacent vertices of the tree A(SLa(L)) to be 1.

3.2 Lattices in quadratic extensions: elementary results

We give some preliminary results on rank 2 lattices over an excellent discrete
valuation ring. The straightforward proofs here are omitted.
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(3.2.1) Let

R be an excellent discrete valuation ring;

L be the field of fractions of R;

7 be a local parameter of R;

v be the discrete valuation on L normalised so that v(r) = 1;
V be a 2-dimensional vector space over L with basis e, es;
Ag be the R-sublattice of V' given by

Ay = Re1 @ Res.

(3.2.2) For a sublattice A; of Ay, the invariants inv(A) of Ay, relative to Ag,
are a pair of non-negative integers (ni,ns) where 0 < n; < ng, and where
there is an isomorphism of R-modules

Ao R R

A ) Oy

If Ais an R-lattice of V, the invariants inv(A) of A relative to Ay are then
defined to be the sequence of invariants of a/ relative to Ay minus v(a) where
a is any element of L* such that aA C Ag; that is to say

inv(A) = (n1,n92) € Z?

where (n1 +v(a),na 4+ v(a)) are the invariants of a/ relative to Ag. It is easily
checked that the sequence inv(A) is uniquely determined by the lattice A and
is independent of the choice of the element a € L*.

(3.2.3) The index [Ap : A] is the fractionary ideal of R given by
[Ag : A] = (7™ 1" R

where inv(A) = (n1,n2). As A and Ay are isomorphic R-modules, there is an
invertible linear map [ : V' — V such that I(A4y) = A4; the index is then also
given by the formula

[Ao : A] = det(I)R.

(3.2.4) Let A be an R-sublattice of V. Then A has a basis over R of the form
ae1 + beg, deg where a,b,d € L, a # 0, d # 0. We have A C A if and only if
a,b and d all belong to R.
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We have these formulae for the index and invariants of A
[Ao : A] = adR
~ _ [ (v(b),v(ad/b)), if |af < [b] > |d|
inv(4) = { (v(a), v(d)) or (v(d), v(a)), otherwise.

(3.2.5) Let A, A’ be sublattices of Ay with bases over R of the form ae;+bes, des
and a’ej + b'es, d'es respectively. Then we have A D A’ if and only if

a divides a’

d divides d’'
!

y=L (modulo d).
a
The index [A : A] is given by

a'd

R.
ad

[A:A] =

(3.2.6) Let A and A’ be the two lattices of (3.2.5). Then we have A = A’ if
and only if there are units €1, e € R* such that

/
a = €1a

d= égd/

[ a/
b = —b (modulo d).
a

(3.2.7) Let A be the lattice of (3.2.5). The distinct sublattices of A of index
TR are those with a basis over R either given by

mae; + mhesg, des

or given by
aey + (b+ rd)es, wdes

where r € R runs through representatives of the residue field R/7R of R. In
particular, the set of such lattices bijects with the elements of the projective
line Py (R/7R).

[This follows from the properties (3.2.4) and (3.2.6).]
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3.3 Lattices in quadratic extensions: discrete valuation
rings

Let R,v,m, L be as in the preceding section §3.2. Let

M/L be a finite dimensional commutative L-algebra,

S be the integral closure of R in M,

A be an R-lattice in M,

End}/(A) be the endomorphism ring of the lattice A with respect to M,
that is to say End} (A) is the subring of M given by {x € M|zA C A}.

All the propositions of this section are proved in the next section §3.4.

3.3.1. Proposition. Assume that the algebra M is a 2-dimensional L-vector
space. Then we have:
(i) The algebra M is L-isomorphic to one of these algebras

(a) a field;

(b) the direct product L x L, where L is embedded diagonally in

the product;

(c) the non-reduced algebra L[e]/(€?).

(ii) The algebra M is equipped with a multiplicative norm

N]\/[/LIM—>L.

(iii) For any lattice A of M, the ring End¥ (A) is a lattice in M and is a
subring of S.

3.3.2. Proposition. Assume that the algebra M is a 2-dimensional L-vector
space. Let S be the integral closure of R in M.

(a) If M is a field then S is a discrete valuation ring and is a free R-module
of rank 2 with a basis 1, T for some T € S.

(b) If M is L-isomorphic to L x L then S is R-isomorphic to R x R.

(¢) If M is L-isomorphic to L[e]/(e?) then S is isomorphic to the R-algebra
R® Le.
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3.3.3. Definitions. (i) For any non-empty subset £ of L we put
v(€) = inf v(e).

ecf
(ii) Let A be an R-lattice in the 2-dimensional algebra M. The endomorphism
ring End¥ (A) is an R-lattice contained in the integral closure S (proposition
3.3.1(iii)).
If M is reduced, then S is an R-lattice (proposition 3.3.2) and the conduc-
tor of EndY (A) is defined to be

(S : End¥ (A)].

If M is not reduced we may fix an R-lattice Ay of M and then the conductor
of End¥ (A) is defined to be

[Ao : End} (A)].

The conductor of A, in all cases, is a fractionary ideal of R of the form
7*R. The integer a € Z is the exponent Exp(A) of the conductor of A. That

is to say, we have
Exp(A) = v([4o : End]\éj(/l)})

where Ay = S if M is reduced.

3.3.4. Proposition. Assume that M is a reduced 2-dimensional L-algebra.
For an R-lattice A in M, we have

Exp(A) = max(inv(A) —v(AN L), v([S : A]) = v(Nag/r(A)).

3.8.5. Remarks. (i) To explain the notation of this last proposition, inv(A) —
v(AN L) is the set of two integers A — v(AN L) where A runs over the integer
invariants of A; the maximum in the formula for Exp(A) in the proposition
3.3.4 is then the maximum of a set of 3 integers.

(ii) This last proposition 3.3.4 and its proof are similar to [K, §1, Proposition
2], which considered the case of endomorphism rings of rank 2 lattices over Z.

(iii) The subring Endf (A) of M is uniquely determined by the integer Exp(A)
(relative to Ag if M is not reduced). That is to say, the ring of endomomor-
phisms of a lattice A is determined up to isomorphism by one integer Exp(A).

[This may be seen directly; it also follows from the proof of proposition
3.3.4 given in §3.4.]

(iv) The next result follows immediately from the definition of Exp(A) (defined
relative to some fixed lattice Ag if M is not reduced).
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3.3.6. Proposition. If M is 2-dimensional over L, then Exp(A) depends only
on the equivalence class [A] of the lattice A and hence Exp is induced from
a map L — 7Z where L is the set of vertices of the Bruhat-Tits building
A(SL2(L)) with respect to the discrete valuation v (cf. §3.1). O

3.4 Proofs of the propositions of §3.3

In this section, we prove Propositions 3.3.1, 3.3.2, and 3.3.4.

Proof of proposition 3.3.1. () As M is a commutative artin ring, we have that
M is a direct product of local L-algebras. As M is a 2-dimensional L-algebra
we conclude that M falls into one of these three distinct possibilites:

(a’) M is a quadratic field extension of L;

(') M is a direct product M = L x L of two copies of L where the structure
map L — L x L is the diagonal;

(") M is a local non-reduced L-algebra.

The cases (a’) and (b') correspond with the cases (a) and (b) of the propo-
sition. Suppose that the algebra M is of type (¢/) above i.e. M is a local
non-reduced L-algebra. Let N be the nil-radical of M. Then N is a proper
ideal of M and is a sub-L-vector space of M. Hence we have

dimLN =1.

Therefore the quotient algebra M/N is L-isomorphic to L. Let ¢ € N be a
basis of the vector space N. Then we have N2 C N; the case where N2 = N is
excluded by Nakayama’s lemma. Therefore we have N2 = 0 and hence €2 = 0.
We obtain then that M is isomorphic to L[e]/(e?); that is, M is of type (c) of
the proposition. This is the required result.

(ii) The norm Ny p : M — L is defined as follows: if € M then Ny, ()
is the determinant of the L-linear map on M defined by multiplication by x.

(iii) As A is a free R-module of rank 2, we have that End}/ (A) is isomorphic to
an R-submodule of the free R-module M (R) of 2 x 2 matrices with coefficients
in R. Hence End¥ (A) is a finitely generated R-module. Evidently, End% (A)
generates M as an L-vector space; hence End¥ (A) is a lattice in M. O

Proof of proposition 3.3.2. In the case (c), where M is isomorphic to L[e]/(e?),
it is evident that € is an element integral over R and hence that the integral
closure S of R is equal to R @ Le. This proves the result in this case.

If M is an étale L-algebra then S is a finite R-module; hence as R is a
discrete valuation ring we obtain that S is a free R-module of rank 2. This
proves the result in this case.
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The remaining case to consider is where M/L is reduced and is not étale
and hence M lies in possibility (a); that is to say, M is a purely inseparable
quadratic extension field of L. As R is an excellent ring (see (3.2.1)), the ring
S, which is the integral closure of R in M, is a finite R-module. As S is a
torsion free R-module and M is 2-dimensional over L it follows that S is a
finite free R-module of rank 2. It then follows (see (3.2.4)) that the elements
1,7 form a basis of S over R for some element 7 of S. O

Proof of proposition 3.3.4. The norm Ny, : M — L (cf. Proposition 3.3.1(ii))
is given by z.x° where o : M — M is an involution if M/L is étale and o is
the identity if not.

We fix a basis 1, 7 for the free module S over R of rank 2 (see Proposition
3.3.2). Let A be an R-lattice contained in M. Then A is a free R-module of
rank 2 and, by (3.2.4), has a basis

(3.4.1) at +b,d

where a,b,d € L and a # 0, d # 0.
Let I be the ideal of R given by

(3.4.2) I={ceR|ecrAC A}
Then we have
(3.4.3) End}(A) =R 7l

and
Exp(A) = v(I).

Let ¢ € R. We have
crde A

if and only if there are a, 8 € R such that
erd = alat +b) + Ad;
this occurs if and only if a divides cd and there is § € R such that

cd

()b + pd =0.

Hence we have ¢rd € A if and only if a divides c¢d and a divides cb.
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Furthermore, we have
er(aT +b) € A

if and only if there are v,6 € R such that

(3.4.4) cr(at +b) = v(aT + b) 4 4d.

Write Tryy (1) for the trace 74 77 of 7. As 7 satisfies its own characteristic
equation, we have

72 = 7Tragn(7) — Nagyr (7).
Hence equation (3.4.4) becomes

c(aTrpry (1) + )7 — caNyy (1) = yar + (yb + 0d).

Hence 7,4 € R exist satisfying (3.4.4) if and only if

and

c
dd = —yb— caNyp(1) = T a [b2 + baTrpry (1) + a2NM/L(T)]

= _ENM/L(O'T + b)

Hence 7,6 € R exist satisfying (3.4.4) if and only if ad divides cNys (a1 +b)
and a divides cb.

In summary, we have shown that ¢ € R belongs to I if and only if these
three conditions are fulfilled:

a divides cd
a divides c¢b
ad divides cNpy /(a1 +b).

We therefore have that the exponent Exp(A) of the conductor is given by
the expression

(3.4.5) Exp(A) = max(0,v(a/d),v(a/b),v(ad/Nr(aT +b)).
By (3.2.4), the (unordered) invariants of A are

)
(3.4.6) inv(4) = {5213,,2((@31/@ it Jaf < [o] > |d

Any element A\ of A is of the form

A =plar +b) +vd
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where i, v € R. We then have, where Tr,;/;, denotes the trace from M to L,
Naryr(A) = @*Nagyp(ar + b) + pvdTrpg p (ar + b) + v2d>.
As Trp/1(7) € R we obtain that
v(dTrpr/z(ar + b)) = min(v(ad), v(bd)).
We then obtain, as both d? and Nu/p(at 4 b) are elements of Ny r,(A),
min(v(Nyy/z(ar + b)), v(d?)) > v(Nag/r(A))

> min(v(Nyy/r (ar + b)), v(ad), v(bd), v(d?)).

Hence we have
min(v(Naz,(A)), v(ad), v(bd)) = min(v(Nag/r(at + b)), v(ad), v(bd), v(d?)).
From (3.4.5) and as [S : A] = adR, we obtain,

max (0, v(a/b),v([S : A]) — v(Npy/1(A))) =

(3.4.7) max(0,v(a/d),v(a/b),v(ad/Npr(aT +b))) = Exp(A).
We then have that the exponent Exp(A) is given by

(3.4.8) Exp(A) = max(0,v(a/d),v(a/b),v([S : A]) = v(Nar/(A))).
By (3.4.6) we easily obtain, as AN L = dR,

(3.4.9) max(inv(A4) — v(AN L)) = max(0,v(a/d),v(a/b)).

For in the case where |a| < |b| > |d| we have that max(inv(A) — v(A N L))
takes the value v(a/b) and otherwise it takes the value max(v(a/d),0). We
then obtain from (3.4.8) and (3.4.9) that the exponent Exp(A) is given by

Exp(A) = max(inv(A) —v(ANL),v([S : A]) = v(Nag/(A))

which is the formula of the proposition. O

3.5 Explicit formulae for the conductor Exp(A)

Let R,v,m, L, M, S be as in the preceding sections §§3.2,3.3.
The next proposition is an explicit formula for the valuation of the norm
Ny (A) of an R-lattice A of M when R is an excellent henselian discrete

valuation ring. As a corollary, we obtain explicit formulae for the exponent
Exp(A).
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3.5.1. Proposition. Assume that M is a reduced 2-dimensional L-algebra
and R is an excellent henselian discrete valuation ring. There is a basis 1,7
of S over R such that for any R-lattice A of M with R-basis at + b, d, where
a,b,d € L, we have:

(i) v(Nar/1(A)) = 2min(v(a), v(b),v(d)) if v is inert and unramified in M /L;
(ii) v(Nag/(A)) = min(2v(a) + 1,2v(b), 2v(d)) if v is ramified in M/ L;

(iii) v(Nag/(A)) = min(v(a+b),v(d)) +min(v(b), v(d)) if v splits completely
in M/L.

From proposition 3.3.3 and the formulae (3.2.4) (or more directly from the
formula (3.4.8)), we obtain the next corollary.

3.5.2. Corollary. Under the hypotheses of proposition 3.5.1, we have

Exp(A) = max (0,v(a/d),v(a/b),v(d/a),v(ad/b?)) ifv is inert and unramified
in M/L;

Exp(A) = max (0,v(a/d),v(a/b),v(d/a)—1,v(ad/b?)) if v is ramified in M /L;

Exp(A) = max (0,v(a/d),v(a/b),v(ad/b(a+b))) if v splits completely in M /L.

O

Proof of proposition 3.5.1. An element \ of A is of the form
A= a(ar +b) + Bd, where a, 3 € R.
The norm of A takes the form
(35.3)  Nayr(A) = a?a® Ny (1) + aa(ab + Bd) T (1) + (b + Bd)?
where Trys/7, denotes the trace from M to L. We obtain that
(3.5.4) v(NayL(N) =
min(2v(aa) + v(Ny/r (7)), v(aa(aa 4 d)) 4+ v(Tra (7)), 2v(ab + Bd)).

We have the evident inequality

v(aa(ab + fd)) > 2min(v(aa), v(ab + 8d));
hence we obtain from (3.5.4) as v(Trps (7)) > 0
v(Nar/r (V) > min(2v(aa) +v(Nag/ (7)), 2v(ea) +v(Trag (7)), 2v(ab4-3d)).

As v(a) > 0 and v(B) > 0, we obtain
(3.5.5)
v(Nag/r(A)) > min(2v(a) + v(Nag/1(7)), 2v(a) + v(Trag/ (7)), 20(b), 2v(d)).
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(i) Assume v is inert and unramified in M /L. Take 7 € S such that the images
of 1,7 form a basis of the residue field of the discrete valuation ring S over
the residue field of R. We then have

(3.5.6) v(Nagyr(7)) =0, v(Tray/ (7)) = 0.
By (3.5.5) we obtain
(3.5.7) o(Nagy(4)) > 2min(o(a), o(b), v(d)).

On the other hand, we have d € A and
(3.5.8) v(Nay(d)) = 2v(d);
furthermore we have ar + b € A and from (3.5.4) and (3.5.6) we obtain
(3.5.9) v(Nag/r(at + b)) > min(2v(a), 2v(b)).
If v(a) # v(b) then ar and b have different valuations and in this case we have
(3.5.10) v(Nag/r(at + b)) = min(2v(a), 2v(b)).
Suppose that v(a) = v(b); if v(Nyyp(ar + b)) > 2v(a) then the image of
T+ (b/a) in the residue field of S would be zero; but this contradicts that 1,7
form a basis of the residue field of S over the residue field of R. Hence we have

in this case v(Nyz/ (a7 + b)) = 2v(a) and equality again holds in (3.5.9). We
have therefore shown that equality holds in (3.5.7); that is to say, we have

v(Nag/L(4)) = 2min(v(a), v(b), v(d)).

(ii) As v is ramified in M /L, we have that M is a field, S is a discrete valuation
ring, and S/R totally ramified with ramification index 2. We may take 7 € S
to be a local parameter for the discrete valuation ring S and then 1,7 is a
basis of S as an R-module by Nakayama’s lemma. Denote by v* the extension
of the valuation v to M such that v and v* coincide on L; we then have
v*(1) = 1/2. We have

o(Nayr(r)) =v(m) =1
v(Trpg/ (7)) > v(m) = 1.
From (3.5.5) we obtain
(3.5.11) v(Nag/(A)) > min(2v(a) + 1, 2v(b), 2v(d)).

We have d € A and hence we obtain

v(Naryz(4)) < v(Nayr(d)) = 20(d).
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Furthermore, ar and b have distinct valuations, as v*(7) does not lie in the
value group of v on L. Hence we have

V(Naryr(A)) < v(Npgyp(at+b)) = 2min(v*(a7),v(b)) = min(2v(a)+1, 2v(b)).
We obtain finally that equality holds in (3.5.11) that is to say we have
v(Nar/r(A)) = min(2v(a) + 1, 2v(b), 2v(d)).

(iii) Suppose that the valuation v is split completely in M/L, that is to say
the valuation v has two inequivalent extensions to M. By proposition 3.3.1,
we have that M is either isomorphic to L x L or is a quadratic field extension
of L which must be separable as v splits. Hence S is a semi-local ring which
is a free R-module of rank 2.

Let x be the residue field of R. Then S® gk is a 2-dimensional commutative
algebra over k; hence S ® g & is one of the 3 possibilities given by proposition
3.3.1. If S ®pr x were a field then S would be a discrete valuation ring and
hence v would not split in M which is a contradiction. If S ® r k were not
reduced then again S would be a discrete valuation ring and hence v would
not split in M which is a contradiction. Hence the only possibility is that
S ®gr K is equal to k X k; in particular S @ k is an étale k-algebra. Hence
for all prime ideals p of R, the k(p)-algebra S ®g k(p) is étale; hence as S is
R-flat, we have that S is an étale R-algebra. As R is henselian, S is a direct
product of local R-algebras; as S is a free R-module of rank 2 we obtain an
isomorphism of R-algebras

f:S=RXxR.

Hence M is L-isomorphic to the algebra L x L.

We may select 7 € S such that f(7) = (1,0). Then 1,7 is a basis of
S over R. Furthermore, the non-trivial element of Gal(M/L) is induced by
the exchange of the two factors in R x R. Hence we have for A € A, where
A=calar +b)+ fd and o, 8 € R,

A= (afa+b) + 5d,ab+ 3d).

Hence we have
N (A) = (afa +b) + pd)(ab + 3d)

and we obtain
V(N (V) = v(a(a + b) 4 Bd) + v(ab + 5d)
> min(v(a + b),v(d)) + min(v(b), v(d)).
As this latter term is independent of A\, we have

(3.5.12) v(Nar/r(A)) > min(v(a + b),v(d)) + min(v(b), v(d)).
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If A,B € L then it is immediately checked that for a suitable choice of
a, B equal to 0 or 1 in L we have the simultaneous equalities

v(aA + 3) = min(v(A), 0)
and
v(aB + ) = min(v(B),0).
Putting A = (a + b)/d and B = b/d we obtain that for some choice of o, 8 =
0,1 we have, where A = a(a7 + b) + /3d,
v(Nar/r(N)) = min(v(a + b),v(d)) + min(v(b), v(d)).

Hence we have equality in (3.5.12), as required. O

3.6 Bruhat-Tits trees with complex multiplication

(3.6.1) Let R,v,m, L be as in §3.2. Let

A(SLa(L)) be the Bruhat-Tits building of SLa(L) with respect to the
discrete valuation v (see §3.1);
L denote the set of vertices of the Bruhat-Tits tree A(SLy(L)).

(3.6.2) Let M be a 2-dimensional commutative L-algebra. Fix an R-lattice
Ag of M; if M is reduced we take Ay to be the integral closure of R in M
(proposition 3.3.2).

A Bruhat-Tits building with complex multiplication by M is a triple

(A(SLa(L)), Expys a,, M)
where Exp,y 4, is the map
EXpM,Ao L= Z.

defined as follows. Let & € L. Select an R-lattice A of M whose equivalance
class [4] is equal to z. Then the ring of endomorphisms End¥/ (A) is the subring
of M preserving A (see §3.3)

End} (A) = {m e M | mA C A}.

The integer Expas a,(2) is defined to be the exponent of the conductor of
the R-lattice End}/ (A) relative to the lattice Ay (see Definition 3.3.3 and
proposition 3.3.1(iii)).

The abelian group M* acts, as a subgroup of GLg(L), on the vertices
of A(SLy(L)) and preserves the function Expys 4,; hence M* is a group of
automorphisms of the triple (A(SLa(L)), Expys 4,, M)-
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(3.6.3) The pair
(A(SLz(L)), f)

where f is a map of sets
f: L7

is a Bruhat-Tits tree with complex multiplication if for some 2-dimensional
commutative L-algebra M the triple (A(SL2(L)), f, M) is a Bruhat-Tits build-
ing with complex multiplication by M, that is to say f = Exp,, 4, for a
suitable R-lattice Ay as in (3.6.1).

3.7 The standard metric and Bruhat-Tits trees with
complex multiplication

In this section we give a formula for the exponent function on a Bruhat-
Tits tree with complex multiplication in terms of the standard metric on the
building (theorems 3.7.3 and 3.7.5).

(3.7.1) Let R,v,m, L be as in §3.2. Let

d be the standard metric on the Euclidean Bruhat-Tits building A(SLz(L)),
with respect to v, normalised so the distance between adjacent
vertices is 1 (see §3.1 or [Bro2, Ch. VI,§3]).

M be a 2-dimensional commutative L-algebra;

S be the integral closure of R in M,

(A(SL2(L)), Expys a4, M) be a Bruhat-Tits tree with complex
multiplication by M where Ay = S if M is reduced (see (3.6.2)).

3.7.2. Definition. Let N be an R-subalgebra of M. Then an ideal of the ring
N which is also an R-lattice of M is called a lattice ideal of N.

[If M is a field and N = S, the integral closure of R in M, then every non-
zero ideal of N is a lattice ideal, as S is a discrete valuation ring (proposition
3.3.2). But if M is not a field then S always has non-zero ideals which are not
lattice ideals (by proposition 3.3.2).]

3.7.3. Theorem. If M is a reduced algebra then for any R-lattice A of M
we have

Exp(4) = d([4], [1])

where I is the unique lattice ideal of S, up to multiplication by an element of
L*, for which the distance d([A],[I]) is minimum.
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(3.7.4) Suppose that M is not reduced. Then M is L-isomorphic to L[e]/(€?)
(see proposition 3.3.1). We fix the lattice Ay to be the R-subalgebra R @ eR
of the integral closure S = R @ €L of R; Ay then depends only on the choice
of €. We take exponents of conductors with respect to Ag.
The lattice ideals of Ay are not necessarily of exponent 0; for example the
lattice ideal of Ag
I=7"R®eR, wheren >1,

has ring of endomorphisms End%f (I) = R® 7 "eR and has exponent
Expar,a,(I) = —n.

3.7.5. Theorem. Suppose that M is not reduced. For any R-lattice A of M
we have

|Exp(4)| = mind([A], [1]).

where the minimum runs over all lattice ideals I of Ay such that Exp(I) = 0.

One possible proof of these results is obtained by passing to the henseli-
sation of R and directly checking the many diverse cases using the explicit
formulae of corollary 3.5.2. In this section, we prove these theorems 3.7.3 and
3.7.5 by a different method.

Let k = R/(m) be the residue field of the discrete valuation ring R. Recall
that End} (A) denotes the subring of M formed of endomorphisms of the
lattice A whereas End, (A ®g k) denotes the ring of x-vector space endomor-
phisms of A ® g . The reduction homomorphism of R-modules A — A ®g k
induces a homomorphism of R-algebras

fa:End¥ (A) = End, (A ®g k).

3.7.6. Lemma. We have an isomorphism of R-algebras

FA(End¥ (A)) = EndY (A) @ &.

Proof of lemma 3.7.6. On the one hand, it is clear that 7End’ (A) lies in the
kernel of f4. On the other hand if u € ker(f4) then we have

u(d) C wA.

Hence 7~ 'u is an element of the L-algebra M; therefore multiplication by

7 u defines an R-linear map of M such that

(7 u)(A) C A
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Hence we have 7~ 'u € End¥ (A) and therefore we obtain v € wEndy (A).
This gives the isomorphism of R-algebras

fa(Endy (A)) = Endy (A)/7End} (A)

as required. O

3.7.7. Lemma. Assume either that M is reduced and Exp(A) > 1 or that
M is not reduced. Let k be the residue field of R. We have an isomorphism

of R-algebras

End%(/l) ®R (;2) = (7?2) (e2 —[E]WME)

where

_ | 1, if k has characteristic 2, S/R is étale, and Exp(A) = 1;
o= 0, otherwise.

Proof of lemma 3.7.7. Suppose that M is reduced. The algebra S is a free R-
module of rank 2 hence we may select an R-basis of S of the form 1, s where
se€eS\R.

Suppose that M is not reduced. Then we may choose s € M such that
5?2 = 0 and we have equalities of R-algebras M = L[s] and S = R @ €L (see
proposition 3.3.1). We may fix the R-lattice A9 = R @ sR.

In both cases where M is or is not reduced, we obtain an equality of
R-algebras

EndY (A) = R® st"R.

where

n = Exp(A).

The exponent Exp(A) here is relative to Ag if M is not reduced and is relative
to S if M is reduced.
Suppose first either that n > 2 or that M is not reduced. We have

(sn™)? = 72 (n"s) (7" 2s) € w2Endjy (A), ifn>2
0, if M is not reduced.

Hence putting € = s7™ (modulo 72) we have €2 = 0 (modulo 72). We obtain
the isomorphism of R-algebras

(3.7.8) Endpy (A) @ —5 = R 1

R
(m2)  (7?) (¢?)

This proves the lemma in these cases, as S/R is étale only if M is reduced.
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Suppose now that n = 1 and M is reduced. As s is integral over R, we
have that s satisfies an equation of the form

s> =as+b, wherea,be R.

We obtain
(ms)? = an’s + 7°b.

As 72b € 2R we obtain the isomorphism of R-algebras, putting ¢ = s,

u R _ R <]
(3.7.9) Endr () O Gy = G2y (@ - an)

Case 1. Assume the characteristic of k is not equal to 2. Then the change of
variable
_¢ am
€= ( — —
2

shows that €2 € 72 R and the isomorphism (3.7.9) reduces to the isomorphism
(3.7.8).

Case 2. Assume that the characteristic of k is equal to 2 and that S is not
étale over R. Then a is divisible by 7. Again the isomorphism (3.7.9) reduces
to the isomorphism (3.7.8).

Case 3. Assume that k has characteristic 2 and S is étale over R; we have
that a is not divisible by 7 and hence that a € R*. The change of variable
€ = a1 then reduces the isomorphism (3.7.9) to the form
R R €]
End}/ (4 = .
MR DO T2y = Gy @ - me
This algebra contains a nilpotent element € of order 4 and hence it is not
R-isomorphic to R[e]/(7?, €%). This proves the lemma.0

3.7.10. Definition. The star st(z) of a vertex x of the Bruhat-Tits tree
A(SLa(L)) is the set of adjacent vertices to x, distinct from x, in A(SLa(L)).
That is to say, the star st(x) is the set of vertices of A(SLy(L)) whose distance
from z is exactly 1, with respect to the normalised standard metric.

Let A be an R-lattice of M corresponding to the vertex x of A(SLa(L)).
Then A ®p k is a 2-dimensional vector space over x. Let P1(A ®pg k) be the
set of k-rational points of the projective line over k; that is to say P1(A®pg &)
may be identified with the set of 1-dimensional k-subspaces of A ®g k.
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3.7.11. Definition. The star map is a bijection of sets
Wy st(z) > P1(ARR k)

defined as follows. Let 2/ € st(z) be an adjacent vertex to x in A(SLa(L)).
Select a representative R-lattice A’ of the class x’ such that

TAcC A C A
The correspondence
¥ =[A]— A/rAC AQr kK
defines the bijection .
3.7.12. Lemma. Let A and A’ be R-lattices of M such that [A] and [A] are

adjacent distinct vertices of the Bruhat-Tits building A(SLy(L)).
(i) We have

(3.7.13) [Exp(4) — Exp(4)| < 1.
(ii) We have
Exp(A’) < Exp(A)
if and only if the endomorphisms in f(End}y
eigenspace U on A ®p k and ) ([A']) = U.
d

(iii) Assume either that Exp(A) > 1 an
reduced. Then we have

(A)) have a common 1-dimensional

M is reduced or that M is not
|Exp(4) — Exp(A')| = 1.

Proof of lemma 3.7.12. We may assume that A and A" verify 74 C A’ C A.
(i) For any u € End} (A) we have

(ru)(A') CrAC A
This shows that 7u € End} (A’) and hence that we have
rEnd} (A) € End} (A).
We obtain the inequality for the exponents of the conductors
Exp(A’) < Exp(A) + 1.

By the symmetry between A and A’ we then obtain the inequality (3.7.13).
(ii) Suppose now that
Exp(A’) < Exp(4).
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Then End}/ (A) is a subring of End} (A"). But ¢4)(A’) corresponds to a 1-
dimensional subspace of A® g namely A’/wA, and hence this subspace is pre-
served by the elements of f4(Endf (A)); as it is 1-dimensional, this subspace
A’/ A is therefore a common eigenspace of all elements of f4(End% (A)).

Conversely, suppose that the endomorphisms in f,4 (End% (A)) have a com-
mon 1-dimensional eigenspace U C A ®r k. Then U corresponds to a unique
R-lattice A" such that 74 C A" € A. As U is preserved by the elements of
fa(End¥ (A)), for every element u € End} (A) we have

u(A”)y C A

That is to say the elements of End%/ (A) preserve A’. Hence the endomorphism
ring End}/ (A) is a subring of End} (4’); we have in consequence the inequality
of exponents

Exp(A’) < Exp(4).

(iii) Assume either that Exp(A) > 1 and M is reduced or that M is not
reduced. By lemma 3.7.7 we have that the R-algebra End}/ (A) takes the form

(3.7.14) End} (A) = R® Ry
where 7 satisfies a relation of the form
2 _ 2 _
n° = pmn (modulo 7°) where =0 or 1.

According to lemma 3.7.7 we may take u to be zero unless x has characteristic
2, Exp(A) = 1, and S/R is étale in which case we take p to be 1.
Assume that

(3.7.15) Exp(A) = Exp(A').

We then have that the R-algebra End} (A) is isomorphic to End}/ (A’). As
the endomorphism 1 ® g & is non-zero and nilpotent on A®g k, it has a unique
1-dimensional eigenspace namely its kernel. Therefore by part (ii) above, the
1-dimensional k-vector space A’/wA lies in the kernel of the endomorphism
N Qg K on A Qg k. Hence we have nA’ C w4; as 7 is not a zero divisor of M
we have 7711 € M and also

(r7tp)A C A
Hence we have, as n? = umn (modulo 7?2),
A c oA + 72N
and therefore, as nA’ C w4,

n((x A = 77 (P A) € 7t (A + 72 AY) = nA + 1A C wA.
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This shows that (7717)A’ mod 7A lies in the kernel A’/7A of n®k on AR g k.
That is to say we have
(r7tg)A' c A

Hence the lattice A’ is stable under the endomorphism 7 ', an endomor-
phism which does not lie in End¥ (A) by (3.7.14). But this contradicts the
hypothesis (3.7.15), which asserts that the endomorphism rings of A and A’
are equal; hence this assumption (3.7.15) is false.

By part (i), we have that Exp(A) and Exp(A’) differ by at most 1. As

we have shown that Exp(A) # Exp(A’), the only remaining possibility is
|Exp(A) — Exp(A’)] = 1, as required.O

3.7.16. Lemma. (i) Suppose either that M is reduced and Exp(A) > 1 or that
M is not reduced. Then all vertices but one of the star st([A]) have exponent
Exp(A) + 1; the exceptional vertex in st([A]) has exponent Exp(A) — 1.

(ii) Suppose that Exp(A) > 0. There is a unique chain C of distinct vertices
in A(SLo(L))

(3.7.17) C: [A], [A2], ..., [A4]

where A = Ay, A, ..., A, are R-lattices of M, such that [A;],[A;+1] are adja-
cent, for all i, Exp(A;4+1) = Exp(A;) — 1, for all i, and Exp(A,,) = 0.

Proof. (i) By lemmas 3.7.6 and 3.7.7, we have isomorphisms of x-algebras

fa(Endy (A)) = End¥ (A) @g % =~ kle]/(€2).

Hence the elements of f4(End} (A)) have a unique 1-dimensional common
eigenspace on A ® g k namely the kernel of e. By lemma 3.7.12(ii), there is a
unique lattice A’ such that 74 C A" C A for which

Exp(A’) < Exp(4).

By lemma 3.7.12(iii) this lattice has exponent equal to Exp(A) — 1. For all
other lattices A” # A’ verifying 714 C A” C A we then obtain from lemma
3.7.12(ii) and (iii)

Exp(A”) = Exp(A) + 1.

As the lattices A” verifying 1A C A” C A correspond to the elements of
st([A]) this proves the statement above.

(ii) We construct the chain C by induction. We put A = A;. Suppose the
sequence (3.7.17) has been constructed up to [A;] where ¢ > 1. If Exp(4;) > 0,
by part (i) we may find a unique vertex x of st([A;]) for which any R-lattice
A1 of M in the class x satisfies

Exp(Ait1) = Exp(4;) — 1.
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This constructs the sequence (3.7.17) up to [A;+1]. If, on the other hand,
Exp(4;) = 0 then the sequence (3.7.17) stops with [A;].

Clearly, this sequence C of (3.7.17) of vertices is finite, is uniquely de-
termined by the initial vertex [A], and terminates with a vertex [A,] where
Exp(4,) =0 and A, is a lattice ideal of A, as required. O

We now come to the proofs of the main results of this section, theorems
3.7.3 and 3.7.5.

Proof of theorem 3.7.3. We now assume that the algebra M is reduced. Let A
be an R-lattice in M. The proof is in several steps.

Step 1. Let C: [A4], [Az], ..., [An] be the chain associated to A = Ay, as in
lemma 3.7.16. Then we have Exp(A) = d([4], [4,]) =n — 1.
As Exp(A;11) = Exp(A4;) — 1, for alli =1,...,n — 1, we obtain

(3.7.18) Exp(Ad) =Exp(A,)+n—-1=n—1.

As the chain C consists of distinct adjacent vertices, without repetition, of
A(SLz(L)) we have that C forms the set of vertices of a shortest path joining
[4] and [A,,] in the Bruhat-Tits tree A(SL2(L)); that is, we have demonstrated
the equality

Exp(A) = d([4], [An])-

Step 2. Suppose that I is a lattice ideal of S. Then we have d([A],[A,]) <
d([A], [I]) with equality if and only if [I] = [A,].

The distance d([4], [I]) is measured by constructing a sequence V of dis-
tinct vertices
(3.7.19) Vi oug = [A],ug,. .., un = [I]
of the tree A(SL2(L)) such that u;+1 € st(u;) for all ¢; we then have

d([A], [1]) = m — 1.

In this sequence V, we have, by lemma 3.7.12(i) and Step 1,

Exp(u1) =n — 1, Exp(um,) =0, |[Exp(u;) — Exp(u;y1)] <1 for all 4.
We must then have m > n and equality holds if and only if

Exp(uit+1) = Exp(u;) — 1 for all 4.

But then we have m = n if and only if u;41 is the unique exceptional vertex
of st(u;) for all 7; that is to say m = n if and only if the sequence V coincides
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with the chain C of lemma 3.7.16. We have therefore shown
d([A], [4,]) < d([A],[1])

where equality holds if and only if [I] = [A].

Step 8. We have Exp(A) = ming d([A], [I]) where the minimum runs over all
lattice ideals I of S and the minimum is attained by a lattice ideal I whose
class [I] is uniquely determined by [A].

This follows from Steps 1 and 2. O

Proof of theorem 3.7.5. The proof here is similar to that of theorem 3.7.3 and
is also in several steps. We assume that the algebra M is not reduced. Let A
be an R-lattice in M.

Step 1. If Exp(A) < 0 then there is at least one chain C of distinct vertices in
A(SLo(L))

(3.7.20) C: [Mi], [Aa], .., [An]

where A = Ay, Aa, ..., A, are R-lattices of M, such that [A;], [A;+1] are adja-
cent, for all i, Exp(Aij41) = Exp(4;) + 1, for all i, and Exp(A,) = 0.

The argument here is similar to that of the proof of lemma 3.7.16. We put
Ay = Awhere Exp(A) < 0. Assume the sequence (3.7.20) has been constructed
from [A1] up to [A;]. The vertices adjacent to [A4;] are in bijection with the
points of the projective line over the residue field of R; in particular, at least
three vertices are adjacent to [A;]. Hence by lemma 3.7.16 we may find at
least one vertex x of st([A;]) for which any R-lattice A;11 of M in the class x
satisfies

Exp(A;4+1) = Exp(4;) + 1.

This constructs the sequence (3.7.20) from [A;] up to [A;41] provided that
Exp(4;) < 0. If, on the other hand, Exp(4;) = 0 then the sequence (3.7.20)
terminates with [A;] and then the class [4;] is that of a lattice ideal of Ay of
exponent 0.

Step 2. Let C = [A1], [A2], ..., [An] be a chain associated to A = Ay, as in
lemma 3.7.16 and Step 1. Then we have |Exp(A)| = d([4], [An]) =n — 1.

As Exp(A;41) = Exp(A;) £ 1, for all i = 1,...,n — 1 and where the signs
are here either all positive or all negative, we obtain

|[Exp(A)| =n—1+Exp(4,)=n—1.

As the chain C consists of distinct adjacent vertices, without repetition, of
A(SLy(L)) we have that C forms the set of vertices of a shortest path joining
[4] and [A,,] in the Bruhat-Tits tree A(SL2(L)); that is, we have demonstrated
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the equality
[Exp(A4)| = d([4], [An]).

Step 3. Suppose that I is a lattice ideal of Ag of exponent 0. Then we have
d([A], [An]) < d([A], [1]).

The proof is similar to the proof of step 2 of the proof of theorem 3.7.3.
The distance d([A], [I]) is measured by constructing a sequence V of distinct
vertices

Vi oug = [A] ug,. .., um = [I]
of the tree A(SL2(L)) such that u;+1 € st(u;) for all ¢; we then have

d([A], [I]) = m — 1.
In this sequence V, we have, by lemma 3.7.12(i) and Step 2,
|[Exp(u1)| =n —1, Exp(um) =0, |Exp(u;) — Exp(u;41)] <1 for all i.
We must then have m > n and equality holds if and only if
Exp(uit+1) = Exp(u;) £1 for all ¢

and where the signs here are either all positive or all negative. We have there-
fore shown

d([A], [An]) < d([4], [1]).

Step 4. We have |Exp(A)| = ming d([A], [I]) where the minimum runs over all
lattice ideals I of Ay of exponent 0.
This follows from Steps 2 and 3. O

3.7.21. Remark. (Maximal orders in the indefinite quaternion algebra My (L)).
For this remark suppose that L is a non-archimedean local field. Let R be the
ring of valuation integers of L and let m be a local parameter of R. Let My (L)
be the non-commutative L-algebra of 2 x 2 matrices over L. Let V' be a 2-
dimensional L-vector space on which Ms(L) acts with its usual action. In
particular, if V' is a 2-dimensional commutative L-algebra, then V' may be
considered a subalgebra of the 4-dimensional algebra My (L).

We have in this chapter considered the commutative R-subalgebras of
Ms(L) of rank 2 over R.

The non-commutative orders of the quaternion algebra Ms(L) have the
following properties (see [V] pp.37-41 for proofs and more details).

An order of End(V) is said to be mazimal if it is not strictly contained in
another order.

(1) The maximal orders of End(V') are the rings End(A) where A runs over
the R-lattices of rank 2 of V.
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(2) If © is an (rank 4) R-lattice of End(V') then there are 2 orders associated
to A
01(©) ={h € Mx(L) | hAC A}

0,(6) = {h € My(L) | Oh C 6.
A lattice O is said to be normal if the orders O;(©) and O, (©) are maximal.

(3) The normal lattices of rank 4 of End(V') are the lattices End(A, A") where
A, A" are rank 2 R-lattices of V.

(4) The maximal orders of My(L) are conjugate to Ma(R).

(5) Let O = End(A), O’ = End(A’) be two maximal orders of End(V') where
A, A" are rank 2 R-lattices of V. We may assume that A C A’; then there are
bases (f1, f2) and (f1m?, far®) of A, A’, respectively, over R where a,b € IN.
The integer |a — b| depends only on the orders O,O’. The distance between
the orders O, O’ is defined to be d(O,0’) = |a — b|.

For example, we have
R 7 "R
aonm). (5 ") =n

(6) An FEichler order of level 7™ is defined to be the intersection of 2 maximal
orders of End(V) of distance n.

(7) Let O be an order of My(L). Then the following properties are equivalent:
(a) there is a unique pair of maximal orders O, Oz such that O = 01N Oy;
(b) O is a Eichler order;

(c) there is an integer n € IN such that O is conjugate to <7r§R g)’

(d) O contains a subring isomorphic to <JS{ ?{)
(8) Let O be a maximal order of End(V). The maximal orders situated at a
distance n from O are the extremities of paths without a return of origin O
and length n.

(9) The maximal orders of End(V') form a tree where two orders are joined
by a line of the tree if and only if their distance apart is equal to 1.
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3.8 Classification of Bruhat-Tits trees with complex
multiplication

We retain the notation and hypotheses of (3.7.1).

There are precisely 4 distinct types of Bruhat-Tits trees (A(SL2(L)), Exp)
with complex multiplication by the algebra M. They correspond to the de-
composition of the valuation v in the extension of algebras M/L (see Figures
1, 2, 3 and 4).

(3.8.1) If M is reduced, v is inert and unramified in M /L, then (Figure 1)

Exp(A) = d([4], [S]).

[For if v is inert in the extension M/L then M is a field and 7 is a local
parameter of the discrete valuation ring S. Hence all lattice ideals of S are
equivalent as R-lattices. Therefore only one vertex, namely [S], of A(SLa(L))
has exponent equal to 0; all other vertices have exponent > 1. The formula of
(3.8.1) above now immediately follows from theorem 3.7.3. See Figure 1.]

(3.8.2) Assume that M is reduced and v is split completely in M/L. Then
S is a semi-local ring. Let p1,p2 be the 2 maximal ideals of S lying over the
maximal ideal of R. Then p1, po are lattice ideals of S. Let [n], where n € Z,
denote the lattice equivalence class given by

_ J vt ifn >0,
[”]‘{[pzn], if n < 0,

where p? = S if n = 0. Any lattice ideal of S is equivalent as an R-lattice to
[n] for some n € Z.
We have (Figure 2)

Exp(4) = min d([4], [n]).

[The vertices [n], n € Z, are distinct in the building A(SLy(L)). Furthermore,
[n] and [n 4 1] are adjacent vertices for all n € Z as we have

mp; C p;”'l C pi, fori=1or 2, and for all n € IN.

We have evidently Exp([n]) = 0 for all n € Z. As p1p2 = 75, it follows that
any lattice ideal of S is then equivalent as an R-lattice to either p7'* or p52. The
semi-local ring S is a principal ideal ring, as its localisations at the maximal
ideals are discrete valuation rings. Hence the ideals p} are principal for all

n > 0 and all 4. The formula above follows directly from theorem 3.7.3.]



58 Bruhat-Tits trees with complex multiplication

(3.8.3) Suppose M is reduced and that v is ramified in M/L. Then S is a
discrete valuation ring. Let m be the maximal ideal of S. The vertices [S)]
and [m] are adjacent and distinct in A(SLa(L)); every lattice ideal of S is
equivalent to either [S] or [m].

We have (Figure 3)

Exp(A) = min [d([4], [S]), d([4], [m])].

[As v is ramified in M/L we have that M is a field; hence S is a discrete
valuation ring contained in M. As

TS CmcCS,

the vertices [S] and [m] are adjacent and distinct in A(SLg(L)). We have
m? = S. Hence the lattice ideals of S are equivalent as R-lattices either to S
or to m. The formula stated above then follows directly from theorem 3.7.3.
We may then construct Figure 3.]

(3.8.4) Suppose M is not reduced. Then for some non-zero element € € M we
have M = L[e] where €2 = 0; furthermore, we have S = R @ Le. Fix a lattice
Ag = R ® Re which is a subring of S.

We have (Figure 4)

[Exp(A4)] = mind((4], 1)
where the minimum runs over all lattice ideals I of Ay of exponent 0.
[This follows directly from theorem 3.7.5.]

(3.8.5) Alternative arguments. Instead of using theorems 3.7.3 and 3.7.5, one
may use directly lemma 3.7.12 or corollary 3.5.2 to construct at least part of
the Figures 1,2,3 and 4. For example:

(1) Assume that M is reduced and v is inert and unramified in M/L. By
lemma 3.7.6 we have that the s-algebra fs(End} (S)) is isomorphic to the
residue field S/7S of the discrete valuation ring S. As the extension of residue
fields x C S/7S is non-trivial, there is an element € of fg(End (S)) whose
characteristic polynomial over x has no roots rational over x; hence ¢ has no
k-rational eigenspaces on S ®p k. It follows from lemma 3.7.12(ii) that if A
is a sublattice of S such that [A] and [S] are adjacent distinct vertices in the
Bruhat-Tits building A(SLy(L)) then we have

Exp(A) > Exp(S) = 0.
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Again by lemma 3.7.12(i), for such a lattice A we obtain that
Exp(A4) =1.

This is equivalent to saying that the vertices in the star st([S]) in A(SLa(L))
have exponent of conductor equal to 1. See Figure 1.

(2) Assume that M is reduced and v is split completely in M/L. Let A be
a lattice of S in the class [n]; then fa(End} (A)) consists of the diagonal
elements of End,, (A® gk) hence there are 2 common 1-dimensional eigenspaces
of fo(End} (A)). By lemma 3.7.12(ii), the star st([n]) has precisely 2 vertices
of exponent equal to 0 namely [n — 1] and [n + 1]; all other vertices of st([n])
have exponent equal to 1.

If A is a lattice of S of exponent > 1, then the image f4(End (A)) is
isomorphic to [e]/(€?) (lemmas 3.7.6 and 3.7.7); hence there is one common
1-dimensional eigenspace of f4(Endy (A)) on A ®g «. Hence (lemma 3.7.12)
the vertices of st([A]) all have exponent equal to Exp(A) + 1 except for one
vertex which has exponent Exp(A) — 1. See Figure 2.

(3) Assume that M is reduced and v is ramified in M/L. By lemma 3.7.6 we
have that the x-algebra fs(End%I (S)) is isomorphic to the non-reduced ring
S/mS = k[e]/(e2). Hence the elements of f4(End} (A)) have one common
eigenspace on A ®p k, therefore (lemma 3.7.12) the star st([A4]) has precisely
one vertex of exponent 0; all other vertices have exponent 1.

If A is a lattice of S of exponent > 1, then the image f4(End (4)) is
isomorphic to x[e]/(e?) (by lemmas 3.7.6 and 3.7.7); hence, in the same way
as in case (2) above, we conclude that the vertices of st([A]) all have exponent
equal to Exp(A) 4+ 1 except for one vertex which has exponent Exp(A4) — 1.
See Figure 3.

(4) Assume that M is not reduced. If A is a lattice of M, then the image
fa(End} (A)) is isomorphic to s[e]/(e2) (lemmas 3.7.6 and 3.7.7); hence there
is one common 1-dimensional eigenspace of f4(End} (A)) on A ®g . Hence
(lemma 3.7.12) the vertices of st([A]) all have exponent equal to Exp(A) + 1
except for precisely one vertex which has exponent Exp(A) — 1. See Figure 4.
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Fig. 1. The Bruhat-Tits building A(SL(2, R)) with CM: v is inert and M is reduced

Fig. 2. The Bruhat-Tits building A(SL(2, R)) with CM: v is split completely and
M is reduced
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Fig. 3. The Bruhat-Tits building A(SL(2, R)) with CM: v is ramified and M is
reduced

3

Fig. 4. The Bruhat-Tits building A(SL(2, R)) with CM: M is not reduced
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3.9 Lattices in quadratic extensions: Dedekind domains

We extend some of the results on lattices over excellent discrete valuation rings
of the first part of this chapter to lattices over excellent Dedekind domains.

(3.9.1) Let

R be an excellent Dedekind domain;

L be the field of fractions of R;

p be a maximal ideal of R;

R, be the localisation of R at p;

vp be the discrete valuation on L associated to p and normalised
so that v(m) = 1 where 7 € R, is a local parameter with respect to p;

M/L be a 2-dimensional reduced commutative L-algebra (M is a field or
is L-isomorphic to L x L by proposition 3.3.1);

S be the integral closure of R in M.

(3.9.2) An R-lattice A in M is a finitely generated R-submodule of M which
generates M as a vector space over L. For example, S is an R-lattice in M as
R is excellent.

For any R-lattice A in M, let End}¥ (A) be the endomorphism ring of the
lattice A with respect to M, that is to say:

End¥ (A) = {z € M| zA C A}.

(3.9.3) Let Ay, A, A3 be R-lattices in M. The local index [A1 R, : A2Ry],
which is a fractionary ideal of the discrete valuation ring R;, has been defined
in (3.2.3) for all maximal ideals p of R.

Let [A; : As] be the module index of Ag in Ay. This is the fractionary ideal
of R which is uniquely determined by the condition (see [CF, Chapter 1, §3,

p.10]):

[A1 1 ARy, = [A1 R, : A3R,] for all maximal ideals p of R.
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Note that A; R, = A2 R, for all but finitely many prime ideals p of R so that
[A; : Ag] is well defined. These properties are easily shown:

[Ay : Ag] = [Ag: Aq]7
[Aq : Ao][Ag : Ag] = [A1 : As);
[A; : Ag] is an ideal of R if Ay D Ay;
[A; : Ag] = R and Ay D Ay imply that Ay = As.

(3.9.4) An order O in M, with respect to R, is an R-subalgebra of S such
that O generates M as an L-vector space. The conductor of O is the ideal of
R given by [S : O] (this generalises (2.2.6)).

(3.9.5) For any R-lattice A of M, the ring End}/ (A) is an order of S, with
respect to R.

[For the proof, it is clear that R C End} (A) so that End} (A) is an R-
subalgebra of M. As S and A are R-lattices of M there are non-zero elements
b1,b2 € R — {0} such that b5 C A C b;ls. Hence we have the inclusion

b1byS C End (A).

Let A1, ..., A\ be finite set of generators of A as an R-module. Then an element
u € End (A) is represented with respect to this set of generators by a matrix
[a;j] of order r x r with coefficients in R:

u(Ai) = ai)j, for all i.
J

It follows that u satisfies a monic polynomial equation with coefficients in R,
namely the equation det([a;;]— X I,) = 0; hence the element u of M is integral
over R. As S is the integral closure of R in M, this shows that End (4) C S.
The inclusions of R-modules b1byS C End} (A) C S prove that End} (A) is
an R-lattice of M and an order of S.]

(3.9.6) Let A be an R-lattice in M. The conductor of A is the conductor of
the order End¥ (A) relative to S, that is to say

cond(A) =[S : End¥ (4)].

This conductor cond(A) is a non-zero ideal of R of the form

cond(A) = HpEXPP (4)
p

where the product runs over all non-zero prime ideals p of the Dedekind
domain R and where the integers Exp, (A) are non-negative and are zero for
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all but finitely many prime ideals p. This integer Exp, (A) € N is the local
exponent of the conductor of A at p.

(3.9.7) Let A be an R-lattice contained in M and p be a maximal ideal of R.
Let R, be the localisation of R at p. Then A®pg R, is an Ry-lattice contained
in M and hence the exponent of the conductor Exp(A®g R,) with respect to
the discrete valuation ring R, is defined as in §3.3. We have

Exp,(A) = Exp(A ®r Ry).
[We have the equality of endomorphism rings, as subrings of M,
Endy (A) @r R, = Endy (A ®g Ry)

obtained by localization at p. Furthermore, SR, is the integral closure of R,
in M. This implies an equality of conductor ideals

[S: Endy (A)] @r Ry = [SRy : Endy (A®g Ry)].
The equality of exponents of conductors results from this.]

(3.9.8) Let R, be the completion of the local ring R, for a maximal ideal p of
R. Let L, be the fraction field of the discrete valuation ring Ry. Let A g be
the adele ring of the Dedekind domain R. That is to say, A is the restricted
topological product of the ﬁp for all maximal ideals p of R with respect to the
subrings R,. Let Og be the subring of A of adeles (ay), such that a, € Ry
for all p.

Fix an R-sublattice Ag of M. Let A be an R-lattice of M. Then there
is an element f € GL2(AR) such that there is an equality of submodules of
M ®r Or A A

f(Ao) ®r Or = A ®R OR.

Furthermore, another element g € GL2(Ag) satisfies the condition
g(Ao) ®r Or = A®p Og if and only if f, g lie in the same coset of GL2(OR)
in GL2(AR). This then defines a bijection of sets

{R — sublattices of M} — GLy(AR)/GLo(ORr), A— fGLy(Og).

[To show that this map is a bijection, we construct an inverse map. Let
[ = (fy)p € GL2(Ag). Then for each p we have a homomorphism of R-
modules X
fo:M— M®gL,.

Hence for each maximal ideal p of M we obtain an f%p—lattice of rank 2 of
M ®gr R, given by f,(Ao) ®r R,. We put

A(p) = M N (f(Ao) ®r Ry)
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where this makes sense if we identify M with its image in M ®g ﬁp under
the map m +— m ®g 1. Clearly, A(p) is an Rp-lattice in M which satisfies

A(p)Ry = fo(Ao) ®r Ry for all p and
A(p) = AgR,, for all except finitely many p.

We then put

A= Ap).
p

Then A is an R-submodule of M which generates M as an L-vector space. That
A is a noetherian R-module follows from the modules A(p) being noetherian
Ry-modules and that A(p) = AgR, for all except finitely many p and that
A ={, A(p). Hence A is an R-lattice of M. As AR, = A(p) for all p it follows

that A is an R-submodule of M whose image in GLy(AR)/GLa(OR) is the
coset fGL3(OR).]

(3.9.9) The group of fractionary ideals of the Dedekind domain R acts nat-
urally on the sublattices of M: if I is a fractionary ideal of R and A is an
R-sublattice of M then I/ is also a sublattice of M. We have the equality of
endomorphism rings

EndY (A) = End} (14)

and equality of conductors

cond(A) = cond(IA).

3.10 The global Bruhat-Tits net

We retain the notation and hypotheses (3.9.1) of the preceding section; in
particular, R is an excellent Dedekind domain and M/L is a 2-dimensional
reduced commutative L-algebra (M is a field or is L-isomorphic to L x L by
proposition 3.3.1).

(3.10.1) Let A, A’ be R-lattices of M and p be a maximal ideal of the excellent
Dedekind domain R. Then A’ is a p-lower modification of A if A’ C A and
there is an isomorphism of R-modules

AJA = R/p.

Similarly, A" is a p-upper modification of A if A’ > A and there is an isomor-
phism of R-modules A'/A = R/p. The lattice A’ is a p-modification of A if it
is either a p-upper or a p-lower modification of A.
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(3.10.2) Exactly as for discrete valuation rings (§3.1), we define these relations
between R-lattices of M:

(1) Two R-lattices A, A’ of L are equivalent if there is a € M* such that
ad=A".

Equivalence of R-lattices is an equivalence relation. For an R-lattice A
in M we write [A] for the corresponding lattice class.

(2) Let p be a maximal ideal of R. Two R-lattice classes [A], [A'] of M
are p-incident if either they are equal or they admit representatives A, A’
such that A’ is a p-modification of A. The relation of p-incidence is
symmetric and reflexive amongst the lattice classes for every maximal ideal

p of R.

(3.10.3) Equivalent definitions of p-incidence are: the R-lattice classes [A], [A]
of M are p-incident if either they are equal or they admit representatives A, A’
such that

ARy = A'Ry for all q # p

and either
pAR,CA'R, C ARy, pAR,#A'R,,

or

pA'R,CAR, C A'Ry, ARy #pA'R,.

Alternatively, the R-lattice classes [A], [A’] of M are p-incident if and only
if they admit representative lattices A, A’ such that (see (3.9.3))

[A: A’] = p™ where the integer m satisfies —1 <m <1 and

either A D A or AC A,

(3.10.4) Two R-lattice classes [A],[A'] of M are p-incident and g-incident
where p, q are two distinct maximal ideals of R if and only if [A] = [A’].

[For the proof, if [A] = [A’] then evidently the lattice classes [A],[A'] are
p-incident for all maximal ideals p of R. Conversely, assume that [A], [A'] are
both p-incident and g-incident where p, q are distinct maximal ideals of R. We
may select representative lattices A, A’ in M of these classes and an element
a € L* such that [A : A'] = p™, where |m| < 1, and [A : aA’] = q", where
In| < 1. But we have [A: aA’] = (a®?R)[A: A'] = (a®>R)p™. Hence we have the
equality of fractionary ideals q"p~™ = (a?R). This implies that both m and
n are even integers and hence that n = m = 0; this shows that [A] = [A'], as
required.]



3.10 The global Bruhat-Tits net 67

(3.10.5) The group GLz(L) acts on a basis of M over L; hence GLy(L) acts
as a permutation group on the set of R-lattice classes of M and also on the
set of equivalence classes of R-lattices of M.

The group of fractionary ideals of R acts on the R-lattices of M via A +— IA
for any fractionary ideal T (see (3.9.9)). Hence the group of fractionary ideals
of R acts as a permutation group on the equivalence classes of R-lattice classes
of M. This action factors through the Picard group Pic(R) and we obtain a
permutation action of Pic(R) on the lattice classes which is noted as

[A] = [A]©@rT

where 7 is any locally free R-module of rank 1.
The action of Pic(R) on the lattice classes preserves the relation of p-
incidence for any maximal ideal p.

(3.10.6) The R-lattice classes [A], [A] of M are locally p-incident if either they
are equal or for every prime ideal q they admit representatives A(q), A’(q)
such that

A(q)Rg = A'(q)Rg for all g # p

and either

pA(p)RyCA'(p)Ry C A(p) Ry, pA(p)Rp#A'(p) Ry,

or
pA'(p)R,CA(p)Ry C A'(p)Ry, A(p)Rp#pA'(p)R,.

(Compare (3.10.3)). Then we have that [A],[A’] are locally p-incident if and
only if for some locally free R-module Z of rank 1 the R-lattices [A], [A']|@r T
are p-incident.

[For we have elements a,, b, € L* such that a,A = A(p) and b, A’ = A'(p)
for all maximal ideals p. The elements a,b, ! then generate a fractionary ideal
I of R such that the lattices [TA] and [A'] are p-incident.]

(3.10.7) Let £ be the set of lattice classes of M. A p-flag of L is a set of
pairwise p-incident distinct elements of L.

Let Ag be the flag complex associated to £; this is a simplicial complex
Apr with £ as a vertex set and the finite p-flags as simplices for all maximal
ideals p of R. Each simplex corresponds to a p-flag for a unique maximal
ideal p of R (by (3.10.4)) except for the O-simplices. Hence each simplex of
dimension > 1 is labelled by one maximal ideal of R; each 0-simplex is labelled
by all the maximal ideals.

The simplicial complex Ag has only 0-simplices and 1-simplices and no
higher dimensional simplices. Let Sim;(Ag) be the set of 1-simplices of Ag.
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As each 1-simplex s is a p-flag for some unique p we obtain a labelling map

Sim; (Agr) — Max(R)

S —p

where Max(R) is the set of maximal ideals of R.

(3.10.8) The global Bruhat-Tits net Agr(SLa(L)) with respect to R is the sim-
plicial complex Ag equipped with the labelling of the 1-simplices

Sim1 (AR) — Max(R)

The Picard group Pic(R) acts as a group of automorphisms of the simpli-
cial complex Ar and preserves the labelling map of 1-simplices. Hence Pic(R)
acts as a group of automorphisms of the global Bruhat-Tits net Ar(SLa(L)).

(3.10.9) Let [A] € L be alattice class. Let C(p, [A]), the p-connected component
of [4], be the set of points of the simplicial complex Ar(SL2(L)) which are
connected to the vertex [A] by an arc consisting of p-labelled 1-simplices.
The following properties of C(p,[A4]) are immediate consequences of the
definition and elementary results on modules over Dedekind domains:

(a) The complex C(p, [4]) is the maximal connected subcomplex of Ar(SL2(L))
containing [A] whose 1l-simplices are contained in the fibre of the map
Sim; (ARr) — Max(R) over p.

(b) As a simplicial complex, C(p, [A]) is simplicially isomorphic to the Bruhat-
Tits tree A(SL2(L)) relative to the discrete valuation v, of L.

(¢) For a fixed maximal ideal p, the components C(p, [4]) are disjoint or equal,
as [A] runs through all elements of L.

(d) Two lattice classes [A],[A] of £ lie in the same component C(p,[A]) if
and only if they admit representive lattices A, A’ of M such that there is a

sequence of R-lattices Aq, Aa, ..., A, of M where A; and A; 1 are p-incident,
for all 7, and A = Ay, A = A,,.

(e) For each maximal ideal p, let d,, denote the standard metric on the Bruhat-
Tits building A(SL2(L)), with respect to the discrete valuation vy, normalised
so that the distance between adjacent vertices is equal to 1 (see §3.1). Then
dy induces a metric, also noted dy, on each p-connected component C(p, [A])
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ferret
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(f) If [A],[A'] of L lie in the same component C(p,[A]) then there is a € L*
such that
[A:aA')=p™ where |m| < dy([4],[A7]).

[This follows from (d) and (e).]

(g) If p and q are distinct maximal ideals of R, and [A],[A] € L, then
C(p,[A4]) and C(q,[A’]) are either disjoint or intersect in precisely one ver-
tex of AR(SLQ(L))

[To prove this, by localising R we may reduce to the case where R is a semi-
local Dedekind domain with precisely two maximal ideals p,q. Hence R is a
unique factorisation domain. Suppose that [A], [A] € L are two distinct points
lying in both C(p, [4]) and C(q, [A']); selecting geodesics in the trees C(p, [A]),
C(q,[4]) joining [A],[A’] then there is corresponding sequence of p-lower
modifications A D A; D ... D A, and a corresponding sequence of g-lower
modifications A D A} D ... D A/, where A, = aA, for some a € L* and
Ay, adl, lie in the class [A’]. The invariants of A/A,, as an Ry-module are 0,n
and the invariants of A/A/, as an Rq-module are 0,m. As A,, = aA!,, it easily
follows that this is impossible.]

m?

(3.10.10) The complex Agr(SL2(L)) is a union of all the p-connected compo-
nents
Ag(SLa(L)) = | C(p
p,[4]

where the union runs over all maximal ideals p of R and all vertices [A4] in L.
That is to say Ar(SL2(L)) is a connected simplicial complex which is a union
of Bruhat-Tits trees.

3.11 Bruhat-Tits nets with complex multiplication

We retain the notation (3.9.1) of §3.9; in particular M is a reduced 2-
dimensional commutative algebra over the field L which is the field of fractions
of the excellent Dedekind domain R. We may identify the vertices £ of the
Bruhat-Tits net Ar(SLa(L)) with the R-lattice classes of M (see (3.10.7),
(3.10.8)).

(3.11.1) Let Div(R) be the group of divisors on Spec R; we shall write the
composition law additively. This group Div(R) is equipped with its usual
partial order <, where a divisor D is > 0 if and only if it is effective. We may
identify fractionary ideals of R with divisors in Div(R).

(3.11.2) Let A be an R-lattice of M. The conductor cond(A) of A (see (3.9.6))
is an ideal of the Dedekind domain R which depends only on the equivalence
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class [A] of the lattice A. We identify this conductor ideal with its corre-
sponding divisor; hence we obtain a conductor map on the set of vertices £
of Ar(SL2(L)) with values in the group Div(R) of all divisors of R

cond : £ — Div(R).

(3.11.3) The triple (Ag(SL2(L)),cond, M) consisting of the global Bruhat
Tits net Ar(SLa(L)) (see §3.10) and the associated conductor map, and the
algebra M, is a Bruhat-Tits net with complex multiplication by M.

(3.11.4) We define a map
D: L x L — Div(R)

in the following way. Let [A],[A’] € £ be two R-lattice classes; select repre-
sentative R-lattices A, A’ contained in M of these classes [A],[A’]. For each
maximal ideal p, we have the Ry-lattices A @ Rp, A’ ®g Ry in M and their
associated lattice classes [A ®g Ry, [A’ ®r Ry]; we put

np = dy([A @R Ry], [A" @R Ry))

where d;, denotes the normalised standard metric on the Bruhat-Tits building
A(SLsy(L)), with respect to the discrete valuation v, (see §3.1). Put

D([A], [A]) = npp
p
where the sum runs over all the maximal ideals p of R.

(3.11.5) The map D satisfies these properties:
(I) D(v1,vs3) < D(v1,v2) + D(ve,v3) for elements vy, vq,vs of £
(I1) D(v1,v2) = D(va,v1)
(III) D(v1,v2) =0 if and only if v1 = va ®p Z for some Z € Pic(R)
(IV) D(v1,v2) >0 for all vi,vs € £
(V) D(v1,v2) = D(v1 ®r Z,v2) for all T € Pic(R).

That is to say, D satisfies the axioms of a pseudo-metric on £ with values
in the partially ordered group Div(R) and which is induced by a metric on
the quotient space £/Pic(R) with values in Div(R).
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[The properties (II), (IV), and (V) follow immediately from the definition.
For the proof of the triangle inequality (I), if v; is represented by the R-lattice
A; for all 7 it is sufficient to prove the inequality

dy([A1 @R Ryl, [A3 @p Ry]) < dy([A1 @R Ry], [A2 @R Ry])+

dy([A2 @R Rpl, [A3 @R Ry))-

But this is the usual triangle inequality for d, on the Bruhat-Tits building
A(SLy(L)) with respect to the discrete valuation ring Ry,.
To check (III), suppose that D([A],[A’]) = 0. Then we have that

[A®g Ry = [A' ®g Rp) for all p.
Then there are elements a, € L* such that
ap/l®RRp =A ®RRp for all p.

where a, = 1 for all except finitely many p. The elements a, generate a
fractionary ideal I of R where we have IA®pr R, = A’ ®g R, for all p. Hence
we obtain the equality 74 = A’ as required. Conversely, if [Z ® A] = [A]
for some locally free R-module Z of rank 1 then it follows from (V) that
D([4],[A]) =0.]

(3.11.6) Two lattice classes [A], [A'] satisfy D([A],[A']) < p if and only if they
are locally p-incident (see (3.10.6)).

[It immediately follows from the definition that if the lattices are locally
p-incident then D([4],[A’]) < p. Conversely suppose that D([A],[A]) < p.
Then we have

/ =0, if q 7é p
ttonr W ear) {23 HI7P
where d, is the standard normalised metric on the Bruhat-Tits tree with
respect to p. It follows that the two lattice classes are locally p-incident.]

(3.11.7) Let
[A] = Py, P1, ..., Pp1, [A] = P,

be a finite sequence of points of £ such that for all 0 < ¢ < n — 1 the points
P; and Py, are locally p(i)-incident for some prime ideal p(i) of R depending
on ; for such a sequence P, ..., P,, we put

n—1

D(Py,...,P,) = Z dp(i) (Pi, Pig1)-p(i).
i=0
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‘We then have
D([4],[A]) = mir}D D(Py,..., P,)

where the minimum runs over all finite sequences Py = [A], Py, ..., Py—1, P, =
[A'], n € IN, of points of £ for which D(P,, ..., P,) is defined and where the
minimum is taken with respect to the usual ordering on divisors.

[For the proof, the triangle inequality of (3.11.5) shows that the inequality
D([A1],[A]) < D(Po, ..., Py,) holds where Py = [A] = Py, P1,...,Ph1, P, =
[A'] is any sequence of points of £ such that P; and P11 are locally p(i)-
incident for all i. Suppose then that D([A], [A']) = >"I" | ng,.q; where the g;
are distinct maximal ideals of R. We have

nqg =dq([A®r Rql,[A" @r Rq]) for all g.

Hence there are elements aq € L* where aq = 1 for all except finitely many
primes q and there are isomorphisms of Rq-modules

(agA®r Ry)/(A ®r Ry) = R/q™ for all q.

Hence the elements aq generate a fractionary ideal I of R. We then have
IAD A and (IA®Rg Ryq)/(A' @R Rq) = R/q™ for all q. The R-module IA4/A
is then Artin and admits a Jordan-Holder composition series where each factor
is of the form R/q for some maximal ideal q of R. Hence there are R-sublattices
A; of ITA such that

IN=AD>AD...DA, =N

where for all ¢ there is a maximal ideal g of R for which there is an R-module
isomorphism A;/A;+1 = R/q; in particular A; and A;;1 are locally g-incident
and precisely nq of the inclusions A; D A4, for all j are locally g-incident.

We may then select select the points Q); € L corresponding to the lattices
A;, for 0 < i < n and where n = Zq ng, such that we have [4] = Qo,
[A'] = @, and Q;, Q;+1 are locally g-incident for all ¢ and some q; we observe
that D([A],[A]) = D(Qo, ..., Qxn), as required.]

3.11.8. Theorem. We have
cond([4]) = D([4], [1])

where I is a lattice ideal of S for which the distance D([A],[I]) is minimum.
The R-lattice class [I] satisfying this equality is uniquely determined up to
multiplication by an element of Pic(R),

Proof. Let dy, denote the normalised standard metric on the Bruhat-Tits build-
ing A(SLo(L)) with respect to Ry. Let Exp(A®r Ry ) denote the local exponent
of the conductor of the R,-lattice A ®g R, in M with respect to the discrete
valuation ring R,.
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The ring S ®r R;, is the integral closure of R, in M. By theorem 3.7.3, for
each maximal ideal p of R there is an Rp-lattice ideal J, of the ring S ®r R,
such that we have the equality

Exp(A ®@g Ry) = dp([A @R Ryl, [Jp])

where [J,] denotes the lattice class of J,, with respect to Ry; furthermore, the
lattice class [Jp] is uniquely determined by A @ g R,.

For all p except finitely many, we have A ®r R, = S ®r Rp. Hence we
have for all p except finitely many

Exp(A ®gr Ry) = 0.
Hence the collection of lattice ideals J, for all p satisfies
(a) Jy =S ®grR, for all except finitely many p;
(b) Exp(A®gr Ry) = dp([A®r Ry, [Jp]) for all p;

(c) Jp is uniquely determined by A up to multiplication
by an element of L*.

By Proposition 3.3.1, the ring S ® g Ry, is either the localisation of R x R
or it is a semi-local Dedekind domain obtained by localising the Dedekind
domain S. Hence S®pg R, is a finite Ry-algebra which is a direct product of a
finite number of semi-local Dedekind domains. We obtain that J, is a lattice
ideal of S ® g Ry of the form

Jp = (Hq;ni)S@’R Ry

where the q; are maximal ideals of S lying over the prime ideal p of R and
the exponents m; are non-negative integers.
Let I, be the ideal of S given by

Iy = qun

We have I, = J, N S. Then I, is a lattice ideal of S which is uniquely deter-
mined by A ®pg R, up to multiplication by an element of L*. We have

I,(S®r Ry) =J, forallp

and
I, =S for all except finitely many p.

I=]]%
p

Put
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where the product is over all maximal ideals p of R. Then I is a lattice ideal
of S such that
I ®gr R, =1, for all p.

Furthermore, I is uniquely determined by A up to multiplication by a frac-
tionary ideal of R. We obtain for all p the equality

(3.11.9) Exp(A®pg Rp) :dp([A(X)R Rp],[I QR Rp]).

By definition of cond([A]) we have (see (3.9.6))

cond([4]) =Y " Exp,(4).p.
P

We have from (3.9.7) the equality
Exp, (4) = Exp(A ®r Ry)

where Exp(A ®pr R,) denotes the exponent of the Rp-lattice A ®g R, in M
with respect to the discrete valuation ring R,. We then derive from (3.11.9)
the equalities

cond([A4]) = Z Exp, (A).p = Z Exp(A®g Ryp).p
p p

=Y dp([A®r Ry), [T ®r Ry))-p = D((A], 1)),
p
as required. Furthermore, the lattice class [I] of the lattice ideal I is uniquely
determined by [A] up to multiplication by an element of Pic(R) as already
noted. O
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Heegner sheaves

Heegner sheaves are sheaves of sets or abelian groups for a Grothendieck
topology on a geometric or arithmetic curve. In this chapter, we only consider
Heegner sheaves arising from complex multiplication of Drinfeld modules of
rank 2. Similar Heegner sheaves may be defined on Spec Z using Heegner
points on the classical modular curve Xo(N)/Z.

Drinfeld-Heegner points on the Drinfeld modular curve X5*#(I) are de-
fined in §84.1-4.4 and basic properties are proved. The action of the Hecke
operators on Drinfeld-Heegner points is considered in §§4.5-4.6 and in partic-
ular the analogue for X5""(I) of the classical “Eichler-Shimura congruence”
for the modular curve Xo(N)/Z is there proved, except for some details on al-
gebraic stacks. The analogue of the Shimura-Taniyama-Weil conjecture holds
for elliptic curves over function fields, a result due to Drinfeld (see §4.7 and
Appendix B); its consequences for Drinfeld-Heegner points on elliptic curves
are given in §4.8. Finally, basic constructions of Heegner sheaves are consid-
ered in §4.9.

4.1 Drinfeld-Heegner points, Heegner morphisms

(4.1.1) The notation of this chapter is that of §2.1 namely:

k is a finite field with ¢ = p™ elements;

C'/k is an integral smooth 1-dimensional projective k-scheme, where k is
the exact field of constants;

oo is a closed point of C/k;

Cag is the affine curve C'\ {o0};

A is the coordinate ring H%(Cag, Oc,,,) of the affine curve Cug;

F is the fraction field of A.

M.L. Brown: LNM 1849, pp. 75-103, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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Throughout this chapter, I is a non-zero ideal of A and Y{™1(I) is the corre-
sponding Drinfeld moduli scheme (see §2.4). All Drinfeld modules considered
are of rank < 2. Let L be an A-field and let L be the algebraic closure of L.

(4.1.2) A Drinfeld module D for A defined over L is singular if its A-algebra
of endomorphisms End(D) strictly contains A. If D is not singular, we say D
is non-singular.

(4.1.3) Let z € Y™ (I)(L) be an L-valued point of Y§™(I). Let Z be any
point of YS'*(I)(L) lying over x. Then 7 is represented by a pair (D, 2)
where D/L is a Drinfeld module of rank 2 and Z is an I-cyclic subgroup of
D (see §2.4); furthermore, (D, Z) is determined up to L-isomorphism by .
Denote by D/Z the quotient Drinfeld module obtained by factoring out Z.

The point x is a Drinfeld-Heegner point if the pair (D, Z) corresponding
to T is such that both D and D/Z are singular Drinfeld modules and there is
an isomorphism of A-algebras

End(D) 2 End(D/Z).

This property of z is independent of the choice of lifting T of x.

(4.1.4) A morphism of A-schemes of finite type f : U — Y§™"(I) is Heegner
if every point of the image of f is Drinfeld-Heegner.

4.1.5. Remark. These definitions correspond directly to those of Heegner
points of the classical modular curve Xo(NN)/Z which is the coarse moduli
scheme of elliptic curves equipped with a cyclic subgroup of order N.

4.2 Construction of Drinfeld-Heegner points

Lattices

(4.2.1) Let z € YJ"(I)(L) be a point represented by a pair (D, Z) over L,
as in (4.1.3). Suppose that z is a Drinfeld-Heegner point which lies over the
generic point of Spec A, in particular D/L is a Drinfeld module of general
characteristic. Then there is an isomorphism of A-algebras

End(D) = End(D/Z) = O,

where O, is an order, of conductor ¢, in an imaginary quadratic extension
field K of F with respect to oco.
Let F,. be the completion of F with respect to the place oo and let Foo

be the completion of the algebraic closure of F.: fix an embedding K — Fo.
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Then the Drinfeld modules D and D/Z are associated to A-lattices A, A’ of

rank 2 contained in Fo, (see [Dr, §3] or [DH, Chapter 2]); furthermore, A, A’
are locally free O.-modules of rank 1.

As there is an I-cyclic isogeny D — D/Z (see §2.4), we may choose the
lattices A, A’; in their equivalence classes under multiplication by elements of

I, to be invertible fractionary O.-ideals such that A C A’ and J = AN
is an integral ideal of O, for which there is an isomorphism of A-modules

O./J = A/l

(4.2.2) Let O, be an order in an imaginary quadratic extension field K of F'.
Assume that J is a proper ideal of O, which is a locally free O.-module of
rank 1 and such that there is an isomorphism of A-modules O./J = A/I. Fix
an embedding K — F . Let A be a projective O.-module of rank 1 which is
contained as a lattice in F . ThenAA' =J 71/1Ais a projective O.-module of

rank 1 also contained as a lattice in Fo,. Let D/Fo, and D'/F, be the rank 2
Drinfeld modules for A, with complex multiplication by O., corresponding to
the A-lattices A and A’ respectively. Then the inclusion of O.-modules A C A’
corresponds to an I-cyclic isogeny f : D — D’ of Drinfeld modules; hence the
pair (D, ker(f)) defines a Drinfeld-Heegner point in YJ™"(I)(F.) lying over
the generic point of A.

Specialisation and generisation

(4.2.3) Let F(c, I) be the functor defined on the category A— Sch of A-schemes
of finite type
F(e,I): A—Sch — Sets

pairs (D, Z) where D/S is a Drinfeld module of

S — rank 2 and Z is an I — cyclic subgroup such that
there is an injection of A — algebras O, — End(D)

Then F(c, I) has a coarse moduli scheme Z(c, I) which is finite and flat over
A. There are A-scheme morphisms
Z(c, I) — Y™™ (I)

obtained by the natural transformations of functors obtained by “forgetting”
the complex multiplication by O,.

(4.2.4) Let z € Y™ (I)(L) be a point represented by a pair (D, Z) defined
over L, as in (4.1.3); assume that the Drinfeld modules D and D/Z have
isomorphic rings of endomorphisms.
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Assume that z lies over a closed point of Spec A. Then D and D/Z are
Drinfeld modules of finite characteristic and hence are singular Drinfeld mod-
ules. The common endomorphism ring End(D) then contains an order O, of
conductor ¢ of some imaginary quadratic extension field K of F. Hence x is
an L-valued point of the scheme Z(c,I). As Z(c, I) is finite and flat over A,
the point z is the specialisation of a generic point i of Z(c, I); that is to say,
x is a specialisation of a Drinfeld-Heegner point 7 lying over the generic point
of Spec A, as in (4.2.1).

4.2.5. Remark. Let = be a point of Y§''"(I)(L) which corresponds to a pair
(D, Z) over L. Then z is supersingular if D is a supersingular Drinfeld module
that is to say End(D) is an order in a quaternion algebra over A; in this event,
x necessarily lies over a closed point of A and D is supersingular for every
pair (D, Z) representing x.

Suppose that z is a point of Y5'*(I) lying over the generic point of A.
Then the specialisations of x in this moduli scheme may or may not be super-
singular. The supersingular specialisation of points of Y™ (A) is considered
in [Brl] for the special case where A = F,[T’]. [Note the correction to this pa-
per in: B. Poonen, Drinfeld modules with no supersingular primes. Int. Math.
Res. Not. 3 (1998), 151-159.]

4.3 Notation for Drinfeld-Heegner points

(4.3.1) Let

K/F be a separable imaginary quadratic extension field of F;

B be the integral closure of A in K;

7 the element of order 2 of the galois group Gal(K/F);

¢ be an effective divisor on Clg;

O, denote the order of K relative to A and with conductor ¢ (§2.2 above);
I be a non-zero ideal of A whose prime ideal components split completely

in K/F;
IB = I1 I, be a factorisation of ideals where I1, I are ideals of B such
that I7 = Is.

(4.3.2) We put
Li(O.)=I+1I(c)l; C O, for j =1,2,

where I(c) is the ideal of A cutting out the divisor ¢. Then I;(O.) is an ideal
of O, for all j and one may check that for all j

I;(0.) = I; N O, if T and c are coprime.

It follows that if ¢ and I are coprime then I;(O,) is an invertible ideal of O,
i.e. it is a locally free O.-module of rank 1, for j = 1,2; furthermore, if ¢ and
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I are coprime we have isomorphisms of A-algebras

0./I;(0.) = B/I; = A/I for j=1,2.

(4.3.3) Let a be a divisor class in the Picard group Pic(O.) of O.. Assume
that ¢ and the ideal I are coprime. We then obtain, a Drinfeld-Heegner point
(a, I, c) associated to K with conductor ¢ and class a where

(a,11,¢) € Y5 (I)(K[c])

(cf. [Br2, §2.7]). The point (a,I1,c) is constructed as follows (see (4.2.2)
above):

Fix an embedding K — ?oo. We may select A to be a projective O~

module of rank 1 in the class @ and contained as a lattice in Fo,. Then
A = I(0.)7'A is a projective O,-module of rank 1 contained as a lattice

in Fo. Let D and D’ be the rank 2 Drinfeld modules for A over the field

F, corresponding to the lattices A and A’ respectively. Then D, D’ have
general characteristic and complex multiplication by O.. The inclusion of O,-
modules A C A’ corresponds to an I-cyclic isogeny f : D — D’, as its kernel
is isomorphic as an A-module to O./I;(0.) = A/I (see (4.3.2)). The pair

(D, ker(f)) defines a point in Y5 (I)(Fs) which is the Drinfeld-Heegner
point (a, I1,c¢). By the main theorem of complex multiplication, the Drinfeld
modules D, D’ are defined over the ring class field field K] (see §2.3); hence
the point (a, I1, ¢) lies in Y5 (I)(K|c]).

4.4 Galois action on Drinfeld-Heegner points

(4.4.1) With the notation (4.3.1) of the previous section, let

Jk be the idele group of K;
Ck = Ji/K* be the idele class group of K.

(4.4.2) Let ¢ > 0 be an effective divisor on Spec A which is coprime to I.
Denote the Artin reciprocity isomorphism for the abelian extension K|[c]/K
by

[—, K[d]/K]: Ck /(K*G:/K*) — Gal(K|c]/K)

where, as in (2.3.2), G. is the open subgroup of Ji given by
G.=EK% [] 0:..
VF#£ 00

For any idele class o of Cx modulo K*G./K*, the action of the element
[a, K[c]/K] on the Drinfeld-Heegner point (a,I;,c¢) is given by the main
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theorem of complex multiplication of Drinfeld modules, namely the group
Ck/(K*G./K*) acts in the evident way on the Picard group Pic(O.) and we
have

(4.4.3) (a, I, ) KKl — (aa71 I}, ¢).

More specifically, the group Gal(K|[c]/K) is isomorphic to Pic(O.) and the
element 6 € Pic(O..) acts on (a, I, c) via (a, I1,c)? = (a7}, I, c).

4.5 Hecke operators on XP™*(I) and the Bruhat-Tits
net A (SLs(F))

(4.5.1) Let

z be a closed point of Cag with support disjoint from Spec A/I;
m, be the prime ideal of A defining z.

(4.5.2) The Hecke correspondence T, on the Drinfeld modular curve X" ()
may be defined via modular data. That is to say, if L is an algebraically closed
field and z is an L-rational point of X" (I)/A given by the pair (D, Z) where
Z is an I-cyclic subgroup of the Drinfeld module D, then

T.(x) =) (D/H,(Z+ H)/H)

H

where H runs over all m,-cyclic subgroups of D and where the right hand side
here is a cycle on X§™1(I) of degree |k (z)| + 1 over the field L.

(4.5.3) In terms of lattices, T, may be described as follows. Let = be a point of
Y (1) /A lying over the generic point of Spec A. Then x is represented by a

pair (D, Z) over Fo,. Let A be a lattice in F, corresponding to the Drinfeld
module D/Fy. Let A; D A be an over lattice of A such that there is an

isomorphism of A-modules A;/A = A/I and if the Drinfeld module D;/F

corresponds to the lattice A; then the kernel of the isogeny D — D is equal

to Z. That is to say, the point 2 corresponds to the pair of lattices (4, A;).
We have, where z is prime to I,

Tox=T.(A,A) =Y (A2, Ay + Ap)
A

where the sum runs over all lattices Az containing A such that there is an
isomorphism of A-modules A2/A = A/m,.

(4.5.4) The Hecke correspondence T, induces an endomorphism of the jacobian
J(I) = Jac(XP™(I))/F[0]. The Hecke correspondences Ty, for all z prime to
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Supp([), commute and generate a commutative Z-subalgebra T of the ring of
endomophisms End(J(I)) of the jacobian. The algebra T is the Hecke algebra.

(4.5.5) The non-zero ideal I of the Dedekind domain A is a product of prime
ideals. Suppose that the ideal I factorises as

1 =p"J

where p is a prime ideal of A and where J,p are coprime ideals of A. Let
(D, Z) be a pair representing a point of Y™ () defined over an algebraically
closed field L.

The Atkin-Lehner operator wy is defined on X§™"(I) by

wy(D, Z) = (D/Zpn, (Dpn + Z) [ Zpn).

Here the subscript p” denotes the subgroup scheme annihilated by p™.
The Fricke operator wy is defined on X§**(I) by

wy = pr.

plI

If p is not principal then the Atkin-Lehner and Fricke operators are not in
general involutions, unlike the case of these operators for the rational function
fields of [Br2] and for classical modular curves.

(4.5.6) Let C[0] be the smooth projective integral curve over k whose field
of fractions is F'[0]. Let J(I)/C[0] be the Néron model of the abelian variety
J(I)/F[0]. Then the Hecke algebra T induces a ring of endomorphisms of
J(I)/C[0] and hence a ring of endomorphisms of the closed fibre J(I),/k(z)
over z € C' of the Néron model.

4.5.7. Theorem. (“Eichler-Shimura congruence”.) Let z be a closed point
of Cag. Let 0, denote the Frobenius automorphism of J(I),//k(z) and 6
the transpose of 6,. Suppose that the support of I is prime to z. Then the
reduction at z of the Hecke operator T, is given by

T.=60.+6, (mod 2).

4.5.8. Remark. This result was stated without proof in [Br2] for the rational
function field case. This theorem is an analogue of the Eichler-Shimura con-
gruence for classical modular curves. We give a sketch proof of this theorem
below; a complete proof will be given in [Br3].

Sketch proof of theorem 4.5.7. The following outline proof is similar in lines
to the proof of [DR, Théoréme 1.16] which is the Eichler-Shimura congruence
for the classical modular curve Yy(n) of elliptic curves.



82 Heegner sheaves

(1) The stack Y™ (J)/Spec A.

Let J be a non-zero ideal of A. Let A — Sch be the category of locally
noetherian A-schemes. Let VP (.J)/Spec A be the stack (champ in French)
defined on A — Sch as follows. For any object S of A — Sch then YP*#(.J)(S)
is the category of rank 2 Drinfeld modules for A equipped with a cyclic J-
structure over S and the morphisms are S-isomorphisms of Drinfeld modules
over S. The stack Y™ (J) over Spec A is a category fibred in groupoids over
A — Sch.

It may be shown that YP*(J) is an algebraic stack of finite type over
Spec A (see [DM] for the definition and basic properties of algebraic stacks).

From now on let I be a non-zero ideal of A, z be a closed point of Cug
disjoint from Spec A/T; let p be the prime ideal of A corresponding to z.

(2) The coarse moduli sceme of the algebraic stack Y™ (I)/Spec A
A coarse moduli scheme of the algebraic stack VP (I)/Spec A is a scheme

Y/Spec A equipped with a Spec A-morphism
T Y9I - Y
such that:

(i) Every Spec A-morphism of YP*"(I) to a Spec A-scheme X factors
through .

(ii) If s : Spec L — Spec A is a geometric point of Spec A, where L is an

algebraically closed field, then 7 induces a bijection between Y (L) and the

set of L-isomorphism classes of pairs (D, Z) where D/L is a Drinfeld

module of rank 2 for A and Z/L is an I—cyclic subgroup of D.

Let YJ™1(I) denote the coarse moduli scheme associated to the algebraic
stack YD (T). This coarse moduli scheme exists and is a curve over Spec A[0]
where A[0] is the integral closure of A in F[0] (see (2.4.7) and [GR, §8.3]).
That is to say, Y5 () is the coarse moduli scheme associated to the functor
on the category A — Sch given by

A — Sch — Sets

S — isomorphism classes of pairs (D, Z) where D/S is a
S Drinfeld module of rank 2 and Z/S is an
I — cyclic subgroup of D

(3) Frobenius

Let L be an algebraically closed A-field and let D/L be a Drinfeld mod-
ule for A. Let J be a non-zero ideal of A. Then D; denotes the finite sub-
groupscheme of G, annihilated by J; that is to say, if L{7} denotes the non-
commutative ring of endomorphisms of G, /L where 7 is the Frobenius z + 2?
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then D/L is given by a homomorphism ¢ : A — L{7} and we have that D
is the closed subscheme of G, = Spec L[z| invariant under A given by

Llz]
< ¢la)z, forallae J >

Dy = Spec

Let p be the prime ideal of A correponding to the closed point z of Cyg.
Let L be an A-field where the kernel of A — L is the prime ideal p. Let
F: L — L be the Frobenius 2 — z!/*®)I. Then a Drinfeld module D/L for A
of characteristic p induces a Drinfeld-module over L denoted D¥'. We obtain
an isogeny of Drinfeld modules

D — DF.

The kernel of the isogeny D — D is a finite p-cyclic sub-groupscheme of the
additive group G,, as this sub-groupscheme is of the form
Spec Lz]/ < x!*®! > Hence the pair

(D, ker(D — DT))

Drin

represents a point of V"™ (p)(L).

Let Dy be the p-torsion subgroup of D. Then D, is a sub-groupscheme of
D of rank |A/p|?. As the kernel of the isogeny D — D' is contained in D,
we obtain an isogeny of rank |A/p|

VD" — D/D,

called the Verschiebung such that D — D/D, is the composite isogeny V F.

(4) Supersingular Drinfeld modules

Let L be an A-field and let L be the algebraic closure of L. Let D/L be
a Drinfeld module of rank 2 for A. Then D/L is supersingular if the ring
of endomorphisms End(D x, L) of the Drinfeld module D x; L/L is non-
commutative. In this case, End(D x, L) is necessarily an order over A of a
quaternion algebra over A and D/L has finite characteristic.

Suppose that D/L has finite characteristic p, where p is a maximal ideal of
A. That D/L is supersingular is equivalent to the the following condition: if
Z is a p-cyclic subgroup of D then Z is purely local i.e. Z = Spec L[X]/(X?)
where ¢ = |A/p| is the order of the residue field at p.

(5) The endomorphisms y,

Let J be a non-zero ideal of A. Let L be a field and D/L be a Drinfeld
module of rank 2 for A. Then we define a map y; by ys;(D) = D/D;. Let
(D, Z) be a point of Y (Ip)(L) where Z is the kernel of an Ip-cyclic isogeny
f : D — D’ of Drinfeld modules over L. Then we put

ys: (D,ker(f : D — D"))— (D/Dy,ker(D/D; — D'/D")).
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The map y; induces a morphism of algebraic stacks
ys 2 Yo (Ip) — Vo (Ip).

If J is a principal ideal of the form aA of A then the map a : D — D of
multiplication by a induces isomorphisms which form a commutative diagram

f
D — D’
1= =]
D/D; — D'/D)

If J is a principal ideal then y; is the identity automorphism of YY" (Ip).
We have for any ideals Ji, Jo of A that yj,vy75, = ys,7, hence the y;’s form
a finite abelian group of endomorphisms of YP*#(Ip) which is generated by
the morphisms y, where p runs over all maximal ideals of A. This group is
isomorphic to Pic(A4).

(6) Morphisms
Let S be a locally noetherian A-scheme. Let D/S be a Drinfeld module of
rank 2 for A and let Z/S be an Ip-cyclic subgroup of D. The assignment

c:(D,Z)— (D, Z)
defines a morphism of algebraic stacks
2 VP (Tp) — P
The Atkin-Lehner operator wy is defined by
wp(D, Z) = (D/Zy,(Dy + Z)/Zy).
Then wy, defines morphism of algebraic stacks
wy = Vg (Ip) — Vg (Ip).

If Z; is an I-cyclic subgroup of D and D has characteristic p and F' is the
Frobenius z — z!4/?! relative to p, then we put

fi(D, Z1) = (D,ker(D — D/Zy — (D/Z1)")).
Then f; defines a map of algebraic stacks
fr 2 V9™ (1) @a w(p) — Vg™ (Ip) @ K(p)-
We obtain a diagram

YE(I) ®@a k(p) YE(I) ®@a k(p)
\ f1 fa=wyp f1 /
Yo (Ip) @4 k(p)
. / C C’lUp \ .
YE(I) @4 k(p) VP (I) @4 k(p)
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The map cf; is the identity. The map cwy fo = cwpwy f1 is the map y,. The
Drin

map cwy fi = c¢fs is the Frobenius automorphism of Yy’ (I) ® 4 £(p) relative
to k(p).

(7) End of sketch proof

Let YP'n(Ip)" @4 rk(p) denote the algebraic stack obtained from
y(]fri“(l p) ®4 k(p) by removing the supersingular Drinfeld modules of charac-
teristic p. Then one checks that there is an isomorphism of algebraic stacks

Allfe - YR @4 w(p) [T YOI @ar(p) — YP(Ip)" @4 w(p).

The morphisms f1, fo are closed immersions because ¢ is a retraction of f;
and cwy is a retraction of fo up to automorphism of VP (I) ® 4 k(p). The
algebraic stack YP""(I) ® 4 k(p) is reducible and its irreducible components
correspond to the prime ideals of A[0] over p. It follows that the image of f;
and fo is the union of all the irreducible components of YY" (Ip) ® 4 1 (p).

The algebraic stack YP""(Ip) ®4 x(p) is reduced because it is Cohen-
Macaulay and generically reduced. The supersingular points are in the image
of both f; and fs; for if D is a supersingular rank 2 Drinfeld module for A of
characteristic p over an algebraically closed field, the only subgroup of rank
p is ker(D — D). The irreducible components of Y™ (Ip) ® 4 k(p) arising
from fi and wy f1 intersect at these points. The intersection is transversal
because the tangent vecteurs at the two branches are linearly independent:
one is annihilated by d(c) and not by d(cw,) and the other by d(cw,) and not
by d(c). Hence we obtain the following results.

(i) The maps f1, fo are closed immersions. Their images are the totality of
irreducible components of VP (Ip) ® 4 k(p).

(ii) The irreducible components arising from f; and f, intersect transversally
at the supersingular points. The algebraic stack Y™ (Ip) ®4 k(p) which is
reduced has only ordinary double points for singularities.

(iii) The Frobenius relative to k(p) exchanges the irreducible components of
YPrin(Ip) @ 4 k(p) arising from the images of fi and f.

Theorem 4.5.7 follows from this. O

(4.5.9) Let A4 (SL2(F)) be the global Bruhat-Tits net with respect to A (see
§3.10). Let £ denote the set of vertices of the simplicial complex A4 (SLa(F))
(i.e. £ is the set of lattice classes). For any v € L let

st.(v)={ue Ll | D(u,v) <m,}

denote the z-star of v that is to say the set of vertices of £ which are adjacent
to v, and distinct from v, and are connected to v by 1-simplices labelled by
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m,. That is, st,(v) is simply the star of v in the m,-connected component
C(m,,v) of v (see (3.10.9) and (3.7.10)).

4.5.10. Definition. Let Z.L be the free abelian group with £ as a set of
generators. Define a Hecke operator 7, on £ by

That is, T, (v) is the formal sum of the vertices of the z-star of v.

4.6 Drinfeld-Heegner points and Hecke operators

In this section, we apply the results on Bruhat-Tits trees with complex mul-
tiplication (Chapter 3). We keep the notation (4.3.1) of §4.3.

(4.6.1) We let

(A4(SLa(F)),cond, K) be the global Bruhat-Tits net with respect to A
with complex multiplication by K where cond is the conductor map
(see (3.11.3));

L be the set of A-lattice classes in K (i.e. £ is the set of vertices
of Au(SLa(F)));

z be a closed point of Cag with support disjoint from Spec A/I;

m, be the prime ideal of A defining z;

T, be the Hecke correspondence, associated to z, on X§™"(I) and on £
(see §4.5);

I be the algebraic closure of F.

Let I be the ideal of A as in (4.3.1). Denote by Ly the set of A-lattice classes
of K with conductor prime to I; then £; C L. For a maximal ideal p of A
prime to I, a p-flag of L is a set of pairwise p-incident distinct elements of
L (see also (3.10.7)).

Let A4 ;1 be the flag complex associated to Lr; this is a simplicial complex
Aa r with L5 as a vertex set and the finite p-flags as simplices for all maximal
ideals p of A prime to I. Each simplex corresponds to a p-flag for a unique
maximal ideal p of A (by (3.10.4)) except for the 0-simplices. Hence each
simplex of dimension > 1 is labelled by one maximal ideal of A; each O-
simplex is labelled by all the maximal ideals and we obtain a labelling map
Simy (Aa,r) — Max(A) as in (3.10.7) for A4. Then Ay s is a subcomplex of
A, and the labelling map of Ay ; is the restriction of the labelling map of
Ay.
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The global Bruhat-Tits net A4 ;(SLo(L)) is the simplicial complex A4 s
equipped with the labelling of 1-simplices Simj (A4 ;) — Max(A).
The conductor map
cond : L5 — Div(A)

is defined to be the restriction of the conductor map cond: £ — Div(A)
of (Aa(SLy(F)),cond, K) to the subset Lr; by definition the conductor
of an element of £; is a divisor prime to I. We then obtain the subnet
(Aa,1(SLa(F)),cond, K) with complex multiplication by K corresponding to
A-lattices of K with conductor prime to I.

(4.6.2) There are 2 equivalence relations on the A-lattices in K. The first is
that defined in (3.10.2) by multiplying lattices by elements of F*: if A is an
A-lattice in K we write [A] for its equivalence class in £, as in §3.10.

The second equivalence relation is given by multiplying A-lattices by el-
ements of K*: let ¢ be the conductor of the lattice class v € L; let A be an
A-lattice in K with v = [A] then A is a locally free O,-module of rank 1 and
hence it determines a class in the Picard group Pic(O.) which depends only
on v. This class in Pic(O,) is denoted [v] which is equal to [[A4]]. We thus have
surjective maps of sets

A — lattices in K elements of £ ~ Pic(0,)
with conductor ¢ with conductor ¢ 1™ e
A > 4] = [[A])

(4.6.3) We define a set theoretic map ¥ from the set of vertices £ of the
global Bruhat-Tits net A4 1(SLa(F)) to X5 (1)(F)

UL — XPUn(I)(F)

v — ([v], I1, cond(v)).

This map takes the equivalence class v of an A-lattice A in K, whose conductor
is prime to I, to the Drinfeld-Heegner point ([v], I1, cond(v)) composed of the
conductor cond(v) of the lattice A, the Picard element [v] of Pic(Ocond(w))
determined by A, and the ideal I; (see §4.3 and (4.3.3)).

(4.6.4) The map ¥ extends by linearity to a homomorphism of abelian groups,
also denoted by ¥, _ -
W Z.L; — Div(XE"(I)(F))

where Div(XF"*(I)(F)) is the group of divisors of X§"(I)(F).
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4.6.5. Theorem. Whenever z is coprime to I, the diagram

T,
Lr — Z7.Lr

v | R

X (I)(F) - Div (X (I)(F))

is commutative i.e. T, and ¥ commute.

Proof. Let A be an A-lattice in K, with conductor ¢ prime to I, which is a
locally free O.-module of rank 1. Let a in Pic(O,.) be the class [[4]] of A.
Let (a, I, ¢) be the Drinfeld-Heegner point with class a and conductor ¢ (see
(4.3.3)), that is to say ¥[A] = (a, I1, ¢).

By the definition of the Hecke operator T, on X5*®(I) (see §4.5), we have

(4.6.6) T.(a,Iy,¢) = > ([[A]], I, cond(4"))
o

where the sum runs over the finitely many A-lattices A’ of K containing A such
that A’ is an m,-upper modification of A (see (3.10.1)) and where cond(A’) is
the conductor of A’. Hence we have

TZ(W[AD = Tz(a7117 c) = Z([[Al]]7117 Cond(A/))
v

=D v =v () [4)).
A A

By the definition of the Hecke operator T, on Ly (see (4.5.10)) this last term
W (> 4 [A]) is equal to, where st ([A]) is the z-star of [A] in L] (see (4.5.9)),

w(> A =w( > ) =w(T:[A]).

A vEst ([A])

Hence we have shown that T, (¥[A]) = ¥ (T.[A]) as required.O

(4.6.7) Let a € Pic(O.) be a divisor class of O.. Then we have a transi-
tion homomorphism ¢.y. ., obtained from the inclusion of orders O.;. C O,
(see (2.2.12))

tc+z,c : PiC(OC+Z) — PIC(OC)
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Denote by

a* € Pic(O, ) any class such that t.,, .(a%) = q;
a’ the image of a € Pic(O,.) under t.._, : Pic(O.) — Pic(O,_.),
if z € Supp(c).

(4.6.8) We define the element A(a,c, z) of Div(XF"™(I)(F)), where ¢ and 2
are prime to I, by the equality
|0z

(@)
Ala,c, z) = Tz(a,ll,c) - W’I‘IK[6+Z]/K[C](aﬁ7[1>C+ z)

By the galois action on Drinfeld-Heegner points (see (4.4.3)), A(a,c, z) is
independent of the particular choice of class a! lifting a; for we have

’ITK[CJFZVK[C](aﬁ,Il,c—i—z) = Z (aﬁéfl,h,c—i—z) = Z (n, I, c+z).
€ker(tetz,c) net_}. (a)

(4.6.9) We may then tabulate the values of A(a,c,z), where the left column
below gives the values of A(a,c, z) under the hypothesis stated in the right
column:

(1) 0 if z remains prime in K/F and
is prime to c;

(2) (a[[m.]]71 I, ¢) if z is ramified in K/F and is
prime to ¢ where m/, is the
prime ideal of O, lying above
the ideal m, of A defining z;

(3) (a[[p1]]™Y, I1, ¢) + (a[[p2]]*, [1,¢) | if z is split completely in K/F
and is prime to ¢ where

m. O, = p1p2 and py,p2 are
two distinct prime ideals of O;

(4) (a’,I,c—2) if z € Supp(c).

Table 4.6.9: values of A(a,c, z)
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Proof of the table 4.6.9. Let v € Ly and let (a, I, c) = ¥(v) € XD (I)(F) be
the corresponding Drinfeld-Heegner point given by a pair (D, Z), as in (4.1.3).

Let st,(v) be the z-star of v € L (see (4.5.9)). Let w € st,(v). According
to theorem 4.6.5 and theorem 3.11.8, the conductor of w is one of the three
possibilities ¢ + z, ¢, ¢ — z. Let S(z + ne) be the subset of st,(v) of elements
of conductor z + nc where —1 <n < 1.

The group O}, as a subgroup of K*, permutes the A-lattices in K and acts
as a group of automorphisms of the global Bruhat-Tits net Aa ;(SLa(F)).
Hence the quotient group O /A* acts as a group of automorphisms of L
which preserves adjacency. This group O /A* fixes the point v and permutes
the elements of st,(v). Furthermore, if o« € O%/A* then we have

(4.6.10) U(w*) =¥(w), forall w e st,(v) and all «,
as O} induces automorphisms of the underlying Drinfeld modules. Let

Loz
A

As the point (a,I1,¢) = ¥(v) is defined over K[c] and all the Drinfeld-
Heegner points in ¥(st,(v)) are definable over the field K[c + 2], the galois

group
G = Gal(K|[c+ z]/K][c])

acts by permutation on the set of points ¥(st,(v)) which is a subset of
XPrin()(K[c+2]). The group G preserves the conductor of a Drinfeld-Heegner
point hence the subsets ¥(S(z + nc)), n € Z, are unions of orbits of G on
W (st (v)).

Let ¢!, .(a) be the fibre of the map t.;, . : Pic(Ocy.) — Pic(O.) over

ct+z,c

a € Pic(O,) (see (2.2.12)). We have

U(S(c+2) ={(bi,c+2)| betrl, (a)}.
For two distinct elements by, by € t;&zm(a), the points (b;, I1, c+2), 1 = 1,2, are
distinct on XD (I)(F) as the I-cyclic isogenies D — Dy, of Drinfeld modules
corresponding to (b;, I1,c + z) are not isomorphic over F' as the lattices A,

in Fo, for i = 1,2, corresponding to the Drinfeld modules Dy, have distinct
Picard classes by # bs. In particular, we have

P(S(e+2))| =tz c(a)].
The Drinfeld-Heegner points (b, I1, ¢ 4 z), where b runs through the elements
of t;_&zm(a), are permuted transitively by G by the known galois action on
Drinfeld-Heegner points (see §4.4 and (2.2.14)). The reciprocity isomorphism
becomes G = ker(t.+.,,); hence, we have an equality of cardinalities

W (S(e+2)) = 1G]
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It follows that, G permutes transitively and faithfully the elements of the set
U(S(c+ z)); in particular, ¥(S(c + z)) forms a single orbit under the action
of G.

Let a* in Pic(O..) be any element of ¢}, .(a). We obtain

c+z,c

(4.6.11) S ww) =Y no(af, Lc+2)7.

weS(c+z) oceG

for some integers n, such that (by (4.6.10))

(4.6.12) ne > uforal o e G

and

(4.6.13) > ne=I[8(c+2)].
ceG

The different possibilities for the sets S(c + nz) are prescribed by the
classification of Bruhat-Tits trees with complex multiplication (figures 1,2,3,4
of §3.8). The set S(c¢) consists of at most two elements and S(c — z) has at
most one element. More precisely (see §3.8) as the cardinality of st,(v) is equal
to |k(z)| + 1, we have

|k(2)] + 1, if z & Supp(c) and z is inert in K/F;
|S(c+2)| =< |k(2)] —1, if z & Supp(c) and z is split in K/F;
|k(2)], if z is ramified in K/F or if z € Supp(c) .

We then obtain, by the results on ring class fields of §2.3 (see (2.3.11) and
(2.3.12)), the equality of orders

w.|G| = |S(c+ 2)|.

Hence by (4.6.12) and (4.6.13) we have n, > u for all o € G and

Z ne = u.|G|.

oelG

The only possibility here is that
ne = u for all o.

We then obtain from (4.6.11)

Z U(w) =u Z(aﬁ,lhc)”.

weS(c+2) oceG
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By theorem 4.6.5, we may then write the action of the Hecke operator T, as

Tu(a, I, ¢) = W(T.(v) = ¥( Y w)z( o+ Y+ X )Ww

west (v) weS(c+z) weS(c) weS(c—z)

(4.6.14) =uY (' Iic+2)7+ Y Tw+ Y F(w)

oceG weS(c) weS(c—=z)

We then obtain from this equation, where A(a,c,z) is defined in the
equation (4.6.8),

(4.6.15) Aa,c, z) Z U(w) + Z V(w)

weS(c) weS(c—z)

Now the form of A(a, ¢, z) can be obtained from the corresponding Bruhat-
Tits building with complex multiplication. In detail we have, following the 4
cases in the table (4.6.9):

(1) if z is inert in K/F and is prime to Supp(c) then (fig. 1, §3.8) the sets
S(c) and S(c — z) are both empty whence we have

Ala, ¢, z) = 0;

(2) if z is ramified in K/F and is prime to ¢ then (fig. 3, §3.8) S(c) has exactly
one element corresponding to the class a[[m’]]~! € PIC(OC), where m/, is the
prime ideal of O, lying above m,, and S(c — z) is empty; hence we have

A(CL,C, Z) = (a[[mlz”717ll’ C);

(3) if z is split completely in K/F and is prime to ¢ then (fig. 2, §3.8) S(c)
has exactly two elements corresponding to the classes a[[p1]]™!, a[[p2]] ~*
Pic(O.), where m,O, = p1ps is the factorisation of m,O, into prime ideals of
O., and S(c — z) is empty; hence we have

Ala,c,z) = (allpa]] ™' ) + (allpe]] ™ 11 0);

(4) if z € Supp(c) then (figs. 1, 2, and 3, §3.8) S(c) is empty and S(c — 2)
has precisely one element corresponding to the class a” € Pic(O,—); hence
we have

Ala,c,z) = (a° I, ¢ — 2). O

4.6.16. Remark. This table and the table 4.8.5 below generalise theorems
2.9.5; and 2.10.3 of [Br2] even for the case of rational function fields. These
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prior results only considered, amongst other restrictions, the Drinfeld-Heegner
points (1, I1, ¢) associated to the principal divisor class 1 of Pic(O.).

4.6.17. Theorem. Let ¢ € Divy(A) be a divisor prime to I and let a €
Pic(O,). For some o € Gal(K|c]/K) we have, where w; is the Fricke operator
and T is the non-trivial element of Gal(K/Fu),

wI(a7ll7C) = (a7ll7C)TU'

Proof. Let (D, Z) be a pair defined over ﬁoo representing the Drinfeld-Heegner
point (a, I, ¢), where Z is an I-cyclic subgroup of the Drinfeld module D. On
the one hand, we have from the definition of wy (see (4.5.5))

wI(a,Il,c) e (l)/Z[7 (D[ + Z)/Z[)

As 7 is itself an I-cyclic subgroup we have Z; = Z C Dy and hence this gives,
where I (O.), I2(O.) are the ideals of O, defined in (4.3.2),

wI(a7117C) = (D/Z7 DI/Z) = (a[[ll(OC)_l}LI%c)

where I1(0.)~! is the fractionary ideal of O, which is the inverse of I (O,).
We obtain that

wi(a, I1,¢) = (a[[[1(0c) "' 12(0c) ], L1, ).

The ideal class [[I1(0.)I2(0.)]]~* € Pic(O,) lies in the image of the map
Pic(A) — Pic(O.) obtained from the inclusion A — O.. In particular, w?
acts as the identity on the Drinfeld-Heegner point (a,I;,c¢) if and only if
1, (0.)I5(0,) is a principal ideal of O...

On the other hand, the Galois action on Drinfeld-Heegner points (see §4.4)
gives that

(4.6.18) (a, 11, ¢) KKl — (4071 T ¢)

where [o, K[c]/K] € Gal(K|[c]/K) denotes the image of the idele o under
the reciprocity map. Let 7 be the non-trivial element of Gal(Ks/Fu ). Let A
be the rank 2 A-lattice contained in K., associated to the Drinfeld module
D. As 7 is a continuous automorphism for the oco-adic topology, the lattice
associated to the Drinfeld module D7 is A™. The two ideals of O, given by
I;(O¢), i = 1,2, (see (4.4.3)) are conjugates under the action of 7; that is to
say we have I1(O;) = I2(O.)7. It follows that we have

(a,Ih,¢)" = (D", Z7) = (a", Iz, ¢).
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Therefore by (4.6.18), there is an element o = [«a, K[c]/K] € Gal(K|[c|/K)
such that

(a,I1,¢)77 = (a", I,¢)° = (a[[[,(O) Y], I, ¢) = wy(a, I1,c). O

4.6.19. Theorem. Let ¢, z € Divy (A) be divisors where z is a prime divisor
such that z ¢ Supp(c). Assume that z and ¢ are both prime to Supp(I). Let
Z be a place of K[c+ z] Iying over z. Let a* € Pic(O...) be any class lifting
a € Pic(O;). Then we have:

(i) the reductions modulo Z of the points (a*, I;,c 4+ 2) and (a,I,c) in
XDin(1)(k(2)) satisty

Frob.(a*,I1,c+ 2) = (a,I,c) (mod Z)

where Frob, denotes the Frobenius automorphism relative to z of
XPrn(I) ®4 k(2) (i.e. Frob, is given on coordinates by x +— z!*(2));

(ii) if z is inert and unramified in K/F then the point (a,I1,c¢) (mod Z) is
defined over the quadratic extension field of k(z).

Proof. The results on ring class fields given in §2.3 show that the places of K
lying over z are unramified in the extension K|c]/K and the places of K|c]
lying above z are all totally ramified in the extension Klc+ z|/K]|c].
As in (4.6.8) let A(a,c,z) be the element of Div(XP"™(I)(F)) given by
the equality
‘ *

C

@)
Ala,c,z) =T.(a,I1,c) - WTI'K[C—&-z]/K[c](aﬁ’IhC"‘ z).

From the table 4.6.9, the divisor A(a,c,z) has at most two prime compo-
nents, depending on the splitting of z in K/F. Hence the prime divisor com-
ponents of the divisor T;(a,I1,c), of which there are |x(z)| + 1 in number,
are the galois conjugates over Gal(K[c+ z]/K|c]) of (a*, I1, c+ z) except pos-
sibly for at most two components; as the factors of z are totally ramified in
K[c+ z]/K|c] we obtain that the prime components of T, (a, I1, ¢) are all con-
gruent to (a¥, I, ¢ + z) modulo Z with at most two exceptional components.

We now consider three cases, corresponding to cases (1), (2), and (3) of
table 4.6.9, depending on the splitting of the prime z in the field extension
K/F.

(1) Suppose that z remains prime in K/F and is prime to ¢. Then we have
A(a,c,z) = 0; hence the prime components of T, (a, I, c) are all congruent
to (a* Iy, c + z) modulo Z. The Eichler-Shimura congruence (theorem 4.5.7)
shows that there are points z,y in the divisor T%(a, I, ¢) which satisfy

x = Frob,(a,I1,¢) modulo Z and Frob,(y) = (a,l1,c¢) modulo Z.
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It follows that all the prime components z of T, (a, I, ¢) satisfy Frob,(z) =
(a,I1,c) modulo Z and that the reduction modulo Z of the point (a, I, ¢) is
defined over a quadratic extension field of k(z). This proves both (i) and (ii)
if 2z remains prime in K/F.

(2) Suppose that z is ramified in K/F and is prime to c. Let z* be the unique
prime of K lying over z. Let m, be the unique prime ideal of B lying above
the point z of A. Let m, = O, N m, be the unique prime ideal of O, lying
above z. By the table 4.6.9 we have

A(av G, Z) = (a[[m/z“_17 I, ).
The action of Galois on Drinfeld-Heegner points (§4.4) shows that
(a[[m/zﬂila 117 C) = Fr()bzﬁ (a7 Il7 C)'

where Frob,; is the Frobenius element of the galois group Gal(K|c]/K) above
2%. Hence we have, as the residue field at 2! is isomorphic to the residue field
at z,

(a[[m’.]]~', I1,¢) = Frob,(a, I, ¢) (modulo Z).

As all the other |k(z)| components of T (a, I1,c) are of the form (b, I1, c + 2)
where tcy, 0(b) = a, these components are congruent to each other modulo Z;
the Eichler-Shimura congruence (theorem 4.5.7) shows that all prime compo-
nents x of T,(a, I1,c) of this form (af, I1,c + z) satisfy Frob,(z) = (a, I, c)
modulo Z.

(3) Suppose that z is split completely in K/F and is prime to ¢. Then we have
m.O, = p1p2, where p;1, po are two distinct prime ideals of O.. We have from
table 4.6.9

A(a7 () Z) = (a[[plﬂ_l? I, C) + (a[[p2]}_17 I, C)‘

The action of Galois on Drinfeld-Heegner points (§4.4) shows that
(allpi]] ™%, 11, ¢) = Froby, (a, I1,c) for i = 1,2.

where Frob,, € Gal(K|c]/K) is a Frobenius element above p; for ¢ = 1, 2. The
place Z lies over precisely one of the primes p1, p2; we may assume that it is
the place p;. The point (a[[p1]]~!, I1, ¢) then satisfies

(a[[p1]]™', I1, ¢) = Frob.(a, I;,¢) (mod Z).

The Eichler-Shimura congruence (theorem 4.5.7) now shows that at least one
point in the divisor T%(a, I1,c) is congruent to Frob,(a, I, ¢) modulo z and
that all other components x of T,(a, I, c) are congruent to each other and
satisfy Frob,(x) = (a,I1,¢) modulo Z. In conclusion, we have that all the
prime components z of T (a, I1, ¢) of this form (af, I, c+2) satisfy Frob, (z) =
(a,I,c) modulo Z. O
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4.6.20. Remarks. (1) Supose that z is a prime divisor of Div, (A) which remains
inert in K/F. Then the Drinfeld modules corresponding to (a,I;,c) have
complex multiplication by K; hence they have supersingular reduction at z.
Therefore the reduction at z of these Drinfeld modules are defined over a
quadratic extension field of k(z). This gives another proof of part (ii) of the
previous theorem 4.6.19.

(ii) This theorem 4.6.19 generalises [Br2, Theorem 2.9.5(iii)] where the case
z is inert in K/F is considered for the rational function field case. The result
there is stated differently as

(a*,I,c+ z) = Frob,(a,I1,c) (mod Z).

This is equivalent to the statement in the theorem above; for in the case
where z is inert the Drinfeld modules corresponding to the point (a,I1,c)
have supersingular reduction at z and therefore these reductions are defined
over a quadratic field extension of x(z).

4.7 Elliptic curves and Drinfeld modular curves

Let F., denote the completion of F with respect to the place oco. Let E/F
be an elliptic curve such that E xp F/Fs is a Tate curve; that is to say,
FE has split multiplicative reduction at oco. This is equivalent to the closed
fibre above oo of a co-minimal model of E/F being a nodal cubic where the
tangents at the node are rational over the residue field x(o0).

Let I be a non-zero ideal of the ring A. We write XP™(I)/F for the
generic fibre of the moduli scheme X§™1(I) (see §2.4). The Drinfeld modular
curve XP*n(J)/F has exact field of constants equal to the Hilbert class field
F[0] of F' that is to say, the maximal unramified abelian extension of F' which
is split completely at oo.

Let E/F be an elliptic curve. Then a Weil parametrisation of E is a finite
surjective morphism of F-schemes

7 XP(I) — E.

4.7.1. Theorem. (Drinfeld). Let E/F be an elliptic curve such that
E xp Fy/F is a Tate curve. Let I, which is an ideal of A, be the conductor
of E/F without the component at co. Then there is a Weil parametrisation

T XP(I) - E. O

4.7.2. Remark. A brief proof of this for the case of the rational function field
F =TF,[T] is given in [Br2, Theorem 4.1]. A proof for Tate elliptic curves over
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arbitrary global fields of positive characteristic has been given by Gekeler and
Reversat [GR]. Both proofs are heavily dependent on the work of Drinfeld;
nevertheless, they are not identical. The difference lies in the manner that the
splitting of an elliptic curve from the jacobian of the modular curve XP* (1)
is obtained. Gekeler and Reversat use Hecke operators for this whereas in
[Br2] this is splitting is obtained by a theorem of Zarhin namely the so-called
“the isogeny conjecture” for abelian varieties over function fields.

[This theorem 4.7.1 is given a complete proof in Appendix B; for some
examples of Weil parametrisations, see §B.11.]

4.8 Drinfeld-Heegner points and elliptic curves

We keep the notation (4.3.1) of §4.3.

(4.8.1) Let E/F be an elliptic curve equipped with an origin, that is to say
a 1-dimensional abelian variety. We assume that E xp Fy/Fs is a Tate
curve, where Fi, is the completion of F' at co. Hence E/F admits a Weil
parametrisation where I is the conductor of E/F without the component at
oo (see §4.7 and theorem 4.7.1)

T X(])Drin(l) — F

that is to say, 7 is a finite surjective morphism of F-schemes where XP**(I)/F
is the generic fibre of the modular surface X5**(7)/A. We may translate 7 in
the group scheme E so that m=1(0) consists of at least one cusp of XP""([).

(4.8.2) For any effective divisor ¢ on Cug, with support prime to Supp I, let
(a,I1,c) be the Drinfeld-Heegner point in XP""(I)(K(c]) defined in (4.3.3);
the point

m(a,I1,c) € E(K|[d]),

written (a, I1, ¢, ), is a K|c]-rational point of the elliptic curve E which we
call a Drinfeld-Heegner point of the elliptic curve E.

(4.8.3) Let | be any prime number distinct from the characteristic of F'. Let
T;(E) be the l-adic Tate module of E, that is to say T;(F) is the dual of
H}.(E xp F*P Q) where F*°P denotes the separable closure of F. For z a
closed point of Spec A which is prime to Supp(/), we put

a, = Tr(Frob,|T;(E))

which is the trace of a Frobenius element Frob, € Gal(F®P/F) at z acting on
the Tate module T;(E). We have that a, is an integer in Z. Put

10¢]

Ala,c,z,m) = a(a,I1,c,m) — | A%]

Tk oy (@f, 1, e+ 2,7)
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where af is any element of Pic(O, ) lifting @ under t., , ..

(4.8.4) Suppose that z is a closed point of Cyg. Assume that z and ¢ € Div (A)
are coprime to Supp(/). We may then tabulate the values of A(a,c,z,7),
where the notation is exactly that of the table 4.6.9:

(1) o if z remains prime in K/F
and is prime to c;

(2) (a[[ml])]™*, I, ¢, 7) if z is ramified in K/F and is
prime to ¢ where m’, is the
prime ideal of O. lying above
the ideal m, of A defining z;

(3) (a[lp1]] ™, I, ¢, ) + (al[p2]] ™, I, ¢, m) | if 2 is split completely in K/F
and is prime to ¢ where

m.Oc = p1p2 and p1,p2 are
two distinct prime ideals of Oc;

(4) (@, I,c — z,7) if z € Supp(c), where
a’ = tee—z(a).

Table 4.8.5: values of A(q,c, z, )

Proof of table 4.8.5. This follows immediately from the table 4.6.9 using the
Eichler-Shimura congruence theorem 4.5.7; namely, we have

Tz(a7 Ila ) 7T) = az(a7 Ila ¢, 71')
where a, is the trace of the Frobenius at z on T;(E). O
4.8.6. Theorem. Let T be the non-identity element of the group Gal(K o/ Fix)

and € be the sign in the functional equation of the L-function of E. Let F be
the algebraic closure of F. For some o € Gal(K|[c]/K) we have

(a,I,c,m)" + €(a, I1,c,m)° € E(F)tors-
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Proof. Let s be a cusp of XP™1(I) for which 7(s) = 0. We have from theorem
4.6.17, that for some element o in the galois group Gal(K|[c]/K)

(4.8.7) ((a,I1,c) — s)™ = wr|(a, 1, ¢) — 5| + (wi(s) — s7°).
The points w;(s) and s™ are also cusps of XP™(I); by applying 7 to the
preceding equation (4.8.7) we obtain

(4.8.8) (a,I1,¢,m)77 = —€(a, I1,¢,7) + w(wr(s) — s77)

as m(s) = 0 and as wy acts on F as —e, where e = +1 is the sign in the
functional equation of E. The class of the divisor wy(s) — s77 is torsion in the
jacobian J(I) by theorem 2.4.9; hence m(wr(s) — s77) is a torsion element of
the abelian group E(F), as required. O

4.8.9. Theorem. Let ¢,z € Divy(A) be divisors where z is a prime divisor
such that z € Supp(c). Assume that z and ¢ are both prime to Supp(I). Let
Z be a place of K[c+ z] Iying over z. Let a* € Pic(O...) be any class lifting
a € Pic(O,). In the group E,(k(Z)), where E, denotes the reduction modulo
z of the Néron model of E, we then have the relation

Frob, (a*,I1, ¢+ z,7) = (a,I1, ¢, ) (modulo Z)

Proof. This is an immediate consequence of theorem 4.6.19(i). O

4.9 Heegner sheaves

(4.9.1) We shall in this section only consider Heegner sheaves arising from
Drinfeld-Heegner points. But Heegner sheaves may be constructed similarly
on Spec Z using Heegner points on the modular curves Xo(N)/Z classifying
elliptic curves equipped with a cyclic subgroup of order N.

An example of a Heegner sheaf is given by the “singular moduli” of elliptic
curves. Let Xo(1)/Q be the modular curve classifying elliptic curves i.e. Xy(1)
is the “j-line” Spec Q[j] of the modular j-invariant of elliptic curves. For any
field extension k/Q let H(k) denote the subset of k-rational points of X(1)
which correspond to elliptic curves with complex multiplication, that is to say
H(k) is the set of singular moduli which are rational over k; then H (k) is the
set of sections over k of a sheaf of sets H for the étale topology on Spec Q.
This sheaf H is a Heegner sheaf.
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(4.9.2) We use the terminology of Milne [M2] for the étale and flat Grothendieck
topologies on a scheme. For a scheme X then

Xgtdenotes the small étale site on X; i.e. X4 is the full subcategory of the
category of X-schemes consisting of all X-schemes Y where the structure
map Y — X is étale and where this subcategory is equipped with the étale

topology;

Xg denotes the big flat site on X [M2, p.47]; i.e. Xp is the full subcategory
of the category of X-schemes consisting of all X-schemes Y where the
structure map Y — X is locally of finite type and where this subcategory
is equipped with the flat topology.

(4.9.3) Define a presheaf H of sets on Spec Ag as follows: for any morphism
U — Spec A, locally of finite type, put (see (4.1.4))

HY(U,H) = {f:U — YE™(I)|f is a Heegner morphism of A — schemes}.

That is to say, HJ(U, H) is the subset of YP"'"(I)(U) consisting of Heegner
morphisms.
It is immediately checked that H is a presheaf.

4.9.4. Proposition. The presheaf H is a sheaf of sets for the flat topology
on Spec A.

Proof. Let U be an A-scheme which is locally of finite type. Let
(9;i : Uy — U)ier be a covering of U for the flat site; that is to say, for
each element ¢ of the index set I the morphism of A-schemes g; : U; — U is
flat and locally of finite type, and the union | J;.; g:(U;) of the images of the
underlying topological spaces g;(U;) is equal to the topological space U.

Now H is a sub-presheaf for the flat topology of the representable sheaf
Hom 4 (—, YP™2(I)) on Spec Ag. Hence we obtain a commutative diagram of
sets, where we write Y in place of Y5'*(1),

Homa(U,Y) — J[;Homa(U;,Y) = [, ;Homa(U; xu U;,Y)

7 7 T
HY{UH) — [, HY(U;, H) - H” HY(U; xu Uy, 'H)

where the top row is an exact diagram and the vertical arrows are injections.

A diagram chase now shows that the map

HY(U,H) — [[HA(Ui, M)
el
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is injective. It further shows that if the element f’ € []
ized under the two maps

il H3(U;, H) is equal-

[Tasw.n) " T] HW: xv U; 1)
el - i,j€1

Drin

then f’ arises from an element f € Homu (U, Y5 ""(I)); the element f’ is a
family of elements f; € HJ(U;,’H), i € I, and that f’ arises from the element
f implies that we have a commutive diagram of A-schemes for all i €

f .
U - YN

gi ™\ Tfi
U;

As we have | J;c; g:(U;) = U on the underlying topological spaces and the f]
are Heegner morphisms, it follows that all geometric points of the image of
f are Drinfeld-Heegner that is to say that f is a Heegner morphism. By the
definition of H, the element f’ is then the image of an element f € HJ(U, H).
Hence the diagram

.
HYU.H) — [THR U 1) _ [ HR(W: xv U, 1)
el i,5€T1

is exact and H is a sheaf. O

(4.9.5) We call H a Heegner sheaf on Spec Ag and it is a subsheaf of the
representable sheaf defined by the relative curve Y5 " (I)/A.

(4.9.6) There are various different sheaves associated to H; for example, we
have the following.

Let K be an imaginary quadratic extension of the field F' with respect to
oo. For any morphism U — Spec A locally of finite type, let HJ(U, Hk) be
the subset of HJ(U, H) of Heegner morphisms f : U — Y™ (I) where the
geometric points of the
image of f all have complex multiplication by K; that is to say, we put

Hy(U, Hr) =

{f € H)(U,H)| the geometric points of the image of f have CM by K}.

In this instance a Drinfeld-Heegner point of YJ™1(I) and represented by an
isogeny D — D’ of Drinfeld modules over a separably closed field has CM
by K if and only if the common ring of endomorphisms of D, D’ contains an
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A-order of the field K. It may be checked as in the proof of proposition 4.9.4
that H is a subsheaf of H for the flat topology.

(4.9.7) Let O, be an order of K with respect to A and with conductor c,
where K is an imaginary quadratic extension of the field F' with respect to
0o. For any morphism U — Spec A locally of finite type, let H3(U, Ho,) be
the subset of HJ(U, H) of Heegner morphisms f : U — Y™ (I) where the
geometric points of f all have rings of endomorphisms which contain O, as
an A-subalgebra. Then Hp, is a subsheaf of H for the flat topology.

(4.9.8) Let = € YP'"(I). Assume that x is a Drinfeld-Heegner point
(see (4.1.3)). The atomic Heegner sheaf H, is the subsheaf of H defined by

HY(U,H,) ={f:U — Y™ (I)| the image of f is contained in {z}}.

(4.9.9) Assume that the curve X5 (I)/A has an A’-rational point
u : Spec A’ — X{U(T)

where A — A’ is a morphism of A-algebras which is locally of finite type. Let
J(I) be the relative Picard scheme of the relative curve X5"2 (1) x 4 A’/A’.
Let J(I) be the representable sheaf of abelian groups for the flat topology on
Spec Aj defined by the commutative group scheme J(I)/A’. Via the point u,
we obtain a morphism of A’-schemes

foXPI) xq4 A — J(I), x> x—u.

Let J#, 4/ be the subsheaf of abelian groups of 7 (I) generated by the subsheaf
of sets f.H of J(I); that is to say, Jx 4+ is the smallest subsheaf of abelian
groups of J(I) containing the Heegner sheaf f,’H on Spec Aj.

(4.9.10) Extending the construction in (4.9.9) and (4.9.6), for an imaginary
quadratic extension field K/F, we may define the subsheaf Jx 3 4/ of Ty as
which is the subsheaf of abelian groups of J3, 4/ generated by the restriction
of Hx to Spec Aj.

Let O, be an order of K with respect to A and with conductor c. Let
Jo. 4 be the subsheaf of abelian groups of J3; 4/ generated by the restric-
tion of Ho, to Spec Aj (cf. (4.9.7)).

(4.9.11) Extending the construction in (4.9.9), let x € Y5**(I). Assume that
x is a Drinfeld-Heegner point (see (4.1.3), (4.9.8) and (4.9.9)). We may define
the subsheaf of abelian groups J; 3,4 of Jx, 4 generated by the restriction
of the atomic Heegner sheaf H, to Spec Aj.
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(4.9.12) Extending again the construction of (4.9.9), let E/A be a rela-
tive curve over Spec A equipped with a finite surjective map of A-schemes
[ XPHn(I) — E. We assume that E/A is a commutative A-group-scheme
and that the generic fibre of E/A is an elliptic curve over F.

Let £ be the representable sheaf of abelian groups for the flat topology on
Spec Ag defined by the commutative group scheme E/A. Let £y be the sub-
sheaf of abelian groups of £ generated by the subsheaf of sets f.H of £ ob-
tained via f; that is to say, £y is the smallest subsheaf of abelian groups of £
containing the image of the Heegner sheaf H on Spec Ajg.

We may similarly define the sheaves of abelian groups for the flat topology,
which are subsheaves of the sheaf £ on Spec Ajg,

Exm, ooy e

These sheaves of abelian groups are generated by the subsheaves of sets
f+Hk, f«Ho,., f+Hs respectively.

It is the cohomology of the sheaf £x 3 that arises in the proof given in
[Br2] and in chapter 7 below of the Tate conjecture for the elliptic surface
E/A.
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The Heegner module

Let, where the notation of §2.1 holds,

K/F be an imaginary quadratic extension of F' with respect to oo;
2'r be the set of all places of F;

I be a finite subset of Yp:

R be a commutative ring;

p:Xp\I — R, v~ a,, beamap of sets.

We construct in §5.3 a discrete galois R-module H(p) over Gal(K5P/K)
called the Heegner module attached to p and K/F with coefficients in R.

The Heegner module H(p) is defined by generators and relations over the
ring R. The generators are the symbols < b, ¢ > where ¢ runs over all effective
divisors on Spec A and b runs over all divisor classes of Pic(O.), the Picard
group of the order O, of K with conductor c. The relations are explicitly given
in (5.3.5)-(5.3.8); they are derived from the action of the Hecke operators on
Drinfeld-Heegner points.

The most important case of this construction of H(p) arises from elliptic
curves. Suppose that E/F is an elliptic curve equipped with a finite surjective
morphism of curves

¢ Xg"(I) — E.

For any prime number [ different from the characteristic of F, the curve FE
provides a continuous [-adic representation

p: Gal(F*P/F) — Endg, (H (E xr F**P, Q;))

which is unramified at all except a finite set of places of F. Let K/F be
an imaginary quadratic extension field of F' in which all primes dividing the

M.L. Brown: LNM 1849, pp. 105-222, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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conductor of E, except 0o, split completely. Let I be the finite set of places
of F' at which p is ramified; let

ay = Tr(p(Frob, )| Hi (B x p F*?, Q1))

be the trace on H} (E xp F*°P, Q) of a Frobenius element of Gal(F*°P/F)
above the place v for all places v € X' \ I of F. The character o : v — a, of
this representation p takes its values in R = Z. The Heegner module H (o) at-
tached to o and K/F with coefficients in Z is a discrete Gal(K*°P /K )-module
equipped with a galois-equivariant homomorphism (see examples 5.3.18)

f: H(O’)(O) — E(F®°P)

where H(0)(® is the direct summand of H (o) generated by the symbols
< b,c > where ¢ runs over all effective divisors on Spec A prime to the finite
set I. The image of this homomorphism f is precisely the subgroup of E(F*P)
generated by the Drinfeld-Heegner points. In particular, the image of f may
contain points of finite and of infinite order over Z.

After some preliminaries in §§5.1,5.2, the Heegner module H(p) is defined
in §5.3. Basic properties of the Heegner module are given in §§5.7-5.11. In
particular, we prove that, under a simple hypothesis, H(p) is a faithfully flat
R-module (see §5.9). In §§5.4-5.6, we consider Cech galois cohomology; this
is used partially to prove some of the fundamental properties of the Heegner
module but is used more extensively in the next chapter on the cohomology
of the Heegner module.

The notation of §2.1 holds throughout this chapter.

5.1 Group rings of finite abelian groups

We recall some results on commutative group algebras. For more details, see
[CR, Chapters 3 and 4].

(5.1.1) Let G be a finite abelian group and let L be a field. Let (,, for any
n € IN, be a primitive nth root of unity over L and L((,) denote the cyclotomic
field generated by ¢, over L.

(5.1.2) Let p > 0 be the characteristic of the field L. The abelian group G is
canonically a direct product

G:G1><G2

where 7 is a p-group and G2 has order prime to p; we take G2 = G and
G, ={1}ifp=0.
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The group algebra L[G] is L-isomorphic to a tensor product of group alge-
bras
L[G] = L[G1] ®r, L|Ga].

Furthermore, L[G4] is an artin local ring with residue field L and L[G2] is a
direct product of cyclotomic fields

t

L(Gs) = [] L(,)

i=1

where ay, ..., a; are positive integers.

The group G, is a direct product of finite cyclic groups of orders
ni,Na,...,n, which are prime to p and where n; divides n;;; for all ¢. This
sequence of integers nq,...n,, where n;|n;41 for all ¢, is uniquely determined
by the group G. The integers ay, ..., a; of the above decomposition of L[G5]
are equal to the integers, counting multiplicities,

lem(j1,...,5r)

where ji,..., 7, run through the positive integral divisors of ni,...,n,, re-
spectively. Denoting by d(n) the number of positive integral divisors of an
integer n, we have in particular the formula

t= H d(ﬂ,)
=1

(5.1.3) The rational group algebra Q[G] has a unique maximal order A over
Z; namely, A is the integral closure of Z in Q[G]. Under the isomorphism
Q[G] = @::1 Q(Ca;), the order A is given by

t
A= P A,
1=1

where A,, denotes the ring of integers of the cyclotomic field Q(¢,).

(5.1.4) The integral group ring Z|[G] is a Z-lattice of the group algebra Q[G]
and is a sublattice of A. The conductor of Z[G] is the ideal of A defined by

{zeQ[G] | zA C Z[G] }.
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5.1.5. Proposition. (i) (Jacobinski) Under the isomorphism
Q[G] = @!_, Q(Ca,), the conductor of Z[G) is equal to

t
Pico.!
=1

where @;1 is the inverse different ideal of the ring of integers A,, .
(ii) The generic points of Spec Z|G| correspond bijectively with the subgroups
I of G for which the quotient group G/I" is cyclic.

Proof. (i) This is the special case of Jacobinski’s theorem for abelian group
rings. For the proof, see [CR, Theorem 27.8].

(ii) Let p be a generic point of Spec Z[G]. By part (i), Z[G] is an order
in a direct product of rings of integers of cyclotomic extensions of Q. The
localization Z[G], at p is then isomorphic to a cyclotomic field Q(¢,) for some
integer n. The elements of finite order of the multiplicative group Q(¢,)* are
+(},, v € Z. Hence the torsion subgroup of Z[G]; is isomorphic to < —1,¢, >,
which is the cyclic subgroup of order n or 2n of C* generated by (, and —1.
Therefore the ring isomorphism Z[G], = Q(¢,) induces a homomorphism of

finite abelian groups
foiG—=<-1,(,>.

The kernel I, of f, is a subgroup of G for which the quotient group G /I, is
cyclic. This gives a map

generic points of . subgroups I" of G
Spec ZI[G] for which G/I" is cyclic.

p—= Iy = ker(G — Z[G]}).

Conversely, given a subgroup I of G for which the quotient group is cyclic
of order n, we may define a surjective homomorphism with kernel equal to I’

h:G—=<(y >,

where < (, > is the subgroup of C* generated by (,. Then h induces a
surjective homorphism of rings

H : Z[G] = Z[().

The kernel of H is a prime ideal pr of Z[G] which is a generic point of the
spectrum of this ring. The two maps

pHFrn FHPF

are mutually inverse and define the bijection stated in the proposition. O
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5.2 The group rings A. of Picard groups

(5.2.1) Let

K/F be an imaginary quadratic extension, with respect to oo;
Div(A) be the semigroup of effective divisors on Spec A;

O, be the order of K, with respect to A, with conductor ¢ € Divy (A);
K|[c]/K be the ring class field with conductor ¢ € Divy (A) (§2.3).

Let Pic(O.) denote the Picard group of the order O, of K. We write A, for
the integral group ring Z[Pic(O.)]. A free basis of A, over Z is the set of
elements of Pic(O,) represented by symbols

< b,c >, where b runs through all elements of Pic(O.).

For each divisor ¢ € Divy (A4), put

Acc= P Ao

0<c’'<e¢

The direct sum is well defined as there are only finitely many divisors ¢/
satisfying 0 < ¢’ <ec.

(5.2.2) If ¢1 < ¢y are effective divisors in Div (A) then the inclusion O, C O,
defines a surjective transition homomorphism (as in (2.2.12))

tey,er : Pic(Oc,) — Pic(Oy ).
This induces a surjective group ring homomorphism

t2 A, — A

c2,C1
where, if ¢; < ¢o < ¢3 are divisors in Div (A), we have

ta ot a

€3,C2 c2,¢c1 — Yeg,ent

A

c,c!

(5.2.3) The group rings A. with the transition homomorphisms ¢<., form a

filtered inverse system {A., tCA,C,} of commutative rings; that is to say, for any
pair of divisors ¢1,¢a € Divy(A) with ¢; > ¢ and ¢ > ¢ there is a divisor
cs € Divy(A) with ¢3 > ¢; and ¢3 > ¢o where the following diagram of
transition homomorphisms is commutative

A
t03702
A, — A
A A
C3,C1 J’ l t02 sC
C1 - AC
tA
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(5.2.4) The group Pic(O,) acts naturally on its group algebra A. by permuting
the standard generators

<a,c>.<be>=<ab,c> forall <a,c> <b,c>€Pic(O,).

Similarly, the algebra A./, for any divisor ¢ with 0 < ¢’ < ¢, is a A.-module of
finite type. The group Pic(O,.) acts naturally on A for ¢/ < ¢ via the recipe

<a,c>.<bd >= tﬁc/(< a,c>) < b, > forall <a,c>e Pic(O,).

Hence the group Pic(O.) acts on A<, via its action on the components A/
for ¢ < c. In this way, A<, is a module of finite type over the ring A..

(5.2.5) Let Div be the category associated to the partially ordered set Divy (A)
with its usual order on divisors:-

(1) the objects of the category Div are the elements of Div, (A);
(2) there is a unique morphism cs — ¢; in Div if and only if ca > ¢y;
if ¢co # c¢1 then there is no morphism cs — ¢1.

Let Rings denote the category of commutative rings. Then the assignment
¢ — A, defines a covariant functor

A Div — Rings
[ = Ac

{02 > Cl} — {tA : ACQ — Acl}

C€2,C1

A

ca,c1 aT€ surjective.

where all the ring homomorphisms ¢
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5.3 The Heegner module of a galois representation

Let p be a finite dimensional continuous representation over a local field of
the galois group Gal(F®°P/F), where F*°P denotes the separable closure of
F. Let K/F be an imaginary quadratic field extension with respect to oo.
We construct in this section a discrete galois module H(p) over Gal(K®°P/K)
called the canonical Heegner module of p and K/F (see (5.3.8) and (5.3.11)).
When the representation p is that of the Tate module of an elliptic curve
E/F with split multiplicative reduction at co, then there is a direct summand
H(p)® of H(p) which is equipped with a galois-equivariant homomorphism
(see Examples 5.3.18)
H(p)® — E(F*).

The Heegner module H(p) is defined by generators and relations. The
generators are the symbols < b, ¢ > where ¢ runs over all divisors in Divy (A),
coprime to a finite exceptional set of divisors, and b runs over all divisor
classes of Pic(O,) the Picard group of the order O, of K with conductor c.
The relations are explicitly given in (5.3.6) (see also (5.3.13)); they are derived
from the action of the Hecke operators on Drinfeld-Heegner points.

Construction of the Heegner module H(p)
(5.3.1) Let (where the notation of §2.1 and of (5.2.1) holds)

K/F be an imaginary quadratic extension of F with respect to oo;
X'r be the set of all places of F;
I be a finite subset of Yp:
R be a commutative ring;
p:Xp\I — R, v~ a,, beamap of sets.
(5.3.2) There are natural transition homomorphisms, for ¢/ < ¢ in Div, (A),

ASC/ — Agc

obtained from the inclusions A, C A<.; we put

A= P A= lm A

ceDivy (A) c€Div (4)
We may extend tCA,C_Z : A, — A._, to a homomorphism of abelian groups
tCA,C_z A — A
. A —
by defining ¢7._, to be zero on any component A, of A = EBC,GDiw(A) Ay for
which ¢ # ¢ We also write tfc_z for the homomorphism

A.®7 R — A._. ®z R induced by t2

c,c—z"°
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(5.3.3) For each divisor ¢ in Div; (A) and prime element z in the support of

¢ we put
Ceomz = Z <b,c>
<b,c>€ker(te,c—z)

that is to say, ecc—» € A. is the sum of the elements in the kernel of the
group homomorphism ¢. ., : Pic(O.) — Pic(O.—,). The element e, ., € A,
is the scalar multiple of an idempotent in the rational group algebra A. ®7z Q
in that we have

2

Cee—z =™ ‘ker(tc,cfz) ‘ec,cfz-

(5.3.4) For each divisor ¢ in Div, (A) and each prime element z ¢ I in the
support of ¢, we define a homomorphism of A, ®z R-modules
KC7C—Z : Ac 7z R— ASC Xz R

by
. O*
Kc,cfz — aztA _ ‘ c—z‘

Ce.o—zl
c,c—z |A*| c,c—ztc

where i, : A. ®z R — A<, ®z R is the natural inclusion and a, € R, as
in (5.3.1), is equal to p(z). The homomorphism K. ._, is induced from a
homomorphism of A, ®z R-modules

Ac Xz R — (Ac Xz R) ¥ (AC,Z Xz R)
We may extend K c,c—z by linearity to an R-module homomorphism
RCVC,Z:A®ZR—>A®ZR

by defining f(c,c_z to be zero on any component A. of A for which ¢’ # ¢
and composing it with the inclusion map A<. C A.

(5.3.5) For each divisor ¢ in Divy (A) and each prime divisor z ¢ I in the
support of ¢, we define the homomorphism of A, ®z R-modules

€(c,2) 1 A @z R — A< @7z R

via the formula (where the notation m,, pq, p2, [[m}]], etc, is similar to that of
table 4.6.9):
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ee,z) =

(1o if z remains prime in K/F
and is prime to ¢ — z;

2) <[m]] te—2> if z is ramified in K/F and is

prime to ¢ — z where m/, is the
prime ideal of O._, lying above
the ideal m, of A defining z;

(3) <[pi]]7Y e — 2>+ < [[p2]] 7', ¢ — 2 > if 2 is split completely in K/F
and is prime to ¢ — z where
m,0q_, = P1p2 and p1,p2 are
two distinct prime ideals
of Oq—;

(4) tcA—z7c—2z if z € Supp(c — 2).
The homomorphism €(c, z) is either an element of A._, acting on A._, ®z R

or is equal to t2 | . ..

(5.3.6) For each divisor ¢ in Divy (A) and each prime divisor z ¢ I in the
support of ¢, we define the homomorphism of A.-modules

Kc7c—z : Ac 7z R— ASC Rz R

via the formula R
Kc,c—z = Kc7c—z - 6(67 Z) © tA

c,c—z"

That is to say we have for all § € A, ®z R

.
oz

Keye—s(6) = (a: = e(e, )tz (0) = T

c,c—z

ec,cfz(s-

These homomorphisms K, ., are modelled on the action of the Hecke oper-
ators on Drinfeld-Heegner points (see tables 4.6.9 and 4.8.5).
We may extend by linearity the homomorphisms of A. ®z R-modules

Kc7c—z : Ac 7z R— ASC Rz R
to homomorphisms of R-modules

Keeey :AQ®z R— ARz R
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by defining K. .. to be zero on any component Ay, ®z R of A®z R for which
¢ # ¢ and composing K, ._, with the inclusion map A<, ®z R C A ®z R.

(5.3.7) Let ¢ € Divy (A). Define I'<. to be the A.®z R-submodule of A<.®zR
generated by the all the submodules Ko o —.(As ®z R), the images of the
Ko or—, where z & I runs over all the closed points in the support of ¢ and
¢’ runs over all divisors such that ¢’ < ¢ and ¢’ € Divy(A) i.e. we have

I<e =<Ky o (A®zR) forall 0<¢ <c¢, z€Supp(d)\I>.

(5.3.8) Let ¢ € Divy (A). Put
He = (ASC Sz R)/FSC'

The module H. is evidently a A, ®z R-module, as it is a quotient of two
A, ®7 R-modules.
There are natural transition homomorphisms

He — He, for ¢ < cin Divy(4),
obtained from the inclusions A< C A<.; we put

H(p) = lim H.

cED1v+(A)

where the limit runs over all elements ¢ € Divy(A). We also write < a,c¢ >
for the image in H(p) of the element < a,c >€ Pic(O,). Then H(p) is the
Heegner module of p, K/F, with coefficients in R.

Let < I > be the subsemi-group of Div (A) generated by the elements of
I\ {oo}; that is to say, < I > is the set of effective divisors ¢ € Div, (A) such
that Supp(c) C I. If d €< I >, let H(p)? be the submodule of H(p) which
is the image of the evident homomorphism, where A. p = A. ®z R,

EB Acrar — Hp)

¢€Div4 (A), Supp(c)NI=0
Po. — .o

Then H(p) clearly decomposes as a direct sum of submodules

P Hp?

de<I>



5.3 The Heegner module of a galois representation 115

Galois action on the Heegner module H(p)

(5.3.9) An abelian group A with an action by the group Gal(K*P/K) is called
a discrete galois module if
A=[JavY
U

where U runs over all open subgroups of finite index of the profinite topological
group Gal(K*®*%P/K); this condition is equivalent to the stabiliser of every
element of A being an open subgroup of Gal(K5P/K).

(5.3.10) The galois group Gal(K*?/K) acts on A<, ®z R via the reciprocity
isomorphism for the ring class field extension K|c]/K (see (2.3.4))

¥ Gal(K|[c]/K) = Pic(O.), where ¢ € Div, (A),

and the action (see (5.2.4)) of Pic(O,) on A<, ®z R. That is to say, the galois
group Gal(K|c]/K) acts by permuting the symbols < b, ¢’ > for all ¢/ < ¢ and
b € Pic(O.) via the recipe

<b,d >I=<t..(P(g)) " b, > forall g € Gal(K[c]/K).
This reciprocity isomorphism takes the ring class field inclusions
K[| € K]c], for ¢ <e,
to the surjective transition homomorphisms
tec : Pic(O.) — Pic(O)).
Hence the surjective homomorphism of profinite groups
Gal(K*P/K) — Gal( | K[d/K)
cEDiv (A)

induces the structure of discrete Gal(K*°? /K )-module on H(p). Furthermore,
submodules H(p)®, for d €< I >, are sub-Gal(K®°P /K )-modules of H(p).
By (5.3.8), we obtain a decomposition of Gal(K*P /K )-modules

Hp)= P Hp).

de<I>

5.3.11 Definition. The discrete Gal(K®°?/K)-module H(p) is the Heegner
module of p and K/F with coefficients in R.

The finite set I is the ezceptional set of prime divisors of H(p). To dis-
tinguish the coefficient ring R, we sometimes write H(p, R) in place of H(p)
and H.(R) in place of H,; similarly for the components H(p, R)) where
de<I> of H(p, R).
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Explicit form of the Heegner module

We have the explicit formula for the homomorphism f(c,c_z, for a class
b € Pic(O.) and each prime divisor z € Supp(c) \ I, where < b, ¢ >€ Pic(O,)
and ¢ € Divy (A),
(5.3.12)

. O;_
Kc,c—z<byc>:az<bb,c_2>—IZ*Z| Z <ab,C>

<a,c>€ ker(te,c—z)

where < b”, ¢ — z > is the element tee—z(< byec>) of Pic(O.—»).

Similar explicit formulae may be written for the homomorphisms K. ..
For example, if z is split completely in K/F, prime to ¢ — z, and coprime to
I , then we have

ch_z<bc>:az<bbc—z>—‘oc_2| Z < ab,c>
et | A7 |
<a,c>€ ker(te,c—z)

— <[lp]] 7 c— 2> — < [[p2]] W’ e — 2 > .

(5.3.13) The elements of the canonical Heegner module H(p) are R-linear
combinations of symbols < b,¢ > where ¢ € Divy(A) and b € Pic(O,). The
relations between these symbols are generated by the relations for all z coprime
to I

O*
az<bb,0—z>:|2;2| Z <ab,c> +e(c,z) <bV,c—z>

<a,c>€ ker(te,c—z)

where €(c, z) is given by the formulae of (5.3.5) and where b’ is the image of
b in Pic(O,_.).

(5.3.14) The Galois action of Gal(K®P/K) on the elements of H(p) is given
by, where g € Gal(K®*P/K),

<be>9=< ¢(g) b, e >
where ¢ is the reciprocity homomorphism

¢ : Gal(K®*P/K) — Pic(O,.).
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The case of a galois representation

The most important case of this construction of H(p) arises from galois
representations and especially those arising from elliptic curves.

(5.3.15) Let E be a local field equipped with its usual topology i.e. E is
isomorphic to R or C or is a complete field for a discrete valuation with finite
residue field. Let

V be a finite dimensional vector space over F; the space V' is then equipped
with its induced topology;

p: Gal(F®P/F) — Endg (V) be a continuous representation of the profi-
nite galois group Gal(F*°P /F') which is ramified at only finitely
many places of F;

I be the finite set of places of F at which p is ramified;

a, = Tr(p(Frob,)|V) be the trace on V of a Frobenius element of
Gal(F®°? /F) above the place v for all places v € Xp \ I of
F.

(5.3.16) Let R be a subring of the local field £ such that a, € R for all
v € X\ I. We let p also denote the map

p:EF\I~ — R, v ay.

That is to say, p also denotes the character of the representation V. Let K/F
be an imaginary quadratic extension field, with respect to co. Then associated
to p, R, and K/F, is the Heegner module

H(p)= lim He(p)
c€Div (A)

with coefficients in R which is the discrete Gal(K®°P/K)-module constructed
above (see (5.3.11)). Similarly, for any R-algebra S, let

fop:Xp\I — S v f(ay)

be the composite of p with the structure map f : R — S. We then have the
Heegner module

H(fop.S)= lim He(fop,5)

c€Divy (A)

of fop, K/F, and with coefficients in S.

5.3.17. Remarks. (1) The Heegner module H(p) is constructed from the char-
acter of the representation p; in particular, the coefficient ring R of the Heeg-
ner module can be taken to be any ring which contains all values of the
character of p.
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(2) In the case of elliptic curves over global fields (see examples 5.3.18 below),
the associated representation p satisfies the integrality restriction that its
character takes values in Z; thus we may in this instance take the ring R to
be Z or more generally Z/nZ.

(3) (The universal Heegner module.) Let S be the non-noetherian ring
Z|Xy,v € Zp\ ]

which is the polynomial ring in infinitely many indeterminates X, indexed by
the elements of X'r \ I. Take p to be the map

p;EF\f — S7 ’Ul—)XU.

Let H =limH,. be the corresponding Heegner module of p and K/F with

coefficients in S.

Then H is a universal Heegner module for K/F and I in that for any map
Vv Xp \I~ — R there is a homomorphism of rings S — R given by X, — ¢(v)
such that there is an isomorphism of discrete Gal(K®°P/K)-modules

where

H(Y, R) = lim Hc(1))
is the Heegner module of ¢ and K/F with coefficients in R.
5.3.18 Examples. (1) (Elliptic curves over F.) Let E/F be an elliptic curve
such that F Xp F/Fs is a Tate curve, where F,, is the completion of F'

at 0o. Then (theorem 4.7.1, see also §B.11 of Appendix B) there is a finite
surjective morphism of F-curves

T X" () — E

where the ideal I of A is the conductor of E without the component at oco.
Let [ be any prime number distinct from the characteristic of F. Let p be
the 2-dimensional l-adic representation of Gal(F®°P/F) corresponding to E
where F*°P is the separable closure of F'; that is to say p is the continuous
homomorphism

p: Gal(F*? /F) — Endg, (H(}t(E Qp F*P,Qp)).
We put for all places v of F
a, = Tr(p(Frob,)| (He(E @ F*P,Qu)")

= |Ey(k(v))] =1 = |x(v)]
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where E, denotes the closed fibre of the Néron model of E at v and I, is an
inertia subgroup of Gal(F*°P/F) over v. Let I be the finite subset of X' given
by

I = Supp(I) U {oco}.
Thus I is the set of ramified places of p. Then the representation p provides

a map of sets }
p:Xr\1I, v a,.

The map p satisfies the integrality hypothesis
a, € Z for all v € Xp.

Let K be an imaginary quadratic extension field of F' in which all primes
dividing the conductor of F, except oo, split completely. Let

be the canonical Heegner module of p and K/F with coefficients in Z. Let
H(p)® be the direct summand of H(p) corresponding to the divisor 0 €< I >
(see (5.3.8)). By the table 4.6.9, and the definition of H(p) by generators and
relations, we obtain a homomorphism of Gal(K*®P /K )-modules

Hip)© — B()
given by (for the notation, see (4.8.2) and (5.3.8))
<b,c>— (b,I1,c,m)

where ¢ € Divy(A) is prime to Tand b e Pic(O.) and whose image consists
of the Z-linear combinations of Drinfeld-Heegner points of E rational over all
the ring class fields K|c| .

(2) (Elliptic curves over Q.) Let E/Q be an elliptic curve with semistable
reduction at all non-archimedian places of Q. Let NV € IN be the conductor of
E. Then there is a finite surjective morphism (according to Wiles [W])

m:Xo(N)— F

where Xo(N)/Q is the modular curve classifying elliptic curves equipped with
a cyclic subgroup of order N. Let | be any prime number and Q*P be the
algebraic closure of Q. Let o be the 2-dimensional [-adic representation of
Gal(Q*?/Q) corresponding to E, that is to say o is the continuous homomor-
phism

o : Gal(Q**P/Q) — Endg, (HE (E ®@q Q°°P, Q).
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We put for all finite places p of Q
ap = Tr(o(Froby)| (Hg (E ©q Q*7, Q1))
= |Ep(Fp)| —1—p
where I}, denotes the finite field with p elements, E, denotes the closed fibre
of the Néron model of E over the discrete valuation ring Z,z, and I, denotes
an inertia subgroup of Gal(Q*P/Q) over p. Let N be the finite subset of Xg
given by B
N = Supp(N) U {oc}
where oo is the archimedian place of Q. Thus N is the set of ramified places
of 0. Then the representation o provides a map of sets

U:EQ\N, D ap.
The representation o satisfies the integrality hypothesis
ap, € Z for all prime numbers p.

Let K/Q be an imaginary quadratic extension field of @ in which all primes
dividing the conductor N of E split completely. If B is the ring of integers
of K then NB = N;N; where N1, N are two ideals of B conjugate under
Gal(K/F). One may then construct a canonical Heegner module

H(o) = lim H,(o)
neN\{0}
of o and K/Q with coefficients in Z, exactly as above. This Heegner module
then admits a decomposition (as in (5.3.8))

H(o) = P H(o)™

n€N\{0}, Supp(n)CN

where n runs over all positive integers divisible only by primes dividing N.
By the analogue of the table 4.6.9 for Hecke operators acting on the Heegner
points of E and the definition of H (o) by generators and relations, we would
then have a homomorphism of Gal(K%°P/K)-modules

H(o, QW — B(Q*7)
given by (where the notation is the evident variant of (4.8.2) and (5.3.8))
<b,n>— (b, N1,n,n)

whose image consists of the linear combinations of Heegner points of £ which
are rational over the ring class fields K [n] where n € IN is prime to N.

[We do not detail this case of elliptic curves over @ and the corresponding
Heegner module in this paper. For more details on Heegner points on E/Q,
see for example [GB]. For the Shimura-Taniyama-Weil conjecture, see [W].]
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5.4 Cech galois cohomology

We give in this section a brief account of the relation between Cech galois
cohomology of a finite galois extension of schemes and derived functor galois
cohomology.

The first part of this section (up to proposition 5.4.33) is largely a trans-
position of [M2, Chap. III, §2] on Cech étale cohomology to galois cohomology
of a finite galois extension of fields or, more generally, schemes. In the final
part, we define Cech galois cohomology with respect to a filter ((5.4.34) et

seq).

Galois coverings

(5.4.1) Let X be a locally noetherian scheme and G be a finite group. Let Gx
denote the X-scheme HUEQ X, where X, = X for all o; thus Gx is a disjoint
union of copies of X. The group G acts on the X-scheme Gx by permuting
the components via

olx, =idx : X, = X,, forall p,o €.

(5.4.2) Suppose that Y — X is a finite morphism of locally noetherian schemes
and the finite group G acts on Y as an X-scheme. Recall that Y — X is galois
with galois group G if Y — X is faithfully flat and the morphism

P:Gy = Y xx Y, ¢ly, ={y— (y,y0)}

is an isomorphism.

This condition on Y/ X is equivalent to: there is a faithfully flat morphism
U — X, locally of finite type, such that Y x x U is isomorphic with its G-
action to Gy (see [M2, Chap. I, Remark 5.4]). In particular, if Y — X is
galois then it is an étale morphism.

(5.4.3) Let X be a connected locally noetherian scheme and T — X be a
geometric point. Let 71 (X, T) denote the Grothendieck fundamental group of
X with base point T. Let FEt/X be the category of X-schemes which are
finite and étale over X. Let m (X, T) — sets denote the category of finite sets
equipped with a continuous action by the profinite group 71 (X, Z). Then the
functor

FEt/X — m(X,T)— sets
Y — Homx (Z,Y)
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is an equivalence of categories (see [M2, Chap. 1, §5] and [Mu]). Here
Homx (Z,Y) denotes the set of liftings of T — X toT — Y.

The site [X'/X]
(5.4.4) Suppose for the rest of this section §5.4 that

X is a connected quasi-compact locally noetherian scheme;
T — X is a geometric point of X;
X' is a connected finite galois covering of X with galois group G.

(5.4.5) Let [Sch/X] denote the category of schemes over X. For any integer
n > 1, denote by (X’)™ the X-scheme X' xx X' xx...xx X’ (n factors). Let
[X’/X] denote the full subcategory of [Sch/X]| whose objects are morphisms
Y — X which are finite and étale and such that there is an integer n > 1 and
a finite surjective morphism of X-schemes (X')" — Y. It follows that such a
morphism (X’)" — Y is a finite étale covering of Y.

As G is the galois group of the finite galois connected covering X’ /X then
G is a quotient of 71 (X, T) by an open subgroup. Hence under the equivalence
of categories between FEt/X and 71 (X,T) — sets, the category [X'/X] is
equivalent to the category of all finite sets equipped with an action by the
group G.

The category [X’/X] admits finite fibre products. Every morphism in
[X'/X] is étale (by [M2, Ch. I, Cor. 3.6]).

5.4.6. Remarks. (i) Let U be an object of [X’/X] which is connected. Then
there is a finite surjective étale morphism of X-schemes f : X’ — U and f is
galois.

[For the proof, as U is an object of [X’/X] there is an integer n > 1
and a surjective finite étale morphism of X-schemes f : (X')» — U. The
map f is finite and étale hence f is an open and closed morphism (that f
is open follows from [M2, Chap 1, theorem 2.12]). Hence if C' is a connected
component of (X’)™ then the morphism f restricts to a finite étale surjective
morphism f|c : C — U of X-schemes. But the connected components of
(X')" are X-isomorphic to X’. Hence in every case there is a finite surjective
étale morphism f: X' — U.

Let ¢ € Homx (%, U). Denote by Homg(Z, X') the subset of Hom y (%, X’)
of maps h : T — X’ such that the diagram

_  h
T — X'

o\ Lf
U
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is commutative. We have

H Homy (7, X') = Homx (7, X').
¢€Homx (z,U)

The sets Homx (Z, X') and Autx(X’) are in bijection as X’/X is galois by
hypothesis (5.4.4). If g € Autx(X’) then g gives a map

z x < x
6\ Lf Lf
U U

Hence we have a map fogoh : T — U. If the map f o go h coincides with
¢ then g € Auty(X’) (by [M2, Chap 1, Corollary 3.13]). Hence Autx (X’)
acts on the set Homx (%, X') = [, cpomy (z,r) Home (T, X') and this permu-
tation action is faithful and transitive because X'/X is galois; furthermore,
the group Autx (X’) permutes the subsets Homy (7, X’) amongst themselves.
An element g € Autx(X’) preserves a subset Homy (%, X’) if and only if
g € Auty(X’) in which case g then preserves all subsets Homg (7, X') for all
¢ € Homx (Z,U). Hence we have

|[Autx (X")| = |[Auty (X')].[Homx (7, U)|

and hence Auty(X’) has the same number of elements as Homy (7, X'). It
results that f: X/ — U is galois, as required.]

(ii) Suppose that D/E is a finite galois extension of fields and X = Spec FE,
X'’ = Spec D. Then the opposite category [X’/X]°P of [X'/X] is equivalent
to the category of all finite étale F-algebras which are direct products of a
finite number of subfields of D.

(5.4.7) For any object U of [X’/X], define the category [X'/U]x as follows.
We have that [X'/U]x is the full subcategory of the category of schemes over
U whose objects are morphisms Y — U which are finite and étale and such
that there is an integer n > 1 and a finite surjective morphism of X-schemes
(XY™ — Y. Evidently, [X'/U]x is a full subcategory of [X'/X]; the category
[X'/X]x is equivalent to [X'/X].

(5.4.8) Let Z be a locally noetherian scheme. Let [Sch/Z] denote the category
of schemes over X. Let [C/Z] denote the full subcategory of [Sch/Z] whose
objects are morphisms Y — Z which are étale and of finite type.

We recall that a covering of an object Y of [C/Z] is a family
{fi : U; — Y}ier, where I is a set, such that each f; is étale and of finite
type and Y is the set-theoretic union of the images of the f; i.e.

Y =] fi(U).

icl
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We recall also that the category [C/Z] together with the class of all such
coverings of all objects of [C/Z] is the étale site of Z written Zg.

(5.4.9) Let U be an object of [X’/X]. Then a covering of U in [X'/X] is a
family of finite étale morphisms

{gr : Ux = U}rea

in [X'/X] such that U = (J, gA(Un).

Similarly one may define a covering of an object V' of the category [X' /U] x
(see (5.4.7)) for any object U of [X'/X]: a covering of V' is a family of finite
étale morphisms in [X'/U]x with target V' such that V is the set-theoretic
union of the images of the morphisms of the family.

(5.4.10) The category [X'/X] equipped with the family of coverings of all its
objects is a Grothendieck topology as it verifies these conditions:

(a) an isomorphism ¢ : U — U is a covering of U;

(b) if {gx : Ux — U}y is a covering and {gxy : Ux, — Un}, is a covering
for all A then {gx, o g : Ury, — U}, is a covering of U;

(c) if {gx : Ux — U}, is a covering and V' — U is a morphism in [X'/X]
then {g\ xyidy : Ux Xy V — V}, is a covering of V.

This site [X’/X] is a subsite of the étale site X4 on X . Similarly, for any object
U of [X'/X], the category [X'/U]x equipped with the family of coverings of
all its objects is a Grothendieck topology.

Sheaves on the site [X'/X]

(5.4.11) A presheaf (of abelian groups) on the site [X’/X] is a contravariant
functor
P:[X'/X]? — Ab

where Ab denotes the category of abelian groups. A presheaf P is a sheaf
(of abelian groups) if it satisfies the usual sheaf condition with respect to
coverings, that is to say, the diagram

PW) = [TPwn _ [TPWxu )
A

A

is exact for all coverings {Uy — U}aeca of [X'/X].

The categories of sheaves and presheaves (of abelian groups) on [X'/X] are
defined in the evident way (see [M2, Chapter 2]) and are denoted by Sh[X'/X]
and Prsh[X'/X], respectively. Similarly, for any object U of [X’/X], one may
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define the category of sheaves Sh[X’/Ul]x and the category of presheaves
Prsh[X'/U]x on the site [X'/U]x.

5.4.12. Proposition. The category of sheaves of abelian groups Sh[X'/X]
on [X'/X] is equivalent to the category of Z|G]-modules where G is the galois
group of the finite galois extension X'/ X . In particular, short exact sequences
of sheaves on [X'/X] correspond to short exact sequences of Z[G]-modules.

Proof. If M is a Z[G]-module then we define a presheaf Sy, on the site [ X'/ X]
by putting for any object U of the category [X'/X]

I'(U,Sy) = Homg (Homx (z,U), M)

where T is the fixed geometric point of X and where Homx (%, —) is the functor
giving the equivalence of categories between FEt/G and 7 (X,T) — sets of
(5.4.3). In particular, if U is an object of [X’/X] and is a connected scheme
equipped with a finite étale surjective morphism U — X such that X'/U is
galois with galois group H, then we have

ru,Su) = MY,

The presheaf P = Sy is a sheaf. Let (U; — U);er be a covering of U
in [X'/X]. As X is quasi-compact, (see (5.4.4)) the scheme U also is quasi-
compact. Hence there is a finite subset I’ of I such that (U; — U);ep is a
covering of U in [X'/X]. Hence we obtain a commutative diagram where the
vertical maps are inclusions

Pw) — [[Pw) = [ PWixuvU;)

iel’ i,jel’
! ! l
Pw) — [[rw) = ][ PwxvU;)
el i,j€1

It follows that if the top row here is an exact diagram then the bottom row is
exact. Hence to show that P is a sheaf we need only consider those coverings
(Ui — U)ier of U in [X'/X] such that the set I is finite.

Suppose then that (U; — U);ey is a covering in [X'/X] where I is finite.
Let V' =]];c; Ui. Then V' — U is also a covering of U in [X'/X] and V — X
is finite and étale. We have an isomorphism of diagrams

PU) — HP(UZ-) - HP(UixUUj)
~| B Yoy
PU) — PV) =  PWVxyV)

Hence we may reduce to the case of a covering of the form h : V. — U of
[X'/X]. As X is connected the scheme U has only finitely many connected
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components. Furthermore, if U is a disjoint union U = U; [ [ Uz of two objects
of [X'/X] then we have

F(U,S]\/[) = F(Ul,S]\/[) X F(UQ,SM)

and h=1(Uy) — Uy, h=*(Uz) — Uy are coverings of Uy, Us in [X'/X]. To show
that P is a sheaf, we may therefore reduce to the case where U is connected.
By remark 5.4.6(i), there is then a finite surjective étale galois morphism
f: X —-U.

If V' is a connected component of V' then the map V' — X is finite
and étale and surjective; hence V' is an object of [X’/X]. Furthermore,
hly: : V! — U is then a finite étale morphism in [X'/X]. As h|y- is finite it is
a closed morphism and as it is étale h|y/ is an open morphism; hence h|y/ (V")
is an open and closed subscheme of U and hence h|y/ is surjective as U is
connected. Hence h|y : V! — U is a finite étale covering of U. Hence to show
that P is a sheaf, we may reduce to the case where the scheme V' is connected.
By remark 5.4.6(i), there is then a finite surjective étale galois morphism
f: X' — V with galois group Hy, say, and the composite X’ — V — U is
galois with galois group Hy, say. Hence we have

P(V)= M and PU)= MHv,

As X’ — U is galois we have a commutative diagram where the second column
is an exact diagram (by [M2, Chap. II, Proposition 1.4])

PV xu V) = PX'xpX) = g
7 T 7
PV)=M" — PX) =M
T T
PWU) P(U) = M

It follows by a diagram chase that the first column is also an exact diagram;
hence P is a sheaf.

If M — M’ is a homomorphism of Z[G]-modules then this induces a ho-
momorphism of sheaves Spy — Sy on [X'/X]. Let F be a sheaf on [X'/X];
then F(X') is naturally a Z[G]-module. If 7 — F’ is a morphism of sheaves
on [X'/X] then F(X') — F'(X’) is a homomorphism of Z[G]-modules. Fur-
thermore, the map

HomZ[G] (M, M/) — HOI’H(S}V[, SM/)

is an isomorphism and the natural homomorphism F — Sz(x/) is an isomor-
phism of sheaves on [X’/X]. Hence M — Sy and F — F(X') establishes an
equivalence of categories between the abelian category of sheaves Sh[X'/X]
on [X’/X] and the abelian category of Z[G]-modules. O



5.4 Cech galois cohomology 127

5.4.13. Proposition. The category Sh[X’/X] has enough injectives. Un-
der the equivalence of abelian categories between Sh[X'/X] and the cat-
egory of Z[G]-modules (see proposition 5.4.12), the right derived functors
H{x./x1(X, =) of the global section functor

S—I(X,S)

coincide with the group cohomology H'(G,—) of the finite group G on the
category of Z[G]-modules.

Proof. That Sh[X'/X] has enough injectives follows from the equivalence of
categories (see proposition 5.4.12) between Sh[X’/X] and the category of
Z]G]-modules and that the latter category has enough injectives. The global
section functor on Sh[X’/X] corresponds to the functor on Z[G]-modules
given by

M — MC.

Hence the right derived functors of the global section functor may be computed
via the group cohomology of Z[G]-modules.O

5.4.14. Proposition. The category of presheaves Prsh[X’/X] has enough
injectives.

Proof. The abelian category Prsh[X’/X]| satisfies the conditions AB5 and
AB3* of Grothendieck (see [BD, Chapter 5]); the property AB5 expresses
that in the abelian category Prsh[X’/X] any family of objects has a direct
sum and any filtered direct limit of exact sequences is exact; the property
AB3* expresses that in Prsh[X’/X| any family of objects has a direct product.
Hence in order to show that Prsh[X’/X] has enough injectives we only need
show that it has a family of generators, by [M2, Chap III, Lemma 1.3]. We
recall that a family of objects {4, },cs is a family of generators of Prsh[X'/X]
if given a monomorphism B — A in Prsh[X'/X] that is not an isomorphism
there is an index j and a morphism A; — A that does not factor though
B — A

Given an object 7 : U — X of [X’/X] we have the corresponding site
[X'/U]x (see (5.4.5) and (5.4.7)) and a morphism of sites
7w [X'/U]x — [X’/X]. Then there is a functor defined by restriction 77 :
Prsh[X’'/X] — Prsh[X'/U]x where I'(V,7PP) = I'(V, P) for any V — U in
[X'/U]x. This functor 7% admits a left adjoint which is the functor “extension
by zero”
m @ Prsh[X'/U]x — Prsh[X'/X]. We have explicitly for P € Prsh[X'/U]x
and V — X in [X'/X] that

(mP)(V) = lm P(V")
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where the limit is taken over all commutative squares

VI «— VvV
i l
u — X

in [X’/X]. It is trivial to check that m is a left adjoint to 7P.

Let Z denote the constant presheaf Z on [X'/U]x that is to say I'(U’, Z) =
Z for any object U’ of [X'/U]x. Let Zy = mZ be the extension by zero of Z
on [X’/U]x. Then we have for any P € Prsh[X’/X]

Homx (Zy,P) = Homy (Z, 7P°P) = P(U).

A family of generators for Prsh[X’/X] is then formed by taking the presheaf
Zy in Prsh[X’/X] for each isomorphism class of objects U — X of [X'/X],
as required.Od

5.4.15 Example. We consider the category Prsh[X’/X] in the case where
X' =X.

Let IN denote the full subcategory of the category of sets and whose objects
are finite non-empty sets where there is just one set [n] of each cardinality
n e N —{0}.

The underlying category of the site [X'/X’] is equivalent to the category
of all non-empty finite sets and is therefore equivalent to the category IN.

The category of presheaves Prsh[X’/X'] is equivalent to the category of all
families {A,,}n>1 of abelian groups A,, indexed by the positive integers n €
IN — {0} and equipped with a compatible set of “restriction” homomorphisms
fom + Am — A, for all morphisms f,,, : [n] — [m] in the category N.

(5.4.16) Suppose only for this paragraph that D/F is a finite galois extension
of fields and that X = Spec E and X’ = Spec D. Let S be a sheaf on the
étale site X¢;. Then the restriction S|ix//x) of S to [X'/X] is also a sheaf
on the site [X'/X]. The cohomology groups H{y, x| (X, S|(x/x]) are related

to the étale cohomology groups H¢ (X,S) by a spectral sequence. Let E5°P
be the separable closure of the field E; the sheaf S is given by a discrete
Gal(E®°P/E)-module M and we have isomorphisms

H (X,S) = H (Gal(E*P/E), M)
and
HEX//X] (X, Slix/x)) = H'(Gal(D/E), H*(Gal(E*® /D), M)).

The Hochschild-Serre spectral sequence for M and the galois extension D/E
may be written as

Ey? = Hix,)x)(X,89) = Hi (X, S).
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where SU) is the sheaf on [X’/X] associated to the Z[G]-module HZ, (X', S)
(see proposition 5.4.12). In conclusion, we have that H[iX,/X] (X, S|ix7/x1)

is the E;’O—term in a Hochschild-Serre spectral sequence whose abutment is
H (X,S).

Cech cohomology on the site [X'/X]

(5.4.17) Let I be a set. Denote by IP the pth power of I consisting of ordered
p-tuples of elements of I. For any integer j such that 0 < j < p let

05 1 Pl _, P
denote the jth deletion map defined by

(5]' : (io,...,ip) — (io,...,ij_l,ij+1,...,ip).

(5.4.18) Let P be a presheaf of abelian groups on the site [X'/X]. Let U — X
be a morphism in [X'/X]. Let U = {f; : U; — U}ier be a covering of U in
X7/ X].
For any p + 1-tuple i = (40, ...,1p) of indices ¢; € I we put
U(i) = Uio XU Ui1 Xy ... Xy Uip~

The projection morphism
U(i) — U(d,i)

induces a restriction map
res(d,|i) : I'(U(4,i), P) — I'(U(i),P).
Define a complex
CU/U,P) ={C’U/U,P),d"}pen

in the following way: we put

cc/uPy= [ rw

ieIr+1

and

d?: CP(U/U,P) — CPTH U /U, P)
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is the coboundary homomorphism defined by
s = (si)ierr+1 € CP(U/U,P)

p+1

(dPs); = Z(—l)jres(éj i) (s5,1)-

=0

It is immediately checked that dP o dP~! = 0 hence C(U/U,P) is indeed a

complex.

(5.4.19) The cohomology groups of the complex {C?(U/U,P),d"},en are the
Cech cohomology groups

of the presheaf P on [X’/X] with respect to the covering U of U.

(5.4.20) A second covering V = {g; : V; — U}jes of U in [X'/X] is a refine-
ment of the covering U/U if there is a map o : J — I such that g; factors
through f,(;) for all j, that is to say the map g; is equal to the composite

map

h; fos)
Vi = Usy) —

for some morphism h;.
The map o : J — I induces maps ¢® for all p > 0

P CPUJU,P) — CP(V/U,P), 5= (si)icrorr = (0P 8))5e w1

where (U(p)s)j(l"'jp = I'G‘Shjo X"'thp (SU(]O)U(JP))

The maps ¢® commute with the coboundary maps d and hence induce ho-
momorphisms on the cohomology

PPV, U, 0,{h;}jcs): HX,/X](Z/{/U P) — Hﬁ){//x V/U,P).
It is straightforward to show that the homomorphism
pp(V,u) = pp(V,u, o, {hj}jGJ)

is independent of the choices of maps o and h; and depends only on the
coverings V and U of U (see [M2, Chap. III, Lemma 2.1]). Hence if W is a
refinement of V we have

PPV, U) = p" (W, V) o p" (V. U).
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(5.4.21) The Cech cohomology groups of the presheaf P over U are
where the limit is taken over all coverings & of U in [X'/X].

(5.4.22) Suppose that P is a presheaf on the étale site X¢. The Cech cohomol-
ogy groups HZ (U, P) on the étale site X¢; are defined to be (see [M2, Chap.
I, §2)) v V

HY (U, P) = @Hﬁt(U/U, P)

where the limit is taken over all coverings U of U in the étale site Usy.

5.4.23. Proposition. The functors H[”X,/X} (U/U,—) and H[’;(,/X}(U7 —) on

the category Prsh[X'/X] are the right derived functors of IVJ[OX,/X} Uu/u,-)

and }vIEX,/X](U, —) for any U in [X'/X] and any coveringU of U in [X'/X].
Proof. The abelian category Prsh[X’/X] has enough injectives by proposition
5.4.14. Hence in order to prove this statement above, we have to show that
these functors H[”X,/X] (U/U,—) and H[”X,/X](U7 -) associatve long exact se-
quences to short exact sequences in Prsh[X’/X] and that H[”X, /X] u/u,-),
for all p > 1, are zero on injective elements of the abelian category Prsh[ X’/ X].
The argument for the rest of this proof is similar to that of [M2, Chap. II,
pp. 97-99]. Let
0*>P1—>7)2—>P3—>0

be an exact sequence of presheaves in Prsh[X’/X]. Then the sequence of
abelian groups

0—CP(U,P1) — CP(U,P3) — CP(U,P3) — 0

is exact for all p as it is a product of exact sequences of abelian groups. We
then obtain an exact sequence of Cech complexes

0— {CP(U, P1),d’} pen — {CP(U,P2),d’}pen — {CP(U,P3),d’}pen — 0.
The cohomology of these complexes therefore form a long exact sequence
0 — Hixr)x)U/U,P1) — Hixs 5 U/U, P2) = Hixs 5 U/U, P3) —

Hix jxyU/U,P) — ...

This long exact sequence remains exact when we take the direct limits over all
coverings U of U in the site [X'/X]; hence we obtain the long exact sequence
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of Cech cohomology
0— H[())(//X](U7P1) — ﬁ&//x](U,PQ) — H[O)(//X](U7,P3) — Hﬁ){’/X](U7P1) .

as required.

In the proof of proposition 5.4.14, for any object U in [X'/X] we have
constructed a presheaf Zy in Prsh[X’/X] such that for any Q in Prsh[X'/X]
we have

Homx (Zy, Q) = I'(U, Q).
Explicitly we have for any V in [X’/X] that
rvizv)= @ 2
Hom x (V,U)
But the sequence of presheaves formed from the covering U of U
ierl ier? iers

is exact in Prsh[X’/X]; this may be proved in identical fashion to the corre-
sponding exact sequence at the foot of page 98 of [M2, Chapter III]. For the
reader’s convenience, we give the details. The property to be proved is that
for all schemes V in [X'/X] the sequence

(5.4.25) B rv.zvy) — P rv.zvs) — Grv.zvs) ...

iel ier? iers

is exact. For any U-scheme W and any map ¢ € Homx (V,U) we write
Homgy (V, W) for the set of morphisms 1 : V' — W such that the diagram

¥

|4 — w
¢\ 7
U
is commutative. We have for i = (ig,...,4,) € [" T}
Homyx (V,U(i)) = U  J[Hom,(v.U;)).

¢€Homx (V,U) j=0
If we put
S(¢) = U Homy(V, U;)

then we have

J Homx(V,U(@)) = U s

ielrt+t ¢€Homx (V,U)
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Furthermore, @;. ;-1 I'(V, Zy 1)) is the free abelian group on the set of gener-
ators Ugom . (v,0) S(4)"*1. Hence the complex (5.4.25) above may be written

) D {@ZH@ZH@ZH...}.

p€Homx (V,U) * S(4) S()? S()?

The complex inside the parentheses is the standard complex associated to
&b S(6) Z; that is to say, the coboundary map is given by

r+1
(8T+1((mi)ies(¢)r+l)>_j = Z Z (_1)kmi1i2-~~ir+1'
k=1 (il...ikfl’zkik+1...ir+1):j

This standard complex is exact and a contracting homotopy for it is given by,
where ¢ € S(¢) is some fixed element,

@ZH@Z

S(¢)" S(g)rt!
) _ myy s, =9
(k’l‘(ml)iGS(d’)T)iliz...ir+1 - {O ! OtherWise.

This proves the exactness of the sequence (5.4.24).

Suppose that P is an injective presheaf in Prsh[X’/X]. Applying the func-
tor Homx (—,P) to this exact sequence (5.4.24) we obtain, as P is injective,
the exact sequence

Homx(@ ZU(i),P) — Homx(@ ZU(i),P) — Homx(@ ZU(i),P) — ...

iel ier? iers

But this is isomorphic to the Cech complex for P namely

ccuu Py = [ Tw = Homx( @ Zvq),P).

ierrt1 ierpt+1

Hence this Cech complex is exact and we obtain that H[X,/X U/u,P)=0
for all p > 1 as required. O

Comparison of Cech cohomology and derived functor cohomology

(5.4.26) Suppose that P is a presheaf on the étale site X¢¢. If U is a covering

of X in [X’/X] then H[”X,/X] (U/X,P) evidently coincides with the Cech co-

homology group HZ, (U/X,P) computed with the covering ¢ in the étale site
X [M2, Chap. 111, §2].
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The Cech cohomology groups
Al (X, P) and  HE (X, P)

do not in general coincide; for instance, if X’ = X then H[’;(,/X (X,P)=0

for all p > 0 and any presheaf P on X whereas H £.(X,P) may be non-zero
for p > 0.

(5.4.27) The map U — H[”X,/X](U, P) defines a presheaf of abelian groups on
[X'/X] which is written

) (P)-

(5.4.28) Let S be a sheaf of abelian groups on [X’/X]. Then the (usual)
derived functor cohomology of S is denoted by (see proposition 5.4.13)

Hix:yx) (X, S).

Let U — X be an object of [X'/X]. Then

U H, U,S)

(/)
is a presheaf of abelian groups on [X’/X] which is written

HP

boryx)(S)-

5.4.29. Proposition. Let U — X be in [X'/X] and let U be a covering of
U in [X'/X]. Let S be a sheaf of abelian groups on [X’/X]. Then there is a
spectral sequence

HY, g UJUHE (S) = HE 4 (U,S)

and natural isomorphisms

HP, (U,8) = (U,S) for all p > 0.

[(X7/X] [X’/X]

Proof. For any sheaf S on [X’/X] we have a natural isomorphism

Hix: )3y UJU, Hixr 5 (S)) = Hix: ) x) (U, S)

as follows from the definitions. Let Z be any sheaf on [X’/X] which is injective
in the category of sheaves on [X’/X]. As 7 is then injective in the category
Prsh[X'/X], by proposition 5.4.23 we have

Hix,/x)U/U,T) =0 for all i > 0.
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Hence we have
HFX’/X](U/U>H?X//X](I)) =0 foralli>D0.

That is to say the functor H{, / X](—) takes injective sheaves to presheaves
which are acyclic for the functor

i) x)(UJU, -).

As H'[iX,/X} (U/U, —) are the right derived functors on Prsh[X’/X] of the func-
tor HEX,/X] (U/U,-), (see (5.4.23)), we may apply [M2, Appendix B, Theorem
1] to conclude the existence of the spectral sequence of composite functors
stated in the proposition.

For the last part, it suffices to prove the isomorphism when U is a con-
nected scheme in [X’/X]; for in general the scheme U is a disjoint union of
such schemes. Hence by remark 5.4.6(i), there is a map of X-schemes X’ — U
which is a finite étale galois covering of U in the site [X’/X] with galois group
J, say. Furthermore, the map X’ — U is a covering of U which is a final object
in the category of all coverings of U in the site [X’/X], where a morphism of
coverings is a refinement (see (5.4.20)). Hence we have natural isomorphisms

Hl) 5 (U,S) = lim HY, (U] U, S)
= [l (X' /U,S).

By the computation of [M2, Example 2.6, Chap. III], the Cech cohomology
group H. [’;(, /X] (X'/U,S) of this galois covering is naturally isomorphic to the
group cohomology HP(J,S(X"’)) of J where S(X’) denotes the J-module of
sections of the sheaf S over X’. By proposition 5.4.13, the derived functor
cohomology group H[’;(,/X (X'/U,S) is naturally isomorphic to H?(J,S(X")).
This proves that H” U,S) and H?,

(X'/X] (U, S) are naturally isomorphic for
all p > 0. O

b/ x)

5.4.30. Proposition. Let S be an object of Sh[X’/X]. Then we have

H[X,/X](U ’HX,/X](S)) =0 forallq>0, p>0, and all U in [X'/X].

Proof. We may reduce immediately to the case where U is a connected scheme
n [X’/X]. By remark 5.4.6(i), there is a morphism of X-schemes X' — U
which is finite étale and galois. The covering X’ — U is then a final object in
the category of all coverings of U in [X'/X]. Hence we obtain isomorphisms
for all p,q >0

P, (U H s 3(8) = Hly (XU HE 4 (S)).
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Now the Cech complex {CP(X'/U, HF /X] (8)),dP}pen is given by

Cr(X'/U, H[X’/X] H rx [X’/X] ()

eI+t

where [ is a set with 1 element and if i € I?*! we have

X'(3) =X xy X' xy ... xy X'(p+ 1 factors).
But for i € I?*! we have the isomorphism

Xz [ x
Gal(X'/U)P

where the disjoint union runs over all elements of the pth power of the galois
group Gal(X'’/U). Hence we obtain the isomorphisms

PX'(),Hix )= [ Hix(X',8) =0 forallg>0
o€Gal(X'/U)P

where we have H[X,/X} (X',8) 20 for all ¢ > 0 (by proposition 5.4.13). Hence
the groups CP(X'/U, ’Hq //x](8)) are zero for all ¢ > 0 and all p > 0; hence

the Cech complex {C”(X'/U H[X,/X] (S)),dP}pen is zero for all ¢ > 0, whence
the result holds. O

Flabby sheaves on [X'/X]

5.4.31. Definition. A sheaf S of abelian groups on [X'/X] is flabby if
Hix:/x(U,8) =0 for all U in [X'/X] and for all i > 0.

This condition is equivalent to the Z[G]-module H EX, /X ](X !;8) correspond-
ing to S being cohomologically trivial (see proposition 5.4.33(i) below and
proposition 5.4.12).

[This corresponds to the notion of a flabby sheaf on the étale site; see [M2,
Chap. III, Example 1.9].]

5.4.32. Proposition. Let S be a sheaf of abelian groups on [X'/X]. Then
S is flabby if and only ifH[p ,/X](Z/I/U,S) =0 forallp >0, for any U — X
in [X'/X], and any coveringd of U in [X'/X].

Proof. ‘=" As S is a flabby sheaf we have fo’/x] (8§) =0 for p > 0.
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Hence the spectral sequence of proposition 5.4.29 shows that there are iso-
morphisms

[X//X (L{/U S) = X,/X (U,S):Ofor all p > 0.
‘<’ For any U in [X'/X], we have

H US)—hme

(xr/x)U/U,8) =0 forall p>0.

(/)
Hence we obtain from proposition 5.4.29 the isomorphisms

H[X,/X](US) X,/X](US)_O for all p > 0.

Hence S is a flabby sheaf on [X'/X]. O

5.4.33. Proposition. (i) Let M be a sheaf on the site [X’/X]. Then M is a
flabby sheaf if and only if the discrete G-module H[OX,/X] (X', M) is cohomo-
logically trivial.

(ii) If R is a commutative ring then the sheaf on the site [X'/X] associated
to the group algebra R|G] is flabby.

Proof. (i) That M = HY, /X] (X', M) is cohomologically trivial means that
for any subgroup J of G we have

H'(J,M)=0 foralli>0.

The galois cohomology of modules over Z[G] coincides with the cohomology
of the corresponding sheaves on the site [X’/X] (see proposition 5.4.13). Fur-
thermore, from the equivalence of categories between the finite 71 (X, T)-sets
and the finite étale coverings of X (see (5.4.3)), we obtain that M is coho-
mologically trivial if and only if for any scheme U in [X’/X] which is a finite
étale over X we have

Hix:/x1(U, M) =0 for all i > 1.

Hence M is cohomologically trivial if and only if the corresponding sheaf M
is a flabby on [X'/X].

(ii) The G-module R[G] is cohomologically trivial as it is an induced module
(see [CF, Chap. IV, §9]) whence the associated sheaf (see proposition 5.4.12)
is flabby from the result of part (i) above. ad

Filters on the site [X'/X]

(5.4.34) Let U be an object of [X'/X] and let U = {U; — U};cs be a covering
of U in the site [X'/X] where I is a set of indices. Let P be a presheaf in
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Prsh[X’/X]. The Cech complex

CU/U,P) ={C’U/U,P),d"}pen
is defined in (5.4.18) where

cu/u Py = [ Tw

ieIpt+1

(5.4.35) For each integer p > 1, let IP*! be the set of p+1-tuples (ig, i1, . . . ,ip)
of elements of I.
Let S be a subset of the integers {0,1,2,...,p}. Denote by ds the map of
sets
8g : [P — pt1=IS|

where 0g(i) is the element of IPT1~ISI obtained by deleting from
i=(i0,%1,...,1p) the elements i, for all s € S.

If the set S is a singleton there are precisely p-+1 deletion maps IP+! — TP
of this form namely the maps, where we write dx = dy4) for k € {0,1,2,...,p},

Op : IPTE S IP i 64, k=0,...,p,
given by

i— (io,il,...7ik_1,ik+1,...,ip).

(5.4.36) Let C(I) be the category whose set of objects is
U
p>1

and if i € I? and j € I? then the set of morphisms Morph(i, j), that is the
arrows i — j, is a finite set, possibly empty, of deletion maps

Morph(i, j) = {ds | 6s(i) =J, [S|=p—q, SCS{0,1,2,...,p}}.

The category C(I) is the category of finite sequences of elements of I where
the morphisms are given by deletion of elements of sequences.

5.4.37. Definition. Let A be a full subcategory of C(I). For each p > 0 let
Ap+1 denote the set of objects of the category A which lie in IP*1. We assume
that A satisfies the condition that for all integers 0 < k < p we have

5k-/4p+1 - .Ap.
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A filter F with respect to A is a covariant functor

F:A— [X'/X].

(5.4.38) Associated to the covering U /U in [X'/X] is a standard filter
§:C(I) — [X'/X]

given by (see (5.4.18))
i UG) = Uiy xp ... xu Ui,

for every p + 1-tuple i = (ig,...,4,) € I’*'. The morphisms of the category
C(I) become under the functor S the projection morphisms amongst the
schemes U (i).

(5.4.39) Let A, B be full subcategories of C(I) such that for all integers
0 <k < p we have
O0pApt1 CAp, 6xBpi1 C By

Let
F:A-[X'/X], G:B—[X'/X]

be filters with respect to A, B, respectively.

The filter F is subordinate to G if A is a full subcategory of B and, denoting
the restriction of the functor G to the subcategory A by G| 4, there is a natural
transformation of functors

7:F —G|a.

In particular, we say that the filter F is subordinate to the coveringU /U if
the restriction S4 to the subcategory A of the standard filter
S : C(I) — Sch/X which gives the covering U /U admits a natural trans-
formation of functors 7: F — Sy4.

That is to say, the filter F with respect to A is subordinate to the covering
U/U if for each i € Ap41 there is a morphism of X-schemes

7(1) : Fi) —» U(®i)

such that the diagram

i) Y ua
F(ok) | L F (o)
7(0x1)

Fori) TS U(ai)

is commutative for all £ and all i.
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The standard filter S associated to the covering /U is a final object in
the category of filters subordinate to U /U.

Cech cohomology with respect to a filter

(5.4.40) Let P be a presheaf in the category Prsh[X’/X]. Let I be a set and
let 7 : A — [X'/X] be a filter with respect to a full subcategory A of C(I)
which satisfies the condition that for all integers 0 < k < p we have

6kAp+1 - Ap.
Put for all integers p > 0

cr(F.P)= [ I(FG).P).

1€Ap 11
We have the restriction homomorphisms
res(0x|i) : I'(F(6ki), P) — I'(F (i), P).

We then define a complex

C(F,P) = {CP(F,P),d’}pen
with the coboundary maps d”

d? . CP(F,P) — CPTY(F,P)
where the coboundary of the element

5 = (si)icA,4, €CP(F,P)

is given by
p+1

(ds); =Y (—1)7res(8;]1)(ss,5).

§=0
It is immediately checked that dPodP~! = 0 hence C(F, P) is indeed a complex.
(5.4.41) The cohomology groups of the complex {CP(F,P),d’}pen are the

Cech cohomology groups }
H [’}(, /X (F,P)

of the presheaf P on [X’/X] with respect to the filter F.
If F is subordinate to the covering U /U we sometimes write

Al )y (F\U/U,P)
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for the cohomology group Hﬁ){//x} (F,P).

(5.4.42) Let A and B be full subcategories of C(I) as in (5.4.39). Let
F:A— [X'/X]and G : B — [X'/X] be filters with respect to the sub-
categories A and B respectively. Suppose that F is subordinate to G and so
that A is a full subcategory of B. Then we have a natural transformation of
functors 7 : F — G| 4. The morphisms of schemes 7(i) : F(i) — G(i) induce
homomorphisms of groups of sections

C’(G,P) — CP(F,P)

(s1)ieB, 4 (T81)iea,

These homomorphisms are composites of the form

crg,P)= [[ rew.»)— [[ rew.» —

iEBerl iE.Aerl

II r&F6.») =cr(r,P)

iG.Ap+1

and these homomorphisms are compatible with the differentials d?.
These homomorphisms then provide a homomorphism of complexes

{Cp(gv P)r dp}PGJN - {CP(]S" P)’ dp}PGJN'
Then we obtain the natural homomorphisms of cohomology for all p > 0

7 Hiyr x1(GP) — Hly, oy (Fo P).

5.4.48. Remark. The functors

for p > 1 are not in general the derived functors of the functor
P H[OX,/X] (F,P) on the category of presheaves Prsh[X'/X] (see (5.4.24)
and the proof of proposition 5.4.23).

Alternating Cech cochains

(5.4.44) Let I be a set. Fix a well ordering < of the set I. Let C(I)** be the
full sub-category of C(I) defined in the following way.
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a) For each integer p > 0, let C'(I)2, be the set of p + 1-tuples
p+1
(0,91, ... ,1p), where 49 < i1 < ... <1, and ix € I for all k.

(b) The set of objects of the category C(I)3!t is

U ety

p=0

(c) Forie C(I)al, and j € C(I)2f,, the set of morphisms Morph(i, j)
from i to j is a set of deletion maps

Morph(i, j) = {ds | 65(i) =, [S| =p—q, SCS{0,1,2,...,p}}.

If j is a subsequence of i then Morph(i, j) contains only one element denoted
(i, j) which is the unique “deletion map” from 1i to j; if j is not a
subsequence of i then Morph(i, j) is the empty set.

The category C(I)*!* evidently satisfies the condition that for all integers
0 <k <p we have
SrC(1)3%, C (D)3

The category C(I)*!* is the opposite category of the category of finite subsets
of I with morphisms given by inclusion of subsets.

(5.4.45) Let U = {f; : U; — Ulier be a covering of U in [X'/X]. Fix a well
ordering < of the set I.

Let

SM o)™ — [X'/X]

be the filter subordinate to the covering U /U given by i — U(i). The complex
associated to S®!* is the complex of alternating cochains.

More precisely, let P be a presheaf of abelian groups on the site [X'/X].
The cohomology of the complex {CP(S™*\U/U, P),dP} e is then the alter-
nating Cech cohomology groups

Hf, ) (SM\U/U, P)

of the presheaf P on [X’/X] with respect to the covering U of U.

(5.4.46) Let C(U/U, P) be the subgroup of alternating cochains of the Cech
group of cochains CP(U /U, P) defined in the following way. If (ig,...,ip) is
a p + 1-tuple of distinct indices in IP*! and o is the permutation of the set
{io,...,ip} such that cip < 0i1 < ... < 0ip then we fix an isomorphism

fy: T(U@G),P) = L'(U(ci),P).
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Then C}(U/U, P) is the subgroup of cochains
5 = (si)icrr+1 € CP(U/U,P)
such that if there is a repeated index in the set {io,...,i,} then
Sig...ip = 0
and if the indices are distinct then

fo(8ig..1,) = 880(0)Scig s ....0r0,

where ¢ is the permutation of the set {4, ..., iy} such that gip < gi1 < ... <
oip and sgn(o) denotes the signature +1, —1 of o.
Define a differential

df - C(U/U,P) — CI (U/U,P)
via the formula

if i contains repeated indices

(dgs)i = {ZPH( 1)Ires(8;]i)(ss;i), if not.

Then we have df o dffl = 0 for all p and hence {C}(U/U,P),d]}pen is a
complex. The projection homomorphism

CPU/U, P) — CP(S™\U/U, P)

given by

8= (Si)ierrt1 = (Si)ieC(I)gi1

induces an isomorphism on cohomology

HP({CU/U. P), d} pe) = HE

B/ x) (STNU/ULP).

(5.4.47) Let S*!* be the alternating filter subordinate to the covering U /U
(see (5.4.45)). Let P be a presheaf on [X'/X]. Then there are natural homo-
morphisms for all p > 0

7P H[Z?X,/X](U/U,P) — HP,

P (S™\U/U.P)

because S#'\U/ /U is subordinate to the standard filter associated to the cov-
ering U /U (see (5.4.42)).

(5.4.48) Let F : C(I)™* — [X'/X] be a filter on C(I)2!* which is subordinate
to the alternating filter S2*\U/ /U of the covering U/U. Then we have natural
homomorphisms for all p > 0 (see (5.4.42))

HY, 3 (SM\UJUP) — Hly, ) (F, P).
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Composing this with 7P (see (5.4.47)), we obtain natural homomorphisms for
allp>0 5 §
PP Hly g U/UP) — Hly, ) (F, P).

5.4.49. Remark. The alternating Cech cohomology groups

HP

e (S™\U/U.P)

do not in general coincide with the Cech cohomology groups
HX,/X](Z/{/U P).

For example, if I is a finite set with n elements then f{[’;(,/x} (S¥\U/U,P) =0
for all p > n. [See also [M2, Chap. III, Remark 2.2(d)]].

5.5 Group rings and Cech cohomology

For this section, we shall write finite groups multiplicatively. All modules over
the group algebra Z[G] of a finite group G will be left modules.

In this section we apply Cech cohomology of a filter (see §5.4) to group
rings. The main result that is applied to the Heegner module is corollary
5.5.30. This corollary is a special case of a more general result proposition
5.5.19 on the vanishing of Cech cohomology and Cech homology for group
algebras relative to admissible families of subgroups (definition 5.5.18).

Explicit form of Cech galois cohomology
(5.5.1) Let

G be a finite group;

Hy, ..., H,_1 be normal subgroups of G;

X be a connected quasi-compact locally noetherian scheme;

T — X be a geometric point of X;

X'’ be a connected finite galois covering of X with galois group G;

[X'/X] be the site defined in (5.4.5) and (5.4.10);

I be the finite set of integers {0, 1,...,n — 1} with its usual
well-ordering < of the elements;

U; be the scheme in [X'/X] for all ¢ such that Gal(X'/U;) = H; for all i;

R be a commutative ring.
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As G is the galois group of the finite galois connected covering X’/X then
G is a quotient of the Grothendieck fundamental group 71 (X, ) by an open
subgroup. Hence under the equivalence of categories between FEt/X and
m1(X,T) — sets (see (5.4.3) and [M2, Chap. 1, §5]), the category [X’/X] is
equivalent to the category of all finite sets equipped with an action by the
group G. Hence it is clear that the schemes U; in [X’/X] exist such that
U; — X is galois with galois group Gal(U;/X) = G/H;.

(5.5.2) We have that
U={U; — Xtier

is a covering of X in the site [X'/X], for each morphism U; — X is finite
étale and surjective.
For i = (ig,...,i,) € IP™!, we have, with the notation of §5.4,

U(i) :Uio Xx...Xinp.

Furthermore, U (i) is galois scheme over X with galois group
P
Gal(U(i)/X) = [ [ Gal(U;, /X)
r=0
which is the direct product of the groups G/H;, .

(5.5.3) For all i = (ig,...,ip) € IP*1 let H(i) be the normal subgroup

?:0 H;; of G. Then under the equivalence of categories between FEt/X
and 71 (X,T) — sets, it is clear that there is a scheme E(i) in [X'/X] such
that E(i)/X is galois with galois group

G
RN

j=0 ""1

Gal(E(i)/X) =
The scheme U(i) is a disjoint union of copies of the scheme FE(i). We may
then choose for all i a morphism of X-schemes

fi 1 BG) — U().

(5.5.4) Let C(I)™* be the alternating subcategory of C(I) (see (5.4.44)). Let
F:C)™ — [X'/X]
be the filter given on objects by
i— E(i).

and where the morphisms of C(I)*!* are transformed by F to the morphisms
of X-schemes F(i) — E(j) if j is a subsequence of i (see (5.4.44) and (5.4.45)).
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The filter F is subordinate to the standard alternating filter S** with
respect to the covering U/X. The natural transformation 7 : F — S2I is
given by the morphisms f; : E(i) — U(i) for all objects i of C(I)*!*.

(5.5.5) Let M be a Z[G]-module. Then M defines a sheaf M of abelian groups
on the site [X'/X] (proposition 5.4.12).
In particular, we have for i = (ig,i1,...,7p) € Pty <ip <. < p,

PUE(G), M) = MEAE/ED) — gV By

(5.5.6) The Cech complex with coefficients in M of the filter
F: O™ — [X'/X] takes the form

crFM= [ rEom= [ M-

icrpti ierp+1
ig<i1<...<ip ig<i1<...<ip

and

d? : CP(F,M) — CPTYH(F, M)

is the coboundary homomorphism defined by

s = (Si)iecu);ﬁl €CP(F.M)
p+1 '
(dps)i = Z(—l)jsgji
3=0

as the restriction maps res(dx|i) (see (5.4.40)) are here injections arising from

the inclusions
N Cal(X'/E(5;1)) C M Cal(X'/EG).

Put forall:=0,...,n—1

Gi= () H;

0<j<n—1
J#i

The groups G; are normal subgroups of G.
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5.5.7. Proposition. For any R|G]|-module M with corresponding sheaf M
n [X'/X], we have:

() V[O){//X (f,M) ~ MHOHI---anl'

(ii) H&,?X (F, M) =0 if and only if the following sequence of R-modules is

exact

—1

n—=3 ;o n—3 n n—2 n—1

I1 Ml Vo My T mc = M=
—

icIm—2
i0<i]<...<ip_3

1 n—1
(i) H7 )y (F, M) = Ml =0 0 5™ g6

Proof. (i) The Cech complex {CP(F, M),dP},>o begins with the terms for
p = 0,1 where we have explicitly

CO(]:,M) = H MHio and Cl(]-j/\/l) - H MHioNHiy
ig€el (’i(),il)EIQ
ig<iy
The differential d” : C°(F, M)—C!(F, M) is given by
(d°8)ig,iy = iy — Sig-

Let s = (s;)ier € CO(F, M) = [[;c; M™; then ds = 0 if and only if s;, =
s;, for all 49,41 € I. Hence the kernel of dO is the submodule M HoH1..-Hn—1
embedded diagonally in [],.; M*:, as required.

(ii) and (iii). The Cech complex {Cp(]:,/\/l),dp}pzo ends with the terms

3 (F, M) en- 2(F, M) en- YF, M) C”(]-" M) = 0.

We have explicitly

CHE M) =TI seme MU= fu o one2(E My = [ MG
i0<i1]<...<ip_3

CrY(F, M) = M=o

The stated results follow from this. O

Hj

C(F,M) = 0.

Vanishing of the group H[X,/X (F, M) when G is abelian

(5.5.8) Put

n—1
— ﬂ H;
j=0
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and

G; = ﬂ H; for all ¢.

0<j<n—1
J#i

5.5.9. Proposition. Suppose the group G is abelian. Let M be the sheaf on
[X'/X] associated to the group algebra R[G]. Then we have
rrn—1

if and only if for every residue field characteristic p > 0 of a maximal ideal of
R and every subgroup J of G such that J 2 Hy, and G/J is cyclic of order
prime to p there is i such that G; C J and |G;/H| is prime to p.

Proof. We have by proposition 5.5.7(iii) that
rrn—1
H[X,/X](]:,M) =0

if and only if

n—1
R[G)= =" R[G|%
j=0
As R[G])">~ = R[G/H,], we obtain that H{;;,}X] (F, M) =0 if and only if
n—1
R[G/Hu] =Y RIG/Ho]%/ .
7=0

Hence we may reduce to the case where Ho, = {1}.
The proof of the proposition is now the combination of the statements
LILIII below.

(I) If 9 is a maximal ideal of R[G] and H is the kernel of the induced group
homomorphism G — x(9M)* then G/ H is cyclic of order prime to the charac-
teristic of k(m) where m = RN M.

For the proof, let 9 be a maximal ideal of R[G]. Then m = M N R is a
maximal ideal of R and the residue field x(97) is a cyclotomic field extension
of k(m). Let p be the characteristic of k(m). The images of the elements of G
in k(M) under the homomorphism R[G] — k(9M) are roots of unity of order
prime to p; furthermore, the image of G in k(9M) is a cyclic group of order
prime to p. It follows that

H = ker(G — (0N)*)

is a subgroup of G for which G/H is cyclic of order prime to p.
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(IT) Suppose that there is a maximal ideal m of R and a subgroup H of G for
which G/H is cyclic of order prime to the characteristic of the residue field
k(m). Then there is a maximal ideal 9 of R[G] such that MN R =m and H
is the kernel of the induced group homomorphism G — £(90)*.

Let n be the order of G/H. Then there is a primitive nth root of unity
¢ in the separable closure of the field k(m). Let L be the field x(m)(¢). Let
g € G be an element whose image in G/H generates the cyclic group G/H.
Define a homomorphism of groups f : G — L* via the recipe ¢g"h — (", for
all » € Z and all h € H. Then the kernel of f is equal to H and f extends to
a homomorphism of R-algebras

fYRIG) — L, g he (7

which is a composite of the form R[G] — x(m)[G] — L. The kernel of f* is a
maximal ideal 9 of R[G] such that M N R =m and H = ker(G — x(IM)*).

(IIT) We have
Hi'G ) (F M) =0

if and only if for every maximal ideal 9 of R[G] there is ¢ such that
G; Cker(G — k(9M)*) and the integer |G;| is not divisible by the character-
istic of x(9M).

Put

= Z g for all i;

geG;
thus we have e; € R[G] for all i and e; R[G] = R[G]%:.
From the first part of the proof, we evidently have

HiG 3 (F, M) =0

if and only if Z _0 e; R|G] is not contained in any maximal ideal of R[G].

Let 9 be a maximal ideal of R[G] and H be the kernel of the induced
group homomorphism G — x(9)*. Let p be the residue characteristic of 1.
We have e; € M if and only if either that G; € H or that G; C H and |G;] is
divisible by p. Hence we have

MY eRE=me Y |GIRC)

G,CH

It follows that
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if and only if for all ¢ the order |G;| is divisible by p whenever G; C H, as
required. O

Molecules and atoms

5.5.10. Definition. A finite family of subgroups {I;},cr of G is a molecule
if the subgroups

A= (1, foralliel,
J#i
satisfy the condition that for any finite subset S of I, where S # I, we have

<{Ai}tiens >= m Iy
jes

where < {A;};cng > denotes the subgroup of G generated by A; for all

iel\S.
The subgroups A;,i € I, are the atoms of the molecule {I5};c;.

5.5.11. Examples. (i) If {I}};cs is a molecule of G where the I'; are normal
subgroups of G for all i € I then the atoms A; of {I';};c1 are normal subgroups

of G and we have
II2a=Nn
ieI\S jes

for any finite subset S of I, where S # I.

1 the tamily of subgroups {/1;ticr 0 satisfies I; = I’; for all 7,7 then
(ii) If the family of subgroups {I}}icr of G satisfies I; = I for all 4, j th
{I;}ier is a molecule whose atoms are equal to I for all i.

(iii) If {I}}ier is a molecule of G and I’ is a subset of I then {I}};cp is a
molecule.

(iv) Suppose that G is vector space of dimension n over a field L and that
{I;}icg is a family of distinct codimension 1 subspaces of G where E is a
finite set. Then the following conditions are equivalent, as may be checked,

a) {I; }icp is a molecule of G

b) |E| < n and dimy, ((V;cq I3) =n — |S] for all finite subsets S of E;

¢) |E| < nand dimg (e i) =n — |E|;

d) if v; € Homp (G, L) are elements of the dual space such that the kernel
of v; is equal to I for all i € F, then the elements {v;};c g are linearly
independent.

(
(
(
(
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(v) Let E be a finite set and X' (E) be the symmetric group of permutations
of the elements of E. For E/ C E let X(E’) be the subgroup of X(FE) of
permutations which fix all elements of E'\ E’.

Fix an element e € F and let Iy,...I,_1 be subsets of F such that

I,NI; ={e} forallr#s, and |I,| >2 forall r.

Put forallr=0,...,n—1

L:UQ

SFET

Then {X(J,)}r=o0,...n—1 is a molecule of X'(E) whose atoms are the groups
X(I.),r=0,...,n—1.

[For the proof, let S be a subset of N = {0,1,...,n — 1} distinct from N.

Put
L= 2.
ses

It is clear that

m E(Js) :E(m Js)

seS seS
Furthermore, we have
Ns=U &
ses reN\S

Hence we obtain

The group H =< {¥(I,)}ren\s > is a subgroup of X. The group H is gener-
ated by transpositions, as each group X(I,) is so generated, and H contains
at least one transposition as |Y(I.)| > 2 for all . Furthermore, the group
H acts transitively on the set UTeN\S I, as we have I, N Iy = {e} for all
r # s. It follows that H = X' (by [S3, Lemma 1 p.139]); hence {X(J,)}ren is
a molecule of Y (FE). As

ﬂ J. =1, for all s,
r#s

the atoms of {X(J,)}ren are the groups X' (I,.),r € N, as required.]
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The homology complex {C;,d;}jen

(5.5.12) Let I be the set of integers {0,1,...,n — 1}. Let I" be a finite group
and [y,...,I,—1 be normal subgroups of I'. We write

Ligiy..ix
for the normal subgroup of I" given by the product

Lo ... T

U *

(5.5.13) For any left R[I']-module N, and any integer j such that 0 < j <n—1
let Cj = Cj({Fi}iGIa N) be the module

ULy M) =[] NTenes,
0Sip<ipp3<n—1
for all k

Put
Ci({Ii}ier,N) =0 forall j > n.

Put
Co1({li}ier, N) = NToOO 0oy,

An element of Cj, for 0 < j < n — 1, is a family of elements m =

{mlio)} ociy <oy <n1 where for all ig < ... < i;
for all k

m(loly) c Nr'ioil---ij_
Define the lower numbering of the element m = {m(io'”ij)}Ogik<ik+1§n—1
for all k
of Cj, for 0 < j <n—1, by

— oy I\{ko.-ckn—j 2}
Mko...kp_j_o = M 7

forall 0 <ko <k <...<kp_j_o<n-—1, where I\ {ko...kn—;j—2} denotes
the j+ 1-tuple of elements iy < i1 < ... < 4; of I such that i, # k, for all r, s.

(5.5.14) Define a differential d; for all j > 0
dj : Cj — Cj_l
in terms of the lower numbering by the formula

n—j—1

(di(m))i = Y (=1)*ma.

k=0
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We put d; = 0 for all j > n and dy : Cp — C_; is defined by the previous
formula where the group C_; is equal to

C_y = NTonin..0loy

In particular, if n = 1 then d_; : N'0 — N0 is the identity map. It is easily
checked that d; o dj11 = 0 for all j and hence {C},d,;} en is a homology
complex.

(5.5.15) Let H;({I}:, N) be the homology of this complex, that is to say
H;({Ii}i, N) = Ker(d;) /Im(dj11).

This is defined for all j € IN.
We evidently have that

R[I')-mod — R -—mod
N H;({I3}i, N)

is a covariant functor from the category of R[I']-modules to the category of
R-modules.

5.5.16. Proposition. For any R[I']-module N we have
Hy_o({Ti}ier, N) =20 if n>2

and )
H, 1({li}ier, N) =0 if n>1.

Proof. That part of the homology complex {C;}; for j=n—1,n—2,n—3is
the short complex

dn—1 . . dn_2 . .
NTotn—1 973 I | Nonzl...zn,z ns I | Nonzl...zn,s
0<ip<ipyq<n—1 0<ip<ipyq<n—1
for all k for all k

. T X .
where, if n = 2, the last term [Jo<ij, <ijyy<n—1 N"7071n=3 js understood to be
for all k

equal to . It is easily checked that this complex is exact in
the middle (this is similar to the proof of proposition 5.5.7(i) by taking H; =
I i L ). Furthermore, the first homomorphism of this complex is clearly an
injection, whence the result.0

NF()ﬂFlr‘l...ﬂanl
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5.5.17. Proposition. Suppose that {H;};c; is a molecule of G with atoms
{Gi}ier. For any R|G]-module M with associated sheaf M on the site [X'/X],
we then have an isomorphism of complexes, where F is the filter associated
to {H;}ier (asin (5.5.4))

{C;({GiYier, M), dj} = {C"*7(F,M),d" ">/} for 0<j<n—2.
In particular we have isomorphisms for all j =0,...,n— 3

H;({Gi}i, M) = H{\G 7 (F, M),

Proof. As the family {H;};=o,.. n—1 is a molecule, for any finite subset S of
I, where S #1={0,...,n— 1}, we have

II ¢i= H;

i€I\S jes

The Cech complex of the filter F : C(I)** — [X'/X], as in (5.5.4), takes
the form

crF M= [ rEom= [ M-t

ierp+1 jerp+1
ig<i1<...<ip ig<i]<...<ip
Hence we have
G’.
Cp(]-'7j\/l) = H MHiEI\{z‘O,il ,,,,, ipy ¢
icrpti

ig<iy]<...<ip

Hence the complex C;({Gitier, M) defining the homology group
H;({G;}icr, M), for 0 < j < n — 2, is isomorphic to the Cech cohomology
complex

C" 3 F M) = C" P (F M) = C I F M) —

We have then for all 0 < j < n — 2 the isomorphisms for any R[G]-module M
with associated sheaf M on [X'/X]

H;({Gi}ier, M) = HI\, 3 (F, M), O



5.5 Group rings and Cech cohomology 155

Vanishing of the group H[’fX,/X} (F,M) for 1<k <n-—2

5.5.18. Definition. A family {G;};c; of subgroups G; of the group G is
admissible, with respect to the ring R, if it satisfies the two conditions:

(i) Gj, for all i € I, are normal subgroups of G which are pairwise central
(i.e. for all g € G;, h € G; where i # j we have gh = hg).

(ii) the order of the kernel of the homomorphism

fiGoXGlx...XGn,1—>G, (go,...,gnfl)Hgogl...gn,1

is a unit in the ring R.

5.5.19. Proposition. Suppose that the family {G;};cr of subgroups of G is
R-admissible. Then we have

H,.({Gi}ier, R[G]) =0 for all k> 0.

The next corollary follows from propositions 5.5.17 and 5.5.19.

5.5.20. Corollary. Suppose that

(1) {H;}jer is a molecule of normal subgroups of G with atoms {G;}icr;

(ii) the family of subgroups {G;}icr of G is R-admissible.

Let M be the sheaf on the site [X'/X] corresponding to the module R[G].
Then we have

H[’fX,/X](]:,M)ZO for all 1<k<n-2. 0O

Proof of proposition 5.5.19. Let G’ be the subgroup of G generated by the
atoms Gy, ...,Gnp—1. Then G’ is a normal subgroup of G and {G,}cs is also
an R-admissible family of subgroups of G’. As R[G] is a finite free R[G']-
module we then have

H;({Gi}ier, RIG)) =0
if and only if

H;({Gi}ier, RIG']) = 0.

Hence we may reduce to the case where G' = G.
Put
G(’ﬂ) :GO X G1 X ... X anl-
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Let K be the kernel of the group homomorphism G(n) — G given by

(905 -+, 9n—1) — 9091 - - - Gn-1-

Put
ex = Zg € R[G(n)].
geK
As |K| is a unit of R (by (5.5.18)), the element ex /| K| belongs to R[G(n)].
Furthermore, ex /| K| is an idempotent of R[G(n)] and we have an isomor-
phism of left R[G(n)]-modules

CK ~
RG] = R(G].
As ek /| K| is an idempotent, the module R[G] is a direct factor of R[G(n)] as
a R[G(n)]-module.
We write M for R[G(n)] as an R[G(n)]-module. As {G;}icr is an R-admissible
family of subgroups of G(n) and as the module R[G] is a direct summand of
the R[G(n)]-module M, to prove the proposition it suffices to show that we
have

f{j({Gi}iej,M) =0 for all] Z 0.

w=Y o

9eG;

then e; is an element of R[G(n)]. Put

Put forallie I

G(n—l):Gl XG2 X ... XGn_l.
If n =1 then the homology complex C;({G;}icr, M) takes the form

dy

.0 =5 0 — dy

MG S MG

where dj is the identity (see (5.5.14)). Hence we have if n = 1 then
Hj({Gi}ieI,M) ~( for all j > 0.

Hence the result is true for n = 1. We now prove the proposition by induction
on n; the induction hypothesis is that for

J={1,2,...,n—1} =1\ {0}
we have
Hj({Gl}ZEJ,R[G(’I’L — 1)]) =0 for allg Z 0.

As M is a finite free left R[G(n — 1)]-module, this induction hypothesis is
equivalent to )
H;({Gi}ics, M) =0 forall j >0.
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By proposition 5.5.16, we have
H;({Gi}ier, M) =0 for j=n—1and n— 2.

We now consider the group H;({G;};cr, M) where j <n — 3.
Let v : M — M be the projection homomorphism of R[G(n — 1)]-modules
given by, where g; € G; for all 4,

y: M — M
(90,---y9n-1) — €0(90,92 -+, Gn—1) if go=1
(g0a"'agn71) = 0 if go#l

Then the image of v is the submodule egM. Note that v is not a homomor-
phism of R[G(n)]-modules. The homomorphism of R[G(n — 1)]-modules

f=id—vy:M—-M

has kernel equal to eg M.

As in (5.4.44), let C(I)3't; be the set of p + 1-tuples (ig,...,%p) of ele-

ments of I such that iy < i1 < ... < ip; define similarly C(J)gl_ﬁl. A cycle in
H;({G;}ier, M) is given by an element of the kernel of
dj - C;({Gi}Yier, M) — Cj_1({Gi}ier, M).
Thus a homology class in H;({G;}icr, M) is given by an element
m = (mi)ieC(I);‘jilfj € Ci({Gi}ier, M)

such that for all i € C(I)2!*

n—j
n—1—j

Z (—l)kmgkl =0

k=0
We write

e(iv iz, vim)= [ ex
k#i1,82,...,im
We then have, for i € C(1)a*,
m; € e(i)M.

as
m; € NFI\{'iOil-'-in—ij}'

We may write
m;i = e(i)y;
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for all i where y; € M. Then we have for all i € C/(I)2!*

n—j

n—1—j

3 (—1)Fe(Sii)ys,i = 0.

k=0

The map f: M — M has kernel egM. In particular, we have
fle(i)M) =0

whenever i = (ig, ..., %) satisfies i # 0 for all k. Under f, this system of
equations becomes: for all i € C(I)3" ;

n—1—j

_Z §k1)y§k,) =0.

k=0

But f(e(dxi)ys,i) = O unless i contains 0. That is to say the only terms
contributing to this sum Y7~ 77 (=1)* f(e(dxi)ys,i) are those for which i =

(0,41,49,...,in—1—;) and for Wthh k > 0. That is to say the system becomes
for all i= (O,j) e C(I)a";, where je C(J)a |, as f is R[G(n — 1)]-linear
n—1—j

(=1)*e(0ki) f (y5,.1) = 0.

k=1
But this is a cycle ¢ = {e(0,j)f(yo;)}; in C;({Gi}tices, M). By induction
we assume that §
Hij({Gi}ies, M) = 0.
Hence c is in the image of the map
djt1: Cit1({Gities, M) — C({Gitics, M).

That is to say for all j € C(J)2!

n—2—j
n—3—j

Z (_l)kg5kj'

k=0
Hence we have for all j € C’(J)Zlig_j

n—3—j
6( yO,J Z g5kj
k=0

where
gs,j € e(0,0xj) M
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We may then write
9515 = €(0,0k))Psy j

for elements ps,; € M and hence

n—3—j

e(0,3)f(woj) = > (=1)*e(0,6k)ps,

k=0
But by definition of f we have
fyi) = yi — eows

for all i where 2; € M. Hence we have for all j € C(J)a!

n—2—j
n—3—j
e(0,3)yo5 = eoe(0,j)zog + Y (=1)"e(0,8xi)ps,;-
k=0
Put for all j € C(J)2",_;
n0,j = To,j
and put for j € C(J)?Llil_j
7” :<—pj
This defines an element {e(i)ni}i € C;({Gi}ier, M). Then we have for all
Je C(J)?Ll£2—j
n—2—j
e(0,9)yo5 = Y (—=1)*e(6k(0,3)ns,(0,5)-
k=0
That is to say for all i = (0,j) € C(I)3*, _;, where j € C(J)2*",_;, we have
n—2—j
e(i)yi = (=1)*e(di)ns,i-
k=0
Suppose that i € C(I)2t 1—j where i = (ig,i1,...,in—2-j). Ilf ip = 0
then we have shown that e(i)y; = Z;g_j(—l)ke(éki)n(;ki. Suppose then that

10 > 0. We put

h = (0,j) € C(1)&"; where j=ie C(J)"

n—1-j-*
Then we have from this system of equations

n—1—j

Z (=1)*e(drl)ys,1 =0, forallle C’(I)Zlfj,
k=0
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that
n—1—j
Jy; + Z e(0xh)ys,n = 0.
Hence we have -
n—1—j
eGyi=— Y (=1)*e(dxh)ys,n
k=1
n—1—j n—2—j
)F > (=) e(8i6kh)ns,s.n.
k=1 1=0

Here in the double sum there is a cancellation of terms with { > 0 and there
only remains the terms with [ = 0. Hence we have

n—1—j
eyi=— Y (=1)*e(Sodkh)nssn
k=1
n—2—j
== > (=1 e(dkj)ns, -
k=0

That is to say we have

n—2—j

2—
Z e(0kj)ns,j-

k=

o

This shows that the element m € C;({G,}ier, M) lies in the image of

djy1: Cir1({Gitier, M) — C;({Gi}tier, M).

Hence we have §
H;({Gi}tier, M) =0

as required. O

Universal exact sequences, universal submodules

5.5.21. Definition. (i) A submodule N of an R-module M is a universal
submodule if for any R-algebra S the induced homomorphism of S-modules
N®r S — M ®g S is an injection.



5.5 Group rings and Cech cohomology 161

(ii) Let
f3 f2 f1
Az = A = A1 > A
be an exact sequence of R-modules. Then this sequence is universally exact if
for any R-algebra S the sequence

AsopsS 8 Ayors P9 A ors T8 Ay9r S

is exact.

5.5.22. Remarks. (1) Let N be an R-submodule of M. For N to be a universal
submodule of M it is sufficient that M /N be a flat R-module or that N be a
direct summand of M. The module N is a universal submodule of M if and
only if for any R-algebra S the induced homomorphism

Tory (M/N,S) — N®pg S

is zero.
The zero submodule and M are both universal submodules of M.
(ii) Let
f3 f2 fi
Az = Ay = A = A

be an exact sequence of R-modules. Then this sequence is universally exact if
and only if A;/fi+1(Ai+1) is a universal submodule of A;_; for all 4 > 1.
(iil) Let
LN VARECOS VAL VA

be a universally exact sequence of R-modules. Let My be the cokernel of
fo: My — My and let f; : M7 — My be the natural surjection. Then

fa f3 f2 f1
(5.5.23) . S5 My S5 My S5 My > My — 0
is a universally exact sequence of R-modules.

[For the proof, let S be an R-algebra. By remark (ii) above, to show that

the augmented sequence

LS VNN VAR VLA VAL
is universally exact it suffices to show that M;/fa(M3) = My is a universal
submodule of My and that fo(Mp) = 0 is a universal submodule of 0. But this
is the case by remark (i) above.]
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Corollaries of proposition 5.5.19

5.5.24. Corollary. Suppose that {G;}ics is an R-admissible family of sub-
groups of G. Put

n—1
Goo =) G
j=0
Then we have the universal exact sequence
(5.5.25)
0 — R[G]C0C1-Cn1 H R[G]H#io 9 _ H R[G}H#m,n G,
o€l (ig,i1)el?
ig<ii
H R[G]Hj#io,il,...,ip Gj N HR[G]Gz N
[ ip)erpt+i1 el
ig<i]<...<ip
RIG Goo
R[G}G‘x’ — 5] —0
ZR[G]Gz
el

Furthermore, Y_._; R[G]% is a flat R-module.

el

Proof. Write G for {G;}icr. Let S be an R-algebra. For any Z[G]-module M,
let C(G, M) be the homology complex defined in (5.5.13).
For any normal subgroup H of G, we have natural isomorphisms of S[G]-

modules
(RIG1") ®r S = S[G)H.

All chain groups Cx (G, R[G]) are direct products of modules of the form R[G]#
where H runs over a set of subgroups of GG. Hence we have isomorphisms of
complexes

{C(G, RIG]), dj}j>—1 ®@r S = {C;(G, S[G]), d;}j>-1.

As {G;}ier is an R-admissible family of subgroups of G, it follows that
the family {G,;};er is S-admissible. By proposition 5.5.19, the homology of
the complex Cy(G, S[G]) satisfies Hx(G,S[G]) = 0 for all & > 0. Hence the
complex {Cx(G, S|G]),dk}ken for k > 0 and where C,(G, S[G]) = 0 for all
p > n — 1, becomes an exact sequence of S-modules

0 — Cn-1(G, SG]) — Cn—2(G, S[G]) — Cn—3(G,S[G]) — ...
.. — Co(G,S8[G]) — H_1(G, S[G]) — 0.
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This exact sequence is isomorphic to
0— Ch-1(G,R[G])®r S — Cpn—2(G, R[G])®r S — Cpn—3(G, R[G])®r S — ...
.. — Co(G, R[G]) @r S — H_1(G,S[G]) — 0

Hence the sequence of R-modules
0— Cn—l(g7 R[GD - n—2(g7 R[GD - ’ﬂ—3(g7 R[G]) -

.. — C1(G,RIG]) & (G, R[G))

is universally exact. The cokernel of the homomorphism d; here is

(see (5.5.15))
~1(G, R[G)) = RIG|%~ /Y RIG]“

el

It follows from remark 5.5.22(iii) that the sequence of R-modules
(5.5.26) 0— C,,-1(G, R[G]) — Cr—2(G, R[G]) — Cn—3(G, R|G]) —
L= CO(Q,R[G]) — H_l(g,R[GD —0

is universally exact and furthermore that there is an isomorphism of S-
modules

_1(G, R[G)) ®r S = H_1(G, S[G)).

The definition of the chain groups C;(G, R[G]) as direct products of mod-
ules of the form R[G] where H runs over a set of subgroups of G (see (5.5.13))
combined with the exact sequence (5.5.26) gives the exact sequence (5.5.25),
as required.

The image of the homomorphism [],.; R[G]® — R[G]%> from the exact
sequence (5.5.25) is precisely the submodule Y, ; R[G]%:. Hence we may
shorten this universally exact sequence to the universally exact sequence of
R-modules, by remark 5.5.22(iii),

(5.5.27)

0 — R[G|F %~ — T] RIG L € 11 Rl Lson @

ig€l (ig.i1)€I?
i0<i1

= J[RIGI% = > RIGI% —o0.
i€l iel
This is a resolution of 3, ; R[G]®* by finite free R-modules; hence tensoring

this universally exact free resolution (5.5.27) with — ® g .S for any R-algebra
S we obtain that

Tor?(z R[G]%,8) =0 for all j > 1.
i€l

Hence >, ; R[G]% is a flat R-module. O
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5.5.28. Corollary. Suppose that
(i) {H;}jer is a molecule of normal subgroups of G with atoms {G;}icr;
(ii) the family of subgroups {G;}icr of G is R-admissible.

Put .
Goo =) G
j=0

Then we have the universal exact sequence of R-modules
(5.5.29)

0 — R[G)HoHrHn-1 _, H R[G]"0 — H R[G)HiMi

o€l (ig,i1)el?
i0<i1

.= [[RIGI° - R[GI° — RIG9~/> R[GI° — 0.

icl el

Proof. This is an immediate consequence of the previous corollary 5.5.24 and
that {H,};ecr is a molecule of normal subgroups of G with atoms {G, }icr. O

5.5.30. Corollary. Assume that {G;};cr is an R-admissible family of sub-
groups of G. Put for all i # j

=Y hoand e;= Y h

heG; heG;G;

Let s; € R[G]%, fori=0,...,n — 1, be elements such that

n—1
j{:si::O.
i=0
Then there are elements
n) € RG], for all 0<i,j<n—1,i#j

such that
(a) n»9) = —nUA for all i # j;
(b) s; = Zeijn(i7j) for all i.
J#i
Furthermore, let f; : G — G/G; denote the canonical group homomorphism.
Then we have s; = e;ig;, where g; € RG], ef,(c;) = Xpes, )t € RIG/Gil,

and N
filg) = epiay fitn™ ) for all i,j.
J#i
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Proof. The result is trivial for n = 1. We may therefore assume that n > 2.
Write G for {G;}icr. From corollary 5.5.24, the homology complex
{Cx(G, R[G]), di } rew becomes an exact sequence

0 — Cn-1(G, R[G]) — C,—2(G, R|G]) — C,—3(G,R[G]) — ...
..— Cu(G, R[G]) — C_1(G, R|G]).

The terms for k& = —1,0,1 give precisely the exact sequence,
where G = ﬂ?;olGi,

(5.5.31) [I RGeS & T[RIGIS % RIGIS~.
(ig.i1)€r? el
19<ty

By definition the chain group Cy(G, R[G]) is given by

Co(G, RIG)) = [[ RIG)?".

icl
Define an isomorphism
n—1
mo RGOS~ Co(G, R[G))
j=0
(SO>~-~73n—1) — (80,—81,82,...,(—1)i8i,...,(—1)n_18n_1).

Then we have that m(sg,...,$,—1) is a cycle of Co(G, R[G]) if and only if

Z?;Ol S; = 0
Suppose then the elements s; € R[G]% satisfy Y, s; = 0. We write

Ann(e) = {z € R[G] | ze = 0}

for the annihilator ideal of an element e of R[G]. The G-module R[G] is
cohomologically trivial hence we have

e;R[G] = R[G]™¢ for all i.
By the exact sequence (5.5.31), there are elements t(»7) € R[G]% %, for all
1 # j, such that
5= 3 )
A

and N N
t@) = —t09 for all i # j.

As we have
R[G)% % = e;;R|G] for all i # j
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there are elements ¢("/) € R[G] such that
t09) = ;¢ for all i # j.
As t(+9) is antisymmetric in 4, j, we obtain
¢ + ¢ € Ann(es;).
plisd) — C(m) + C(Jal) € Ann(e;j)
and put
i) — [0 =000, it i <
¢ if i > j.
Then we have N
S = Z eijn(”) for all 7
J#i
and N N
n) = —pUD for all 4 # j.

This proves the first part of the corollary.
For the last part, we have

€ij = Z Z gh =¢; Z h;

9€G; heG;/G;iNG; heG;/GiNG;

€igi = ez[z Z hn(h])]

VE) hEGj/GiﬁGj

hence we obtain

therefore we have
gi — [Z Z hn(i7j)] € Ann(e;).
Jj#i heG;/GiNG;
As Ann(e;) is just the augmentation ideal of G; (see remark 5.5.32(i) below)

we obtain N
flg) = £ > )

JFi heGj /G’,iﬁGj

- Z Z fi(h)fi(ﬁ(i’j)) = Z efri(Gj)fi(n(i7j)). O

JFi hGGj/GinGj J#i
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5.5.32. Remarks. (i) Let Iy be the augmentation ideal of a normal subgroup
H of G in R[G]
I =Y (h—1)R[G].
heH
The cohomological triviality of R[G] implies that the annihilator ideal of ey =
> hem 9 in R[G] is equal to Iy.

(ii) With the notation of corollary 5.5.30, let
n") e RG], forall 0<i,j<n—1,i#j,

be any elements such that (%9 = —nU4 for all 4,5. Then the elements
h; € R[G] given by
hi = Z 6”77(2’]), for all 2.7
J#i

obviously satisfy

and
h; € e;R[G] for all 4.

Thus the corollary 5.5.30 gives the general solution of the equation ), e;g; = 0
in the group algebra R[G] under the hypothesis that {G; }ic; be R-admissible.

(iii) If R is a field whose characteristic does not divide |G| and Gy, ...,G,
are normal subgroups (not necessarily pairwise central) of the finite group G
then representation theory shows that the conclusion of corollary 5.5.30 still
holds for R[G] that is to say if s; € R[G]® are elements such that >, s; = 0
then there are elements 7(*) € R[G]%Ci, antisymmetric in 4,7, such that
si = ;2;n") forall i. .

[For the proof, let M be a simple left R[G]-module. Then for all i the
R-submodule MY is an R[G]-submodule of M, as the groups G; are normal
in G. Hence for all i we have either M% = M or M% = 0. It follows that
the conclusion of corollary 5.5.30 holds for the simple R[G]-module M, that is
to say if s; € M are elements such that ZZ s; = 0 then there are elements
n»7) € MG antisymmetric in 4, j, such that s; = Zj# 79 for all i. As
the characteristic of the field R does not divide |G|, the group algebra R[G] is
a semi-simple R[G]-module. Hence the conclusion of this corollary also holds
for R[G] itself.]

(iv) If G is an abelian group, we give an example where the corollary 5.5.30
would become false without the hypothesis that the order of the kernel of the
homomorphism [[, G; — G be a unit of the ring R.
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Let G be the group Z/pZ x 7Z./pZ where p is a prime number > 3. Let 21, z2
be generators of G. Let G;, i = 1,2, 3, be the cyclic subgroups of order p of
G given by

Gl =< >, G2 =< T >, G3 =TT > .
Let R be a field of characteristic p and in the group algebra R[G] we put

ei= Y h, fori=123
heG;

Then there are elements g1, g2, g3 € R[G] such that

3
> eigi =0
i=1

but e1g; is not an element of R[G]%1¢2 4+ R[G]%1¢5.

[Put
m=z1—1L,m=x2—1

and put
1= (22— 1P + (22— 1P, go = —(21 — 1)P72, g3 = (21 — )P
The group algebra R[G] is R-isomorphic to

R, ma]/ < nfmy > .

In particular, it is an artin local ring with residue field R. We have

=t es = (mme o )P

er =1y
The elements g; are given by

1 2

—92 _ _
GL=15 15 . ga=—gs=—-n .

Hence we have

3

—1, p-2 _1 —1 p-2 ~1, p—2
E eigi =n My Ay ) —nh T+ (e A+ + m2)P
=1

p—1 ) )
C N ) i { SO (1 + nz))’ng_l_z}ni’_z
1=0

~1, p—2 -1 —1 _p—2 —1 _p—2 —2 p-2
=y AT =y T T T T = (L + )y T =0,
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We have G1Go = G1G3 = G hence we obtain
RIG)%'% + R[G)*“* = R[G]% = Rof "'y ",
Furthermore, we have

—1 —2 —1
etgi=mn; (m5 ~+mny ).

If e1g1 were an element of R[G]¢192 + R[G]91% we would have for some r € R

that

2 1

—1 p— —1 p—
moom =Tnyony

which is impossible. Hence e1g; ¢ R[G]%1¢2 + R[G]%1%3 as required.]

5.6 Group cohomology; Kolyvagin elements

Let R[G] be a group algebra where R is a commutative ring and G is a finite
group. In this section we first consider sets of submodules of R[G] which
are the invariants under familes of subgroups of G. The set of relations of the
Heegner module are closely related to such submodules; in particular, example
5.6.3(5) is later applied to the Heegner module.

Second, we define Kolyvagin elements attached to cochains in the coho-
mology of the group G. Kolyvagin [K] considered special cases of our general
construction of Kolyvagin elements. Stickelberger elements [R] in the the-
ory of cyclotomic fields are also examples of Kolyvagin elements attached to
1-cochains.

The final part of this section on the cohomology of cocycles collects some
technical results on group cohomology that are required principally for the
computation of the cohomology of the Heegner module in chapter 6. The
reading of this final part from proposition 5.6.14 onwards may be omitted
until the relevant results are required for a reading of chapter 6.

(5.6.1) Let G be a finite group and R be a commutative ring.

Sieves of submodules

5.6.2. Definition. A sieve is a partially ordered set E in which every pair of
elements a,b of E has a least upper bound, written lub(a,b), and a greatest
lower bound, written glb(a, b).

[The usual terminology for such a partially ordered set is a lattice, but the
word lattice is used differently in this text; see [C, Chapters I and II] for more
details.
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5.6.3. Examples. (1) Let M be an R-module. The set of all R-submodules
of M is a sieve L(M) which is partially ordered by set-theoretic inclusion of
submodules. Let S be a set of R-submodules of M which is partially ordered
by set-theoretic inclusion of submodules. Then S is a subsieve of L(M) if and
only if it satisfies:

(a) the intersection of any finite set of submodules in S belongs to S;
(b) the sum in M of any finite set of submodules in S also lies in S.

We call such a set S of submodules satisfying the conditions (a) and (b) a
sieve of submodules of M.

(2) Let M be an R-module. The intersection of any collection of sieves of
submodules of M, as in (1), is also a sieve of submodules of M.

(3) Let M be an R-module. Let {M)}reca be a family of submodules M), of
M. Then, by (2) above, there is a smallest sieve of submodules o{M)}rca of
M containing all elements of the family {My}aca.

(4) Let A(G) be the set of all finite sets {Hy, ..., H,} of distinct subgroups
H; of the finite group G such that H; ¢ H; for all i # j. Define a partial
order < on A(G) as follows. If S, 52 € A(G) then S1 < Sy if and only if for
all Gy € Sy there is G € Sy with G1 D Gbs.

For any finite set of subgroups S = {G1,...,Gy} of Glet min{Gy, ..., G}
denote the set of minimal elements of S with respect to the inclusion order;
then we have min(S) € A(G) and any subgroup contained in S contains at
least one element of min(S).

The partially ordered set A(G) is a sieve. More precisely, for elements
Sl, Sy € A(G) where

Sl :{Hl,...7Hn} and SQZ{Gl,...,Gm}

with Hy, ..., H,,G1,. .., Gy, subgroups of G, we have that lub(S7, S2) is equal
to the set of minimal elements of the union of S; and Ss

lub(S1, S2) = min(S; U Ss).
Furthermore, glb(S7,.52) is the set of minimal elements given by
glb(S1,S2) = min ({< H,,Gs > | for all r,s}).

where < H,, G5 > denotes the subgroup of G generated by H, and Gj.
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(5) Suppose that {G,}i=o,... n—1 is an R-admissible family of subgroups of the

finite group G. Then we have for all integers m =0,1,...,n—1
m n—1 m n—1
O _RG¥)N( > RIGI%) =Y > R[GI%%.
i=0 j=m+1 i=0 j=m+1

[For the proof, put

m n—1
My =) R[G]% and My= Y  R[G|%.
i=0 j=m+1

Clearly we have the inclusion

m n—1
MinM; 2 > R[G)% .
i=0 j=m+1

Let x € M7 N M5. We put

62':297 €ij = Zg

g€eG; g€G;G;
We have
m n—1
T = E €iYi = § —€5Y;
i=0 j=m+1

where y; € R[G] for all i = 0,...,n — 1. Hence we have Z?;(} e;y; = 0. By
corollary 5.5.30, there are elements n(7) € R[G] antisymmetric in %, j, where
0<i4,5 <n—1,such that

€y = Z eijn(i’j) for all 7.

j#i
Hence we have
m m n—1
T = E €iYi = E E €ij7]( 9,
i=0 i=0 =0
i

As n*7) is antisymmetric in 4, 7, this double sum for z reduces to

n—1
€
i=0 j=m+1

@)

Hence we have
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‘We obtain the inclusion
m n—1
MinM, €Y > R[G)%
i=0 j=m+1

whence the stated equality of submodules.]

(6) Let S be the set of R[G]-submodules of R[G] of the form ", R[G]": where
H; are subgroups of G for all i. Let A(G) be the sieve of example 5.6.3(4). Let

f:AG)— S

be the surjective map of sets given by
i=1

where Hy,..., H, are subgroups of G.
If the group G is abelian of order which is a unit in R then S is a sieve of
R[G]-submodules of R[G] and f is a surjective homomorphism of sieves.

[For the proof, to check that S is a sieve of submodules of M, we only need
to verify the stability of S under finite intersections of submodules (example
5.6.3(1)).

Let S1,S2 be two elements of A(G). Then we have

Slz{Hh...,Hn} and SQZ{Jl,...,Jm}

where Hy,...,Hy,,J1,...,Jn are subgroups of G such that H; ¢ H; for all
i# jand Jp € Jy, for all h # k. Let

T=5N85

that is to say, T is the set of subgroups common to both S; and S;. Then we
have T' € A(G). Put S; = S; \ T for i = 1,2. Then we have

F(S1) N f(S2) = (£(S1) + £(T)) N (£(S3) + f(T)).

As 81,55, T are pairwise disjoint sets of subgroups and as any finite family of
subgroups of G is R-admissible, it follows from example (5) above that

F(S1) N f(S2) = f(T) + f(glb(S1, 5))-

We obtain that f(S1) N f(S2) belongs to S. It follows by induction that the
set of submodules S is closed under finite intersections and hence is a sieve of
R[G]-submodules.
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The map of sets f : A(G) — S is evidently surjective. It remains to show
that it is a homomorphism of sieves.

Let S = {Hi,...,Hyn}, S2 = {J1,...,Jm} be the two elements of A(G)
as above. Suppose that S; < S3. Then for all : = 1,...,n there is an integer
j, where 1 < j < m, such that H; O J;. It follows that

f(so:_ZR[G]Hi c ZR{GM‘ = f(Sa).

Hence the map f preserves the partial order on A(G) and on S and it may be
checked that f preserves least upper bounds and greatest lower bounds of the
sieves (using the formula above for f(S1)Nf(S2)); hence f is a homomorphism
of sieves.]

5.6.4. Remarks. (1) Suppose that G is a finite abelian group and R is the
rational field Q. Define an equivalence relation ~ on A(G) as follows. For
S| = {Hl,. . 7Hn} S A(G) and Sy = {Jl, . .,Jm} c A(G) we write S1 ~ So
if for every subgroup K of G such that G/K is cyclic then {K} < S; if and
only if {K} < Ss.

Let S be the set of Q[G]-submodules of Q[G] of the form ", Q[G]*: where
H, are subgroups of G for all 7. Let

FrAG) =S

be the surjective homomorphism of sieves given by examples 5.6.3(6). Then
f induces an isomorphism of sieves

AGQ)) ~ = 8.

[To prove this, the algebra Q[G] is a direct product of fields. Let m be
a maximal ideal of Q[G]. By proposition 5.1.5, the ideal m corresponds to
a subgroup J of G for which the quotient G/J is cyclic, namely, J is the
kernel of the induced group homomorphism G — (Q[G]/m)*. Let S € A(G).
There is a subgroup H, belonging to S which is contained in J if and only if
f(S) = > yes QIG]H is not contained in the ideal m. Hence Sy ~ S if and
only if the maximal ideals of Q[G] containing f(S;) are the same as those
containing f(Sz2). But every ideal of Q[G] is an intersection of maximal ideals;
hence Sy ~ Sz if and only if f(S1) = f(S2).]

(ii) The map f : A(G) — S of remark (i) is not necessarily an isomorphism of
sieves.

For example, suppose that GG is a non-cyclic finite abelian group; let S
be the finite set of all the distinct minimal subgroups of G different from
the trivial subgroup 0. Let the ring R be the rational field Q. Then we
have that S € A(G) and S ~ {0} by remark (i) above. Hence we have
f(S) = Q[G] = f({0}) and the map f : A(G) — S is not injective.
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Notation for the cohomology of finite groups

We introduce some standard notation for the cohomology of finite groups.
A module over a non-commutative ring is a left module, unless otherwise
stated.

(5.6.5) For any subgroup J of G and any R[G]-module M, let Coch™(J, M)
denote the module of n-cochains on J with values in M; that is to say, we
have

Coch™(J, M) = @5 M.
jen
Then Coch™(J, M) is a (left) R[G]-module isomorphic to a direct sum of a
finite number of copies of M. The R-module homomorphism
A" : Coch™(J, M) — Coch™ " (J, M) for all n

is given by the usual coboundary formula

1=n

@ (G152 9n) = 91F (g2, Gnr1)FD_ (=1 F(G1s- 2 GiGit1s s Gnrr) +

i=1

+(_1)n+1f(917 s 7gn)'

We have 9" 0 9"~! = 0 for all n. Hence {Coch™(J, M), 0" },en is a complex
whose cohomology is written H™(J, M).

(5.6.6) Write Cocy™(J, M) for the R-module of n-cocycles on J with values
in M; that is to say

Cocy™(J, M) = ker(9"™ : Coch™(J, M) — Coch™ "' (J, M)).
If the group G is abelian, the R-module Cocy™(J, M) is also a R[G]-module.
(5.6.7) Write Cob" (J, M) for the group of n-coboundaries on J with values in
M; that is to say

Cob™(J, M) =Im (0"~ * : Coch™ " (J, M) — Coch™(.J, M)).
If the group G is abelian, the R-module Cob"(J, M) is also a R[G]-module.
(5.6.8) The R[G]-module M is cohomologically trivial if for any subgroup J of

G we have _
H'(J,M)=0 foralli>1.

The R[G]-module M is universally cohomologically trivial if for any R-module
N equipped with a trivial action by the group G then the module M ®g N is
cohomologically trivial.
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For example, the module R[G] over the group algebra R[G] is universally
cohomologically trivial.

Kolyvagin elements

(5.6.9) Let S be an R-algebra and G be a finite group. Let eg be the element
of the group algebra S[G|] given by

GG:ZQ.

geG

(5.6.10) Let
Y: G — S

be an m-cochain in Coch™ (G, S) of G with values in S. Define the m — 1-
cochain Ey : G~ — S[G] by
Ey(92:---9m) = Z h=Y(h, g2,. .., gm) forall (g2,...,gm) € G™ L.

heG

The map 1 — Ey is a homomorphism of S-modules

E : Coch™(@G, S) — Coch™ (@, S[G)).

5.6.11. Definition. The element E, of Coch™ (G, S[G]) is a Kolyvagin
element attached to the m-cochain ¢ € Coch™(G, S).

5.6.12. Proposition. Let ¢ € Coch™ (G, S). Then the Kolyvagin element
E, is the unique cochain in Coch™ (G, S[G]), up to addition of an m — 1-
coboundary in Cob™~1(G, S[G]), such that

(0™ Ey)(9) gec — Z h~ )(h,g) for all g€ G™.
he@

In particular, if 1 is a cocycle in Cocy™(G, S) then Ey, is the unique cochain
in Coch™~Y(G, S[G]), up to addition of an m — 1-coboundary, such that

(0" Ey)(9) = ¥(g)eq for all g€ G™.
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5.6.13. Remarks. (i) Let G be a finite group and let ¢ : G — S be a homo-
morphism into the additive group of the R-algebra S. The Kolyvagin element
E, in S[G] is then given by

By =Y _ t(hh .
hed

This element satisfies
(9—1Ey =v¢(g)eg forall g e G.

(i) Kolyvagin [K] considered the following special case of a Kolyvagin element
defined above. Let n be a positive integer divisible by a prime number p. Let
IF,, be the prime field of order p and let G be a cyclic group of order n generated
by an element g. Let ¢ : G — I, be the homomorphism

g" — 1 (modulo p).

The Kolyvagin element Ey in F,[G] is then given by

n—1

E, = —ngr.

r=1
This element satisfies
(9" —1)Ey =reg. for all r.
(iii) Suppose that G is a direct product of finite groups Gu,...,Gy,. Let
v G — S

be homomorphisms as in remark (i) above. Let Ey, € S[G;] be the Kolyvagin
element attached to the 1-cocycle v; for all i. The map
Yv:G=Gy X ...Xx G — S
(917927 s 7gm) = Hz djl(gl)

is a multilinear homomorphism, that is to say it is a homomorphism with
respect to each factor G;. The element E,, in S[G] associated to the 1-cochain

¢ € Coch'(G, S) is
By =[]Ey =D b "(h).
i=1

heG

As we have the identity, where g =[]\~ g; and g; € G; for all i,

9—1:(91—1)ng‘+(92—1)Hgi+~-~+gm—1

i>2 i>3
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the Kolyvagin element E,, attached to the 1-cochain v satisfies

(9g—1Ey € Ze(;,iS[G] for all g € G.
i=1

Kolyvagin [K] also considers these elements E,, when the G; are cyclic groups
and S is the prime field IF,,.

(iv) Let m > 1 be an integer and let Q () be the cylotomic field extension of
the rational field generated by the mth roots of unity. Let G = Gal(Q(um)/Q).
Then there is an isomorphism (Z/mZ)* = G given by ¢ — o, and where o,
acts on primitive mth roots of unity by raising them to the cth power. Let
< t > denote the smallest real number > 0 in the residue class modulo Z of
a real number ¢. Let p be a prime number which does not divide m. Let p be
a prime ideal above p in Q(m). Let k be an integer such that k/(q — 1) has
order m in Q/Z. Let ¢ be the 1-cochain

Yv:G—Q, c—< .
The Kolyvagin element E, € Q[G] where

k
E¢ = Z < _Cl > (J'C_1
ce(Z/mZ)* q

is then a Stickelberger element. A fundamental result due to Stickelberger is
that the ideal p#, in a suitable extension field of Q(u,), is principal and is
generated by a Gauss sum [R1].

Proof of proposition 5.6.12. Let 1) € Coch™ (G, S). By definition of the m — 1-
cochain Ey : G™™! — S[G], we have for any element (g1,...,gm) of G™

(@™ Ey) (91, 9m) = 1By (92, -, gm)+
—1

(1) Ey(91,- 29595415 - gm) + (=1)™Ey(g1, ..., gm—1).
1

3

J

This is equal to

m—1
g1 Z h71¢(ha92a s 7gm) + Z (_1)] Z h71¢(h7gl7 < 959541, - - agm)
heG j=1 heG

+(—1)m Z h71¢(hagla s 7gm71)~

heG
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This expression equals, via a change of variables h — hg; in the first summa-
tion,

> T p(hg, g, gm)+

heG
m—1
Z { Z ]h 1’(/} h y 915 9595+15 - - - 7gm) + (—1)m1/}(h>91> .. ‘7g’m—1)}
heG j=1
=3 h—1{¢(h91,g2,...,gm)+
heG
m—1 )
Z (_1)]1/)(}17917 s 9595415 - - agm) + (_1)m77[}(hagla s 7gm1)}-
j=1

As 1 is an m-cochain of G with values in S, we have, putting go = h,

m—1
am¢(h>91>~-~79m) =¢(91>~-~79m +Z J 1'(/} h gl>"'79jgj+17"'7gm)
7=0

‘*‘(‘Umﬂiﬁ(h’ gi,--- 7gm—1)~
That is to say we have

m—1

¢(917-~-7gm Z ]1/) hgla"'agjgj+1""agm)+
7=0
(_1)m77[}(h’agla s 7gm71) - 6m77[}(hagla s agm)
Hence we have

(6m71E¢)(glﬂ st ’gm) = Z h71¢(gla e ’gm) - Z h716m¢(hagla e agm)

heG heG

== 6G¢(gla e agm) - Z h_lamd}(hagla e agm)

heG

as required.
Suppose there is cochain C' in Coch™ (G, S[G]) such that

(0™10)(9) = ¥(9)eq — Z h=to™(h, g) for all g € G™.
heG
Then the cochain C — E,; satisfies 9™~ (C — E,;) = 0. Therefore C' — Ey, is an
m — l-cocycle and as S[G] is a cohomologically trivial G-module, we obtain
that C — Ey is an m — 1-coboundary in Cob™ (G, S[G]) as required.
If ¢ is an m-cocycle in Cocy™ (G, S), then 0™ = 0 and the last part of
the proposition follows fom the first part. O
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Cohomology of groups of cocycles

5.6.14. Proposition. Suppose that G is a finite abelian group. Then for any
subgroups J, K of G we have an isomorphism of R[G]-modules for all p > 1
and ¢ >0

HP(K, Cocy?(J, R[G])) = HP*(J N K, R) ®r R|G/J].

Proof. Write Cocy?(J) for Cocy?(J, R[G]). We write Cob?(J) for the submod-
ule Cob?(J, R[G]) of n-coboundaries of J with values in the module R[G] (see
the notation (5.6.5) et seq.). We have the exact sequence of R[K]-modules

04
0 — Cocyl(J) — R[GIV" — Cob™(J) — o.

As R[G] is a cohomologically trivial G-module, we have
Cocy?(J) = Cob?(J) for all ¢ > 1.
We then have the exact sequence of R[K]-modules
0 — Cocy?(J) — R[G]"I" — Cocy?™1(J) — 0 for all ¢ > 0.
The long exact sequence of K-cohomology of this exact sequence is
0 — H(K,Cocy?(J)) — H°(K, R|G]"") — H(K, Cocy?™ (J)) — ...

— HP(K,Cocy?(J)) — H?(K, R[G]V!") — HP(K,Cocy? 1 (J)) — ...

As R[G] is K-cohomologically trivial we obtain isomorphisms for all p > 2
and all ¢ > 0

HP (K, Cocy?(J)) = HP~Y (K, Cocy?™ (J)).
From this we have isomorphisms
(5.6.15)
HP (K, Cocy?(J)) = H' (K, Cocy?™~1(J)) for all p>1 and ¢ > 0.

Furthermore, we have the short exact sequence, where ex = > gek 9

0 — HO(K, Cocy?(J)) — ex R[G]" — HO(K, Cocy?t(J)) —

(5.6.16) — HY(K, Cocy?(J)) — 0.
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An element f of Cocy?(J) is a map f : J? — R|G] such that 99f = 0. We
have that this cocycle f satisfies f € H(K, Cocy?(J)) if and only if

flg)h = f(g) for all h € K and all g € J9.

Hence f € H°(K,Cocy?(J)) if and only if f € Cocy?(J, ex R[G]). We obtain
the equality
HY(K,Cocy?(J)) = Cocy?(J, ex R[G]).

From (5.6.16), we then obtain the short exact sequence

94
0 — Cocy!(J,exR[G]) — exR[GIVI" — Cocy?™'(J exR|[G])

— H'(K,Cocy?(J)) — 0.

But the cokernel of the homomorphism
9% : ex R|G]" — Cocy? 1 (J, ex R[G])

is by definition the R-module H9"!(J, ex R[G]). Hence we obtain an isomor-
phism of R-modules

HY\(J,exR[G]) = H (K, Cocy?(J)).

This with the isomorphism of (5.6.15) shows that there are isomorphisms for
allp>land ¢>0

(5.6.17)  HP(K,Cocy?(J)) = H* (K, Cocy? 1~ 1(J)) = HPTI(J, ex R[G]).

As there is an isomorphism of R[G]-modules ex R[G] = R|G/K], we have
the Hochschild-Serre spectral sequence

H?(J/(J N K), H(J N K, R[G/K])) = H?*9(J,ex R[G)).

As R[G/K] is a finite free R-module on which J N K acts trivially, we have
isomorphisms for all ¢ > 0

HY(JNK,R|G/K]) 2 HY(JNK,R) ®r R[G/K].
Hence we have isomorphisms of R[G]-modules for all p,q > 0
HP(J/(JNK), HI(JNK, R[G/K])) = H?(J/(JNK), R[G/K])@rHY(JNK, R).

As R|G/K] is G/ K-cohomologically trivial we have H?(J/(JNK), R[G/K]) =
0 for all p > 1; hence we have

HP(J/(JNK),HY(J N K,R[G/K])) =0 for all p > 1.
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Hence the above spectral sequence degenerates and provides isomorphisms
Hp+q(J, ex R|G]) & HO(J/(J N K),Hp+q(J N K, R[G/K]))

~ HPT(JNK,R)®gr R[G/J].

The proposition now follows from this and the isomorphisms of (5.6.17). |

Cohomology of the submodule Z R[G]% of R[G]

5.6.18. Lemma. Let H be a normal subgroup of G. Let M be a universally
cohomologically trivial R|G/H]-module which is also a flat R-module. Let J
be a subgroup of G. We have isomorphisms of R-modules

Hi(J,M)= (M @z H(JNH,R)" for all i>0.

Proof. As M is a flat R-module on which J N H acts trivially, we have iso-
morphisms of R-modules

HI(JNH,M)=M®g H(JN H,R) for all j > 0.
The Hochschild-Serre spectral sequence

Eyl = H\(J/JNH,H’(JNH,M)) = H%(J,M)
then becomes the spectral sequence

HY(J/JNH,M ®gr H(JN H,R)) = H™(J,M).

The R[G/H]-module M @ g H?(J N H, R) is cohomologically trivial; hence we
have

HY(J/JNH,M®p H(JNH,R))) =0 foralli>0andj>D0.
Hence this spectral sequence degenerates and we obtain isomorphisms
H(J/JNH,M ®r H (JNH,R)) = H/(J,M) forall j >0

whence the result holds.O
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5.6.19. Proposition. Let {G;}ic;, where I = {0,...,n — 1}, be an R-
admissible family of subgroups of the finite group G.

(i) Let £ C I andt € I\ E. Then ), p R[G]% is a cohomologically trivial
R[G}]-module.

(ii) If R is a field then for any integer m > 0 we have isomorphisms

H™G,> R[G]%) = P Q) H"(Gi,R).

i€l r#0,. sy 170 i€l
ro+ri+.+rp_1=n+m—1

Proof. Let E be a subset of I. Then {G,}icg is an R-admissible family of
subgroups of G (see definition 5.5.18). Put

Goo = [ Gs-

JjEE

As the family {G,}icg is R-admissible, by the exact sequence (5.5.25) of
corollary 5.5.24 we obtain the universal exact sequence

ig Gj j#ig.i1 Gi
O—>R[ zeE 'i—> HR J;éEO ]—> H R[G}H ;jEOEl J—>,,,

wEE (ig.i1)€E?
ig<iy
oo H R[G]% — ZR[G]Gi —0
S i€l

which is obtained from the exact sequence (5.5.25) by replacing the penulti-
mate homomorphism [, R[G]¢" — R[G]®> by its image which is the sub-
module >°,_ » R[G]¢. This sequence is universally exact by remark 5.5.22(iii).

This previous exact sequence is precisely the exact sequence (see (5.5.12)
and (5.5.13)) where we write Gg = {G, }icp and m = |E|

0 — Com1(Gi, R[G)) = Cin—2(Gr, R[G]) ... Co(Gr, R[G]) — > R[G)%" =0

i€EE

where

Cr(Gr, R[G]) = H R[G}H]‘GE/ Gi,

E'CE, |E'|=k+1

here the first product runs over all subsets E’ of E with precisely k + 1
elements.
Let J be a subgroup of G. As

RiGHe % = Ria/[] ]

el
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is a universally cohomologically trivial R[G/[];.y Gi]-module, by the previ-
ous lemma 5.6.18 we have that for all p > 0

(5.620)  H?(J, RlGLer ) = (RG] Ler & 0 HP (10 ] 61 )’
i€E
~ RiG) e 9 g p P (g [1G:.R).
i€E
We obtain isomorphisms of R-modules for all p > 0

(5.621)  H'(J,C(@Gp RIG) 217, [[  RlGLer @)

E'CE, |E'|=k+1
~ JH- /Gj
o~ P R[G)" Hierr ™ @p HP(J 0 [ G5 R) ¢-
E'CE, |E'|=k+1 JEE'

We now prove the two parts of the proposition separately.

(i) As Gg = {G,}icr is R-admissible, we have that for any subset E’ of F
anl] e
JEE

is a subgroup of G of order which is a unit of R. Hence we have for any subset
E’ of E and any subgroup J of G;

H(JN [ G, R) =0 forall s > 1.
JEE’

Hence we obtain from the isomorphism of (5.6.21) that for any subgroup J of
Gy
H?(J,Cr(Gg, R[G])) =0 forallp>1and k> 0.

That is to say, Cr(Gg, R[G]) is a cohomologically trivial Gi-module.
Put for all r

K, =ker(Co(Gp, RIG) % Cr_1(Gr., RIQ)))
where Ko, K_1 are defined to be

Ko = ker(Cy(Gr, R[G]) — Y _ RIG
i€l
K.y =) R[G°
i€l

Then we have the exact sequence for all r > 0

OHKTHCr(gEaR[G]) - r—1 — 0.
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We obtain the long exact sequence of cohomology for any subgroup J of G;
(5.6.22)
0— HJ,K,) — H°(J,C(Gg, R[G])) — H°(J,K,_1) —» H'(J,K,) —

H'(J,C(Gg, R[G])) — ...

As Cy(Gg, R[G]) is a cohomologically trivial Gi-module, this long exact
sequence (5.6.22) provides isomorphisms, where m = |E|,

H(J, K, 1) = HYYJ, K,) =2 HSY " (J, K1) for all s > 1, m—1>r > 0.
But K,,_1 = 0 hence we have for any subgroup J of G;
H*(J,K,)=0forall s>1and r > —1.

But K_1 = Y ,cp R[G]®; hence Y, R[G]“" is a cohomologically trivial
R[G;]-module.

(ii) Assume that R is a field. As {G;}ies is R-admissible, the Hochschild-Serre
spectral sequence (or the Kiinneth formula) shows that for any subset E of I
and for allm >0

a([[¢.r =z @ QRQH"(G:R).

i€k ZieE ri=m €E

Hence we have an isomorphism of R-modules (by the isomorphism (5.6.20)),

oG Rl 2 @ QHGLR).

SO ri=m i€E
i€EE

For any subset F of I, we shall write

H(r) = Q) H" (G, R)

i€E
where r = (re,,...,7e,) € N', where t = |E| and e; < e3 < ... < e; are the
elements of E arranged in ascending order. For r = (re,,...,7e,) € INt we

write

o(r) = Z Te,-

i=1
If E’ C E the inclusion

R[G}HieE Gi C R[G]HiEE’ Gi
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induces a commutative diagram of homomorphisms of R-modules for all m > 0

oG RGeS = @ HE)
! !

(G, G Lew &)

1%
D
=
2

relNE’ o(r)=m

where the right hand vertical arrow is the surjective projection homomorphism

onto the submodule B, cxe’ y(ry=pn H(r) of Drene poymm H(T).
We prove the result by induction on n. The result is obvious if n = 1.
Assume then that n > 2. Put J =1\ {n— 1} and

=Y R[G/Gp |9/ @NG) C RIG/Gp).
ieJ

Then we have the exact sequence of R[G]-modules (by example 5.6.3(5) and
as {G;}ier is R-admissible)

0— % — { ZR[G]Gi} ® R[G)9 = Y R[G]9 —0.
icJ icl
The long exact sequence of cohomology of this sequence is

(5.623) ...— H™(G,Y)— H™(G,> R[G)%)& H™(G,R[G)%")
eJ

— H™(G, ) R[G]%) — H™(G. %) —
icl
We have the Hochschild-Serre spectral sequence

EY = H(G/Gn 1, H (Gp_1, %)) = B = HTI (G, %)

and an isomorphism of R[G/G,,—1]-modules (as X is flat over R by corollary
5.5.24) _ _
H](Gn_l, E) = H](Gn_l, R) QR 2.

We obtain the isomorphisms of R-modules
EY =~ H(G/Gn_1,Y)®9r H (Gy_1,R).

The differentials N N -
dg] :E;J N E;+2;]—1
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of the spectral sequence are then zero for all 7, j. We obtain that
Ey) = EY =...=EY foralli,j.
Hence this spectral sequence becomes an isomorphism
H"(G.2)= P B = @@ H(G/Gn1,%)®r H (Gy1,R).
i+j=m i+j=m

It follows from the definition 5.5.18 that {G;/(G; N Gn_1)}ics is an R-
admissible family of subgroups of G/G,,—1, as {G;}icr is an R-admissible fam-
ily of subgroups of G. Hence the equality ¥' =3, R[G/G,,_1]Ci/(GiNGn-1)
and the induction hypothesis provides an isomorphism

H'(G/Gn1, )= P QH(Gi/(GiNGn 1), R).
r0#0,..., Tn—1#0 1€J
o(r)=n+i—2

As the order of the group G; NG, _1 is a unit of R for all i # n — 1, we have
isomorphisms for all i # n — 1 and all m, via the Hochschild-Serre spectral
sequence,

H™(G;/(GiNnGp-1),R) 2 H™(G;, R).
Hence we have an isomorphism, where r = (19, ..., 7n—1),
H(G/Gn1,2)= P H).
r#0
o(r)=n+i—2
Hence we obtain the isomorphism

H’"(G,Z)’:{ b b H(r)} @r H (Gn_1,R).

i+j=m r#0
o(r)=n+i—2

We obtain from the induction hypothesis that we have an isomorphism

H™GY RGI) = P H).

ieJ r#0
o(r)=n+m-—2

In the case where m = 0, the right hand side of this formula must be inter-
preted as R. Furthermore, we have an isomorphism

H™(G, R[G]%"*) = H™(G,_1,R).
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The long exact sequence of cohomology (5.6.23) then becomes

.HHm(G,E)e{ P H(r)} ® H™(Gn_1,R)

r£0
o(r)=n+m-—2

— H™(G,> R[GI9) — H™H(G,X) — ...
iel
This then becomes

— P P HEerH (G 1,R)— @ HE)eH™Gh1,R)

i+j=m r#£0 r#0

o(r)=nti—2 o(r)=ntm—2
—H"G.Y RE) — B D HEOerH (G R)— ..
il itj=m—41  r#0

o(r)=n+i—2
The first arrow here

Hm(G,Z)—>{ D H(r)} ® H™(Gp-1,R)

r#0
o(r)y=n+m—2
is surjective for all m > 1 for it corresponds to the projection homomorphism

H™(G,%) — Ey"° @ ES™

arising from the Hochshild-Serre spectral sequence Ey? = Eti = Hiti (@G, X))
given above.

We obtain from the exact sequence (5.6.23) that H™(G,>",.; R[G]%") is
isomorphic to the kernel of the homomorphism

Em+1 _ Herl(G, E)—> @ H(I‘)@qm+1(Gn71,R) o E£n+1,O@ES,m+1'

r#£0
o(r)=n+m-—1

This kernel is isomorphic to EBi+j:m.i>0 >0 E;] that is to say isomorphic to

P E = P H(r).

iti=m r0#0,..., 7y _ 170
>0, j>0 ro+r1+. ot _1=n+m—1

Hence we have an isomorphism of R-modules
H™G,Y R = @ QH"(GiR)
el To#0,..., Tn—170 1€l

o(r)=n+m-—1

as required.O
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5.6.24. Lemma. Let G be a finite group and let Gy be a subgroup of G.
Suppose that M is an R[G]-module and that N, P are R[G]-submodules of
M. Assume that N is a cohomologically trivial R[Gy]-submodule and that
P% = P. Suppose that P, N N P and P/(N N P) are flat R-modules. Then
the inclusion of submodules P C P + N gives rise to short exact sequences of
R-modules for allm > 1

Proof. We have the short exact sequence of R[G]-modules
0—PNN—-NGP—-N+P—O

Taking Gp-cohomology of the last short exact sequence, we obtain the long
exact sequence as N is a cohomologically trivial R[Go]-module

(5.6.25)
0 — NNP — NG gP — (N4 P)%

HY(Go,NNP) L HY(Gy,P) — HY Go,N+P) —

H2(Go,NNP) & H2Gy,P) — H2Go, N + P)

Here, G acts trivially on the module NN P. The homomorphisms f; of this
exact sequence are induced by the inclusion of flat R-modules NN P — P
on which the group Gy acts trivially and whose cokernel is also a flat R-
module, in particular this inclusion is a universal injection. Hence we obtain
the commutative diagram of R-modules for all ¢ >1

H(Go, N N P) L Hi(Gy, P)
(5.6.26) gl lg
(NﬂP) KRR Hl(GO,R) — PQ®g HZ(G(),R)

The bottom homomorphism here is an injection hence the maps f; are injec-
tions for all 7 > 1.

The long exact sequence (5.6.25) then decomposes into the short exact
sequences stated in the lemma. O

5.6.27. Lemma. Suppose that {G;};c1, where I = {0,...,n — 1}, is an R-
admissible family of subgroups of the finite group G. Put

Then the modules
N, R[G]®, NnNR[G]®, R[G]% /N n R|G]%

are finite flat R-modules.
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Proof. Put

Y

9€eG;

Then we have R[G]|% = e;R[G]. Hence R[G]% is a finite free R-module for
all 7.

The module N is a finite flat R-module as {G;}i=1,....n—1 is R-admissible
(corollary 5.5.24). We have (by example 5.6.3(5))

EoR[G} NN = Z EoeiR G

We obtain the isomorphism of R[G]-modules

eoR[G} NN = SQR[G/G()}

i=1

But {G;Go/Go}i=1,...,.n—1 is an R—admissible family of subgroups of G/Gy,
as {G}ier is R-admissible; hence ZZ 1 €iR[G/Gp] is a finite flat R-module
(corollary 5.5.24) and hence eg R[G] N N is a finite flat R-module.

By corollary 5.5.24 we have the universal exact sequence of R-modules for
the R-admissible family {G;}i—o....n—1, where Goo = ﬂ?;ol G;,

0— R zeI Gi — | I R J#lo G I | R[G}Hﬂ'#i(ﬁil T
i€l (ig,i1)€T?
i0<i1

— [ RIG%% —]]RIGI° — RIG)%* — R[G]°~/ Y RIG]% — 0.

ig<i1 i€l i€l
ig,i1 €T

This is a resolution of R[G]%> /.., R[G]“" by finite free R-modules; hence
tensoring this universally exact free resolution with —®pg S for any R-algebra
S we obtain that

Tor['(R[G]9>~ /> R[G]9,S) =0 forall j > 1.
icl
Hence R[G]%=/%..; RIG]% is a finite flat R-module. We have the exact
sequence of R-modules

0 — R[G]9~/ Y R[G° — R[G]/ Y R[G]% — R[G]/R[G™] — 0

iel i€l

But the two outer terms of this sequence are finite flat R-modules; hence the
middle term R[G]/ Y, .; R[G]“" is also a finite flat R-module. Applying this
to the R-admissible family of subgroups {G;Go/Go}i=1,...n—1 of G/Gy

.....
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it follows that
eoR[G]/(eoR[G} N N)

is a finite flat R-module. O

5.6.28. Proposition. Suppose that {G;};cr, where I = {0,...,n— 1}, is an
R-admissible family of subgroups of the finite group G. Put

6i22g7 eij: Zg

g€eG; g€G;G;

Suppose also we have the equation in Coch™(Gy, R[G])

0= Zeini

icl

where § € Cocy™(Go, R[G]) and e;n; € Coch™(Gy, e;R[G]) and m > 1. Then
there are cochains

u?) e Coch™(Go, R[G]) for all i#j and 0<i,j<n-—1
such that
w9 = U9 for all i#j and 0<i,j<n-—1,
and cochains 0; € Coch™ (G, R[G]) for all i > 0 where we have

ein; = €e;0; + Zeiju(i’j) for all i >0, 6= Zei&-,

i i€l

where e;0; € Cob™ (G, e;R[G]) is an m-coboundary for all i > 1 and is an
m-cocycle for i = 0.

Proof. The case where n = 1. We have the equation

d(g) = eomo(g) for all g € G".

In this case there is nothing further to prove.

The general case where n > 2. We put, in the notation of lemma 5.6.24,
N =e1R|G]+ ...+ e,_1R[G], M = R|G], P =eyR[G].

By the previous lemma 5.6.27, we have that N, P, N N P, and P/(N N P) are
finite flat R-modules; by proposition 5.6.19(i), N is a cohomologically trivial
R[Gpl]-module.
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From lemma 5.6.24 we then obtain exact sequences for all m > 1
0— (eoR[G] n N) Rnr Hm(Go, R) — Hm(Go, eoR[GD —

Hm(Go,eoR[G] + N) — 0.

The m-cocycle & of the proposition has cohomology class in
H™(Gy, eoR[G] + N). From this exact sequence, it follows that there is an
m-cocycle

€ € Cocy™(Go, e0R[G])

and a coboundary
(1€ CObm(Go, GQR[G] + N)

such that
6 = € + Cl'

Therefore there is a m — 1-cochain

o € Coch™ ' (Gy, eoR[G] + N)

such that
G =0"""C.
We may write
(=) eib;
i>0

where

0; € Coch™ (G, R[G]) for all 4.

Hence we have

G=0""NG) =) ed™ (0).

i>0

We may write

S=e+G=rc+) e ' (0:)

i>0
As we also have § = Zizo e;n; this gives for all g € G
—e(9) + eo(mo(g) = 0™ (00)(9)) + Y eilmilg) — 0™ (6:)(9)) = 0.
i>1

For each g € G{* this is an equation of the form ), e;x; = 0 where z; € R[G]
for all i; by corollary 5.5.30, there are cochains

u() € Coch™(Go, R[G]) for all i # j

such that
uw®) = —4UD for all i # j
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and where
ei(ni — 87”71(9,»)) = Z eiju(i’j) for all 7 > 1.
J#i

and

—e+eo(no — 0™ (6)) =Y _ul®).

70

Putting

0.5 — {eiam—l(ei) fori>1

v €+e00™ () fori=0

we obtain the result as e € Cocy™ (Go, egR[G]). O

5.6.29. Proposition. Let {G;};c;, where I = {0,...,n — 1}, be an R-
admissible family of subgroups of the finite group G. Let e;,e;; be the el-

ements of R[G] as in proposition 5.6.28. Suppose also we have the equation
in Coch™(Go, R[G]), where m > 1,

eono = > 0™ H(eili)
icl
where egnq is an m-cocycle in Cocy™(Gy, egR[G]) and
ei¢i € Coch™ Gy, e;R[G])
are m — l-cochains for all i = 0,...,n — 1. Then there are cochains
u™ € Coch™ Y (Go, R[G]) for all i#j and 0<i,j<n—1
such that
w9 = —4UD  for all i #j and 0<1i,7<n-—1,

and a finite set M and cocycles fi, € Cocy™(Go, R), for all © > 1 and all
k € M, and elements 0, € eqR[G], for all i > 1 and all k € M, and a
coboundary ¢ € Cob™ (G, egR[G]) such that

0" MeiG) = > fu @0+ > e 0™ ul) for all i>1

keM J#i
0<j<n-—1

O™ MeoCo) = €+ Z e0i 0™ %9,
Jj#0

Proof. For n = 1 there is nothing to prove so we may assume that n > 2.
Put, with the notation of lemma 5.6.24,
N =e1R|G]+ ...+ e,_1R[G], M = R|G], P =eyR[G].

By lemma 5.6.27, we have that N, P, N N P, and P/(N N P) are finite flat R-
modules; by proposition 5.6.19(1), N is a cohomologically trivial
R[Gyl]-module.
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From lemma 5.6.24 we then obtain exact sequences for all m > 1, where
P = eoR[GL

0— (PﬂN) ®RHm(G0,R) HHm(Go,P) —>Hm(G0,P+N) — 0.

The equation

eono = > 0™ H(eidi)

il
shows that the cocycle egng induces a cohomology class in H™ (G, eoR[G])
which lies in the kernel of the homomorphism

H™(Go, eoR[G]) — H™(Go, eoR[G] + N).
By the above exact sequence, the cohomology class of egrng therefore lies in
(eoR[G] n N) XRnr Hm(Go, R)

By example 5.6.3(5) we have

n—1 n—1

NNeoR[G] =Y (eoR[G] Ne;RG)) =Y eqiRIG].

i=1 i=1
Hence the cohomology class of egng lies in

n—1

(> eoiR[G]) ®r H™(Go, R).

i=1

We obtain that there are cocycles fir € Cocy™(Go,R) for all
i = 1,...,n — 1 and for all k¥ € M where M is a finite set,
elements 6;; € egR[G] for all ¢ > 1 and all K € M, and a coboundary
e € Cob™(Go, eoR[G]) such that

eono = €+Z Z Jik @ Oig.

i>1 keM

We may write
Oir. = e0eiOg

for all i > 1 and k € M where ©;;, € R[G]. We then have
eono = > 0™ M (eidi)

icl

=e+ Z Z fik ® e0eiOj.

i>1 keM
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Let Ef,, € Coch™ (Go, R[G]) be the Kolyvagin element attached to the
cocycle fir, € Cocy™(Go, R) (definition 5.6.11). As 9™ ' Ey,, = e fir, we then
have the equation

eomo = Y 0" (eits)
i€l
=e+ Z Z am_lEfik ® €;Oik.
i>1 keM

As € € Cob™(Go, egR[G]) there is pu € Coch™ *(Gy, R[G]) such that
e= 0" (eop).

We then have the equation

>0 e

el
= eoamilﬂ + Z Z €; (8’”*1Em ® @ik)-
i>1 ke M

‘We obtain

n—1
eoam_l(fo - ﬂ) + am_l Z el(Cl - Z Ef'ik ® @lk) =0.
i=1

keM

Hence we have that

n—1

h = eo(Co — 1) + Z ei(Gi — Z Et, ® Our)

i=1 keM

is a cocycle in Cocy™ (G, R[G]); as R[G] is cohomologically trivial, there is
a cochain ¢ € Coch™ ?(Gy, R[G]) such that h = 9™~ 2c. We then obtain the
equality of cochains in Coch™~!(Gy, R[G])

n—1
" Pe=eo(Co—p)+ Y eilGi— Y Ep, ®Ou).
i=1 keM

We may now apply proposition 5.6.28 to this equation. We obtain that
there are cochains

u(9) € Coch™ Y (Gy, R[G]), foralli# jand 0<4i,j<n-—1,
such that

w9 = —4U9 foralli#jand 0<4,j<n-—1,
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and cochains ¢; € Coch™(Go, R[G]) for all i > 0 where we have

GO(CO - ,U) = 6050 =+ Z GOjU(O’j)
J#0
€i(G = D Bra ©Ou) = eidi + 3 equ™), foralli > 1,
keM oy
where e;6; € Cob™ (G, e;R[G]) is an (m — 1)-coboundary for all i > 1 and

is an (m — 1)-cocycle for i = 0.
We obtain

0™ eoCo) = 0™ teop + Y eg; 0™ ul®)
J#0
" Mei) = 0N By, ®€iBin) + Y _ €0 ultd) for all i > 1.
keM i

That is to say we have

0" MeiG) = Y fuk ® Ok + Y _ ;@™ MultD) fori > 1

keM G#i

0™ Yeolo) = €+ Z eojamflu(o’j)
J#0
where € € Cob™ (G, egR[G]) as required.O

5.7 Basic properties of the Heegner module

This section contains no proofs; the assertions of this section are proved in
§5.8.

(5.7.1) The notation we use is that of the two sections §§5.2,5.3; in résumé we
have:

K/F is an imaginary quadratic extension field of F', with respect to oo;

B is the integral closure of A in K;

I is a finite subset of X;

R is a commutative ring;

p:Xp\ I — R, v+~ a,,is a map with values in R from the set of
places Xp \ I of the global field F;

¢ € Divy(A);

A, is the integral group algebra Z[Pic(O.)] where ¢ € Divy(A);

ASC = @c’EDiv+(A),c’§c AC/;
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A= P A

ceDivy (A)

: A — Ais a transition homomorphism where ¢ € Divy(A) and z is
a prime divisor in the support of ¢; it is induced by the natural
surjective group homomorphism t..—, : Pic(O.;) — Pic(O.—,)
(see (5.2.2));

ez = Zzeker(tc,c,z) x € A, (see (5.3.3));

K¢ ., and f(C’C,Z are the homomorphisms A ®7z R — A ®z R defined in

(5.3.4) and (5.3.6);
H(p) = lim H. is the Heegner module of p and K/F with coefficients

c€Div (A)

in R defined in (5.3.8)-(5.3.11).

tA

c,c—z

We sometimes write A. g in place of the tensor product A. ®z R.

5.7.2) We recall that the homomorphism t2, . : A — A is the extension b
Yy

c,c—z

zero of the transition homomorphism (see (5.2.2))

A A — A,

Similarly, the homomorphisms
Kc7c—z>Kc,c—z Az R— A®z R

are the extensions by zero of the homomorphisms (see (5.3.4), (5.3.6))

Kc,c—z7 Kc7c—z : Ac Rz R— ASC Rz R.

5.7.3. Proposition. The Heegner module H(p) is isomorphic to the quotient
of discrete Gal(K*®°P /K )-modules

AQ®z R

H(p) = —.
(°) < K¢ c—2(A:.®z R), for all c € Divy(A), z € Supp(c) \ I >

(5.7.4) We put

H:: = coker( @ Ad Rz R — HC)
0<d<c

That is to say, H. is the largest quotient of H. through which factor the

cokernels of the transition homomorphisms Hy — H, for all d < c.
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5.7.5. Proposition. Let n denote the image in R of the integer |B*|/|A*|.
Let ¢ be a divisor in Div, (A).

(i) If n is a unit of R then H/, is a finite free R-module for all c.

(ii) If ¢ is a prime divisor then we have isomorphisms of R-modules for some

integers s,t > 0
H = R'® B
¢ nR)

5.7.6. Proposition. (i) The module Hy is a finite free R-module.
(ii) If ¢ is a prime divisor in Divy(A) and if n is a unit in R then H, is a finite
free R-module.

(5.7.7) We put
t4 = @ tA A= A

c,c—z

ceDivy (A), ¢z

That is to say t2 is the direct sum of all the transition morphisms
A : A — A for those effective divisors ¢ with ¢ > z.

c,c—z

5.7.8. Proposition. Let z and w be two prime components in Supp(c) \ I,
where ¢ is any divisor in Div(A).
(i) We have, where 1. denotes the multiplicative identity of the ring A.,
A { [ker(te,c—z)|-1e, if z = w;
t

c,c—z(eﬁcfw) = \02

——wl .
Wec,zﬁ,z,w, if z # w.

(i) We have t2 o e(c,z) = e(c — w,2) o t2 if w # z (see (5.3.5)).
(iii) If z # w then we have

A A
tw © Kc,cfz = chw,cfsz o tw .
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5.8 Proofs of the propositions of §5.7

In this section we give some further technical results on the Heegner module
as well as the proofs of the results of the preceding section.

(5.8.1) The notation is that of (5.7.1) with the following extra notation.

5.8.2. Notation. Let E be a finite subset of Div (A).
(1) We say that E is saturated if it satisfies this condition:

c€Divy(A), de E, and0<¢<d = c€E.

(2) Let z1,..., 2, be prime divisors of Div, (A) such that z; ¢ I for all i. We
write

I'(E|z1,...,2n)
for the subgroup of A®z R generated by Ko o, (Ax @z R), fori=1,...,n

where ¢’ runs over all elements of F for which ¢ — z; > 0 for some 4; that is
to say

F(E|z1,...,zn) :Z Z Kc’,c’—zi(Ac’ Xz R)
=1

c'€eE
where ¢/>z;

(3) Put
A(E) = P A..
c€E
If E is saturated let P be the finite set of prime divisors of £ which do not
lie in I and put
H(E) = (A(E) ®z R)/I'(E|P).

5.8.3. Remarks. (1) If E is a finite saturated subset of Divy (A) of divisors, the
primes 21, ..., z, in the module I'(E|z1, ..., 2,) are usually all prime divisors
of E which do not belong to I i.e. the primes z; form the set Supp(E) \ I. In
this event we write I'(F) in place of I'(E|z1,. .., 2,). With this notation, for
finite saturated subsets E, E’ of Div, (A) we then have the evident properties

I(E)CI(E) if ECE,

I(E)+T'(E")=I(EUE).
(2) Note that if ¢ is an element of Divy (A) and

E={cd e€Divy(4)] d <c}

then we have

I'cc = I'(E| Supp(c) \ I) = I'(E)
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and also

5.8.4. Proposition. Let ¢ € Divy(A) and z1,..., 2z, be distinct prime divi-
sors in Supp(c). Put ¢ = c¢— .1 | z;. Then we have:
(i) The family of subgroups

{ker(tcchkzi )}i:l,...,n

of Pic(O,) is a molecule with atoms {ker(tcc—z,)}i=1,... n-
(ii) The kernel of the group homomorphism (where || denotes the direct
product)

err(tc70_zi) —  Pic(O,)
i=1

(hi,... hn) +— hiho...hy

has order which divides the integer |B*|/|A*|. If ¢ > 0 this homomorphism is
injective.

(iii) If the image in R of the integer | B*| /| A*| is a unit then {ker(tcc—z;) }i=1,...n
is an R-admissible family of subgroups of Pic(O..).

Proof. For any effective divisors ¢ > d on X = Spec A, we have morphisms of
A-schemes

f:V=8pecO., — X, g:W=SpecOy — X

obtained from the inclusions A C O. C Oy4. Similarly as in (2.2.13), we obtain
an exact sequence of sheaves of abelian groups for the Zariski topology on X

0— f.07 — g0 - K—0

where K is a skyscraper sheaf on X with support contained in the finite set
of points of X where ¢ and d differ. The long exact sequence of cohomology
then gives an exact sequence of abelian groups

0— O -0 — H(X,K) —» H'(X, f.0}) — H (X, g.O}y) — 0
where we evidently have H'(X, ) = 0. Furthermore we have
HY(X, f.0%) = Pic(O,)

HY (X, g.0}y) = Pic(0y).
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This gives the exact sequence of abelian groups
0—-0;—0;— ]—]0()(7 K) — Pic(O.) — Pic(O4) — 0.

With the notation of the proposition, if n = 1 there is nothing to prove;
hence we may assume that n > 2. We then have that ¢/ + z; > 0 for all i,

where ¢ = ¢ — Y71 | z;. Hence the natural homomorphism O} — O, is

an isomorphism for all 7. Putting d = ¢’ + z;, we define the sheaf K; as the
cokernel
0— f.0y — 9.0y — K; — 0.
The above exact sequence of abelian groups becomes an isomorphism for all ¢
HY(X,K;) = ker(teerz,)
In particular we have injections
H°(X,K;) — Pic(O,)
for all 4.

For any closed point z of X, with corresponding prime ideal p of A, we
then have that the stalk /C; . of I; at z is given by (see (2.2.10) and (2.2.11))

Ki. = (Ocr gz ®a AP)*/(OC ®a Ap)*'
We have
H°(Spec A,K;) = H]Ci,z
where the product runs over all primes z of the form z; for all j # 4. Further-
more, we have isomorphisms of A-algebras
Oc’-i—zi ®a Ap = Oc’-i-Zj ®a Ap

for all 4,5 such that z # z; and z # z;. As the stalks K; , are subgroups of
Pic(O,), It follows that we have equalities of stalks as subgroups of Pic(O.)

’Ci,z = ICj,z
for all 4,j such that z # z; and z # z;. Hence the groups K; = Hz Kizs
i =1,...,n, form a molecule of subgroups of Pic(O..) whose atoms are the sub-

groups K; , for all 4, z. That is to say the atoms are the subgroups ker(t. .—z;)
for all i. This proves part (i).

Clearly part (iii) follows from part (ii). To prove part (ii), we obtain from
the above an exact sequence of finite abelian groups

0— 0; — 0 — [ [ ker(te,c—=z) — Pic(O.) — Pic(Ox) — 0.
i=1
(This also follows from the computation of the groups ker(f. ) of (2.2.13)
and (2.2.15).) It follows that the homomorphism [];_; ker (¢ —,) — Pic(O,)
is injective if ¢/ > 0 and its kernel is isomorphic to B*/A* if ¢ = 0. O
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Proof of proposition 5.7.3. The groups H. are defined by the exact sequence
(see (5.3.8))
0—-1I<.— Acc®z R— H,— 0.

Passing to the direct limit over all ¢ € Divy (A), this sequence remains exact
and we obtain the exact sequence

0—liml<. - A®z R =1lim(A<. ®z R) — H(p) — 0

As we have an evident isomorphism of Gal(K®°P/K)-modules

limIe, = < Kee .(A.®zR), for all ¢ € Divy(A), z € Supp(c) \ I >

the result holds.O

Proof of proposition 5.7.5. Put
A, = P Au.
c¢'<c, ¢’€Divy (A)

By (5.3.5) and (5.3.6) the reduction modulo A ®z R of K./ or—, where ¢’ < ¢
is the homomorphism A, ®z R — A, ®z R given by

if c=¢
if c#c.

10;_. |
KC'7C’—Z = {a ‘A ‘ ECC z (mOd A<c ®Z R) {

The module H., is the quotient of H,. by the image in H. of A.. ®z R; hence
H. is A. ®7z R-isomorphic to the quotient of A, ®z R by the submodule

(5.8.5) Z|j*zecc (A, ®z R)

where the sum runs through all prime components z in the support of ¢ for

which z & I.
Let J. be the quotient of A, by the A.-submodule

|02
Z |A* CCZ

where the sum runs through all prime components z in the support of ¢ for
which z ¢ I. We have the short exact sequence of finite Z-modules

Z ‘ |A* C7C—ZAC - Ac - Jc — 0.
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Tensoring this sequence with — ®7 R we obtain an isomorphism of A, ®z R-
modules

(5.8.6) H, = J, @z R.

We now distinguish the two cases of the proposition.

(i) Assume that n is a unit of the ring R. Let S be the multiplicative subset of
7 generated by the integer |B*|/|A*|. Let Z(™ be fraction ring S~'7Z which is
the subring of Q of rational numbers with denominators which are elements
of S. We then obtain the exact sequence of A, ®z Z(™-modules

(5.8.7) 0= el ®zZ™ = A @7 Z™ — Jo @7 2™ — 0

where the sum runs through the set E = Supp(c) \f of all prime components
z in the support of ¢ for which z & I.

By proposition 5.8.4, the family of subgroups {ker(t. .—.)}.cr of Pic(O.)
is Z(™)-admissible, as the image of | B*|/|A*| in Z(™ is a unit of this ring Z(.
Fix a total ordering < of the finite set £ and put

G =Pic(0.), G, =ker(tec—=)

Goo = [ G-.

z€E

and

We then obtain from corollary 5.5.24 the universal exact sequence of Z(™)-
modules

0 — 7™ [G]HjeE Gi _, H Z(n)[G]H#iO Gi_, H AL [G]H#io,il Gi

o€l (ig.i1)€E?
10<i1
(5.8.8)
= [ 2% - 2G> — zM(G)% )z (6% — 0.
JEE JEE

This is a resolution of

M =7 (G)C=/ Z 7.(n) (G
JjEE

by free Z("-modules and this sequence remains exact under tensoring by
any Z(™-algebra. It follows from this free resolution that Torlz(n)(M, T)=0
for any Z(-algebra T. Hence M is a finite flat Z(™-module. As Z( is a
principal ideal domain it follows that M is a finite free Z(™-module. We have
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the short exact sequence of Z(™)-modules (from (5.8.7))
(5.8.9) 0— M — J.®z2Z™ — 2M[G]/Z™[G]%~ — 0.

As the two extremities of this sequence are finite free Z(™-modules, this se-
quence splits and hence J. ®z Z™ is a finite free Z(™-module. Therefore H.,
is a finite free R-module by the isomorphism H’, = (J. ®z Z™) @4 R of
(5.8.6).

(ii) Suppose now that ¢ is a prime divisor. Then we have

A

Jo= ———
mec,0lc

\ﬁ:“ Put J. = Ac/ecoAc; we obtain the exact sequence

where m is the integer
of Z-modules

But J, is a finite free Z-module. Therefore this exact sequence of abelian
groups splits and hence we obtain an isomorphism of abelian groups

T €c OAC
Jo=2J & ———r-—.
¢ ¢ mec0de
Now %{)AACC is isomorphic as a Z-module to (Z/mZ)* where the integer s is

equal to |Pic(A)|. Hence we obtain the isomorphism of A.-modules
J. = J. ® (Z/mZ)°.

We then have the isomorphism of R-modules from (5.8.6)

R S
! ~ pt
wens (L)

as required. O

Proof of proposition 5.7.6. We write A g in place of A, ®z R. We have by
definition that Ho = Ap r and hence Hy is a finite free R-module. Suppose
first that z € T isa prime divisor where z # oo; then we have H, = Ag rP A, r
is a finite free R-module. Suppose now that z is a prime divisor of Xp \ I.

Then we have
My Ao r® AL R

o < Kz70(Az,R) >
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where
K.o=(a,— ¢z, z))tﬁo —nesp.

From the projection map onto the second factor
Ay A, — A,
we obtain a surjective homomorphism of A, p-modules

A27R

H, > ——.
nez,OAz,R

Let h € H, be an element of the kernel of this homomorphism. Then A is
represented by a pair of elements (0o, 01) € Ag.r D A, g where dg € Ag g and
01 € A, r. As h is in the kernel we have

01 € ne, 04, R.
Hence the kernel is equal to the image of Ay g in H,. But the map
Ao,r — H., do + (00, 0)
is an injection; because if g € K, (A, r) then we have for some 6 € A, g
0o = (az — €(z, 2))t2,0(0) and ne,od =0

hence we have dg = 0 as n is a unit. We obtain an exact sequence of R-modules

AZ,R

—— — 0.
nez,OAz,R

O—>A07R_>7-[z—>

As n is a unit in R the two extremeties of this sequence are free R-modules
of finite rank. Hence H, is a free R-module of finite rank. This completes the
proof. O

Proof of proposition 5.7.8. (i) The case where z = w is obvious so that we may
suppose that z # w are two distinct prime divisors in the support of c. We
have a commutative diagram of surjective homomorphisms of finite groups

tc,cfz
Pic(O,) — Pic(Oc—»)
tC7C—w l l tC—Z,C—Z—w
Pic(Oc—) — Pic(O¢—z—w)

tc—w,c—z—w
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By the computation of the kernels of the homomorphisms ¢, .—, of (2.2.13)
and (2.2.15) we may complete this diagram to a commutative diagram with
exact rows and exact columns

0 0 0
! ! !
0 — O:—z—w/A* - Ec,c—w - Ec—z,c—z—w — 0
! ! !
(5.8.10) 0 — Eec . — Pic(O.) — Pic(O.—.) — 0
! ! !
0 - Eewerz-w — Pic(Oc—y) — Pic(Ocypyy) — 0
! ! !
0 0 0

where the groups Eg, ., are the kernels of the homomorphisms %, ,. In par-
ticular we have that the induced homomorphisms

Ec,c—z - Ec—w7c—z—w> Ec7c—w - Ec—z,c—z—w

are surjective.
Let r be the integer given by

r=|0% JA™].

cC—z—w

‘We obtain

A A
tc,c—z(ecycfﬂ)) = Z tqc—z(g)

geEc,cf'w
=T Z h = T€c—z,c—z—w-
h€Ec—z c—z—w
This is the required formula.
(ii) We recall from (5.3.5) that
€(c,2) 1 Aeez @z R — Ace . ®z R

is defined via the formula (where the notation m’, py, pz, [[m.]], etc, is that of
table 4.6.9 and (5.3.5)):
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(e, z) =

(1) 0 if z remains prime in K/F and is
prime to ¢ — z;

(2) < [ml)] Y e—2z> if z is ramified in K/F and is prime

toc—z;
(3) < [[p1]] Y, e— 2z >+ < [p2]] 1, ¢ — 2 > if z is split completely in K/F
and is prime to ¢ — z;

(4) t2 if z € Supp(c — 2).

c—z,c—2z

We obtain from these 4 cases that €(c, z) is an element of the module
(Ae—z @z R) ® (Ac—> @z R)tE . .5, of homomorphsims A._. ®z R —
A<c.—, ®z R generated by the ring A, . ®z R and the homomorphism
tCA_Z7C_2z. The homomorphism ¢4 of A<, ®z R commutes with the ring
A._, ®z R but does not commute with tf_z7c_2z; in fact, for any effective
divisor ¢’ such that z + w < ¢’ we have the equation

tﬁ © tﬁ,c’—z = tﬁ—w,c’—z—w © tzﬁ
Hence from the 4 cases above for €(c, z) we have

t20e(c, z) = e(c —w, z) o t4.

(iii) We briefly recall the definition of the homomorphisms K. ., (see (5.3.5)
et (5.3.6) for more details). The homomorphism

KC7C—Z : Ac 7z R— ASC Rz R

is defined by

Kc,cfz = aztécfz - |O£:r ec,cfzic
where i. : A. ®z R — A<.®z R is the natural injection and a, as in (5.7.1),
is the value of p at z. We may extend K.. . by linearity (see (5.7.2)) to a
homomorphism A®z R — A®yz R by defining it to be zero on any component
of A ®z R different from A. ®z R. For each divisor ¢ in Divy (A) and each
prime divisor z in the support of ¢ where z & I, the homomorphism

Kc7c—z : Ac 7z R— ASC Rz R

is defined as R
Kc,c—z = Kc,c—z - 6(07 Z) o tA

c,c—z
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where the homomorphism €(c, z) is defined in (5.3.5).
Suppose that 2z and w are distinct prime divisors in the support of ¢ where
z,w & I. Then we have ¢ > z 4+ w and hence

0l
4]

We then have
A A A .
ti,oKee =ty 0 (aztc7c_z — €c,e—zlc)-

By proposition 5.7.8(i) and the compatibility of the transition homomor-
phisms ¢4, this gives

- O:_,_
tqf o Kc,c—z = aztcA—w,c—z—w tﬁ - % c—w,c—z—w © tqf
(5.8.11) =Ko wenwots

We have by part (ii) above

t2 0 e(c, 2) = e(c —w, z) o t4.

By the preceding equation (5.8.11) and the equation €(c, z) ot _, = Kec— —
K. ., we then obtain

A A
tw © Kc,c—z = Kc—wﬂ:—z—w oty

as required. O

5.9 Faithful flatness of the Heegner module

This section contains no proofs. The results stated here are proved in §5.10.

(5.9.1) The notation of (5.2.1) and (5.3.1) holds in this section. Principally,
we let

K/F be an imaginary quadratic extension of F' with respect to oo;
B be the integral closure of A in K;

I be a finite subset of Yp:

R be a commutative ring;

p:Xp\I — R, v~ a,, beamap of sets;

H(p) = lim H. be the Heegner module of p, K/F', and R;

E be a finite saturated subset of Divy (A).
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5.9.2. Proposition. Let n be the image in R of the integer %. If nis a
multiplicative unit of R then the R-modules H(E) (see notation 5.8.2) and
H(p) are faithfully flat.

5.9.3. Proposition. Suppose that n is a multiplicative unit of R. Let E' C E
be finite saturated subsets of Div (A). The transition homomorphisms

H(E') — H(E)
H(E) — H(p)

are injections and their cokernels are faithfully flat R-modules. In particular
H(E) is a universal submodule of H(p) and H(E') is a universal submodule
of H(E) (see 5.5.21(1)).

Identifying H. with its image in H(p), by means of this proposition, we
obtain the next corollary:

5.9.4. Corollary. If S is an R-algebra and n is a multiplicative unit of R
then we have
Hp)erS = |J (He®@rS).

ceDivy (A)

5.9.5. Corollary. Suppose that S is an R-algebra and n is a multiplicative
unit of R. Let pg : X \ I — S be the composite of p : X¥p \ I — R with the
structure map R — S. Then we have isomorphisms of discrete Gal(K*P /K)-
modules

H(p) ®r S = H(ps,S), H(p,E)®rS=H(ps,S, E).

5.9.6. Corollary. Suppose that n is a multiplicative unit of R. Then I'(E)
is a flat R-module (see notation 5.8.2, remarks 5.8.3).
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5.10 Proofs of the results of §5.9
5.10.1. Lemma. Assume that the image n in R of the integer % is

a multiplicative unit of R. Let ¢ € Divy(A) be a non-zero divisor. Let
21,...,25 € Divy(A) be prime divisors in Supp(c) \ I, where s > 1. Sup-

pose that
S
Z ec,c—zi(si =0
i=1

where §; € A. @7z R for all i. Then there are elements

n) e Ac®z R, i#j, 1<i,j<s,

such that
(5.10.2) n) = —pUA  for all i#j
and
(5.10.3) €ccmz 0 = Zeijn(i’j), for all 1,
J#i
where
€ij = Z h  for all i# j.

hEkcr(thC,zi)Jrkcr(tcyc,zj)

Furthermore, for any elements 79 € A. ®z R, antisymmetric in i,j and
satisfying the equations (5.10.3), we have

NZKCC Zl ’L Z Z azl C zl))KC—Zi,C—Zi—ZJ(tCAc zl(n(ivj)))

i=1 1<5<s,j#i

where
|0}

cC—2z1— 22|

| A*|

and where N = 1 unless s = 2 and ¢ = z1 + 2.

N_

Proof. For any element § of A, we shall also write § for its image in A, ®z R,
as there will be no confusion for this proof. We have by definition

Ccomz= », h foralli.
heker(te,c—=z;)

Let
6(0, Z,) : Ac—zi ®z R — Agc_zi Xz R
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be the homomorphisms defined in (5.3.5). By the definition of the homomor-
phisms K (see (5.3.6)), we then have
‘ :— Zq ‘

‘A*| ec,cfzi(sb

(5104) Kc,cfzi (51) = (azi - 6(67 Zl))tA (62) -

c,c—z;
Here the element €(c, z;) is either an element of A._,, or is equal to tf_zw#m
as in case (4) of (5.3.5); in this case (4), we may therefore take €(c, z;) to be
t2 (see (5.7.7)).
We have the equation

S

(5.10.5) > ecez0i=0.

i=1

We now distinguish two cases in these equations.

The special case where s = 1.
We have from (5.10.5)
€c,c—z; 51 =0

that is to say the element 9, lies in the annihilator of e. .—,,. But the annihila-
tor of ec .z, is simply the augmentation ideal of the subgroup ker(t. .—.,) in
the group algebra A. ®z R of Pic(O,) (see remark 5.5.32(i)). By the definition
of the homomorphisms K (see (5.10.4)), we then have

0z,

c—2z1

|A*]

Kz (61) = (az, —€(c, Zl))téc—zl (61) — €c,c—201

=0.

This proves the lemma for the case where s = 1.

The general case where s > 2.

By proposition 5.8.4, the family of subgroups {ker(tcc—..)}r=1,..,
Pic(O,) is R-admissible. We may then apply corollary 5.5.30 to the equation
> €ce—z0i = 0 of (5.10.5); we conclude that there are elements

77(1’]) 6AC®ZR> 2#37 1§Z,j§87

such that N B

77(”) = —77(“) for all i # j
and
(5.10.6) e omz0i = Zeijn(i’j) for all .

J#i
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where

€ij = Z h for all i # j.

heker(te,c—z, )Jrkcr(tcﬁc,zj )

From corollary 5.5.30 we further obtain

(5.10.7) ooz Zec zive— Zl_zjtfc zl(n(i’j)) for all i.
J#i

For the map
c c—z; ker( c cfz]') - ker(tcfzi,cfzifz]')

is surjective (see the diagram (5.8.10)).
Summing over i we obtain from (5.10.4), as >_7_, ec,c—»,6; = 0 by hypoth-
esis,

(5.10.8) S Keo2(0) = (az, — €(c,z))toe_.,(6).
=1 i=1

Replacing t2._,.(6;) here with the expression given by (5.10.7) we obtain

S

(5‘10‘9) ZKC7C—2i(§i) = Z(azi - 6(67 zl)) Z Cc—zi,c—2—z; tCAC 2 (n(i7j)).

i=1 i=1 J#i
The expression (5.10.9) may be written in terms of lower order K’s as

follows. We have by (5.10.4)

‘Oc zlfz]| i,]
|A*‘ eC—ZmC Zl_thCAC zl(n( 7])) =
(5.10.10) N '
(azj - E(C — Zis Zj))tcA—zi7c—zi—zj (tcAc Z; ( (17”)) - KC*Zi,C*Zi*Z] (tcAc 2 (77(27])))'

Put, as in the statement of the lemma,

|O¢

c—z1— z2|

5.10.11 N =
(>:10-10) 4]

We have that N = 1 unless s = 2 and ¢ = 21 + 2».
We obtain from (5.10.9) and (5.10.10)

N i Kc,cfzi (62) ==
=1

S

= NZ(“Z@ — (e, 2)) Zec—zz',c—zl—thcAc =0 (i’j))

i=1 j#i
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- Z Gz — C ZZ Z [(azj - 6(0 — Zis Zj))tcAfzi,cfzifzJ (tcAc zi (n(iJ)))
=1 J#i

A i,
_Kc—zi,c—zi—Zj (tcc zl(n( ]))):I
This is equal to

(5.10.12) N> Keez(8;) =S+ S
where
(5.10.13)
_ T Y A (4,9)
Z C Zl [(az]. G(C Zlvzj))tc—zi,c—zi—z]- (tc,c—zi (77 J ))]
i=1 j#i

G101 o= =33 (an — cle s Kemssamnms, (2 (1)

i=1 j#i

Now the sum S here is equal to

(610.15) S1= 3 (e —eler ) as; —elem2 ) [ty (0],

1<4,j<s, i#j
In this expression the element
A
[tcc Zi— Z]( (¢ ]))]

lies in Ac—, -, ®z R; furthermore the term
(az;, —€(c,zi))(az; — e(c— 2, z))
acts on AC_Zi_zj ®z R in exactly the same way as the term
(az; — €(c, zi))(az; — €(c, z;))

in view of the definition of €(c, z;) (see the discussion after (5.10.4)). Hence
we have that the expression S7 is equal to

(51016) S1= Z (azi - 6(67 Zi))(azj - 6(67 ZJ)) [técfzifz]' (77(1’]))] .
1<i,j<s, i#j

In the term

BI01) (o —ele ), — ) [ (1)

of the sum in (5.10.16), all the components are symmetric in 4, j except for
n(7) which is antisymmetric; by the linearity of this term (5.10.17) in n(@:3)
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it follows that the sum over all 4, j such that i # j gives zero; that is to say,
we have

(51018) S1 = Z (azi _6(07 Zi))(aZj _6(07 Z])) [tc‘icfzifzj (77(Z7j))] =0.

1<4,j<s, i#j

We therefore have by (5.10.12) and (5.10.14)

NiKc,cfzi(ai) - SQ
=1

(5~10-19) = - Z Z(QZi - e(c, Zi))chzl-,cle-ij (tfc—zi (ﬁ(i’j)))

i=1 j#i

This proves the lemma. O

5.10.20. Lemma. Assume that the image n in R of the integer ||§*|| is a

multiplicative unit of R. Let E be a finite saturated subset of Divy (A); let
¢ # 0 be a maximal element of E. Let z1,. .., zs € Divy(A) be prime divisors

in Supp(c) \ I, where s > 1. Then we have an equality of submodules of
A(E)®z R

I(E|z,...,2z) N (AE\{c}) ®z R)

T(E\A{cHz1,. - 25)-

Proof. It is clear that there is an inclusion

I(E|z1,...,25) N (AE\{c}) ®z R)

1

T(E\A{cHz1,. .. 25)-

where the notation is that of (5.8.2)(2).
Assume that

v € T(Elz,...,2) N (AE\{c}) ®z R).

The element v of I'(E|z1, ..., 2s) is given by an expression of the form
S
v= ZKC,cle-(ai) +7
i=1

where v € I'(E'\ {c}|z1, ..., 25) and where §; € A. ®z R for all i. By taking
the difference v — 7/ we may reduce to to the case where 7/ = 0. By the
definition of the homomorphisms K (see (5.3.6)), we have

(o

C—Zz;

‘A* ‘ ec,c—ziéz\

(5.10.21) Kooz (6:) = (as, — e(c, 22, (6)

c,c—z;
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Here the element (c, z;) is either an element of A._,, or is equal to t2 iio—22s
as in case (4) of (5.3.5); in this case (4), we may therefore take €(c, z;) to be
t2 (see (5.7.7)).

The integer |O}_, |/|A*| in the formula (5.10.21) is equal to 1 unless s = 1
and ¢ = z; in which case it is equal to |B*|/|A*|. Hence the component of
in A, ®z R is equal to

(51022) _Z ‘;1*2@ ccfzi(si

where this component is assumed to be zero, as we have v € A(E\ {c¢}) ®z R.
Hence the vanishing of the component of v in A, ®z R is equivalent to one of
the equations

O*
(5.10.23) |§HJ%CQ&_0,HS_L

S

S eemzbi =0, if s >2.
=1

We now distinguish the two cases in these equations.

The special case where s = 1.
We have from (5.10.23)

O*
| CcC—z1 | 667672161 — O

|A*]

*

. O;_. . . .
that is to say the element %61 lies in the annihilator of e.._.,. But

the annihilator of e..—, is simply the augmentation ideal of the subgroup
ker(tcc—z,) in the group algebra A, ®z R of Pic(O,) (see remark 5.5.32(i)).
Hence we have from (5.10.21)

Kc,cle (51) - (azl - E(Ca Zl)) c,c—2z1 (61)
|10

and where ‘fA g )| 01 lies in the augmentation ideal of the subgroup ker(tc c—», ).
Hence we have 01|
ch—zl( ‘Z*T 51) =0.
That is to say we have
‘ :—Zl ‘
=0.
| A*|
o
As | |f4’f|1| is a unit of R, we have v = 0 which proves the lemma when s = 1.
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The general case where s > 2.
We have from (5.10.23)

S

Z 6676721.62' = O

i=1

We may then apply the previous lemma 5.10.1; we conclude from this lemma
that there are elements

7](1’]) 6AC®ZR> 2#37 1§Z,j§87

such that N B
77(“) = —77(“) for all 4 # j
and
(5.10.24) Coez0i =Y eim™) for all i,
Jj#i
where
eij = > h for all i # j.
heker(tc,c,zi)+ker(tcyc,z].)
Put

[Cpm—,

(5.10.25) N=—"2"%
|A*|

We have that N = 1 unless s = 2 and ¢ = 21 + 2».
We furthermore obtain from lemma 5.10.1 the equation
(5.10.26)

NZKQC—%((Si) = - Z Z(azi - 6(C> Zi))KC_Z'hC_Zi_Zj (téc—zi (n(m)))'
=1

i=1 j#i

Note that the element €(c, z;) here is either an element of A._, or is equal to
t2 (see (5.3.5)). By the compatibility of the homomorphisms K with the tran-
sition homomorphisms ¢£ (proposition 5.7.8(iii)) and that the K are A.®z R-
linear, the expression (5.10.26) shows that

Ny = NZKC,cfZi((Si) € I'(E\{c}z1,...,2).
i=1

where E \ {c} is the saturated subset of E obtained by removing ¢ from E.
As N is a unit of R, this proves the lemma. O
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5.10.27. Lemma. Assume that the image n in R of the integer % is a
multiplicative unit of R. Let E,E’ be saturated finite subsets of Div(A)
such that E' C E. Then the transition homomorphism H(E') — H(E) is an

injection.
Proof. The notation here is that of (5.8.2). Let
h € ker(H(E") — H(E)).

Then there is an element 6 € A(E’) ®7z R whose image in H(E’) is equal to
h. As h is in the kernel of the transition homomorphism H(E') — H(E) we
have

o€ (A(E/) X7z R) N F(E‘Zl, cey Zs).

where z1,...,zs are all the prime divisors of E which do not lie in I. In
particular, we have 6 € I'(E|z1, ..., zs).

Amongst saturated subsets D of E such that 6 € I'(D|z1,...,z2s) there
is a minimal such saturated subset Dy of E, with respect to the ordering of
subsets by inclusion. The subset Dy of E therefore verifies

(51028) o€ F(D0|zl,...,zs)

and no proper saturated subset Dy of Dg satisfies § € I'(D;), where it is
understood here and for the rest of this proof that the finite set of prime
divisors for each module I" is 21, ..., zs.
Suppose first that
Dy ¢ E'.

The finite set Dy has maximal elements with respect to the usual partial order
< on divisors, where d < d’ if and only if d’—d is an effective divisor. Therefore
there is m € Dy a maximal element of Dy satisfying

(5.10.29) m¢E.

As 6 € A(E') ®z R, the component of § in A,, ®z R is zero.
Let S, be the finite saturated subset of Dy given by

Sm={c|0<c<m}.
We have the decomposition (see remark 5.8.3(1))
(Do) = I'(Sm) + I'(Do \ {m}).

We may therefore express non-uniquely 0, which lies in I'(Dp), as a sum
corresponding to this decomposition

0 =101+ 02
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where
(5.10.30) 01 € I'(Sm)

02 € I'(Do \ {m}).

The component of ds in A, ®z R is zero. Hence, as the component of ¢ in
A ®z R is zero, we have that the component of §; in A,, ®z R is zero. We
may now apply lemma 5.10.20 to the element &1 in I'(S,,)NA(Sy \{m})®zR.
We conclude that the element §; satisfies

61 € I'(Sm \ {m})

where Sy, \ {m} is the saturated subset of S,, obtained by omitting m. We
may replace this expression in (5.10.30) and obtain

0 =014 02 € I'(Sp \ {m}) + I'(Do \ {m}) = I'(Do \ {m})
(see remark 5.8.3(1)). We put
Dy = Do\ {m} C Dy
and we have
(5.10.31) § e I'(Dy)

and where we have m & D;. Hence the proper subset D1 of Dy is saturated and
0 € I'(D1). But this contradicts the minimality of Dy hence the hypothesis
that Dy ¢ E' is false; hence we have Dy C E’.

We then have § € I'(E’) and hence that h = 0. We have therefore shown
that ker(H(E') — H(E)) is zero.O

We now come to the proofs of the results of §5.9.

Proof of propositions 5.9.2, 5.9.83, and corollary 5.9.4. We prove simultane-
ously these three results. That the transition homomorphisms

H(E'") — H(E)

are injections, if n is a multiplicative unit of R, is a proved in lemma 5.10.27.
Furthermore, we have by definition (see (5.3.8))

H(p) = lim H,
where the limit is over all ¢ € Div (A). The injectivity of the maps

H(E) — H(p)
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then follows from the injectivity of the homomorphisms
H(E') — H(E)

for all finite saturated subsets £’ C E of Div(A).
We have these basic results on faithful flatness of modules:

(1) If M and M’ are faithfully flat R-modules and N is an R-module situated
in a short exact sequence of R-modules

0-M-—->N->M -0

then N is a faithfully flat R-module.
[This immediately follows from the definition of faithful flatness.]

(2) The module Hy is a finite free R-module.
[This follows from proposition 5.7.6(3i).]

(3) Let E be a finite saturated subset of Div (A). Let m be a maximal element
of E for the usual ordering of divisors. Then E \ {m} is a saturated subset of
FE and the cokernel of the transition homomorphism

fH(EN\{m}) — H(E)

is a finite free R-module.
[We have that coker(f) is isomorphic as an R-module to H/, which is the
cokernel of H,, by the homomorphism

HH{d 0<d<m})—Hp

(see (5.7.4) and proposition 5.7.5). But by this latter proposition 5.7.5, H, is
a finite free R-module, as n is a unit of R.]

The two properties (1) and (3) imply that if E/ C E are finite saturated
subsets of Divy (A) then the cokernel of the transition homomorphism

f:H(E) = H(E)

is a faithfully flat R-module. In particular, if we take E’ = {0} we conclude
that the cokernel of
Ho — H(E)
is faithfully flat over R; but by property (2) above, Hy is a faithfully flat
R-module hence, by property (1), H(E) is a faithfully flat R-module.
The module H(p) is a direct limit lim H,. of faithfully flat R-modules where

the transition homomorphisms are injections with faithfully flat cokernels;
hence the Heegner module H(p) is a faithfully flat R-module.
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Furthermore, the cokernel of
H(E) — H(p)
is isomorphic to the direct limit

lim coker (H(E) — H(D))

—

where the limit runs over all finite saturated subsets D of Div,(A4) with
E C D. Hence the cokernel of H(E) — H(p) is a direct limit, with injective
transition homomophisms whose cokernels are faithfully flat modules; hence
the cokernel of H(E) — H(p) is faithfully flat over R.

We have shown that the cokernel of

He — He

is a faithfully flat R-module and this map is an injection; applying the functor
— ®gr S, where S is an R-algebra, to this injection we obtain that it remains
an injection as Torf(H./H.,S) = 0. Hence the transition homomorphisms

He®r S — H(p) @ S =lim (H. ®r S)

are also injections for all ¢ € Divy(A). Identifying H. ® g S with its image in
H(p) @r S we obtain that H(p) ®g S is the union of the submodules H. @ S
as required. O

Proof of corollary 5.9.5. Let ¢ € Divy(A) be a divisor prime to J. We have
the exact sequence of R-modules

0—TI<.— A<er — He— 0.

Tensoring this with — ® g S this sequence remains exact, as H,. is a flat R-
module (proposition 5.9.2), so we obtain the commutative diagram with exact
rows

0 - I<.®rS — (A<c®zR)®rS — H.®rS — 0
l 1= !
0 — I'<.(S) — Ac.®7 S — Hc(ps,S) — 0

where the second row is the standard presentation of the component Heegner
module H.(ps,S) of ps : g\ I — S with coefficients in S and I'<.(S) is its
corresponding submodule of relations.
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By definition we have

FSC(S) :Z Z Kc’,c’fz(Ac’ 27/ S)

o/<ec
where ¢/ >z

the sums here run over all ¢’ < ¢, where ¢/ € Divy(A), and over all prime
divisors z such that z € Supp(c) \ I. It follows from this and the above
diagram that the homomorphism I'c. ® g S — I'<.(S) is an isomorphism
of A s-modules. Hence we obtain from the above diagram isomorphisms of
A, s-modules

Hc ®Rr S = Hc(pS7 S)

for all ¢ which are compatible with the transition homomorphisms H. — H,
for all ¢ < ec.

Passing to the limit over all ¢, we obtain an isomorphism of discrete
Gal(K®°?/ K)-modules

H(p) ®r S = H(ps,S). O

Proof of corollary 5.9.6. Let E be a finite saturated subset of Divy(A). Let
¢ € Divy(A) be any divisor which is an upper bound of the elements of E.
Then we have the exact sequence of A, ®7z R-modules.

0—I'(E)— A(F) - H(E) — 0.

For any R-algebra S we apply the functor — ®pr S to this sequence and we
obtain the long exact sequence

... Tor}(H(E), ) — Torf(I'(E), S) — Tor(A(E), S) — Torf(H(E), S)

—I'(E)®r S — A(E)®r S — H(E) ®r S — 0.

But A(E) is a finite free R-module and H(E) is a faithfully flat R-module
(proposition 5.9.2). Hence we have

Torl (A(E), S) = Torf(H(E),S) =0 for all i > 1.
It follows from this long exact sequence that
Tor®(I'(E),S) =0 for all i > 1.

Hence I'(E) is a flat R-module. O
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5.11 The Heegner module as a Heegner sheaf

(5.11.1) Let I be anon-zero ideal of A and let YJ™(I)/A be the corresponding
Drinfeld modular curve (§2.4). Let H be the Heegner sheaf (defined in (4.9.3)
et seq.) of sets on X = Spec A for the flat site corresponding to Y{™1(1)/A;
thus ‘H is a subsheaf of the representable sheaf Y§"(I) on Xg.

(5.11.2) Let Z[H] be the presheaf on Xy given by: for any morphism
U — Spec A locally of finite type

I'(U,Z[H]) = free abelian group with basis I'(U, H)

where the transition homomorphisms are induced from those of H. Let H?2P
be the sheaf of abelian groups on the flat site Xg associated to this presheaf
Z[H].

(5.11.3) Let
i:Spec ' — Spec A

be the inclusion of the generic point. Then i*H and i*(H?*") are sheaves for
the flat site over F.

Let F®°P be the separable closure of F' and let x : Spec F*? — Spec F
be the natural map. Let i*(H2P), be the stalk of the sheaf i*(H2") at 2. Then
i*(H?P), is a discrete module over the galois group Gal(F*°?/F). For any
intermediate field FP O L D F', we have

F(Spec L,i*(Hab)) _ (i*(Hab)w)Gal(Fscp/L).

The sheaf i*(H?P) is the sheaf associated to the discrete Gal(F*¢P/F)-module
i*(H*),. That is to say, it is the sheaf associated to the free abelian
group on the set of Drinfeld-Heegner points with the natural galois action
of Gal(F®P/F) by permuting the generators.

(5.11.4) Let K/F be an imaginary quadratic extension with respect to oo.
As in (4.9.6), let Hx be the subsheaf of H on Xjp given by Drinfeld-Heegner
points which have CM by the field K.

Let Z[Hk] be the presheaf on Xy given by: for any morphism
U — Spec A locally of finite type

I'(U,ZHk]) = free abelian group with basis I'(U, Hk ).

Let H%’ be the sheaf of abelian groups on Xpy associated to this presheaf
Z[Hk].
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As in (5.11.3), i*Hx and i*(H3P) are sheaves for the flat site over F'. Let
x : Spec F5°P — Spec F be the natural map. Let i*(H3P), be the stalk of the
sheaf i*(H2>) at . Then i*(H3P), is a discrete module over the galois group
Gal(F®°P/F'). For any intermediate field F*P D L D F, we have

F(Spec L, ’L*(H?}a)) _ (’L* (Hakb)z)Gal(FScP/L) '

The sheaf i*(H2P) is the sheaf associated to the discrete Gal(F°P/F)-module
i*(H32),.. That is to say, it is the sheaf associated to the free abelian group on
the set of Drinfeld-Heegner points with CM by K and with the natural galois
action of Gal(F*®°P/F) by permuting the generators.

(5.11.5) Let

R be a commutative ring;

p:Yr\ I — R beamap of sets (as in (5.9.1));

H(p)® be the component above 0 of the Heegner module H(p) of p, K/F,
and with coeflicients in R (see (5.3.8)).

As H(p)® is a discrete Gal(K*°P/ K )-module, it may be considered as a sheaf
of abelian groups on Spec K for the étale site. Let

j :Spec K — Spec A

be the structure morphism.
Then the Heegner module H(p)(?), as a sheaf, is equipped with a surjective
homomorphism of sheaves for the étale site on Spec K

JHR ©z R — H(p) .

The kernel of this homomorphism consists precisely of the relations I'<. for
all ¢ (see (5.3.7)).
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Cohomology of the Heegner module

Let H(p) = limH, be the Heegner module of the map p : ¥r \ I — R, the

imaginary quadratic extension field K/F', and with coefficients in the ring R,
where the notation is that of §5.3.

The objective of this technical chapter is to calculate the cohomology of the
Heegner module H(p) as a Gal(K®°P? /K )-module. More precisely, for a divisor
¢ in Div, (A) and a prime divisor z ¢ I in the support of ¢, let K[c]/K[c — 2]
denote the corresponding extension of ring class fields of K. For a commutative
R-algebra S, the aim is to compute the Galois cohomology groups

HY(Gal(K[c]/K[c— 2]),He ®r S)

of the component Heegner module H. ®r S. The main general result we ob-
tain (proposition 6.6.3) expresses this cohomology group as a homomorphic
image of a simpler module. The most precise results we obtain are for the
case where ¢ = 0 and where S is an infinitesimal trait (definition 6.7.5) with
a supplementary hypothesis relative to the residue field characteristic of S
(theorem 6.10.7); this is the case applied to the Tate conjecture in chapter 7.

Theorem 6.10.7 is the principal result of this chapter; only the case (1) of
this theorem, where the prime z is inert and unramified in the field extension
K/F, is applied to the Tate conjecture in the next chapter. Nevertheless, the
other cases of this theorem, could be used to obtain further information on
Tate-Shafarevich groups by the methods of the next Chapter 7.

Proposition 6.6.3 is a simple consequence of the main lemma 6.4.3. This
main lemma states that the galois cohomology of the module of relations of
the Heegner module may be computed by restriction to a submodule on which
the galois group in question acts trivially. The proof of the main lemma, as
well as that of the main theorem 6.10.7, uses extensively the results of §5.6
on cohomology of group rings.

M.L. Brown: LNM 1849, pp. 223-327, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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6.1 General notation

(6.1.1) For this chapter, we retain the notation of (5.2.1), (5.3.1), and (5.7.1).
Principally, we have

K/F is an imaginary quadratic extension of F with respect to oo;

B is the integral closure of A in K;

X' is the set of all places of F;

I is a finite subset of X;

R is a commutative ring;

S is an R-algebra;

p:ZF\f — R, v+ ay, isamap of sets;

H(p) = lim  H. is the Heegner module of p, K/F, with coefficients

c€Div (A)

in R.

(6.1.2) For divisors ¢ > ¢’ of Divy (A), we write G(c¢/c’) for the galois group
Gal(K|c]/K]c']) of the ring class field extension K|c]/K|[c].

We recall that the Heegner module H(p) is a discrete Gal(K*P /K )-module
and that the component Heegner module H, is a Gal(K|c]/K)-module for all
¢ € Divy (A).

(6.1.3) For any galois field extension K’'/K with galois group G and any
G-module M, we write ‘
H'(G,M)

for the usual galois cohomology groups; in particular H°(G, M) = M is the
G-invariant submodule of M.

(6.1.4) If M is an R-module we frequently write Mg for the S-module M ®p S.
We write A; g and A, g for A ®z R and A, ®z S, respectively.
We put for any ¢ € Div, (A) and any prime divisor z in Supp(c) \ I

Fac—z = Kc,c—z(Ac,R)-

6.2 Exact sequences and preliminary lemmas

In this section, we give some results which are a simple consequence of the
presentation of the Heegner module by generators and relations. The main
exact sequences of cohomology which are obtained are those of lemmas 6.2.11
and 6.2.15.
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(6.2.1) We assume throughout this section that

n is the image in R of the integer |B*|/|A*| and is assumed to be a
multiplicative unit of R;

¢ < c are effective divisors on Spec A;

z is a prime divisor in the support of ¢ where z ¢ I.

6.2.2. Lemma. (i) The restriction to I'; .—, of the projection homomorphism
A<c r — Ac r induces isomorphism of A g-modules

Fc,c—z = AC—Z7R‘

(ii) The module I, ., is a universal R-submodule of A<, g.

Proof. (i) We have that I ._, is a submodule of I'<. r and the projection
map A<, — A, with kernel A, induces a surjective homomorphism of
A¢ g-modules

07|
|A*]

(6.2.3) e PR €c,c—2 ¢ R-

Let v = Kc,c—-(0) be an element of the kernel of this homomorphism 7. We
then have (see (5.3.6))

*
_1oc.]

Kee2(8) = (as — e(c, 2))t2._(6) A €c,c—z0.

c,c—z

As m(y) = 0, we have that e..—.0 = 0 as n is a multiplicative unit in R;
hence we obtain t. .—,(d) = 0. Therefore we have v = 0 and 7 is an injection;
therefore 7 is an isomorphism. We then obtain the isomorphisms of A, g-
modules

Fc,c—z = ec7c—zAc7R = AC—Z7R

as required.

(ii) The isomorphism 7 of the proof of part (i) may be inserted into a commu-
tative diagram with exact rows and with injective vertical homomorphisms
provided by inclusion

T [

0 - Fc,cfz e Wec,cszc,R - 0
(6.2.4) l | l
0 — Acer — A<er — Acr - 0

If we put
N = coker(I'c—, — A< R)
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then the snake lemma applied to this diagram provides the exact sequence of
cokernels
0— A<C,R — N — AC,R/EC,szAC,R — 0

.
|0c_.

as ‘A—*“ is a unit of R.

As Acrfecc—2Acr and Ao, g are finite free R-modules it follows that
this short exact sequence is split and NV is a finite free R-module. Therefore
we have an isomorphism of R-modules

ASC,R = Fc,cfz N

and hence I .. is a universal R-submodule of A<, g, as required.O
For the next lemma, we use the notation of 5.8.2 and remarks 5.8.3.

6.2.5. Lemma. Let E be a finite saturated subset of Div, (A). The module
I'(E) is a universal R-submodule of A(FE)pg.

Proof of lemma. The group H(E) lies in the exact sequence of A, gp-modules,
for any ¢ € Divy (A) larger than all elements of E,

(6.2.6) 0—-TI(E)— A(E)r — H(E) — 0.
As H(FE) is a finite flat R-module (proposition 5.9.2) it follows that I'(E) is
a universal R-submodule of A(E)g (by remark 5.5.22(i)). O

6.2.7. Lemma. (i) If ¢ < ¢ and d < ¢, where ¢/,d € Div{(A) and z ¢ I is a
prime divisor in Supp(c — ¢’) then we have the equality of G(c/c’)-invariant
submodules of A<q s provided that d £ ¢ — z

G(e/c c/c c/c
(6.2.8) (Aqs® Acy_s) s/} _ (Fa—z5)9C) 4 (Acy_. )¢/,

(ii) For divisors d < ¢ of Div, (A) and prime divisors z,w ¢ I we have iso-
morphisms of A. g-modules

Ag_z s ifd<c—zorw=z;

G(c/c—2z) ~v
(T,d-w.s) = { Ag-w_»g, otherwise.

Proof of lemma. (i) The group G(c¢/c — z) is a subgroup of the abelian group
G(c/c") and the quotient group is isomorphic to the galois group G(c — z/c’);
that is to say we have the short exact sequence of abelian galois groups

0— G(c/e—z)— G(c/d) — Glc—z/c) — 0.
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We have
(629) (A(Ls)G(C/C/) = (6d7d,zAd7s)G(C_z/C/) if d ﬁ CcC— z.

To prove this, from the commutative diagram with exact rows and columns
(5.8.10), for all d < ¢ such that d £ ¢ — z we have that G(d/d — z) is a
homomorphic image of G(¢/c— z). Hence if d < ¢ and d € ¢ — z then we have

(Ad S)G(c/cfz) _ (Ad S)G(d/dfz)'
As there is an isomorphism of Gal(K|c]/K)-modules
Ag,s = S[Gal(Kd]/K)]

where the group algebra S[Gal(K[d]/K)] is a cohomologically trivial
Gal(K[d]/K)-module, it follows that we have an equality of submodules of
AC,S

(Ad7s)G(d/d_z) = ed,d_ZAQS ifd<c—z.

Hence we obtain
(Ad7S)G(C/C_Z) =eqd—Aqs ifdLc—z.

This proves (6.2.9).
Ifd £ ¢c—z then A<y, g is invariant under G(¢/c— z). From this, (6.2.9),
and the definition of the homomorphism K4 4—, (see (5.3.6))

05|
| A*|

Kqa-:(8) = (a: — e(d, 2))tg_.(8) — €d,d—z0

we obtain the inclusion

o= , , /
| jlj (A4,5) ) C (Faamz,8) 97D + (Agaosys) ), i d L e~z

where the inclusion and sum here are as submodules of A<, g. As the image
of |[B*|/|A*| in S is a unit we obtain the equality (6.2.8) stated in the lemma.
(ii) This follows immediately from (6.2.9) and the isomorphism of
Ac,s-modules (lemma 6.2.2(1))

Igd—zs=Aqg—zs. |

6.2.10. Notation. For a subset E of Div;(A) and an element ¢ of Div (A)
we write E<. for the subset of E given by

E<.={e€ E]e<c}.
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6.2.11. Lemma. Let ¢’ < ¢ be effective divisors in Div(A). Assume that
Supp(c — ¢) is disjoint from I. Let E be a finite saturated subset of Div (A)
all of whose elements are < c. There is a long exact sequence

0 — H(E<e)s — (H(E)g)%/) —

H'(G(c/d), [(E)s) — H'(G(c/), A(E)s) — H' (G(c¢/), H(E)s) —
H?*(G(c/),I'(E)s) — H*(G(c/c), A(E)s) — H*(G(c/c),H(E)s) — ...

Proof. If ¢ = ¢’ there is nothing to prove so we may assume that ¢’ < c.

Let z be a prime divisor in Supp(c — ¢). Then z ¢ I as Supp(c — ¢/) is
disjoint from I. From lemma 6.2.7, we have for all divisors d in Div (A) such
that 0 <d<candd<£c—z

G(c/e c/c c/c
(Ad,s ® Ag—.5) (e/e) = (Fad—2.5)9) 4 (Ag_..5)C/).

By taking the sum over all divisors d of E, we obtain the equality of submod-
ules of A(E)s

(AE)s)CD) = N (Ta—es)®) + (A(B<emz)s) /).
deE, d€c—z

This equality shows that the image of (A(E)s)(/<) in H(E)s coincides
with the image of (A(E<._.)s)%/<) in H(E)s; but (A(F<._.)s)C/¢) =
(A(B<._.)s)C2/<) as A(E<._.)s is G(c/c — z)-invariant. Hence the image
of (A(E)s)E/<) in H(E)s coincides with the image of A(E<)g in H(E)sg,
by induction on ¢—¢’. That is to say the image of (A(E)g)%(¢/¢) in H(E)g co-
incides with the image of the transition homomorphism H(F<.)s — H(E)s.
But (proposition 5.9.3), this last transition homomorphism is an injection.
From the short exact sequence (6.2.6) we obtain the short universally ex-
act sequence which is the standard presentation of the component Heegner
module H(FE)s
0—I'(E)s — A(E)s — H(E)s — 0.

This provides the following long exact sequence of galois cohomology
(6.2.12) 0 — (I(E)s)9/) — (A(E)s)T ) — (H(E)s) /) — ...
— HY(G(c/c),[(E)s) — H(G(c/c), A(E)s) — H(G(c/c),H(E)s) — ...
This exact sequence and the preceding argument provides an isomorphism

(A(B)s)CC/) (D (B)5)C) = H(Ecy)s.
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Hence the long exact sequence of (6.2.12) becomes
0 — H(E<e)s — (H(E)s)?/<) —

HY(G(c/d),I(E)s) — H(G(c/), A(E)s) — H' (G(c/d ), H(E)s) — ...
as required.O
6.2.13. Notation. The partially ordered set Div, (A), with its usual order,
is a sieve (definition 5.6.2). For two effective divisors dy,ds in Divy (4), we
write d; Ndy for the greatest divisor in Divy (A) which is < dy and < do; we

write dy U dy for the least divisor in Divy(A) which is > d; and > dy. The
divisors dy N dy and dy U ds are uniquely determined by d; and ds.

6.2.14. Lemma. Let ¢/ < ¢ be divisors in Div (A).
(i) Let d < ¢ where d € Divy (A). Then we have isomorphisms of A s-modules

HY(G(c/c), Aus) = Agne @z H(G(c/dUC(),S) for all i>0.

(ii) Let E be a finite saturated subset of Divy (A) all of whose elements are
< c. There are isomorphisms of Div, (A)-graded A. s-modules

HY(G(c/c), A(E)s) = @ {Admc/ ®z H (G(c/dU c’),S)} for i > 0.
deE

Proof. Part (ii) follows immediately from part (i) by taking the direct sum
over all divisors d of E.

In order to prove part (i), we have the exact sequence of abelian groups
obtained from the inclusion of ring class fields K[¢'] C K[dU ] C K|(]

0— G(c/dud) — G(e/d) — G(duc/d) — 0.

The Hochshild-Serre spectral sequence for the subgroup G(c¢/dUc’) of G(c¢/)
then can be written

EY = H(GU/), H (G(c/dU ), Ags)) = HT(G(c/c), Aus).

The group G(c/d U ¢’) acts trivially on the finite free S-module Ay g; hence
we have isomorphisms

Hi(G(c/dU(c), Ags) = H (G(c/dUC),S) @z Ag, for all i > 0.
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We then obtain the isomorphisms of A. g-modules
EY ~ H (G(d ud/d), H (G(e/dUd),S) @5 Ad7s> =

H'(G(dU /), Ags) @5 H (G(c/dU ), S).

We have a commutative diagram of Picard groups obtained from the evi-
dent inclusions of orders

Pic(Oguer) —  Pic(Ow)
! 1
PiC(Od) — PiC(OdmC/)

We obtain a surjective group homomorphism G(dUc’/¢') — G(d/¢’ Nd) whose
kernel has order which is a unit in R (by the formulae (2.3.8), (2.3.10); see also
the diagram (5.8.10)). Furthermore the above diagram shows that the action
of G(dU /') on Ay g factors through the natural action of G(d/dN¢’) on
Ag,s. For all d such that d < ¢, the G(d/dNc¢’)-module Ay s is cohomologically
trivial; hence the G(d U ¢ /¢’)-module A, g is cohomologically trivial. Hence
we have E;] = 0 for all ¢ > 1. Hence this spectral sequence degenerates and
we obtain the isomorphisms

(Ad,s)G(d/dmcl) ®s H (G(c/dU),S) = HI(G(c/c),Ass) forall j > 0.
The result then follows, as we have isomorphisms of A. g-modules

(Ag,s)Cd/d0) Agner,s- O

6.2.15. Lemma. If z is a prime divisor in Supp(c) \f, there are short exact
sequences for all m > 0

H™(G(¢c/c—2),He—z,5) = H™(G(c/c— z),He,5) —
H™ NG (c/c— 2),T<c5) — H™ M (G(c/c— 2), A<e5).
Proof. The exact sequence of lemma 6.2.11 applied to H. s and with ¢/ = c—z
becomes
(6.2.16) 0= Heoss — (Hes) 97 —
HY(G(c/c—2),T<cs) — HY(G(c/c — 2),A<cs) — HY(G(c/c — 2), He,5) —
H*(G(c/c—2),T<c5) — H*(G(c/c—2), A<es) — H*(G(c/c—2), Hes) — ...

For the case when m = 0, the short exact sequence of the lemma results
immediately from this long exact sequence.
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For m > 1, from lemma 6.2.14(ii) we obtain the isomorphisms of graded
modules
(6.2.17)

H™(G(c/c—2),A<cs) = P {Adm(c_z) ®z H™(G(c/d U (¢ — 2)), 5)}

0<d<ec

= EB {Ad®ZHm(G(c/c—z),S)}’iHm(G(c/c—z),A<C275).

0<d<c—=z

The modules I'cc— g, A<c—z 5, Hce—2,s are finite flat S-modules (propo-
sitions 5.9.2, 5.9.6) on which the group G(c¢/c — z) acts trivially. The short
universally exact sequence (see (6.2.6)) for any finite saturated subset E of
DiV+ (A)

0—I(E)— AE)r — H(E)—0

then provides the commutative diagram of cohomology with exact rows, where
we write G for G(¢/c — z) and H™ for H™(G, S)

o= H™(G, T<.s) — H™(G,A<.s) —H™(G,Hcs) —H™ (G, T<c5)—...

1 e 1
0— H™ Rs F§0—27S_> am Rs Agc—zSHHm Rs Hc—z,S_>0

where the middle vertical isomorphism results from the isomorphisms of
(6.2.17). Hence for m > 1, the image of the homomorphism

H™(G(c/c—z),A<c5) = H™(G(c/c— z), He,s)

coincides with the image of the homomorphism, induced from the inclusion
Hcfz,S - HC,Sa

H™(G(c/c = 2), Heez5) = H™(G(c/c = 2), He.s)-

The result then follows for m > 1 from the exact sequence (6.2.16). O
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6.3 Cohomology of the Heegner module: vanishing
cohomology

(6.3.1) We retain the notation of (6.1.1); assume that

n is the image in R of the integer |B*|/|A*| and is
a multiplicative unit of R;
S is an R-algebra;
¢’ < c are effective divisors on Spec A;
E is a saturated subset of Div (A) all of whose elements are < ¢;
ESC/:{GEE ‘ GSC/}.

6.3.2. Proposition. If the image in S of the order of the group G(c/c’) is a
multiplicative unit and Supp(c—¢') is prime to I then there are isomorphisms
of A, s-modules

H(Egc/)s, ifi = 0;

H'(G(e/d), H(E)s) = {07 ifi>1.

Proof. For any G(c/c’)-module M the cohomology groups H*(G(c/c’), M) are
annihilated by |G(¢/c’)| for alli > 1 [CF, Chapter IV, §6, Cor.1]. As the image
in S of the integer |G(c/c')| is a unit, we have

H'(G(c/¢),H(E)s) =0 foralli>1.

For the same reason, we have H*(G(c/c'), I'(E)s) = 0 for all i > 1; hence the
long exact sequence of lemma 6.2.11 then provides the isomorphism

(H(E)s)") = H(B<w)s

as required.O

6.4 The main lemma

The main lemma 6.4.3 is the basis of all further results given in this chapter
on the cohomology of the Heegner module. The lemma expresses that the
cohomology H™(G(c/c — z),I'(E)g) of the module of relations I'(E)g of the
Heegner module may be obtained by restriction to a submodule on which the
group G(c/c — z) acts trivially.
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(6.4.1) Let

z be a prime divisor in Div, (A) where z ¢ I;

¢ be an effective divisor in Div (A) such that z € Supp(c) \ I;

E be a finite saturated subset of Divy (A) such that ¢ is an upper bound
for F;

S be an R-algebra.

6.4.2. Notation. (1) Write
Max(E,c,z) ={d€ E | d £ ¢ — z}.

A divisor d € E is called z-mazimal if d + z ¢ E. The set Max(FE, ¢, z) is
a subset of the set of z-maximal elements of E, but need not contain all the
z-maximal elements; for example if ¢ — z is an upper bound for all elements
of F then Max(F, ¢, z) = 0.

(2) Write I, ,(F)g for the submodule of I'(E)s given by

I..(B)s= Y, Taa=zs + I(E\Max(E,c 2))s
deMax(E,c,z)

where I'(F \ Max(E, ¢, z))s, as in notation 5.8.2, is given by

T'(E\ Max(E,c,z))s = > > Tid-ws

de E\Max(E,c,2) weSupp(d)\I

The submodule I, ,(E)s is G(¢/c — z)-invariant. For example, if E is the
set of divisors d with 0 < d < ¢ then

Faz(E)S = Z Fd,d—z7S + F§0—27S-
d<c,d€c—=z

6.4.3. Main Lemma. Assume that the image in R of the integer |B*|/|A*|
is a unit. The homomorphism induced from the inclusion I'. ,(E) C I'(E)

H™(G(c/c—2),I..(E)s) — H™(G(c/c—=z),I'(E)s)

is surjective for all m > 1.
[For the proof of lemma 6.4.3 see the next section §6.5.]

6.4.4. Remark. The surjective homomorphism of the main lemma 6.4.3 is not
usually an isomorphism (see §6.9.8 and particularly proposition 6.8.10).
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6.5 Proof of lemma 6.4.3.

(6.5.1) Let

2 be a prime divisor in Div, (A) where z ¢ I;

¢ be an effective divisor in Div, (A) such that z € Supp(c) \ I;

E be a finite saturated subset of Div(A) such that ¢ is an upper bound
of F;

G be the group G(c/c — z).

6.5.2. Notation. The following notation is only required for this section.

(1) A finite subset T of Div;(A) is z-saturated if for all divisors d € T then
d —nz € T for all integers n > 0 such that d —nz > 0.
Note that:
(a) The intersection and the union of a finite family of z-saturated subsets
of Div; (A) are z-saturated.
(b) A finite subset T of Divy (A) is saturated (see (5.9.1)) if and only if it
is z-saturated for all prime divisors z.
(¢) The empty set is assumed to be z-saturated for all prime divisors z.

(2) If T' is a finite subset of Div, (A) then the z-saturation Sat,(T) of T is the
smallest z-saturated subset of Divy(A) containing T'.

(3) Let T be a finite subset of Divy(A). Let T be a finite saturated subset of
Div (A). Assume that all elements of T U T’ are < ¢. Then

I (T'|T)
is defined to be the subgroup of I'<. given by
I..(T'|T) = Z I'ya—> + I'(T)
deMax(T’ ,c,z)
where I'(T) is defined in (5.8.2) and (5.8.3).

(4) Note that if 7', T are subsets of a finite saturated subset T" of Div, (A)
and that T is saturated then we have

(@) Ie:(T"|T) € I(T");
() I..(T)=1I..Max(T,c 2)||T\ Max(T,¢c, z)).
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6.5.3. Lemma. Assume that the image in R of the integer |B*|/|A*| is a
multiplicative unit. Let E1, E5 be subsets of E where
(i) all elements of Ey and Ey are < ¢;
(ii) By is saturated;
(i) By # 0 and Eq # () imply that Sat,(Ey) N By # 0.

Let d be a maximal element of Fs. Assume that d £ ¢ — z and d ¢ FEj.
Then the inclusion

Fc,Z(El U {d}HEQ \ {d}) < Fc,Z(ElHE2)
induces surjective homomorphisms for all m > 1

Hm(G>Fc,z(E1 U{d}|E2 \ {d})s) — Hm(G>Fc,z(E1HE2)S)-

Proof that lemma 6.5.8 implies lemma 6.4.3. Fix an integer m > 1. It is
easily checked that for any subset M of Max(FE, ¢, z), the sets E; = M and
E; = E\ M satisty the conditions (i), (ii), and (iii) of lemma 6.5.3; for the
check of condition (iii), one observes that as z € Supp(c) the elements of
Max(FE, ¢, z), if any, all contain z in their support.

Let T be the set of subsets M of Max(F, ¢, z) such that the inclusion

Loo(M||E\ M) C I(E)
induces a surjective homomorphism
H™(G,I..(M||[E\M)s) — H™(G,I'(E)s).

Then we have these three statements (a), (b), and (c):
(a) 7 is a non empty finite set.

(b) T is equipped with a partial order < where M; < Ms if and only if
My C Ms.

(¢) f M € T and d is a maximal element of E'\ M where d £ ¢ — z then
Mu{d}teT.

The statement (a) holds as the empty set @) is an element of 7 and F is a
finite set. The statement (b) is evident.

To prove (c), suppose that M € 7. Let d be a maximal point of E\ M
where d € ¢ — z. Then we have d & Sat, (M) and if M # () and E # M then
we have

Sat. (M) N (B \ M) # 0.
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For if z € M then we have € ¢ — z and z € Supp(c) so that z € Supp(z).
Hence we have x —z € E\ M and x — z € Sat,(M). By lemma 6.5.3, we then
obtain that the homomorphism

H™(G, I (M U{d}||E\ (M U{d}))s) = H™(G, It..(M[|[E\ M)s)

is surjective. That is to say, we have M U{d} C Max(F, ¢, z) and MU{d} € 7.
We have therefore proved (a),(b), and (c).

To end the proof of the implication, by (a) and (b) there is a maximal
element Mo, of 7, with respect to the partial order < of (b). By (c), no
maximal point of E\ My is £ ¢ — z. Hence we have My, 2 Max(E, ¢, z).
As M., C Max(F,c,z) by definition, we therefore have M., = Max(FE, ¢, 2)
and furthermore 7 is the set of all subsets of Max(E, ¢, z); the statement of
lemma 6.4.3 is equivalent to the assertion that Max(F, ¢, z) is an element of
T (see notation 6.5.2(4)). This proves the result. O

The rest of this section is occupied with the proof of lemma 6.5.3. Assume
that d is a maximal element of Fs such that d £ ¢ — z and d € FE; where Fy,
Es satisfy the conditions (i),(ii), and (iii) of the lemma. The proof occupies
several stages.

*

O
Stage 1. Deriwation of the equation dq(g) = — ), %w’d,zim(g)
Let h be a cohomology class of

Hm(G> Fc,z(EIHE2)S)-

That is to say h is the cohomology class of a m-cocycle with values in
I'..(E1||E2)s. Then h is the class of a m-cocycle

(S . Gm g Fc,z(E1HE2)S~

Furthermore, h induces a cohomology class in H™(G, A<, s) and hence the
component cochain d; of the cocycle § is also a cocycle, where 05 is given
explicitly by

07 : G — A s

5= é;.

f<e

and

That 6(g) € I, .(E1||E2)g for all g € G™ is equivalent to an equation of
the form (see notation 6.5.2)
(6.5.4)

6(g) = Z Yar,ar—=(g) + Z Z Yercr—w(g), forallge G™

d'€Eq c’'€Ey wESupp(C')\f
d' Le—z
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for cochains
Yif-w € Coch™(G, It f—w,s), forall f,w,

and where w runs over a finite set of prime divisors in Supp(f) \ I.

Let d be the chosen maximal element of Fy such that d £ c—z and d ¢ E.
Let §4 be the component cocycle of § with values in in Ay g. We may write
the equation (6.5.4) in the form

(655) 6= qaa-ant Y. Y Yeowt Y Ydd-u-

e /€2~ {d} weSupp(e )\ i=1
d'Le—z
where 21, ..., z, are the prime divisors in Supp(d) \ I and where z; = z.

We then have (see (5.3.6))

- A |07,
Ky w(0) = (aw — e(f,w))t7 sy (0) — A ef,f—wo.

The component of v¢ ¢_.,(g) in Ag g is therefore zero if f is not equal to d,
d+ w or d + 2w (by the definition of Ky r_,,).

The hypothesis on d implies that d, d + 21 and d + 2z; do not lie in the
set F. Hence for the sum, for all g € G™,

Z Vo ,dr = (9)

d'€E1,d L£c—z
the component in Ay s is equal to zero. Furthermore, for the sum, for all

geagm,
Z Z 'YC’,C’fw(g)

c’€E>—{d} weSupp(c/)\I

the component in Ag g is equal to zero as d is a maximal element of the
saturated set Es.

The component in Ay g of the right hand side of the equation (6.5.5) is
then the component in Ay g of the sum

n
> vda-=i(9)
i=1

for all g € G™. The cochains 74 4., are of the form

9= Kia—2ni(9)), G™ = TI'qaq—2,.s,

for some cochains

n; € COChm(G,A(LS).
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Hence the component of this equation (6.5.5) in Ay g is the equation
(see (5.3.6))

~10;_,]

(6.5.6) Sa(g) == Weim(g) for all g € G™
=1

where we write

(6.5.7) € = Cdd—z = Z g

9eG;

and
Gi =Xker(tg,a—») = G(d/d — z;), for all i,

and 04(g) is the component in Ag s of d(g), in particular g4 is a cocycle in
COCym(Gl, Ad,S)-

Stage 2. Formulae for the n;.

By proposition 5.8.4, {G;};=1,..n, forms an S-admissible family of sub-
groups of Pic(Oy), where Ay g is the group algebra S[Pic(Og4)]. We may then
apply proposition 5.6.28 to the equation (6.5.6). We obtain that there are
cochains

nt) . Gl"— Ags foralli#jand1<4,j<n

such that

(6.5.8) n®) =~ foralli#jand 1<i,j<n,
and cochains

(6.5.9) 0; : GI' = Ays foralll <i<n

such that the maps e;0; : G* — Ags are m-cocycles (in fact they are m-
coboundaries for ¢ > 2) for all i = 1,...,n where we have
‘O:l—z,i | _ (1 j) . m
emi(g) = eidi(g) + Y _eim™(g) forall 1 <i<n,geG]

(6.5.10) -
47| i

where we put

(6.5.11) ej= Y h

heG;G;

From this we obtain the equation

(6.5.12) Sa=—> eid;.
i=1
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The equation (6.5.10) then may be written

o) -
(6.5.13) | | jl_*TJemi =i+ Y _ein™) forall 1 <i<n.
J#£i

Stage 3. The formula ), Kq,q—-,(ni(g)); the case where n = 1.

The equation (6.5.5) becomes

5= Y, d'—z + Vel el —w T Vd,d—z -
> >, 2

d%I;El C’GEQ*{d}wESupP(C/)\f

This expression may then be written as

(6514) 0=+
where
"= Z V' d' -z
d’€eEjU{d}
d/' Le—z
and

Y2 = Z Z Ye! ¢! —w-

c’€E2—{d} weSupp(c/)\T

Put
I'=T.. (Ey U{d}||E> — {d})s.

We have for all g € G™
mnlg) el

Y2(9) € I'(Ea —{d})s C I

Hence we have for all g € GT*
d(g) € I.

This completes the proof of the lemma 6.4.3 in this case where n = 1.

Stage 4. The formula ), Kqq—.,(ni(9)); the case where n > 2.
The divisor d is not prime, as it has at least two prime divisors in its
support by the hypothesis n > 2. The equation (6.5.13) becomes

eni(g) = e;d:(g) + Zeijn(i’j) (9) foralll <i<mn,geGT".
J#i



240 Cohomology of the Heegner module

We may now apply lemma 5.10.1 to the sum Z#i eijn(i’j) (g9). We obtain that
for all g € GT*

(6.5.15)
NS (o) = N{ 3 Kd,dzxm(g))} - N{ 3 Kd,dzi@(g))} 1 5(9)
=1 =1 =1

where
(6.5. 16)

Z Z (a’zi - 6(d7 Zi))Kd—Zi,d—Zi—Zj (t(?,dfzi (n(iJ) (g)))

i=1 1<j<n,j#i
and where

O*

(6.5.17) N = %

Note that N =1 unless n = 2 and d = z1 + 29.
As N is a unit of R, we have from (6.5.15)

(6.5.18) Z’Yd,dfzi (9) = Z Ka,d—=;(6:(g)) + %5(9)
=1 i=1

As FE, is saturated we have f € Ey\ {d} for all divisors f > 0 such that f < d.
From the expression (6.5.16) of S, and the compatibility of the K’s with the
transition homomorphisms ¢2 (proposition 5.7.8(iii)), we obtain

(6.5.19) S(g) € I'(BEy—{d})s forall gec G
The form (6.5.5) of the equation (6.5.4) reads

n
Z Yd',d' -z, + Z Z Ye! ¢! —w + Z%Ld—z,y

ddxlgEEl ¢’€B2—{d} weSupp(c)\] =1

Hence by (6.5.18) we obtain for all g € GT*

Z V' d'—z (9) + Z Z 'YC',C’fw(g)‘F

d’ € By c’€Ex—{d} weSupp(c/ )\
d' Le—z

ZKdd zl z + S( )

where S(g) € I'(Es — {d})s is given by (6.5.16).
We obtain

(6.5.20) d(9) — Z Kaia-2(0i(9)) = 1(9) + 12(9)
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where 1,72 are given by, for all g € GT*,

1(9) = Do wem Vard—z (9) + Kaa—z (01(9))

d'Le—z

V2(g) = Zc’EEQ—{d} ngSupp(c’)\f’Yclyclfw(g) + %S(g)

where

v1(9) € I .(Ev U{d}||0)s for all g € GT

and where
Y2(g) € I'(Ey — {d})s for all g € GY".

Hence we have that v; 4+ 2 is a cochain
N+ 2 G = ez (BErU{d}|Er — {d})s.
As
eiéi : ng — Ad7S

is an m-coboundary for all ¢ > 2 and is an m-cocycle for ¢ = 1, we have that
9= Kaa-(5:(9))
i=2

is a m-coboundary in Cob™(G1, I'(E2)s) as the maps K, 4—., are homomor-
phisms of Agz-modules. As § is a cocycle it follows from the equation (6.5.20),
that the cochain v; + 72 is an m-cocycle. It also follows from the equation
(6.5.20) that the cohomology class h of § € Cocy™(G1, . .(E1||E2) is rep-
resented by this cocycle 1 + 2. That is to say, h lies in the image of the
homomorphism

H™(G, It 2 (Ey U{d}||E2 \ {d})s) — H™ (G, I . (Er||E2)s). O

6.6 The main proposition

Proposition 6.6.3 below is the main result on the cohomology of the Heegner
module for a general R-algebra S. In the case when S is an artin local ring of
embedding dimension 1 (an infinitesimal trait), we obtain more precise results
in the next sections.
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(6.6.1) We assume throughout this section that

n is the image in R of the integer |B*|/|A*| and is assumed to be a
multiplicative unit of R;

S is an R-algebra;

¢ < c are effective divisors on Spec A;

z is a prime divisor in the support of ¢ where z ¢ I;

G is the galois group G(c/c — z).

(6.6.2) The transition homomorphism H._, s — H.s induces homomor-
phisms of cohomology for all m > 1

H™ NG, Hoez5)——H™ MG, He ).

We write
Hm-1 (G, Hc7s)

t(Hmfl(G, Hcfzvs))

for the cokernel of this homomorphism.
Let I'r be the submodule of I'<. r given by

I'r= @ Fc’,c’fz-

of<ec
c!Le—z

That I'r is a direct sum of the modules I _, for all ¢ < ¢ such that
¢’ £ ¢ — z follows from the inclusions

Fc’,c’fz C Ac’,R @ Ac’fz,R @ Ac’72z,R
for all ¢/. There is a projection homomorphism
7:IR — Acc_ 2R
obtained as a composite I'r — A<. r — A<c—; R
6.6.3. Proposition. There are natural surjective homomorphisms of

A, s-modules for all m > 1

Hmfl(G, Hc,S)
t(Hm_l(G, HC_Z75)) ’

= ker{H™(G,S)®rlr "C" H™(G, S)®pA<e_ p} —
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Proof of proposition 6.6.3. Let E be the subset of Divy(A) of divisors < c.
By lemma 6.4.3 and lemma 6.2.15, for all integers m > 1 we may construct a
commutative diagram with an exact row

H™ Y G, Hor5) & H™ NG, Hes) = H™(G, T<es) L H™G, Aces)
il 7 h
Hm(G,Fw(E)S)

where the vertical arrow ¢ is a surjective homomorphism induced from the
inclusion I, .(E)s C I'<cs (see notation 6.4.2(2)). Furthermore, for m = 1
the homomorphism ¢ is an injection (by lemma 6.2.11).

Let H be the kernel of the homomorphism

f+H™G, I'<e,s) = H™(G, A<c,s).
This diagram provides a surjection
ker{h: H"(G,I.,(E)s) —» H™(G, A<.s)} — H.
By lemma 6.6.4 below, we obtain an isomorphism of A, r-modules
I .(E)g=T<.—»® IR

By corollary 5.9.6 and lemma 6.2.2(i), the modules I'<._, and I'w »_, are
finite flat R-modules for all ¢’; hence I'g is a finite flat R-module. Hence we
have an isomorphism, as G acts trivially on I'<._, and on I ~_, for all
d <e,

H™(G,T..(E)s) 2 H™(G,S) ®r <F§C_z ® FR).
Furthermore, by lemma 6.2.14, we have isomorphisms of A. g-modules
H™(G, A< s) 2 H™(G,S) @r A<c—z,r for all m > 1.
Hence the kernel
ker{h : H™(G, T, .(E)s) — H™(G, A<cs)}
is isomorphic as a A, g-module to the kernel of the homomorphism
H™(G,S) @r (I'<c—> ® I'r) = H™(G,S) ®r A<c—z,R.

But
H™(G,S)®rI<c—. — H™(G,S) ®r A<c—2.r

is an injection, as I'<._ is a universal R-submodule of A<._, r (lemma 6.2.5).
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Hence the kernel of the homomorphism A is isomorphic to

@ ker{Hm(G, S) XRnr Fc’,c’—z — Hm(G,S) Rnr A§0—27R}~

ol <ec
c!'Le—z

The surjection ker(h) — H combined with the isomorphism of
A._ . s-modules, obtained from the above diagram,

Hm_l(G, Hgs)
t(H™ Y (G, He—z,8))’

H

11

form>1,
completes the proof. O

6.6.4. Lemma. Let E be the saturated set
E={d]d <c¢, ¢ €Divi(A4)}.
Then the natural map (see notation 6.4.2(2))
I'ce .®I'p — Ic.(E)

is an isomorphism of A. r-modules.

Proof of lemma 6.6.4. Evidently, I, .(E) is the sum of the A, r-submodules
I'<.—, and Iy o, for all ¢/ such that ¢/ <¢, ¢/ £ ¢ — z; the problem is to
show that this sum is direct.

By definition I'r is the submodule of A<, r given by

I'r = @ Fc’,c’—z-

c’'<c, !Lc—z

Let
pr:dccrn— P Avr
c'<c, c!Le—z
be the projection homomorphism with kernel A<._. . The restriction of pr
to I'w —, induces an isomorphism Iy o, = o oA g for all ¢ < ¢ such
that ¢ € ¢ — z, by lemma 6.2.2(i). Hence we may construct a commutative
diagram with an exact row and injective vertical inclusion maps

pr
0 — Acczp — A<er — @ AR — 0
c’'<c, !Lc—z
FR — @ ec’,c’—zAc’7R

c'<e, ¢! Le—=z
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It follows from this diagram that
I'rN ASC*Z,R =0.

Hence I, ,(FE) is a direct sum as in the statement of the lemma. O

6.7 The submodule J. . g

In this section we define the submodule J. . s of A. s and determine its iso-
morphism class when S is an infinitesimal trait (theorem 6.7.16). The connec-
tion with the cohomology of the Heegner module is that if the group H™(G, S)
is isomorphic to S then the map = of proposition 6.6.3 concides with a sur-
jective homomorphism

Hmfl(G, Hc7s)
t(Hmfl(G, Hcfzvs)) '

Eide.s —
This is considered further in the next sections §§6.9-6.11.
(6.7.1) We assume throughout this section that

S is an R-algebra;

n is the image in R of the integer |B*|/|A*| and is assumed
to be a multiplicative unit of R;

c is an effective divisor on Spec A;

z is a prime divisor in the support of ¢ where z ¢ I.

Definition of J. . s

(6.7.2) The R-module I, ., = K.c—.(A¢r) is a universal submodule of
A<c r (by lemma 6.2.2(ii) and (6.2.1)). For any R-algebra S we then obtain
the two homomorphisms of A. s-modules

Fc,cfz,S — ASC,S 1’ Agcfz,s
where 7 is the projection homomorphism onto the submodule A<._. g of
A<, s. The composite of these two homomorphisms is the homomorphism of
A¢ s-modules
Tr: Fc,c—z,S - Agc—z7S-
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6.7.3. Definition. Put
Jc,z,S = ker(ﬂ'f' : Fc,cfz,S - Agcfz,S)-

Note that J. . g, as a submodule of the graded module A<, g, has all its
components zero except for that in A, g; hence J. . s is a submodule of A, g.

(6.7.4) By definition of I, .., the module J. . s is A, g-isomorphic to the
kernel of the A, s-module homomorphism (see (5.3.5) et seq.)

(a, —€(c, 2)) Acz g — A§0727S7 0 a0 — e(c, 2)0.

Infinitesimal traits

6.7.5. Definition. (1) An infinitesimal trait M is an artin local ring M which
is a quotient of a discrete valuation ring.

This condition is equivalent to M being an artin local ring whose maximal
ideal is principal. For example, for any prime number ! and any integer n > 0
the ring Z/I"7Z is an infinitesimal trait.
(2) A local parameter 7 of the infinitesimal trait M is an element 7 € M
which generates the maximal ideal of M.
(3) Let m be a local parameter of the infinitesimal trait M. Let vay : M — IN
be the map defined by vy(x) = n where n > 0 is the greatest integer such
that z € 7M. We put vp(0) = I, where [ is the length of M as an artin
M-module.

The map vy is the valuation of the infinitesimal trait M.

(6.7.6) An n-dimensional character x of a finite group G with values in the
infinitesimal trait M is a group homomorphism x : G — GL,(M); this is
equivalent to an action of G on a free M-module of rank n.
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6.7.7. Proposition. Let M be an infinitesimal trait with local parameter
7. Let G be a finite group of order prime to the residue characteristic of M.
Then any character

Xm : G — GL, (M /7™ M)

lifts to a character
Xma1 : G — QL (M /7™ M)

and this lifting is unique up to conjugation by an element of GLy, (M /7™ 1 M)
which is congruent to 1 modulo ©™.
In particular, any character

X:G — GL,(M/mM)
lifts essentially uniquely to a character

x*: G — GL,(M).

[This result is Exercise 15.9 of [S2]. It is assumed there that M is a quo-
tient of a mixed characteristic discrete valuation ring; but this hypothesis is
superfluous for this proposition.] O

Notation

(6.7.8) Let M be a (commutative) ring and let V' either be a module over M
or an endomorphism of M as an M-module. The annihilator of V' is the ideal
of M

ADDJ\/[(V) = {m € M‘ mV = 0}

Note that if a € M and M is an infinitesimal trait with valuation v and local
parameter 7, then we have Annys(a) = 7'=%(® M, where [ is the length of M
as an artin M-module.

(6.7.9) Let p;, i = 1,...,m, (where m < 2) be the prime ideals of the order
O,—, of K lying over the prime ideal of A corresponding to z. Let [[p;]] denote
the divisor class (as in (4.6.2)) of Pic(O,—.) defined by the fractionary ideal
p; of O._, when z is disjoint from the support of ¢ — z.

Let P be the subgroup of Pic(O._,) generated by the classes [[ps]],
i = 1,...,m; that is to say P is the subgroup of Pic(O._.) generated by
all prime divisors of O._, lying over z when z & Supp(c — z).
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Characters of rank 1 of the group P

(6.7.10) Let P the group defined in (6.7.9). Suppose the R-algebra S is an
infinitesimal trait with local parameter 7. Let L be an ideal of S. Let x be a
rank 1 character of P with values in the R-algebra S/L that is to say x is a
group homomorphism

P = (S/L)"

where (S/L)* denotes the group of units of S/L. Fix an isomorphism of A, g-
modules
7 AC,S/LLAHHS(L)AQS

Recall that t. ., : Pic(O.) — Pic(O.—.) is the group homomorphism induced
from the inclusion of orders O. C O,_. (see (5.2.2)). Let P be the subgroup
of Pic(O,.) given by

P=t; (P).

c,c—z

From y, we obtain a character x of P via
X : P — (S/L)*, g~ X(tee—=(9))-

Let fy be the element of e. . .A. s/1 given by

fx = Z 9x(9)-

gepP
Let I, be the ideal of the group algebra A. s given by
IX == /L.(fXAC,S/L)'

The 1ideal I, is independent of the choice of isomorphism
i:Aqg/r — Anng(L)A. s and we have the inclusion

L, C Anng(L)ecc—.Ac,s.

In particular, I, is naturally a A._ g/r-module and hence a %[P]—module.

(6.7.11) Let x be a rank 1 character of P with values in the R-algebra S/L
x:P— (S/L)*.

The ideal I, which is a A._ g/ -module, satisfies that for all g € P we have
9L, = x"'(9) 1.

More precisely, it is easily checked that

I, = {r € Anng(L)ec. . A.s| gr=x""(g9)x forall ge P}.
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If S is a field, then I, is the X -isotypical component of €c,c—zAc,5; that
is to say I, is the submodule of e. .—,A. s on which P acts like the character
X!, which is the contragredient character to .

(6.7.12) If L’ is an ideal of S such that L' O L then x : P — (S/L)* defines a
character

S\«

by composing x with the surjective homomorphism (S/L)* — (S/L')*. It is
easily checked that
I, =[L: LI,

where [L : L'] is the conductor ideal

[L:L])={s€S| sL' CL}.

Representations of P,

(6.7.13) Let [ be the characteristic of the residue field of the infinitesimal trait
S with local parameter . Let Py be the I-primary subgroup of P, that is
to say the subgroup of elements whose orders are prime to [. If [ = 0 then
Py = P.

(6.7.14) Let M be a S[Pg)]-module which is free as an S-module. Then
M ®g S/(m) is a direct sum of irreducible S/(7)[ P ]-modules

M ®g S/(n) = EBN

This decomposition lifts to M (see [S2, Exercice 14.3])
M= M;

where the M; are submodules of M and M;/mM; is isomorphic to N;. The
M; are then indecomposable S[P;)]-modules.

For any irreducible character x : Py — GL,(S/(7)), let N(x) be the
X-isotypical component of M ®g S/(m). Then y lifts essentially uniquely to
an indecomposable representation (proposition 6.7.7)

X' 1 Pyy — GLo(S).
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Let M(x) be the direct sum of the components M; of M which are isomorphic
to the representation xf. Then we have the decomposition

M= M(x)

We call M () the x-isotypical component of M.

(6.7.15) Let Pj denote the [th-power torsion subgroup of P. Then P decom-
poses as the direct product

P P(l) X Pjoo
and the algebra S[P] decomposes as
S[P] = S[Py] ®s S[Pe].

Then S[P], as a module over itself, decomposes as
S[Pyy] = @ S(x

where S(x) is the x-isotypical component of S[F;] and x runs over all the
distinct irreducible representations of S/(m)[P;] over the field S/ ().
We obtain the decomposition of S[P] as a module over itself

@S ) ®g S[P<].

We call S(x) ®s S[Pi=] the x-isotypical component of S[P].
Similarly, if M is a finite free S[P]-module we obtain a decomposition of

M as an S[P]-module
M = @ M(x)
X

where M (x) is the y-isotypical component of M.
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The main theorem

6.7.16. Theorem. Suppose that the R-algebra S is an infinitesimal trait with
local parameter m and residue field of characteristic | > 0. For an element
a € R we write a ® 1 for its image in S. Then the A s-submodule J. . s of
A, g is given by the following table (the notation is the same as that of table
4.6.9):

(1) If z remains prime in K/F and is prime to ¢ — z then J, . g is:

AHHS(U/Z ® 1)6070—ZAC7S

(2) If z is ramified in K/F and is prime to ¢ — z where m/, is the prime
ideal of O._; lying above the ideal m, of A defining z then J. . g is:

IXL

where L is the smallest ideal of S for which there is a rank 1 character
XL : P — (S/L)* of P such that a, ® 1 = x1([[m.]]) (mod L).

(3) If z is split completely in K/F and is prime to ¢ — z where
m,O._, = p1p2 and p1, p2 are two distinct prime ideals of O._,
then J, . s is:

D Annagy(a: @1 [[pa]] ™ = [lp2l] )

X

where the sum runs over the irreducible characters
X : Py — GLn(S/(m)) for all n of Py and where A(x) is the x-isotypical
component of e..—.A. s (see (6.7.15)).

(4) If z € Supp(c — z) then J. . g is:
Al’ll’ls(az oy l)ec,clec7072z,s

where I, .. s is the kernel of t2, o Acg — Ac_ass.

Table 6.7.16: J. . s as a submodule of A, ¢ when S is an infinitesimal
trait
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Proof of theorem 6.7.16. By definition of J. . g, we have the exact sequence
of A; g-modules
0— Jc,z,S - Fc,cfz,S - Agcfz,s-

Hence we have an isomorphism of A, g-modules
Jers={r € deszs | (a: 01 —¢€(c,2))(x) = 0}

where the homomorphisms €(¢, z) are defined in (5.3.5) and (5.3.6).
We now distinguish the 4 cases in the table 6.7.16.

(1) Suppose that z is inert in K/F and z ¢ Supp(c — 2); then we have
(see (5.3.5))
€(e,z) = 0.

As a submodule of A, g we obtain
Jezs ={€ce—20 | 0 € Ar g and (a; @ 1)ecc—,0 = 0}.
Hence we have the equality of submodules of A. 5

Jc,z,S == AnnS(az & 1)ec,cszc,S-

(2) Suppose that z is ramified in K/F and z ¢ Supp(c — z); then we have

(see (5.3.5))

e(c,2) =< [m]] 7" e —z >=[[m ] "

z z

Put
g = ¢€(c, z).

Then we have an equality of submodules of A. g
Jez,s ={€ce—z0 |0 € A g and (a; ®1— g)tA (6) = 0}.

c,c—z

Let P be the subgroup of Pic(O._,) generated by g, as in (6.7.9).
Let L be an ideal of S and let

v P = (S/L)"
be a rank 1 character of P with values in S/L. From (6.7.11), we have that
I, = {r € Anng(L)e. .. A.s| hx=x"'(h)x forall he P}.
As P is generated by g, it follows that

IX C Jc,z,S
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whenever x satisfies
a.®1=x(g)"" (mod L).

We obtain the inclusion of submodules of A. g

(6.7.17) Jezs 2D Iy,
L

where the sum ), runs over all ideals L of S for which there is a character
XL : P — (S/L)* of P such that

a,®1=xr([[m)]]) (mod L).

Note that if such a character x exists, it is uniquely determined by the ideal
L.
Let j be an element of J. , s. Let L be the ideal of S given by

L={seS|sj=0}

which is the annihilator of j. Then S/L acts on the S-submodule Sj of J; . s
generated by j. Furthermore, as j € J. . s we have

gtee—=(0) = (a=: @ D5, (7).
As g generates the group P we may define a character
61 P = (S/L)
via
g '—a, ®1 (mod L).
As the group P acts on J; . s and j € J. . g, we have for all h € P
hj = ¢(h)~"j.

We then have that j € I, (see (6.7.10)). As j is any element of J, . g, this
shows that the inclusion (6.7.17) stated in the previous paragraph is an equal-

ity of submodules of A, g
Jors =) Ly,
L

where the sum ), runs over all ideals L of S for which there is a character
XL : P — (S/L)* of P such that

a.®1 =y ([ml]]) (mod L).

As S is an infinitesimal trait, there is a smallest ideal Ly of S such that the
order of a, ® 1 in (S/Lg)* divides the order of g in Pic(O.—.). Then we have

Jez5 = Iy,
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where
Xo : P — (S/Lo)*

is the character defined via

g '—a.,®1 (mod Lo).

(3) Suppose that z is split completely in K/F and z ¢ Supp(c — z); then we
have (see (5.3.5))

e(c,2) =<[p1)] e—z>+ <[p]] He—2> .

Put
g=<I[p)] te—2>

h=<p2]] tc—2>.

Thus P is the subgroup of Pic(O._,) generated by ¢g and h, as in (6.7.9). Then
we have an equality of submodules of A; g

(6.7.18)  Jes = {ece—20 | 6 € Acys and (az ® 1 — g — h)t2._.(8) = 0}.

Let [ be the characteristic of the residue field of S. Let P(;y be the l-primary
subgroup of P (as in (6.7.13)).

We may identify the modules e. .— A, s and A._ g, which are isomorphic
as A s-modules; in particular the group P acts on e;c—cAc,5. As ecc—2Ac s
is a finite free S[P]-module, we have a decomposition of S[P]-modules where
A, is the x-isotypical component of e. .—,A. s (see (6.7.15))

6c,cszc,S = @ A(X)
X

and where x : Py — GL,(S/(m)) runs over the distinct irreducible represen-
tations of Py over S/().
We obtain from (6.7.18) the decomposition

Jez5 = @AHHA(X) (a,®1—g—h)
X

where the sum runs over all distinct irreducible characters
X P(l) - GLn(S/(ﬂ')) of P(l)

(4) Suppose that z € Supp(c — z); then we have (see (5.3.5))

(e, z) =t2

c—z,c—2z"*
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Hence we have an equality of A. g-submodules
Jez8 ={€ce—20 | 0 € Acs, (a:® 1)tf7c7z(6) =0, and tfc,QZ(é) =0}.

As the A, g-modules A._. 5 and e;.—.A. s are isomorphic, we then obtain
the equality of submodules of A, g

Jc7z7S = AnnS(az ® 1)6070—2—[070—2z,5-
where I, .2, s is the kernel of the homomomorphism téc_%,s. O
6.7.19. Corollary. Suppose that the R-algebra S is a field of characteristic

[ > 0. Then the A, g-submodule J, . g of A, s is given by the left column in
the following table (the notation is that of table 6.7.16):

(1) If z remains prime in K/F and is prime to ¢ — z then J. . g is:
ec,cszc,S if a; @ 1= 01
0 if a.®1#0.

(2) If z is ramified in K/F and is prime to ¢ — z and m’, is the prime
ideal of O._, lying above the ideal m, of A defining z then J. . g is:

I, where x:P — S*isa rank 1 character such that
az @1 = x([[m.]]);

0 if no such character exists.
(3) If z splits completely in K/F and is prime to ¢ — z where m,O._,
= p1p2 and p1, p2 are distinct prime ideals of O._., and h: P — P
is the projection homomorphism with kernel P~ then J. . g is:

@D, Annagy(a: ®1— [p]]~t = [Ip2]] ™) where y runs over
all irreducible representations x : Py — GL,(S5)
such that a. ® 1= x(h(([p2]))~") + x(A([[p2]) ")
and where A(y) is the x -isotypical
component of ec._,Ac s;

0 if no such character y exists.
(4) If z € Supp(c — 2) then J. , g is:

Ic,c—2z7Sec7c—zAc7S if a;®1=01in S;

0 if a,®1#0 in S.

Table 6.7.19: J. . s as a submodule of A. g when S is a field
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Proof. We consider the 4 cases of the table above.

(1), (2), and (4). These cases follow immediately from theorem 6.7.16.

(3) The module e .. A. s is a direct sum of the y-isotypical components
A(x) (see (6.7.15) where x runs over the irreducible representations of F.
As Py is an abelian group of order prime to the characteristic of the field
S, an irreducible representation x of F; over S is a finite separable field
extension S() of the field S. Hence A(y) is a finite free S(x)[Pj~]-module
(see (6.7.15)). Hence the annihilator

Annpgy (az © 1= [[pa]] 7" + [fp]] )

is non-zero only if the element

a: ® 1= x(h({lp]] ™) = x(h({lp2]] 7))

of the field S(x) is equal to zero, where h : P — Py is the projection homo-
morphism with kernel Pj. This case now follows from theorem 6.7.16.0

6.7.20. Corollary. Let S — S’ be a homomorphism of R-algebras where
S, S" are infinitesimal traits with residue characteristic I. Assume further that
if z is split completely in K/F and z is prime to ¢ — z then the group P has
order prime to l. Then there is an isomorphism of A. g-modules

Jc,z,S’ = Jc,z,S Qs S/~

Proof. For any infinitesimal trait U and any element u € U, there is an
isomorphism of U-modules
U
A ~
nngy (u) i
It follows immediately from theorem 6.7.16 that if z satisfies one of the con-
ditions (1), (2), or (4) of the table 6.7.16 then there is an isomorphism of
A, g-modules J. , g0 = J. .5 ®s 5.
Suppose that case (3) of the table 6.7.16 holds that is to say z is split
completely in K/F and z is prime to ¢ — z. By hypothesis, P has order prime
to I. Let m be a local parameter of S. Let a € S[P] be the element

1

a=a,@1—[[p]]7" = [[p2]]
By definition 6.7.3, the module J. . s is A, s-isomorphic to

Anna,_, (a).
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The algebra S[P] is finite and étale over S. Hence S[P] is a direct product

where S; is an infinitesimal trait with local parameter 7 for all i. The al-
gebra S[P] ®¢ S’ is a finite étale S’-algebra and hence is a direct product
of a finite number of infinitesimal traits. Hence there is an isomorphism of
S[P] ®s S’-modules

Anngp(a) ®s = Anngpiggs(a® 1)

where @ ® 1 is the image of a in S[P] ®g S".

The algebra A._, ¢ is a finite free S[P]-algebra and we have an isomor-
phism of A. s-modules, where A. s acts on the second factor of the tensor
product,

Jc7z7S = AnnAc,z,s(a) = AnnS[P](a) ®S[P] Ac—z,S-

It follows that we have an isomorphism of A, s/-modules

~ !
Jc,z,S’ = Jc,z,S Qs S’ O

6.7.21 Lemma. Let S — S’ be a homomorphism of infinitesimal traits. Let
f M — N be a homomorphism of free S-modules of finite type. Then there
is an isomorphism of S’-modules

ker{f@ldsx M ®sS — N®sg S/} %ker{f M — N} ®s S’

Proof of lemma 6.7.21. The image f(M) of f is an S-module of finite type and
hence, as S is a quotient of a discrete valuation ring, there is an isomorphism
of S-modules

f(M)%@Ci

where C; is a non-zero cyclic S-submodule of f(M) for all i. Let v; € f(M)
be a generator of C; for all: =1,... 7.

Select elements myq,...,m, € M such that f(m;) = v; for all i. Let &
be the residue field of S. Then f induces a homomophism of k-vector spaces
M ®sk — f(M)®gk and the images of vy, ..., v, form a basis of f(M)®g k.
Hence the images of my, ..., m, in M ®g k are linearly independent. Hence we
may find elements m,11,...,ms € M such that the images of mq,...,ms in
M ®g k form a basis of M ®g k. Nakayama’s lemma implies that mq, ..., ms
generate M as an S-module. As M is a free S-module and the images of
mi,...,msin M ®gk form a basis of M ®g k, it follows that m, ..., ms form
a free basis of the S-module M.
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Let M; be the submodule of M generated by mq,...,m,. As f(M) =
f(My), it follows that for all i = r+1,..., s there are elements n; € M; such

that f(m;—n;) = 0. The elements mq, ..., m,, Myy1 —Nypy1,...,Ms—ng then
form a free basis of M where f(m; —n;) =0for alli=r+1,...,s; write this
basis as mf,...,m}. There is then a free basis uy,...,us of N over S such
that

fml) =a"u,i=1,...r

We obtain that f: M — N is given by
f(m;) =n"u;,i=1,...,r, and f(m;) =0fore=r+1,...s.
Hence we have

ker(f) = <i€iBIAnnS(7r"’i)) @ M,

where M is the submodule of M generated by m..,,..., m). Furthermore
we have that f ®s1g : M @5 5" — N ®5 S’ has kernel equal to

ker(f ®s 1g/) = (EBAHHS/(WT”)> © (M2 ®55")
=1

1

T S/ ,
<@W> @(M2®SS)

=1

S
o (EB WS) ®s S @ (My®sS") = ker(f) ®g S’
as required.O

6.7.22. Proposition. Suppose that the R-algebra S is an infinitesimal trait
with local parameter m. Write Jy, for J. . g/(xm). For integers 0 < 1 < m there
is an isomorphism of A. g-modules

and an isomorphism of S-modules

Jy = J, @ 8/ (xh).

6.7.23. Remark. The A, s-modules J; and J,, ®s S/(7') need not be isomor-
phic although they are S-isomorphic modules (see example 6.7.24 below).
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Proof of proposition 6.7.22. We have the commutative diagram of A. s-
modules with exact columns

Ace osymty — T Acesymm)y = Acez5/(am)

T
FC,C*Z,S/(TFZ) — Wm_lrc,cfz,S/(ﬂ'm) — c,c—z,8/(m™)
T
Ji Im
T 1
0 0

It follows from this, as I'c ., g is a finite free S-module (lemma 6.2.2(i)), that
we have an isomorphism of A. g-modules

Jr={j € Jm|7'j=0}

which proves the first part of the lemma.
The S/(7™)-modules

FC,C*Z,S/(TF"")? Agcfz,S/(ﬂm)
are finite and free (lemma 6.2.2(i)). Let
mr Fc7c—z7S/(7rm) - ASC—ZaS/(ﬂ'm)

be the projection homomorphism (see (6.7.2)). From the previous lemma
(lemma 6.7.21) we obtain an isomorphism of S-modules

ker(ﬂp Rg Ids/(ﬂz)) = ker(ﬂ'p) Xg S/(T('l)

As J; is isomorphic to
ker(wr Xs Ids/(ﬂz))

and J,, ®g S/(m!) is isomorphic to

ker(mr) ®s S/(x'),
we obtain the isomorphism of S-modules

T = T ®s 5/ (w)

as required.O
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An example where J. . s ® k and J. . . are not isomorphic

The base change property of J. . s given by corollary 6.7.20 fails to hold in
case (3) of table 6.7.16 if the order of the group P is not prime to the residue
characteristic of the infinitesimal trait S. An example of this is given below.

6.7.24. Example. In case (3) of table 6.7.16, put g = [[p1]]~*, h = [[p2]] *
Assume that

(1) the group P is isomorphic to g x Fa;
(2) S is an infinitesimal trait with residue field & of characteristic 2;
3)a,®1=2and4#0in S.

Then there are isomorphisms of A, g-modules
Jez,8 ®g5 k = k[Pic(O.—)/P) & k[Pic(O.—,)/P]

JC N ((g + h) [P]) ®K,[P] Ac—z,m-

In particular, J. . s ®g & and J. ., are not isomorphic A. g-modules, as P
acts trivially on J. , ¢ ®g k but not on J. ; .

Proof of example 6.7.24. For the proof of this example, which takes several
steps, we have an isomorphism of S-algebras, where g, h are the images in
S[P] of z,y respectively,

S[P] = S[z,yl/(2* — 1,97 - 1).

Here S [ y] is a free polynomial algebra in z,y over S. The elements g =
[[p1]]7t,h = [[p2]]~* both have order 2 and generate P. Let 7 be a local
parameter of S.

Step 1. There is an isomorphism of A. s-modules
Jc,z,S = AnnS[P](2 —g— h) ®S[P] Acfz,S

where the sum runs over a set of coset representatives of P in Pic(O._,).
The module J. . g is A, s-isomorphic to the submodule of A._, ¢ given
by (theorem 6.7.16)
Annp, , (2—g—h).

As the module A._, g is a finite free S[P]-module the result follows immedi-
ately.
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Step 2. Let C be the cyclic subgroup of P generated by g and let S[C] C S[P]
be the corresponding group subalgebra of S[P]. Let ¢ € Anng[p|(2 — g — h).
Then for some element w € S[C]| we have

g=(g—h—-2)w
and

4(g— 1w = 0.

Put L =2 — 2z —y € S[z,y]. We select any lifting @ € S[z,y] of ¢. Then
we have

LQ = (‘CU2 - 1)’11)0(117,:[/) + (y2 - l)wl(x,y)
where wg, wy are elements of S[z,y]. As

oo

Slz,y] = P L"Sa]

n=0

we may expand the polynomials w; in powers of L with coefficients in S[z]. We
may therefore select a lifting @ in S[x, y] of ¢ such that we have the equation
in the algebra Sz, y]

LQ = (2% = Nu(z) + (y* = v(z).

where u = u(z),v = v(x) are elements of S[x].
We may write this equation as

LQ=(*-1u+(2-2—-L)>-1)

=@ = Du+((2—2)% —1)v+ L(L+ 2z — 4)v.

As Sz, L] = S[z] @ LS|z, L], we may here equate of powers of L and obtain
the equation in the algebra S|x]

0= (2 —Du+(2—-2)* 1)

=@ - D(u+v)+4(1 -z
and the equation in S|z, y]

LQ = L(L+ 2x — 4)v.
As L =(2— =z —y) is not a zero divisor in S[z,y|, we obtain
Q=(x—y—2)w.

We then take w to be the image of v in S[C] as required.
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Step 3. We have the equality of S-submodules of S[P]
Anmngp)(2—g—h)=(h+1)(g+1)SOM
where
M = (h+2—g)Anng(4).

Let ¢ € Anngpj(2 — g — h). By Step 2 above, there is a lifting Q € S|z, y]
of ¢ and elements u, v € S[x] such that
(6.7.25) Q=(x—y—2)v and 4(x —1)v+ (22— Du=0.
The second equation of (6.7.25) may be written

(x—1)(z+ Du=—4(x — 1)o.
As (z — 1) is not a zero divisor of the ring S[z] we obtain the equation
(x + Du = —4v.

The element v satisfies this equation if and only if v is an element of the ideal

of S[z] given by
(x 4+ 1)S[z] + Anng(4)S[z].

As Q = (x — y — 2)v, we obtain that Q is an element of the ideal of S|z, y]
given by
(y+2—=)((z + 1)S[z,y] + Anng(4)S[z, y]).

That is to say, as ¢ is any element of Anng(p(2 — g — h), we have
Anng(p1(2 —g —h) = (h+2—g)((g + 1)S[P] + Anns(4)S[P]).
We have in S[P] the equations
(6.7.26) (g+1)(h+2—-g)=(h+1)(g+1)
(h+1)h+2—9g)=41+h)—(h+1)(g+1).
From the decomposition of S[P] as a sum of S-modules
SPl=SaeSg+1)aeSh+1)eSg+1)(h+1)

we obtain the decomposition into S-submodules of S[P]

(h+2—g)Anng(4)S[P] = (h+1)(¢g + 1)Anng(4) ® M

where

M = (h+2—g)Anng(4).



6.7 The submodule J. . s 263

We obtain the decomposition of the S[P]-module Anngp(2—g—h) as a sum
of S-modules, as required,

Anngip|(2—g—h) = (h+1)(g+1)S @ M.

Step 4. There is an isomorphism of A, s-modules

oo = { (0 RIPL} @) A

For we have an isomorphism of A, g-modules, by Steps 1 and 3,
Jc,z,S = {(h + 1)(9 + 1)S[P] + (h + 2 — g)AnnS(4)S[P]} ®S[P] Acfzvs.

Hence we obtain isomorphisms of A, g-modules, as the residue field x has
characteristic 2,

JC,Z,N = {(h +g)H[P]} ®H[P] Ac—zm

as required.

Step 5. If 4 # 0 in S then we have an isomorphism of A. g-modules
Je.z,8 ®g Kk = K[Pic(O.—)/P| & k[Pic(O.—.)/P).

We obtain from Step 3 the decomposition of the S[P]-module Anngp)(2—
g — h) as a sum of S-modules

Anngp(2—g—h)=(h+1)(g+1)S®M
where
M = (h+2—g)Anng(4).

It follows from the equations (6.7.26) that provided 4 # 0 in S, and hence
Anng(4) is contained in the maximal ideal w5, we have that g, h act on M
such that

(g+1)M C (h+1)(g+ 1)nS

and
(h+1)M C (h+1)(g+ 1)mS.

It follows that provided 4 # 0 in .S, we have

{(h+1)(g+DSOM}@sk=(h+1)(g+ 1)k ® (M ®s k)
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is a k[P]-module on which P acts trivially on both components (h+1)(g+1)x
and M ®g k as k has characteristic 2. We obtain that

Anngp|(2—g—h) ®s K

is isomorphic as a k[P]-module to k @ k on which the group P acts trivially.
From Step 1, we obtain isomorphisms of A. s-modules provided 4 # 0 in

S
Jezs @5 k= Anng(p|(2 — g — h) @gip) Ae—z.5 s K

2 kD K} Qpp] Ac—zn
= k[Pic(O¢—)/P] ® &[Pic(O¢—)/ P].

From this and Step 4, provided 4 # 0 in S we have that J. . s ®s & and J.  x
are not isomorphic A, g-modules.O

The case (3) of table 6.7.16 when S is an infinitesimal trait

In view of the previous example 6.7.24, we consider further this case where
the order of P is not prime to the residue characteristic of S.

(6.7.27) Assume that case (3) of table 6.7.16 holds; that is to say z splits
completely in K/F and is prime to Supp(c — z). Let P be the subgroup of
Pic(O._.) generated by [[p1]] and [[p2]].

(6.7.28) As in (6.7.15), the group P decomposes as a direct product
P P(l) X Pjoo

where Py is the p-primary subgroup of P and P~ is the Sylow [-subgroup
of P. The algebra S[P] decomposes as

S[P] = S[Py)] ®s S[Pi=].

Then S[P], as a module over itself, decomposes as (see (6.7.15))
S[Puyl =@ Sk
X

where S(x) is the x-isotypical component of S[P;] and x runs over all the
distinct irreducible representations of S/(7)[F;] over the field k = S/ ().
The module S[P] is a finite étale S-algebra where S is an infinitesimal
trait. Hence the decomposition S[F;)] = €, S(x) is also the decomposition
of the algebra S[P(] as a product of étale local S-algebras S(x). Each S(x)
is an infinitesimal trait with local parameter 7 and with residue field which is
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a finite separable extension x(x) of k. The irreducible representation x over
K is then a group homomorphism

X : Pay = £(x)"

We obtain the decomposition of S[P] as a module over itself

(6.7.29) SIP) = @) S0 [P~

where S(x)[Pie] is the x-isotypical component of S[P].

(6.7.30) We write
g=1[p)I7" b=

Let (g1,9a)); (hi, hy) be the components of g, h, respectively, under the de-
composition P = P X P, where g, hy € P~ and gqy,hg) € Pgy. . Let I”
be the order of g; in P and let I be the order of h; in Pj. The group P
then lies in an exact sequence of finite abelian groups

0—>V—>l£><l

VA 1tz
(6.7.31) (1,0)
(0,1)

)

_Ploc — 0
g
h;.

111

6.7.32. Lemma. The group V is cyclic.

Proof of lemma 6.7.32. Suppose that this is not true and that the I-group V'
is not cyclic.

Let IF; be the finite prime field with { elements. We apply Hom(IF;, —),
which is a left exact functor on the category of finite abelian groups, to the
above exact sequence (6.7.31) defining the group V. We obtain the exact
sequence of vector spaces over I,

7z
0 — Hom(F;,V) - Hom(IF;, —

Z
7 X ﬁ) — HOm(]Fl,P).

As V is not cyclic we have that Hom(IF;, V') is 2-dimensional vector space over
IF;. Hence Hom(Fy, & x %) is also 2-dimensional and the map

Z Z
Hom(TF;,V) — Hom(IF;, 77 ﬁ)
is an isomorphism. It follows that both r and ¢ are > 1 and the map
Hom(FF;, % x %) — Hom(IF;, P) is zero. Therefore g; and h; have orders
I"=1 and I*~! in P, respectively, which is a contradiction. O
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(6.7.33) By the previous lemma 6.7.32, the group Pj~ has a presentation of
the form
g =10 =19 =h{",qhi =g
Furthermore, we have 7 —c =t — d as g/ has the same order as the element
.
Let S(x)[x, y] denote the free polynomial algebra over S(x) in the variables
x,y. The algebra S(x)[P~] is then S(x)-isomorphic to the algebra

d

SO,/ (@ — 1y — L2l —y)

where the integers r,t,c,d are independent of x and depend only on the
[-Sylow subgroup of P.

(6.7.34) The group P acts on the algebra T' = S(x)[Pi~] as follows. Let 1p
be the multiplicative identity of S(x)[Ps]. The elements g = (g1,90)),h =
(hi,h@y) generate P. Let x* : Py — S(x)* be the homomorphism which is
the unique lifting of the homomorphism x : Pyy — s(x)* (proposition 6.7.7
and Hensel’s lemma). As we have the decomposition P = Pj~ x Py we may
extend x* to a group homomorphism, denoted by the same symbol,

X P = S(x)"
whose kernel contains Pj. The elements g, h then act on S(x)[P<] as

g1r = xX*(g)gi, h1r = x*(h)h.

(6.7.35) The module A._, s is a finite free S[P]-module and J, . s is isomor-
phic to the submodule of A._. g given by

Jez,s 2 Anna,_ s(a. ®1—g—h).

We have the decomposition of A._. s-modules

Acfz,S = @ A(X)
X

where x runs over all irreducible representations of Py over  and where A(x)
is the x-isotypical component of A._; s.
We have, as A.—. s = D, Ax),

Annp, (@, ®1—g—h)= @AHHA(X)(GZ ®1l—g—h)
X

= ED GB wANNG(y) (P} (az: ® 1 — g — D)

X w€Pic(O¢—.)/P
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where w runs over a set of coset representatives of P in Pic(O._.).

(6.7.36) The element a, ® 1 — g — h may be written as
a: @ 1= x g) = xF(h) = (9 = X*(9)) — (h = X*(h)).

As g —x*(g), h — x*(h) act nilpotently on A(x) it follows that a, ® 1 —g —h
is an invertible endomorphism of A(y) if and only if

a:®1—x*(g) —x*(h)

is an invertible element of S(x).
As the action of g, h on S(x)[P=] is given in (6.7.34), we obtain

AnnS(x)[Ploc](az ®l—g— h) = AnnS(x)[Ploc](az ®1- ngﬁ(g) - thﬁ(h))~

6.7.37. Proposition. We write

g=1pl™" h=p2] "

Let C; be the subgroup of P~ generated by g;. Let S(x)[Ci] be the corre-
sponding subalgebra of S(x)[Pi=]. Put

v=ax*(h7Y) — gt (gh ™).

The module Anng(yp)(a. ® 1 — g — h) is the submodule of elements
q € S(x)[Pre] such that

1t—1 19-1

(6.7.38) qg= _{ Z h;tii*lyi}ul + { Z ’Yld_j_lh{}UQ
i=0 J=0

where the polynomials uy,us € S(x)[Ci] satisfy the equation in the algebra
SM)IC

(6.7.39) 0={y" = 1}ur + {gf = 7" }us.

Proof of proposition 6.7.37. By (6.7.36) we have
AnnS(X)[ploc](az ®1—g-— h) = AnnS(X)[ploc](az ®1— glxﬁ(g) — hlxﬁ(h)).

Let ¢ € Anng(,(pee(a-®@1—gix*(9)—hix* (h)). We select a lifting, denoted
by @, of g to S(x)[x,y]. Then we have

t ld

(a: ®1—2x*(g) = yx*(W)Q = (2" — Dwo + (¥ — Dwr + (2" —y" Jwe
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where wg, wy,wo are elements of S(x)[x,y]. As both x*(g) and x*(h) are in-
vertible elements of S(x), we may expand the polynomials w; in powers of

L= (a:®1—ax*(g) —yx*(h))
with coefficients in S(x)[z] namely
wi(x,y) = wio(x) + Zwi,j(x)Lj, fori=0,1,2,
j=1

where w; ; € S(x)[z] for all ¢, j. Substituting this in the equation for @ we
obtain the equation

t c d

LQ— Q1) = (' — Dwoo(z) + (5 — Dwioz) + (2 =y wso(z)
where
@2 {W = Dwo(@) + (5" = Dwr(@) + (@ = yld>w27j<x>}m-1.
Jjz1

In particular 7 has image equal to zero in S(x)[Pi~]. We may replace then
Q by QQ — @1 and we have

(6.7.40) LQ(x,y) = (2 — Do o(w) + (4 — Dwno(@) + (2" =y Jwa o ().
This equation holds in the free algebra S(x)[z,y]. We may then put
y=axt(h7) —axt(gh™)

and we obtain the equation

r

6.7.41) 0= (2" — Dwoo(z) + (6" = Dwyo(x) + (2" — 6" Ywao(2)
where
0= azxﬁ(h_l) — xxﬁ(gh_l).

We use this to eliminate the term (2! — 1)wg o(z) in the equation (6.7.40) for
@ and we obtain

t t

LQ(z,y) = (4" — 8" Ywio(x) + (6 — 4 Ywao(2).

The right hand side of this equation clearly has

L=(a:®1—2x*(9) — yx*(h)) = x*(h)(5 — y)

as a factor. The element L is non zero divisor on S(x)[z,y]; hence we may
divide both sides of this equation by L. Let uy, us € S(x)[Ci] be the images of
the elements x*(h = )wy 0, x*(h w20 € S(x)[z] respectively where x#(h~!)
is a unit of S(x). Let v € S(x)[Ci] be the image of ¢ in S(x)[C;]. This gives



6.7 The submodule J. . s 269

the required form (6.7.38) of ¢ subject to w; o, i = 0, 1, 2, satisfying the equa-
tion (6.7.41). The image of the equation (6.7.41) multiplied by x*(h~!) in
S(x)[Pi] is precisely the equation (6.7.39) O

The case (3) of table 6.7.16 when S is a field

(6.7.42) Assume that S is field of characteristic [ > 0.
As in (6.7.28), let
X Pay — S()”

be an irreducible representation of Py given by the finite separable field
extension S(x) of S. Let
X' P — S(x)*

be the unique extension of x to P where the kernel of x* contains Pje.

6.7.43. Proposition. Under the hypotheses and notation of proposition
6.7.37, assume that S is a field and that

a: @ 1= ([[p]] ™) + x*([lp2)] 7).

Assume that r > t. Then the module Anng(yype)(a- @1 —[[p1]] 7" = [[p2]] ")
is equal to the ideal < ¢y, qX > S(x)[Pi~] generated by the two elements
a¥,qx € S(x)[Py=] of the form

@ =xX"TNX )t

¢ = —(X + V)X 1) (X )

where
X =X ([l ™ = 1), Y = ([l (e — 1).

Proof. We write
g=1[plI"Y h=[lp]] ™"

As usual g;, h; denote the components of g, h in Pj=. From (6.7.33), we have
an isomorphism of S-algebras

ld

SO)P=] = SO, yl/ (@ = 1,97 — 1,28 —y
gi—x, h—t.

We have, as in (6.7.34), that a, ® 1 — g — h acts on S(x)[Pi=] as

)

L=a,®1—gx*g) — hx*h).
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Hence we have
Anng(ype(az © 1= [[pa]] " = [[p2]] ") = Anngyipe] (L)

If a, ® 1 — x*(g) — x*(h) # 0 then L is a unit of the algebra S(x)[P=] and
hence the annihilator of L is zero.
Assume then that

a: ®1—x*g) = x*(h) = 0.

Note if the characteristic [ of the field S is stricly positive then we have
(—=1)!" = —1 for all n > 0. If the characteristic of S is zero then P~ is the
trivial group and hence Anng(,y(p)(a: @ 1 — [[p1]] 7 — [[p2]] ™) is equal to
S(x) and there is nothing further to prove; we now assume that [ > 0.
We furthermore have . .,
Xg)" = xH )"

We therefore change variables in the polynomial algebra S(x)[x,y] and put

X=X g)(z~1), Y =x(h)(y—1)
We then have an isomorphism of S-algebras
SCOP=] = SO, YI/(X7 Y X -y,
Furthermore as a, ® 1 — x*(g) — x*(h) = 0, we have,
L=—-(X+Y).

We therefore require to determine the annihilator of X + Y on S(x)[P].
This is independent of the representation x if the field S(x) remains fixed; in
particular, to determine Anng(,)p,](L) we may reduce to the case where x
is the trivial representation and that S = S ().

We may apply proposition 6.7.37 to the infinitesimal trait S(x) and the
trivial representation. Hence Anng(y)[p1(L) is isomorphic to the module of
all elements g € S(x)[P,=] satisfying the equations (6.7.38) and (6.7.39). Let
@ be alifting of ¢ to S(x)[z, y] and let wy, we € S(x)[z,y] be liftings to S(x)[z]
of uy,us € S(x)[Ci], where uy,us are as in proposition 6.7.37 and satisfy the
equation (6.7.39).

The equation (6.7.38) lifted to S(x)[z,y] becomes, as S(x) is a field and
x is the trivial representation,

t—1 14—1

Q= _( Z ylt—i—1(2 _ x)z)wl + ( 2(2 . x)ld_j_lyj)wz

i=0 =0
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where for some wo € S(x)[z] the elements wg, w1, w2 € S(x)[x] satisfy the
equation (see (6.7.41) and (6.7.39))

d

(6.7.44) 0=(z"" = Dwo + (2= 2)" = Dwy + (@ = (2 — 2)" ws.
The equation for @ may be written
Q=—-(y+z-2)"wi(x)+©2—z— )" w(x).
Under the change of variables A =z — 1, B =y — 1, this may be written as
(6.7.45) Q=—(A+B)"lw + (A+ B)" w,.
As S(x) is a field, the equation (6.7.44) then becomes
(6.7.46) 0=(z—1)"w+ (1—a2) w+

(z — 2l 4+ xld)wg.

This is equal to, where wg, w1, ws under the same change of variables A =
x —1,B =y —1 are elements of S(x)[4],

(6.7.47) 0= A"wp — Al'wy + (A" + A Yw,.

As r — ¢ =1t — d and we have assumed that r > t we then have ¢ > d. Hence
this equation may be written as

(6.7.48) 0= A" (A" wy —wr) + A (A 4 1)w,.

Hence we have that A" divides the polynomial ws in the unique fac-
torisation domain S(x)[A]. We may then find vy € S(x)[4] such that

wo = Alt*ldvg.
Dividing the equation (6.7.48) by Al as A is not a zero divisor, we obtain
0= (A" wg —wy) + (A + 1),
Rewriting this last equation for w; we obtain the equation
(6.7.49) wy, = Alr_ltwo + (Alc_ld + 1)7)2.

We use this to eliminate the term w; in the equation (6.7.45) for @ and
obtain the equation

Q=—(A+B) (A" wo + (A" 4+ 1)ws) + (A+ B) A"

= —(A+B)" A" M wg+ (= (A+B)" AT 4 1)+ (A4 B) AT Yy,
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We obtain that @ lies in the ideal of S(x)[x,y] generated by the two
polynomials
Q= Al“"flt (A+ B)ltfl

and
1e—1?

Qs = —(A+ B! 1A 4 1)+ (A+ B! 1A

If Y, g5 € S(x)[Pie] denote the images of the polynomials Q1, Q2, respec-
tively, we have shown that if a, ® 1 = x*(g) + x*(h) then we have

Anng(y(pe)(a: ®1—g—h) =< g, 5 > S(X)[P=]. O

6.7.50. Corollary. Under the hypotheses of proposition 6.7.43, the module
Anna, (e @ 1= [[pa]] ™" = [[p2]] 1) is equal to

%) D w < g, q5 > S(X)[Pre<]

X w€Pic(O¢—.)/P

where the sum over x runs over all irreducible representations x of Py over
the field S such that

a: @ 1= ([[p]] ™) + x*([lp2)] 7).

and where qf, ¢ are the elements of S(x)[FPi~] given by proposition 6.7.43
for the representation x. O

The case (3) of table 6.7.16 when P is trivial

(6.7.51) Assume that S is an infinitesimal trait of residue characteristic [ > 0
which is prime to the order of the group P. Let x be the residue field of S
and let 7 be a local parameter of S. By theorem 6.7.16 we have that J, . g is

D Annagg (az @1 = [[pa]] ™ = [lp2l] )

X

where the sum runs over all the irreducible representations x : P — GL,, (k) of
P and where A(x) is the x-isotypical component of e. ., A. g (see (6.7.15)).

(6.7.52) By (6.7.28) we have that

S[Pl =P S(x)

where S(x) is the x-isotypical component of S[P]. The S-algebra S(x) is an
infinitesimal trait with the same local parameter as S and whose residue field
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is a finite separable extension k() of the residue field « of S. We then have
for each irreducible representation y a group homomorphism

Px * P_)S(X)*

and where Y is the reduction of p, modulo 7.
As A(y) is a direct sum of copies of S(x), we have that a, ® 1 — [[p1]] 7! —
[[p2]] =t acts on A(x) by multiplication by the element of S(x)

a: @1 —=py([lp])) ™" = o ([p2]) ™

Hence we have

Annp () (a-@1=([pa]] 7 =[[p2)] ") = Anna(y (a-@1—py ([[p1]]) " =px ([Ip2]) ).

As S(x) is an infinitesimal trait we have an isomorphism of S[P]-modules

S(x)
<a; @1 —p([[p]]) 71 = px((lp2]]) >

Anng(y)(a.@1—[[p1]] " =[[p2]] ') =
‘We have

Jers = @ Annag (a: @ 1= py([lpa]]) ™ = pxc([lp2l)) ™)

where the sum runs over the irreducible representations x : P — GL,(x) of
P. It follows that we have an isomorphism of A; g-modules

N " S(x)
lws 2@ D e e s

X w€Pic(Oc—z)/P

where the sum @wepic(ocﬁ)ﬂ; runs over a set of coset representatives of P
in Pic(O,—.).

6.8 The kernel of =

We counsider the kernel of the surjective homomorphism = given by (see propo-
sition 6.6.3; the notation of §6.6 holds)

Hm_l(G,Hc7s)
t(H™ (G, Hcfzvs)) '

= ker{Hm(G,S) QrlRr — Hm(G,S) ®RASC—Z,R}i)

The main result we obtain is proposition 6.8.10 which takes a particularly
simple form in the case where m =1 (see corollary 6.8.11).
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(6.8.1) We assume throughout this section that

S is an R-algebra which is an infinitesimal trait with local parameter 7;
n is the image in R of the integer |B*|/|A*| and is assumed
to be a multiplicative unit of R;
¢’ < c are effective divisors on Spec A;
z is a prime divisor in the support of ¢ where z ¢ I;

G=G(c/c—=z).

We write exp(G) for the exponent of the finite abelian group G; that is to say,
exp(G) is the least positive integer such that exp(G)G = 0.

(6.8.2) By definition (see (6.7.3)), the A, g-module J. . g is the kernel
Jc,z,S = ker{ﬂ'f’ : Fc,cfz,S e Agcfz,S}

where the homomorphism 7p is induced by the natural projection
Aceg = Aoz s

More generally, for any S-module M define the A, s-module J. . g(M) to
be the kernel

Jc,z,S(M) = ker{ﬂ'F & IdJVI : Fc,cfz,S Qs M — Agcfz,S Ks M}
Then J. . s(M) is a submodule of A, s ®s M and J. , (S) is isomorphic to

Jc7z7S-

(6.8.3) Put for any prime divisor w in Supp(c)
:;171275‘(M) = {6 € ec7c—zAc7S Rs M| ec7c—w6 S Jc7z7S(M)}-
Then we have for all w

:;?zS(M) 2 J&Z,S(M) 2 607C*wJ(§t}z,S(M)'

6.8.4. Remarks. (i) The assignments M — J. . s(M) and M — J, (M) are
left exact functors

Jez5(=), I, (=) S —mod — A, s — mod

»“Ye,z,S

where T-mod denotes the category of T-modules for any commutative ring 7.
The functors J. ., s(—) and J¥, g(—) transform finite direct sums into finite
direct sums.

(ii) Suppose that M is an S-module of finite type. As S is an infinitesimal trait,
the module M is non-canonically isomorphic to a finite direct sum @, S/(7")
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of cyclic S-modules where integers n; are uniquely determined by M, up to
permutation. We then obtain a non-canonical isomorphism of A. s-modules

JC,Z,S(M) = @ Jc,z,S/(ﬂ"i)~

6.8.5. Definition. Let M be an S-module of finite type. We define the A, g-
modules

J(M) = @ JC/,Z,S(M)

c’'<c, !Lc—z

I's = @ Fc’,c’fz,S~

c'<c, c!Le—z

6.8.6. Lemma. (i) The following sequence of A, g-modules is exact

0 — JM) 5 Ts@sM — Ace .s@5M

where the map i is the natural inclusion.
(ii) For all prime divisors w € Supp(c’) \ I where w # z we have

Keo—w(J¥ . 5) € J(S) for all ¢ such thatc>c >w+ z.
For all prime divisors w # z we have

tw (J(M)) € J(M).

Proof. (i) This follows from the definitions.
(ii) The commutative diagram

0_’J(M)_) @ Fc’,c’—z,S®SM - @ Agc’—z,S®SM

<e c/<c
! Le—z ! Le—z
A A
l tw l tw
@ Fc’fw,c’fwfz,s ®s M — @ ASC/*U)*ZVS ®s M
o <e c/<ec
! Le—w—z c/Le—w—z

shows that t2(J(M)) C J(M).
As we have for all prime divisors w # z (see (6.8.3))

g'},z,S(M) 2 Jerzs(M) 2 eC’,C’—ng’),z,S(M)

and we have the inclusion t4(J(M)) C J(M), it follows from the definition
of the K homomorphisms (see (5.3.5), (5.3.6)) that Kc o—w(J¥ . 5) € J(S).
O



276 Cohomology of the Heegner module

6.8.7. Proposition. The map = coincides with the natural surjection

Hmfl(G, Hgs)

= JH™(G,S)) t(H™ NG, Heez5))

Proof. From the definition of J. . (M), we have the exact sequence of
Ac,s-modules for all ¢ < ¢ such that ¢/ £ ¢— =

0— Jc’7z7S(Hm(G7 S)) — Ll —2 ®R Hm(G7 S) - ASC’—Z7R ®R Hm(G7 S)
Hence the module

P  ker{H™G,9) @r T — H™(G,S) ®r A<e—2.r}

c’'<c, c!Le—z

is A.,s-isomorphic to J(H™(G, S)). Hence the domain of the homomorphism
= of proposition 6.6.3 is A, s-isomorphic to J(H™(G, S)). O

6.8.8. Definition. For any S-module M, define Jp(M) to be the A, s-
submodule of J(M) given by

JF(M) = Z Z Kc’,c’—w(Jg'),z,S(M))'

c/<e weSupp (e’ )\ T
e/ Le—z w2z

The sum here runs over all divisors ¢’ € Divy (A) such that ¢ < cand ¢’ € c—z
and also runs over all prime divisors w € Supp(c’) such that w # z.
Let L(S) be the submodule of I'<. s given by

L(S) = Z Z 60’70’—zrc’,c’—w,5~

c'<e weSupp (e’ )\ T
o Loz wikz

In particular, the group G acts trivially on L(.5).

6.8.9. Remarks. (i) That Jp(M) is a submodule of J(M) follows from
lemma 6.8.6(ii).
(ii) We have that Jp(S) is the submodule of I'<. g given by

IrS)= Y Y Keo-wlJ¥.s)

c/<c  weSupp(c/I\T
c!Le—z wH#z

(iii) If M is a direct sum My @ My of two S-modules M, M then we have an
isomorphism of A, s-modules

Jr(M) = Jp(My) @ Jr(Ms).
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The following proposition and its corollary are proved in the next section
§6.9.

6.8.10. Proposition. (i) Let exp(G) be the exponent of the group G. Put
S" = 5/exp(G)S. If m > 1 then we have the exact sequence of A, g-modules

M N {Cocy™(G, J(S")} =  H™YG,H.s)
H’m — ) )
com@ o) ) e, sy
where
M = Cocy™(G, L(Sl)) + Cob™(G, I'sr + Fgcfz,S’)
(ii) The group Jr(H™(G,S)) lies in ker(Z). O
6.8.11. Corollary. Put S’ = S/exp(G)S. The following sequence of
A¢ s-modules is exact
- 0
0 — HYG,L(S")YnJ(S")) — JHYG,S)) = A(G, He.s) 0. O

t(H°(G, He—2.5))

6.9 Proofs

In this section, the hypotheses of (6.8.1) hold and we shall prove proposition
6.8.10 and corollary 6.8.11. We write G for the galois group G(c¢/c — z) and
exp(G) for the exponent of the abelian group G.

(6.9.1) Let M be a R[G]-module. For any subgroup H of G, denote by
{Coch™(H, M),0™}

the standard complex of inhomogeneous cochains (see (5.6.5) et seq. for more
details). Denote also by

Cocy™(H, M) the subgroup of Coch™ (H, M) of m-cocycles;
Cob™(H, M) the subgroup of Coch™ (H, M) of m-coboundaries.

(6.9.2) From proposition 6.8.7 we have the surjective homomorphism for all
m>1

Hm71 (G7 HC,S)
t(H™ (G, He-2,5))

l[[]

(6.9.3) J(H™(G, S))
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where J(H™(G, S)) is a submodule of H™(G, S) ®s I's where we put

(694) FS = @ Fc’,c’fz,S~

c'<c,c’!Le—z

6.9.5. Lemma. Let T be a principal ideal domain and r > 1 be an integer.
Let G,.(T') be the category of finite abelian groups J such that the homology
groups H;(J,T) are finite free T /rT-modules for all i > 1 and where J acts
trivially on T'. Then we have:

(i) G-(T') contains the cyclic groups of order r.

(ii) G- (T) is stable under finite direct products of its objects.

Proof. Let T be a principal ideal domain. If J is a finite abelian group which
acts trivially on T, we write H,(J) for the group homology H,(J,T) of J
with coefficients in T. If J, J’ are finite abelian groups acting trivially on T,
the Kunneth formula [BRO1, p.120] for group homology takes the form of a
split short exact sequence

(6.9.6)
0— @ Hy(J) @ Hy(J)=Hn(J x J)— @  Tor{ (Hy(J), Hy(J'))—0.
pt+g=n p+g=n—1

(i) Let r > 1 be an integer. Let G,.(T) be the category of finite abelian groups
J such that the homology groups H;(J) are finite free T /rT-modules for all
i > 1 and where J acts trivially on T'. Here, we consider 0 to be a free T'/rT-
module.

If J is a finite cyclic group of order r then we have

o~ ) T/rT if iis odd
Hi(J) = {TT if i > 2 is even.

Here T is the submodule of T annihilated by r. As T' is a domain, T, is zero
if the integer r is prime to the characteristic of the field of fractions of 7" and
is equal to T otherwise. It follows that H;(J) is a finite free T'/rT-module of
rank < 1 for all integers ¢ > 1. Hence J belongs to the category G, (T').

(ii) Suppose that J, and J’ are groups which are objects of the category G, (T).
Then for all n > 1 the module

@ Hp(J) Q7 Hq(J/)
ptg=n

is a finite free T'/rT-module.
Put
My, = ED TorlT(Hp(J)qu(J/))~

p+g=n—1
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Suppose first that r is divisible by the characteristic of the field of fractions
of T'; then H,(J), Hy(J') are free T-modules for all p, ¢ and hence

Tor| (Hy(J), Hy(J')) =0

for all p, q. Hence M, is a finite free T'/rT-module for all n > 1 in this case.

Suppose then that r is not divisible by the characteristic of the field of
fractions of T'. If either p or ¢ is zero then at least one of H,(J) and Hy(J’)
is a free T-module and hence

TOTF{(HP(J)’ Hy(J")) = 0.

If both p and ¢ are non-zero then both H,(J) and Hy(J') are finite free
T /rT-modules; hence the short exact sequence

0 - T5T— T/rT — 0
tensored with H,(J') shows that
Tory (T/rT, Hy(J")) = ker(Hy(J')=Hy(J') = Hy(J')

and hence this group Tor? (H,(J), H,(J')) is a finite free T/rT-module for all
p>1and g > 1; hence M, is a finite free T /rT-module for all n > 1 in this
case.

In conclusion, we have shown that M, is a finite free T'/rT-module for all
n > 1. It now follows from the Kunneth formula (6.9.6) that H, (J x J’) is also
a finite free T'/rT-module for all n > 1. Hence the direct product J x J’ is an
object of G.(T). By induction, we obtain that the category G, (T) of groups
is stable under finite direct products of its objects.O

6.9.7. Lemma. (i) The abelian group G is a finite direct sum of copies of
Z/exp(G)Z.

(ii) Put 8" = S/exp(G)S. For all m > 1, the cohomology group H™(G, S) is
a finite free S’-module.

(iii) If S is a quotient of a discrete valuation ring T then for m > 1 the rank
of the free S’-module H™(G, S) depends only on m,G, and T.

Proof. (i) This is a restatement of (2.3.12)(c).

(ii) and (iii). The ring S is asssumed to be an infinitesimal trait. Hence S
is a homomorphic image of a discrete valuation ring 7', say. Let J be a fi-
nite abelian group which acts trivially on T'. Write H,,(J) for the group ho-
mology H,(J,T) of J with coefficients in T. For any T-module M where J
acts trivially on M, the universal coefficient theorem for group cohomology
H™(J, M) [BRO1, pp.7-8] then takes the form of a split short exact sequence
of T-modules

(6.9.8) 0 — BExth(H,_1(J),M) — H"(J,M) — Homg(H,(J),M) — 0.
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The abelian group G = G(¢/c — z) is a direct sum of cyclic groups of the
same order r > 1 by part (i). Hence G is an object of the category G,.(T) by
lemma 6.9.5 that is to say, the module H,,(G,T) is a finite free T'//rT-module
for all n > 1. Hence

Homy(H,(G,T),S)

is a finite free S/rS-module if n > 1.
Suppose first that either n = 1 or that r is divisible by the characteristic
of the field of fractions of T'. Then the group

Exth(H,_1(G,T),S)

is zero as H,,_1(G,T) is a finite free T-module in this case.

Suppose now that n > 2 and that r is prime to the characteristic of the
field of fractions of T. Then H,_1(G,T) is a finite free T/rT-module and
hence has a free resolution of the form

0 - F, 5 F — n-1(GT) — 0
where Fj is a finite free T-module. Applying the functor Homp(—, S) to this
sequence we obtain the complex

0 — Homrp(H,_1(G,T),S) — Homy(Fy, S)Homy (Fy, S) — 0

whose cohomology gives Ext’.(H,,—1(G, T),S) for all i > 0. As Homp (Fp, S)
is a finite free S-module, we have that Ext:.(H,—1(G,T),S) is a finite free
S/rS-module in this case.

In conclusion we have that Ext}.(H,_1(G,T),S) and Homr(H,(G,T),S)
are finite free S/rS-modules for all n > 1 of ranks depending only on n, G, T.
The universal coefficient theorem (see (6.9.8)) now shows that H"(G,S) is
a finite free S/rS-module for all n > 1, where r = exp(G), and of rank
depending only on n,G,T as required. O

6.9.9. Lemma. Put S’ = S/exp(G)S. Then there are isomorphisms of
A. s-modules

sy = { BTN =
H™ (G, Jp(SY) ifm > 1

JF(Hm(G’S))g{JF(S) if m = 0.

Proof. As H°(G,S) = S the result is obvious if m = 0.
Suppose now that m > 1. By lemma 6.9.7 the group H™ (G, S) is a finite
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free S’-module for all m > 1. It follows (remarks 6.8.4(i) and (ii), remark
6.8.9(iii)) that there are isomorphisms of A. s-modules for m > 1

JH™(G,S8)) = J(S") @s H™(G, S)

Jr(H™(G,S)) = Jr(S") ®s H™(G, S).

The group G acts trivially on J(S') and Jp(S’). As S is an infinitesimal
trait, the universal coefficient theorem (see (6.9.8)) now shows that there are
isomorphisms of S-modules

J(S") ®s H™(G,S) =2 H™(G, J(S"))

JF(S/) ®s H™(G,S) 2 H™(G, JF(S/))

which are compatible with the action on the right of the ring A. g; hence
these maps are isomorphisms of A; g-modules.O]

6.9.10. Lemma. Put S' = S/exp(G)S. For m > 1, an element
a € J(H™(G,S)) of the kernel of Z is represented by a cocycle in
Cocy™(G, J(S")) of the form

j=0"""y

where
j € Cocy™ (G, J(5"))

and where
RS COChm_l(GY7 FSC,S’)-

Proof. Suppose that m > 1. Note first that from (6.9.3) and lemma 6.9.9 it
follows that there is a surjective homomorphism of A, s-modules

m / = Hm_l(G7HC7S)
H™(G,J(S")) — t(H™ (G, He—s.5))

The modules I'<. g, A<, g are finite flat S-modules (corollary 5.9.6). Fur-
thermore, from corollary 5.9.5, we have an isomorphism of A. g-modules

'Hgs Xs S = 'HC,S/.
It follows from this and the standard presentation of the Heegner module H. s
0 — F§C7S - ASC,S - HC7S - 0

that there are isomorphisms of A. g-modules
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Ices®sS 2T o
and
Aces®g 8 = Ace g

From lemma 6.9.7 (or the universal coefficient theorem [BRO1, p.8]), there
are isomorphisms of S-modules

H™G,S) = H™(G,S)

and there are isomorphisms of A. g-modules by the universal coefficient the-

orem
H™(G, I'<c,5) = H™ (G, I'<c,57)

and
H™(G,A<.5) = H"(G, A<c,57).

By lemma 6.2.15, proposition 6.6.3 and (6.9.3), we may then construct a
commutative diagram with exact rows

Hm_l(G,HC s) f
0— : H™(G, T<.5 - H™(G, A< s
t(Hmfl(G, H6727S)) ( y £ <c¢,S ) ( < ,S)
=1 il =1

0— H™G,J(S)) — H™GS)@sls — H™(G,5') ®s A5

where the vertical arrow ¢ is induced from the inclusion I'ss C I'<. s-.
We have the exact sequence

0 — Cob™(@,J(S") — Cocy™G,J(S") — H™G,J(S)) — O

Hence an element o € J(H™(G, S)) &2 H™(G, J(5")) (lemma 6.9.9) is repre-
sented by a cocycle j in Cocy™ (G, J(S)). The result now follows from the
above commutative diagram.O

(6.9.11) We recall from (5.7.3) that if F is a finite saturated subset of Div, (A)
then I'(E)gs denotes the module

FE)s=> Y Koo wldes)

ceEE w

where the sum runs over all ¢/ € E and over all prime divisors w & I such
that w € Supp(c).
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(6.9.12) As in definition 6.8.8, let L(S) be the subset of I'<. s given by

L(S) = Z Z 60’70’—ZFC',C'—w,S‘

c'<e, ¢!Lc—z weSupp(c/)\T
wtz

6.9.13. Lemma. Let j be a cocycle such that
j € COCym(G7 (A§c75)G).

Let E be a saturated subset of Div,. (A), all elements of which are < c. Assume
that there is an equality of cochains in Coch™ (G, A<, )

j=0"""n
where
n € Coch™ (G, I'(E)s).

Let d be a maximal element of E (that is to say e > d and e € E implies
e = d) such that d £ ¢ — z. Then we have

J=C+0™  m+m)

where
¢ € Cocy™(G, S) ®s L(S)

m € Coch™ (G, TI'ya—2s)
12 € Coch™ (G, T'(E\ {d})s).

Proof of lemma 6.9.13. This proof is similar to that of lemma 6.5.3. Let j be a
cocycle in Cocy™ (G, (A<..s)%) such that for some saturated set E of effective
divisors, all of which are < ¢,

j=am""

where

n € Coch™ (G, I'(E)s).

Assume that d is a maximal element of E such that d £ ¢ — z. The proof
occupies several stages.
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o*
Stage 1. Derivation of the equation jq = — Zz %Ed,dfziamfl(m)

The m-cocycle j takes the form

i=EDije

c’'<c

where

(6.9.14) g = jlg)=0""> > Kaa-whew)

d'€E weSupp(d')\T

and where g ,, € Cochm_l(G7 Ay g) for all d’ and prime divisors w and the
cocycle je lies in Cocy™ (G, (A 5)¢) for all ¢

Let d be the chosen maximal element of the finite saturated set E where
d £ c— z, as stated in the lemma. The sum ), .5 in (6.9.14) can be written
in the form

(6.9.15) ()= (@™ > qaa-w)9) +0"(9)(g) forallgeC

weSupp(d)\ 1

where
6m71,y — Z Z amilfyc’,c’fw
'€ E\{d} weSupp(c/)\I
and
(6.9.16) v € Coch™ HG, I'(E\ {d})s)

Yd,d—w = Kd’d—w(ndﬂﬂ) S COChmil(G, Fd7d—w,S) for all w

where w runs over the finite set of prime divisors in Supp(d) \ I. As we have
Ya,d—» € Coch™ NG, Ty q-».5)

by taking the difference j — 0™ 'v, 4—. we may reduce to the case where
O™ "aa—z = 0.
We may then write the equation (6.9.15) in the form

n

(6.9.17) = 0" gz + 0"y

i=2
where 21, ..., 2, are the distinct prime divisors in Supp(d) \f and where 2 = 2
and

Vd,d—w € Cochm_l(G7 I'yq—w,s) for all w.
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The definition of the K homomorphisms is the following equation (see (5.3.6))

B A 07 |
Ky p-w(6) = (aw — €(f,w)t7 ;0 (6) — Weﬁfﬂv‘s'
The component of 5 r_.,(g) in Ag g is therefore zero if the divisor f is not
equal to d, d + w or d + 2w (by the definition of Ky s_,); the component of
Yd.d—z; (9) In Ag s is then equal to (see (6.9.16))

0., €ifd,z(9)
|A*‘ ? d,zi M
where we write
€i=Cddz= Y

9eG;

and
Gi =ker(tq,a—») = G(d/d — z;), for all i.

The maximality of d implies that d, d +w and d+ 2w do not lie in the set
E\ {d} for all prime divisors w. Hence for the sum, for all g € G™,

e = D 3L O Oeew)lo)
¢’ €E\{d} weSupp(c/)\I

the component in Ag g is equal to zero.
The component in Ay g of the right hand side of the equation (6.9.17) is
then the component in Ay g of the sum

n

> 0" (vaa-=)(9)

i=2
for all g € G™. The cochains 3m_17d7d_z,i are of the form
9 Kaa—z (0™ (104,2)(9))s G™ = Tia—z,,s,
for some cochains
N =1Na- € Coch™ (G, Ays).

Hence the component of this equation (6.9.17) in Ay g is the equation

. - |O*7Z' M — m
(6.9.18) jalg) ==Y |j1*‘1 e; 0™ (i) (g) forall g€ @

=2

where jq(g) is the component in Ay s of j(g).
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Stage 2. Formulae for the n;.
We have ju(g) € (Aas)¢ = e1Ag s for all g € G™, as d £ ¢ — z. Hence
the equation (6.9.18) takes the form
~ 102
en=-Y_ |j1*\l e 0™ (i)

=2

where g — jq(g) is a cocycle g — e1n(g) and n € Coch™ (G, Aqg,s).

By proposition 5.8.4, {G;}i=1,....n, forms an R-admissible family of sub-
groups of Pic(Oy), where G; = G(d/d — z;) for all 4. Let e;;; be the elements
of Ay g, where Ag g is the group algebra S[Pic(Oq4)], given by

e = » g foralli#k.
g€GGy
By proposition 5.6.29, there are cochains
u®) € Coch™ (G, Ags) foralli#kand1<ik<n

such that ] )
u(lak) — _u(kﬂ)7 fO]:v all /L # k>

and a finite set M and there are cocycles f;,. € Cocy™ (G, S), for all i > 2 and
all r € M, and elements

Oir € €145 foralli>2andall re M

and a coboundary
elamil(é) € CObm(GY7 61Advs),

where € € Coch™ (G, Ag.s), such that

(6.9.19)
(0 )
| d_*zi‘am_l(emi) =3 fur®b0p+ > exd™ P forall i >2
4| reM ki
1<k<n
O = 618m_1(€) + Zelk‘am_lu(Lk)
k#1
where
1
i>2reM

As 0 € e1e;Ag s we may write 6;, as
0;r = e1€;0;,., for alli> 2 and all r € M,

where
Oir € Ay 3.
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Hence we may write the equations (6.9.19) as

(6.9.20)
O*
‘ Z_*ZJ 8m 1 Z flT‘ & 6162@27’ + Z Ezkam 1 (7' k) fOI' all 7 > 2
- reM T

0= elamfl(e) + Z elkamflu(l,k).
k#£1

Stage 3. The formula Y ; 0™ 'yq.a—.,; the case where n = 1.

The equation (6.9.17) becomes when n = 1
J=0""1 ().

As the term 9™~ 1(«) is a coboundary in Cob™ (G, I'(E \ {d}) this completes
the proof of the lemma 6.9.13 in this case where n = 1.

Stage 4. The formula ZZ 87"_1%17(1,21.; the case where n > 2.
The divisor d is not prime, as it has at least two prime divisors in its
support by hypothesis. The equations (6.9.20) become

(6.9.21) 0™ () = Y fir®ere:Oi+ Y exd™ultF) | foralli > 2,
reM k#i
1<k<n
0=e10™ 1 (e) + Z e1p0™" Ly (LR
k#1
From lemma 5.10.1, these equations (6.9.21) then give the equation
(6.9.22)

N{ZKdA—zi(am_l(ni)) Kdd z1 am 1 Z Z fzr®Kdd Z; 61@”‘)}

=2 =2 reM

= - Z Z (azi - €(d7 Zi))Kd*Zi,d*Zi*Zk (tc?,d—zi (6m71u(i7k)))
i=1 1<k<n, ki

where
‘Od z1— 22|
| A%
and where we have that N = 1 unless n = 2 and d = z; + z; in particular, N
is a unit in R, by the hypotheses (6.8.1).
We obtain from (6.9.15) and (6.9.17)

N_

n

§=3 0" Yaan + 07y

=2
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where
v € Coch™ (G, I(E\ {d})s).

We then obtain from (6.9.22), as vq,a—», = Ka,a—»,(n;:) for all ¢,

Jj= Kd,dle (6m71(6)) + Z Z fir & Kd,d*zl‘ (61@757“)

=2 reM
1 n k=n )
N Z Z(azl e(d, zi)) Ka—z,.d—z—=, (td d—z; (am_lu(l’k))) +0m .
i=1 k=1
ki

We may write this formula as

j = 8mil[{d,dle (6) + €1 Z Z fir & Kd,dfzi (@zr) + amfla + amfl,y

1=2reM

where

n k=n
(6.9.23) :——ZZ (az — €(d, 20)) Kamzy ez (13 g, (WH)))

1=1 k=1

o

and
(6.9.24) o™ 15 € Cob™(G, T(E\ {d})s).

As 0™ 'Kg44-.,(¢) is a coboundary in Cob™(G,Il44-»,) and as
€1 i oren fir ® Kga—2,(0ir) is an element of Cocy™ (G, S) ®g L(S), we

may now put
C =e€1 Z Z fir & Kd,dfzi(@ir)

=2 reM
= Kiaq 2 (€)
N2 =6 +7.
This completes the proof. O

6.9.25. Remarks. (i) The module L(S) is a finite flat S-module on which G
acts trivially. In particular, there is an isomorphism of A, g-modules

Cocy™ (G, S) ®s L(S) = Cocy™ (G, L(S5)).

[For the proof, it is evident that L(S) is a finite S-module. It is only
required to show that L(S) is a flat S-module. Put

M= Z Z Fc’,c’fw,S“

c/<c w#z ~
¢/ Le—z weSupp(c/)\T



6.9 Proofs 289

We have an equality of A; g-submodules of A<. g

L(S) = ecc—, M.
Taking the exceptional set of primes in the definition of I'<._. g to be Tu {z}
instead of I, we have an isomorphism of A, s-modules

m—1

Fgcfz,s = @ 6070—(’rL-|-1)z]\4

n=0

where m > 1 is the greatest integer such that ¢ — mz > 0. As I'<._. g, for
the exceptional set I U{z}, is a flat S-module (corollary 5.9.6), it follows that
€c,c—»M is S-flat. Hence L(S) is a flat S-module.]

(ii) That Cocy™ (G, L(S)) lies in Cob™(G, I'<.,s) follows from the existence
of Kolyvagin elements (§5.6, definition 5.6.12).

6.9.26. Lemma. If m > 1, the submodule Jr(H™(G,S)) of J(H™(G,S))
lies in the kernel of =.

Proof. Assume that m > 1. Put
S = S/exp(G)S.

There is an inclusion of S-modules Jp(H™(G,S)) € J(H™(G,S)) (remark
6.8.9(i)). Hence we obtain a commutative diagram of S-modules

I'ss s H™(G, S)

|
J(H™(G,S)) = J()es HYG,S)
T T

Jr(H™(G,5))

1

Jr(S") ®s H™(G, S)

It follows from the above diagram that the arrow
JF(S/) ®s Hm(Ga S) - ‘](Sl) ®s Hm(G7S)

of this diagram is an injection obtained from tensoring the inclusion Jp(S’) C
J(S") with H™(G, S). The isomorphisms of this diagram

JH™(G,S)) 2 J(S) ®@s H™(G,S)

Jr(H™(G, S)) = Jr(S') ®s H™(G, S)

follow from H™ (G, S) being a finite free S’-module (lemma 6.9.7) and from
remarks 6.8.4(i) and (ii) and remark 6.8.9(ii).
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As H™(G,S) =2 H™(G,S’) for m > 1 by the universal coefficient theorem
or lemma 6.9.7, we may tensor the exact sequence

0 — Cob™(G,S") — Cocy™(G,S) — H™(G,S) — 0
with Jr(S’) and obtain the exact sequence
Jr(S8") ®@g Cob™ (G, S")—=Jr(S") ®s Cocy™ (G, S")—=Jr(S") ®s H™(G, S)—0.
Hence an element of Jp(S") ® s H™(G, S) is represented by a cocycle in
Jr(S") ®s Cocy™ (G, S).

Let
E : Cocy™(@, ") — Coch™ (@, S'[G))
be the Kolyvagin map (see (5.6.10) and proposition 5.6.12) such that the

following diagram is commutative

Cocy™(G,S") & Coch™ (@, S'[G))

N | om-t
Cocy™ (G, 8'[G])

where the diagonal arrow is induced from the map
S"— S'G], s+ secc—z.
That is to say, we have for all f € Cocy™ (G, S’)
(0™ 'Ef)(g) = f(9)ec.e—- forall g€ G™.
As we have inclusions of A, g-modules (see (6.8.3))

bt (S/) c ec,c—zAc,S’

c,z,S

it follows that
Kc7c—w( ;ljzvs(sl)) c ec,c—ch,c—w,S’~

Hence we obtain

JF(S/) = Z Z Kc’,c’—w( gj,z’S(S/)) c ec7c—zF§c7S’~

c/<e w#z -
such that ¢/ €c—z weSupp(c/)\T

it follows that there is a A g-submodule M of I'<. s which contains Jp(S’)
and such that
Jr(S") =ece—.M.

We may then form this commutative diagram where F is the Kolyvagin map
(see (5.6.10) and proposition 5.6.12)
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Cocy™(G,S") ®s M

E®Id| \¢
Coch™ (G, §'[G]) ®s M Cocy™ (G, S") ®s Jr(S")
o lelId | /X

Coch™ (G, S'[G]) ®s M

vl

COChm(G7 F§c7s/)

where the top diagonal arrow
¢ : COCym(G, S/) ®s M — COCym(G, S/) ®s JF(S/)

is Id ® e¢,c—», that is to say multiplication by e. .. on the second component
and is therefore a surjective homomorphism. The diagonal arrow

x : Cocy™(G, §") ®g Jr(S') — Coch™(G, S'[G]) ®s M

is ¢ ® j where 4 is the inclusion map Cocy™(G,S’) — Coch™ (G, S'[G]),
§ — S€c,c—z, and j is the inclusion map Jp(S’) C M.
The map

¥ : Coch™ (G, S'[G]) ®s M — Coch™ (G, I'<;.57)
is obtained by the composition

SNGlesM — M C I<.s
TR m = xm

As the map ¢ is surjective, this commutative diagram shows that the
image in Coch™(G, I'<.. g/) of Cocy™ (G, S")®g Jr(S”) lies in the coboundaries
Cob™(G, I'<c,s’) where we have from lemma 6.2.15 the diagram with an exact
top row

Hmfl(G, Hgs)
t(H™ Y G, He2,5))
=)
J(H™(G,S))

H™(G, I'<c,s7) ER H™(G, A<c,s)

0—

Hence we have that Jr(S') ®s H™(G, S) lies in the kernel of =. O
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We now prove proposition 6.8.10 and corollary 6.8.11 of the previous sec-
tion.

Proof of proposition 6.8.10

Part (ii) of this proposition follows from the previous lemma 6.9.26.

For the proof of part (i), put S’ = S/exp(G)S and let E be the saturated
subset of divisors

E={d|d <cd eDivi(A4)}.

Let « € ker(Z) where we assume the integer m is > 1. By lemma 6.9.10, for
m > 1, the element oo € J(H™(G, S)) of the kernel of = is represented by a
cocycle in Cocy™ (G, J(S")) of the form

j=0"""y
where
j € Cocy™(G, J(S"))

and where
n € Coch™ (G, I'<.s).
We have j € Cocy™(G, (A<..s)) as J(S') = Doceergerderzs and G
acts trivially on Jo , ¢ for all ¢ < c.
Put Ey = F and E; = Ej \ {c¢}. From lemma 6.9.13, we have that « can
be represented by a cochain of the form

J=G+8" " (m +6)
where
¢ € Cocy™ (G, S") ®s L(S")
m e Cochm_l(G, Iece—zs)
6, € Coch™ Y(G, I'(Ey \ {c})s).
Using lemma 6.9.13, we may construct inductively finite sequences

E;, G, mi,0; for i =1,2,... where

(i) F; are saturated subsets of E forming a strictly decreasing sequence
EyDFE1D...DE,D...

such that E; \ E;+1 = {d;} where d; £ ¢— z and d; is a maximal element
of Ez

(ii) ¢; are cocycles in Cocy™ (G, S") ®g L(S’) for all i;

(iit) m; € Coch™ (G, I's/)

(iv) 6; € Coch™ Y(G, I'(E;)s/).

(V) J =G+ (n; + 6i).
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The sequence {E;}; of subsets of the finite set F is finite and terminates
with a set F,, all of whose elements are < ¢ — z. Hence we have that the
sequence {6;}; terminates with 6,, € Cochm_l(G7 I'<._,s). Hence we have

J=GC+ am_l(nn + an)

where
G € Cocy™(G,S') ©5 L(S")

Nn € Coch™ Y@, I's!)
0, € Coch™ (G, I'co_..5).

As L(S’) is a finite flat S’-module on which G acts trivially, we have an
isomorphism of A, g-modules (remark 6.9.25(3))

Cocy™ (G, S") @s L(S") = Cocy™ (G, L(S)).
Hence we have that j lies in the module of cocycles
M N Cocy™(G, J(S"))
where
M = Cocy™ (G, L(S")) + Cob™ (G, I's/) + Cob™ (G, I'<o—». 57).

The submodule of coboundaries Cob™(G,J(S’)) lies in both
Cocy™ (G, J(S")) and Cob™ (G, I's/). Hence Cob™ (G, J(S")) is a submodule
of M N Cocy™ (G, J(S")). The map = fits into a diagram (lemma 6.9.9 and
(6.9.3))

Hm_l(G,Hc7s)

Hm(G, J(S/)) = J(Hm(G,S)) i t(Hm_l(G He. S))

We then have that the kernel of = is isomorphic to the quotient

M N {Cocy™ (G, J(S"))}
Cob™ (G, J(S"))

as required.O

Proof of corollary 6.8.11
Put S’ = S/exp(G)S. We have for any R-module U on which G acts
trivially Cob! (G, U) = 0. Hence the module M of proposition 6.8.10 given by

M = Cocy' (G, L(S")) + Cob' (G, I's + I'ce—. )
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is equal to Cocy! (G, L(S")) and we have Cob!(G, J(S’)) = 0. Hence the quo-

tient
M n Cocy* (G, J(5"))

Cob'(G, J(S"))

is isomorphic to H*(G, L(S’)NJ(S")). The corollary now follows immediately
from proposition 6.8.10. O

6.10 Galois invariants of the Heegner module: S is an
infinitesimal trait

Write G for the galois group G(c¢/c — z) and assume that S is an infinitesimal
trait. The main result of this and the next section is theorem 6.10.7 which
determines, under hypotheses, the isomorphism class of the A. g-module

HO(G, Hes)
t(HY(G, He—z5))

In the case when S is the infinitesimal trait Z/I"Z, this is applied to the
cohomology of elliptic curves in chapter 7.

(6.10.1) We assume throughout this section that

S is an infinitesimal trait which is an R-algebra; for an element a € R we
write a ® 1 for its image in the R-algebra S

n is the image in R of the integer |B*|/|A*| and is assumed
to be a multiplicative unit of R;

¢’ < c are effective divisors on Spec A;

z is a prime divisor in the support of ¢ where z ¢ I;

p:Xp\I — R, v a,,is a map of sets;

H(p)s = lim H, g is the Heegner module attached to p, K/F, with

exceptional set I and with coefficients in S.

We shall use the notation of §6.7, more precisely that of theorem 6.7.16; a
summary of this notation is given in (6.10.2)-(6.10.6) below.

(6.10.2) Asin (6.7.9), let p;, i = 1,...,m where m < 2, be the prime ideals of
the order O._, of K lying over the prime ideal m, of A corresponding to z.
When z is disjoint from the support of ¢ — z, let [[p;]] denote the divisor class
of Pic(O._,) defined by the fractionary ideal p; of O._, (as in (4.6.2)).

Let P be the subgroup of Pic(O._.) generated by the classes [[p;]], i =
1,...,m, when z & Supp(c — 2).
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(6.10.3) If z is ramified in K/F and z € Supp(c — z) then there is a unique
prime ideal m/, of O._, lying above the prime ideal m, of A. In this case P is
the cyclic group generated by the element

[m)]] € Pic(O.—.).

z

Let L be an ideal of S. Let x be a character of P with values in S/L; that
is to say x is a group homomorphism

x: P — (S/L)".

Let I, be the submodule of e. . ,Anng(L)A.s on which P acts as x~!
(see (6.7.10) for further details).

(6.10.4) Suppose that z ¢ Supp(c— z) and z is split completely in K/F. Then
there are two distinct prime ideals p1,ps of O._, lying above the prime ideal
m; of A. In this case P is the subgroup of Pic(O._,) generated by the two
elements [fp1]], [[p2]]

Assume that the order of the group P is prime to the residue characteristic
of S. Then for any S[P]-module M of finite type we have the decomposition
into isotypical components

M= M)

where the sum runs over the irreducible representations x : P — GLy (k) of
P where k is the residue field of S.
In particular, we have the decomposition

S[Pl =P Sk

where S(x) is the x-isotypical component of S[P]. The S-algebra S(x) is a
finite étale S-algebra and hence is an infinitesimal trait with the same local
parameter as S and whose residue field is a finite separable extension () of
the residue field x of S. We then have for each irreducible representation y of
P over k, that there is a group homomorphism

X: P —r(x)"

where £(x) is a finite separable extension field of .
The algebra S[P] acts on the module S(x). We have that

Anngy(az @1 — [[pa]] 7" = [fp]] )

is an ideal of the algebra S(x) and hence is of the form 7™S(x) for some
integer m > 0 where 7 is a local parameter of S; hence there is an ideal I(x)
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of S such that we have the equality of ideals of S(x)

(6.10.5) I(x)S(x) = Anng( (a- @ 1 — [[pa]] ™" = [[p2]] ).

(6.10.6) Suppose that z € Supp(c — z). Let I .—2. g be the kernel in A. g of
the algebra homomorphism

tA

c,c—2z

1 Acs = Ac—azs.
The Heegner module H._. s is that attached to K/F and the map of sets
p:Z‘F\f — S, v ay.
Let R
pr i Xp\(IU{z}) = S, v ay,

be the restriction of p to the subset ¥x\ (IU{z}). Let H:_, s be the Heegner
module with coefficients in S attached to p* and K/F where the exceptional
set of primes is I U {z}.

There is a decomposition of A, g-modules

Ace s = @ @ Ay g.

n>0 c¢'<c—nz
c/Le—(n+1)z

The module H}_, ¢ admits a corresponding decomposition as a finite direct
sum of A g-modules, as z is an exceptional prime for p*,

*
c—z,8 — @ HC*TLZ'

n>1

Here H._, . is the image in H;z,s of the module @ Ay s. Let

! <e—nz

e/ Le—(n+1)z
*
To—y Hcfz,s — H._,

be the projection homomorphism onto the component H._, of the Heegner
module H;z,s where the kernel of 7._, is @ H. ..

n>2
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6.10.7. Theorem. Write G for the galois group G(c/c — z). Assume that S
is an infinitesimal trait with local parameter w. Then the isomorphism class
of the A, s-module
H(G, He,s)
t(HY(G, He-2,5))

is given by the following table.

(1) If z remains prime in K/F and is prime to ¢ — z:

Hl(G, S) Rg Anns(az X 1)7’{0,273

(2) If z is ramified in K/F and is prime to ¢ — z where m/, is the prime
ideal of O._, lying above the ideal m, of A defining z and |P]| is

prime to the residue characteristic of .S:

Hl(Ga S) s IXLHcfz,S

where L is the smallest ideal of S for which there is a homomorphism
Xz : P — (S/L)* such that a, ® 1 = x([[m]]) (mod L).

(3) If z is split completely in K/F and is prime to ¢ — z where
m,O._, = p1p2 and py, p2 are two distinct prime ideals of O._, and |P
is prime to the residue characteristic of S:

HY(G,S) ®s T He—25(x)

X

where the sum runs over the irreducible representations

X : P — GL,(S/(n)), for all n, of P and where H._, s(x) is the
X-isotypical component of H._, g (see (6.7.15)).

(4) If z € Supp(c — 2):

Hl(G, S) Rg IC,C_227SAnnS(az &® 1)7Tc—z(H:727s)

where I, .2, g is the kernel of tfc_zz tAcs = Ac—az 5.

Table 6.10.7: H°(G,H.,s)/t(H°(G, H.—. s)) when S is an infinitesimal
trait

6.10.8. Remark. In the cases (2) and (3) of this table, where z is ramified or
split completely in K/F, it is assumed that the order of the group P is prime
to the residue characteristic of the infinitesimal trait S. The general case where
P is divisible by the residue characteristic is left as an open problem.
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6.11 Proof of theorem 6.10.7

We first prove the next proposition 6.11.1 and lemma 6.11.3 before proving
theorem 6.10.7. Let S be an R-algebra which is an infinitesimal trait with
local parameter .

6.11.1. Proposition. We have
L(S)NJ(S) = Jr(S)

provided that if z & Supp(c — z) and that either z is ramified or z is split
completely in K/F then |P| is prime to the residue characteristic of S.

(6.11.2) Recall (definition 6.8.8) that L(S) is given as subset of I'<. s by

L(S) = Z Z 6c’,c’fzFc’,c’fu),.‘}

e’<e weSupp(c)\(TU{z})

c/'Le—z
For any saturated subset F of Divy(A) all of whose elements are < ¢ we put

L(E,S) = Z Z ec’,c’—ch’7c’—w7S'

=P wesupp(e)\(TU{=})

6.11.3. Lemma. Assume that if z ¢ Supp(c— z) and that either z is ramified
or split completely in K/F then |P| is prime to the residue characteristic
of the infinitesimal trait S. Let j € L(S) N J(S) and suppose that for some
saturated subset E of Divy (A), all elements of which are < ¢, we have

j=0+n

where
ne L(E,S)NJ(S), 0¢€ Jr(S).

Let © be a maximal element of E such that x £ ¢ — z. Then we have
j=0+n

where
n' € L(E\{x},S), 0" € Jr(S).
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Proof that lemma 6.11.8 implies proposition 6.11.1.

First it is clear that Jr(59) is contained in both L(S) and J(S) and hence
it is contained in their intersection.

Let j € L(S)N J(S). Let Ey be the saturated subset of Divy (A) given by
{¢' | ¢ < c}. We have that j can be written in the form

j=0i+m

where, taking 67 = 0,
0, € JF(S)

and
m € L(Eo, S) n J(S)

Using lemma 6.11.3, we may construct inductively finite sequences F;, 6;,7;,
fori=1,2,... where

(i) F; are saturated subsets of Ey forming a strictly decreasing sequence
EhyDFEiD...DE,D...

such that E; \ E;+1 = {d;} where d; £ ¢— z and d; is a maximal element
of Ei;

(ii) 6; are elements of Jr(.5) for all 4;

(iii) 7; € L(E;, S) N J(S) for all i;

(iv) 5 = 0; +n; for all 4.

The sequence {E;}; of subsets of the finite set Ey is finite and terminates
with a set F,, all of whose elements are < ¢ — z. Hence we have that the
sequence {7;}; terminates with 7, € A<._, s N L(S) N J(S); that is to say
7, = 0. We obtain that j = 6,, where 6,, € Jp(S). It follows that Jr(S)
contains L(S) N J(S) and hence Jp(S) = L(S) N J(S) as required.0

Proof of lemma 6.11.3.

The proof of this is similar to the proof of lemma 6.5.3.
Let j € L(S)NJ(S) and suppose that for some saturated set E of effective
divisors, all of which are < ¢, the element j can be written as

Jj=0+n

where

n e L(E,S)N J(S)
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and
0 e JF(S)

The module Jr(S) is a submodule of J(S) (remark 6.8.9(i)) and is evi-
dently a submodule of L(S). Hence we have

Jr(S) € L(S) N J(S).

By taking the difference j — 6, where 6 € Jr(S), we may reduce to the case
where the element j in the lemma is of the form j = 7 where
ne€ L(E,S)NJ(S).

We may therefore suppose that j is an element of the form

J= @ Jers Jer € Jerzg forall ¢,

where

(6.11.4) j=ecezy, D Kaa—wnew)

d'€E g [U{z}

where ng ., € Ay g for all d’ and for all prime divisors w ¢ IU {z} and where
the element j lies in L(E,S) N J(S).

Let z be the chosen maximal element of the finite saturated set E where
x £ ¢ — z, as stated in the lemma. Let 21, 29,..., 2, be the distinct prime
divisors in Supp(z) \ (I U {z}). We consider the component of this element j
in A, s namely the sum ), 5 in (6.11.4) can be written in the form

(6115) J = 6070—2 Z Ka:,w—zi (na;,z,i) + Y
i=1

where

(6.11.6) v € L(E\{z}, S).

The definition of the K homomorphisms is the following equation
(see (5.3.6))

0%l
Kfp-w(8) = (aw — e(fw)t55_,(0) — ﬁeﬂf—w&

The component of Ky s, (8) in A, g is therefore zero if the divisor f is not

equal to &, x + w or  + 2w (by the definition of K f_,,); the component of

Ky z—2,(8) in Ay g is then equal to
105

r—2zg

67;5
| A
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where we write

€ = €xax—z; = E g

g€eG;
and
Gi =ker(ty,4—z) = G(z/z — 2;), for all .

The maximality of x implies that x, x + w and = + 2w do not lie in the
set E'\ {z} for all prime divisors w. Hence for the sum

Y= Z Z Ye! ¢! —w
¢’ €E\{z} weSupp(c/)\(TU{z})
where
Ye! ¢! —w € 6c,clejc’,c’fw

the component in A, g is equal to zero.
The component in A, g of the right hand side of the equation (6.11.5) is
then the component in A, g of the sum

n
€c,c—z Z Kamw—zi (’r]a:,zi)-
i=1
Hence the component of this equation (6.11.5) in A, g is the equation

. - ‘O;—Zi
(6117) Jz = _6070—2 E |A*| einﬂiazi
i=1

where j, is the component in A, g of j and where the element j, lies in J, . g.

Case 1. Suppose that z is inert in K/F and z ¢ Supp(c — z).
In this case from the table 6.7.16 we have, as S is an infinitesimal trait,

Jr,z,S = AnnS(az @ 1)ec,cszz,S-
Suppose first that n = 1. Then the equation (6.11.7) becomes

s ‘O;—Zl‘
Je = —€cc—z—7 7 €1Mx,z, -

|A*]

*

o . . . .
As ! &:T‘ is a unit of R and j, € J;, . s we obtain

€c,c—2€1Mx, 2, S Jx,z,S~

That is to say, we have
Ce,c—zle,zm € Jpl g
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Putting
0= Kx,x—zl (ec,c—znx,zl)
we then have § € Jp(S). Hence we obtain from (6.11.5)

j=0+y

where
0 € Jr(S), ve L(E\{z},S)Nn J(S).

This proves the lemma in this case.
Assume now that n > 2. Then the equation (6.11.7) becomes

n
(6118) ]w = —€cc—z ZeianN € = €xx—2z;
i=1

where we have
jz € Jz,z,S = Al’ll’ls(az & l)ec,cszr,bV
The family of subgroups {G(z — z/x — z — #)}i=1,...n of Pic(O,_,) is R-

admissible (proposition 5.8.4). As there is an isomorphism of A. s-modules

ec,c—zAx,S _ ec,c—zAx,S
Jz,z,S AnnS(az & 1)ec,cszz,S

= Arfz,S/Anns(az(@l)

we may apply proposition 5.5.30 to the equation (6.11.8). We obtain that
there are elements

u®) € eee—zlys foralli#jand 1<4,5<n

such that N B

w9 = —U9 for all i # j
and
(6.11.9) €com2€illp,z = €i0; + Z eiju(i’j) foralli>1

15n

where

eij= > h foralli#j

hGGiG]‘

and where

67;91‘ € Jz,z,S = Al’ll’ls(az @ 1)ec,cszr,S~

As z; # z, we may select the element 6; to be in e..—,A; s and hence as
it € Jz .5 we have in particular, 6; € J;,iz,s for all i (see (6.8.3)).
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From lemma 5.10.1, this equation (6.11.9) then gives the equation

(61110) N{ecc zZKzz 2 7795 zl ZKrr z1 0; }—

=1

n
- Z Z (az, — €(2,2i)) Koz 0—2,—2 (tfas 2 (u(m)))
i=11<j<n,ji

where
‘Ow zZ1— z2|
| A*|
and where we have that N = 1 unless n = 2 and © = 21 + 2z9; in particular,
N is a unit in R, by the hypotheses (6.10.1).

We obtain from (6.11.10) and (6.11.5)

j = Z Kr,rfzi (0
=1

N_

1« g
N Z Z (az, — e(@,2:)) Koz 22, (ta:Aa: zl(“(m)))

i=11<j<n,j#i

where, as 0; € J', ¢ for all i,

ZKM ..(0;) € Jp(S) and v € L(E\{z},S)
and where

1 & .
N Z Z (a2i - e(x, Zi))Keri,szifzJ (tzAz 2 (“(w)))

i=11<j<n,j#i

also belongs to L(E\{z},S). We obtain

j = ZK171721‘(02-) +0
i=1

where § € L(E\{z},S) and >_7" | Ky »—,(6;) belongs to Jp(S). As j belongs
to L(S) N J(S) we obtain that 6 € L(E\{x},S) N J(S), which proves the
lemma in the case where z is inert in K/F.
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Case 2. Suppose that z € Supp(c — z), that z is ramified in K/F, and that
|P| is a unit of S.

Let m, be the ideal of A defining z. Let m/ be the prime ideal of O._,
lying above m,. Let P be the cyclic subgroup of Pic(O.—.) generated by
the ideal class of m/, where the order of P is assumed to be prime to the
residue characteristic of S, that is to say the order has image in S which is a
multiplicative unit. Let m} , be the prime ideal of O, . lying above m.. Then
m, =m/ N O.; hence the group P, generated by the ideal class of m’ , in
Pic(O,—) is a homomorphic image of the group P. Hence the order of P, is
also a unit of S.

By the table 6.7.16 we then have

Jw7z7S = IXL
where L is the smallest ideal of S for which there is a rank 1 character
Xt Pe — (S/L)

of P, such that
a- 1= yr([m.,]}) (mod L),

By definition we have
(6.11.11) I,, = {0 € Anng(L)es z—»Az 5] hé = x ' (h)§ for all h € P,}.
Fix an isomorphism of A. s-modules
i: Ay s s/—Amg(L)eg oAz 5.
We have (see (6.7.10) and (6.10.3))

IXL = i(gXL Aaz—z,S/L)

where

9xe = D 9x1(9) € Duz5/1
gE P,

Suppose first that n = 1. Then the equation (6.11.7) becomes
07—, |

jz = —€c,c—z ﬁelnr,zl .

[

As ] is a unit of R and j, € J, . s we obtain

€c,c—2€17Mz,2; S Jr,z,S = IXL'
Hence we have (see (6.8.3))

21
€c,e—z2lz,z € Jz7z7s~
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Putting
0= Kx,x—zl (ec,c—znx,zl )

we then have § € Jp(S). Hence we obtain from (6.11.5)
j=0+y
where
0 € Jr(S), ve L(E\{z},S)NJ(S).

This proves the lemma in this case.
Assume now that n > 2. Then the equation (6.11.7) becomes

n
(61112> ]w = —€¢,c—2 ZeianN € = €x.x—z;
=1

where we have
,jm S Jz,z,S = IXL'

We have by definition

9xr = > 9x1(9) € Duzs/L
gE P,

and we have
Ixr9xr = |Prlgx.-
Put
Q;L = gXL/‘P$| € Arfz,S/L‘

305

This is well defined as [P is a unit of S. The element gy 6 acts on
Anng(L)ec,c—»Ay,s; in particular, gy, acts on I, = J;.s as we have

L,, C Anng(L)ecc—, Az 5. We have for any element h € I,

Iy h=h

The family of subgroups {G(z — z/x — 2 — z;) }i=1,...n of Pic(O,_.) is
R-admissible (proposition 5.8.4). As there is an isomorphism of A, g-modules

AnnS(L)ec,c—zAw,S = Arfz,S/L

and as j, € Anng(L)ecc—.Az s, we may apply proposition 5.5.30 to the

equation (6.11.12). We obtain that there are elements
w9 e Ay g foralli#jand 1<4,5<n

such that
w9 =~ for all i # j,



306 Cohomology of the Heegner module

and elements
ec,c—zeiei € eiAnnS(L)ec,c—zAx,S
where we have
(6.11.13) €c,om2€iMu,z = €ce—2€i0i + €co—z Z eiju(i’j) foralli>1
1454n

and

€ij = Z h for all i # j.

heG ;G

Summing the equations (6.11.13) over all i we obtain the equation

(6.11.14) Jo=—€coz ) eibi
i=1

Multiplying the equation (6.11.14) by gy, we obtain, as gy, jz = Jjz,

(6.11.15) Jo=—Ceez Y gh, it
i=1

The difference between the equations (6.11.14) and (6.11.15) gives the equa-
tion

(6.11.16) 0=—€cczD el — g5, 0).
i=1

As we have an isomorphism of A, g-modules
AnnS(L)ec,c—zAw,S = Arfz,S/L

we may again apply 5.5.30 to the equation (6.11.16). We obtain that there
are elements

o) e Anng(L)A, s foralli#jand1<i,j<n

such that N B
) = U for all i # j
and
(6.11.17) e c—z€i8; = g;Lecvc,zeiHi +ece—z Z eijv(i’j) for all 7 > 1.
15
We then obtain from (6.11.17) and (6.11.13)
(6.11.18)
€c,c—2€ilx,2; = g;Leac—zeiai + €ce—z Z eij(u(i7j) + U(i’j)) for all i > 1.
i
1<j<n

We have here
*
gXLeac—zeiei € eiIXL = eiJw7z7S

for all 4, hence we have gy, ec.c—.0; € J7', 5 for all i (see (6.8.3)).
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From lemma 5.10.1, this equation (6.11.18) then gives the equation

(6.11.19) N{ec,czZKz,m(nm,zi) —~ ZKE,M(eC,Hg;Lei)} =

i=1 i=1

—€cc—z Z Z (a’zi - 6(55'7 zi))Kw_Zhw_Zi_zj (tﬁw—zi (u(i7j) + ”(i’j)))
i=11<j<n,j#i
where
xr—2z1—29
| A*|
and where we have that N = 1 unless n = 2 and © = 21 + 2z9; in particular,
N is a unit in R, by the hypotheses (6.10.1).
We obtain from (6.11.19) and (6.11.5)

N = [95sl

n
j = Z Kz,zfzi (ec,cfzg;L 01) +
=1

1 <& - -
Cee—zyy Z Z (az; — €(%,2:)) Kozy0—2— 2, (tﬁw—zi (“(M) + U(m)))

i=11<j<n,j#i

where
v € L(E\{z}, S).

and where

1 n - o
_Nec,c—z Z Z (az; — €(®,20)) Koz 02— 2 (tﬁ,x—zi (u(m) + ”(M)))

i=11<j<n,j#i

also belongs to L(E\{z}, S). We obtain

j = Z Kx,a;—z,i(ec,c—zg;Lai) + 0
i=1

where § € L(E\{z},S) and Y | Ky 2z, (€c.c—2g5, 0i) belongs to Jr(S) as
Gy Ceo—20i € J7 g for all i. As j belongs to L(S) N J(S) we obtain
that § € L(E\{z},S)N J(S), which proves the lemma in the case where
z € Supp(c — z), z is ramified in K/F, and |P| is a unit in S.
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Case 3. Suppose that z € Supp(c — z), z is split completely in K/F, and |P)|
is a unit of S.

Let m, be the ideal of A defining z. Let p1, p2 be the prime ideals of O, _,
lying over the prime ideal m, of A. We put

=<[p]] "z —2>

=<[lp2] w2 >

Let P, be the subgroup of Pic(O,_,) generated by g and h. The group P is,
by definition, the subgroup of Pic(O._.) generated by the classes of the prime
ideals of O._, lying over m,. There is an evident surjective group homomor-
phism P — P,. Hence the order of P, is prime to the residue characteristic
of S.

Let A(x) denote the x-isotypical component of e.._,A; s for any irre-
ducible representation x : P — GL,(S/(7)) where S/(n) is the residue field
of S. By (6.7.15), we have a decomposition of the group algebra S[P,] into its
isotypical components S(x), where the order of the group P, is prime to the
residue characteristic of S by hypothesis,

P =@ s(x)

By the table 6.7.16 and (6.7.51), (6.7.52) we then have an equality of sub-
modules of A, g

Ip 28 = @AnnA(X) (a;®1—g—h)

where the sum runs over the irreducible representations x of P, over S/(m).
We then have

Jy,28 = @ @ wAnngy(a. ®1—g—h)

X w€Pic(Oz—2)/Px

where the sum @, €Pic(0,_.)/ P, TUDS over a set of coset representatives of Py
in Pic(Oy—).

As S(x) is a finite étale S-algebra (see (6.7.15)) it is an infinitesimal trait
with the same local parameter 7 as S. Hence we have

Anng(a. ®1—g—h) = S(x)Ay
where A, is the ideal of S given by

Ay, =Anmng(a, ®1—g—h);
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that is to say, A, is the ideal of S annihilated by the element a, ®1—[[p1]]~* —
[[p2]] =" of the S-algebra S(x). Hence we have isomorphisms of A, s-modules

Les=@ @ wASKN =P AAN.
X w€Pic(Oy—z)/ Py X
Suppose first that n = 1. Then the equation (6.11.7) becomes
0;_.,]

jz = —€c,c—z ﬁelnr,zl .

*

As ! &:z‘l‘ is a unit of R and j, € J; . s we obtain

€cc—2€1Mz,21 € Ju,2.5-
Hence we have (see (6.8.3))

€cc—2Nwz € I3 5
Putting

0= Kx,x—zl (ec,c—znx,zl)
we then have § € Jp(S). Hence we obtain from (6.11.5)

j=0+y

where
0 e Jr(S), ve L(E\{z},S)Nn J(S).

This proves the lemma in this case.
Assume now that n > 2. Then the equation (6.11.7) becomes

n

(61120) ]m = —€c,c—2 Zeinr,zia € = €x.x—z;

i=1

where we have
jw € Jx,z,S-

The family of subgroups {G(z — z/x — z — 2;)}i=1,...n of Pic(Oz_.) is
R-admissible (proposition 5.8.4). As there is an isomorphism of S-modules

S/Anng(A,) = A,

and as j, lies in the submodule EBX Ay A(x) of Ay g, we may apply proposition
5.5.30 to the equation (6.11.20); for this proposition applies to each component
A(x) ®s S/L for any ideal L of S and for any x. We obtain that there are
elements

w9 e €ce—2Az5 foralli#jand1<4,5<n
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such that o .
uw®) = —4UD for all i # j

and elements
66767262'02' €e; @AXA(X) = eiJr,z,S

X

where we have

(61121) €c,c—2Cilx,z; = ec,cfzeigi + €c,c—z Z 6ij'u(iJ) for all ¢ Z 1

j#i
1<j<n

and

eij= » h foralli#j.

heG;G;
We have here
€Ec, cfzeiei S eit]r z,S

for all 4; hence ec.—»0; € J', g for all i (see (6.8.3)).
From lemma 5.10.1, this equation (6.11.21) then gives the equation

(61122) N{ecc zszx 2z 7]9; zl Zwa Z; eCC 291)} =

i=1

n
—€c,c—2 Z Z (azi — E(x, Zi))Krfzi,rfzifz] (thm 2 (U(ZJ)))
1=11<j<n,j#i

where

|O%

r—2z1— zz|
|A*|
and where we have that N = 1 unless n = 2 and © = 21 + 2z9; in particular,
N is a unit in R, by the hypotheses (6.10.1).
We obtain from (6.11.22) and (6.11.5)

N_

j = ZKw7w—Zi(eCaC_z9i) +7

—€cc—277 Z Z (azi — 6(1‘, Zi))Krfzi,zfzifz] (tfz Z; (U(ZJ)))

i=1 1<5<n,j#1
where
v € L(E\{z},5).

and where

1 - y
Neqc—z Z Z (azi - 6(13 Zi))Kw—zz',a:—zri—z] (tfz 2 (u( 7])))

i=11<j<n,j#i
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also belongs to L(E\{z},S). We obtain
j = Zwa—zi(ec,c—zei) + )
i=1

where § € L(E\{z},S) and >. | Ky 42—, (ecc—-0;) belongs to Jr(S) as
ece—20i € ', g for all i. As j belongs to L(S)NJ(S) we obtain that
0 € L(E\{z},S)NJ(S), which proves the lemma in the case where
z & Supp(c — z), z is split completely in K/F, and |P| is a unit in S.

Case /4. Suppose that z € Supp(c — 2).
By the table 6.7.16 we have

Jr,z,S = AnnS(az oy l)ec,cler,rflz,s-

That is to say, an element e, .—.y of €. .—. Ay g, where y € A, g, liesin Jp > g
if and only if (a, ® 1)t2,_.(y) = 0 and t2 (y) =0.

T, x—2 x,x—2z

Suppose first that n = 1. Then the equation (6.11.7) becomes
07, |

Jo = —€c,c—2 ‘2171 €17z, 2 -

*

As l &Zz‘l‘ is a unit of R and j, € J; . s we obtain

€c,c—2€17Mz,2; € Jz,z,S~

That is to say, we have
4
€c,c—zMz,z1 € Jx,lz,S‘

Putting
0= ec,c—zKa;,x—zl (naz,zl )

we then have § € Jp(S). Hence we obtain from (6.11.5)
j=0+7y

where
0 € Jr(S), ve L(E\{z},S)Nn J(S).

This proves the lemma in this case.
Assume now that n > 2. Then the equation (6.11.7) becomes

(6.11.23) O
=1

where we have

ja: S Jx,z,S = AHHS(az & l)ec7c—zlx,az—2z7S-
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The family of subgroups {G(z — z/x — z — 2)}i=1,...n of Pic(O,_,) is R-
admissible (proposition 5.8.4). As there is an isomorphism of A. s-modules

ec7c—zAw7S/AnnS(az ® 1)ec,c—zAw7S = Azfz,S/Anns(az(@l)

we may apply proposition 5.5.30 to the equation (6.11.23). We obtain that
there are elements

ul) € eee—zlys foralli#jand 1<4,5<n

such that N B

u) =~ for all i # j,
and
(6.11.24) e cm2€iMa 2 = €l + Z eiju(i’j) foralli>1

i
1<j<n

where

eij = Z h foralli+#j

heG;G;

and where

0; € Anng(a, ® 1)ecc—, Ay 5 for all 7.
Summing over all ¢ we obtain from (6.11.24) and (6.11.23)

(6.11.25) Jo=—_eib;.
i=1

where
jz € AnnS(az & l)ec,cfz117172z,s-

Applying the homomorphism ¢2', _,, to the equation (6.11.25), we obtain the
equation in Ag;_s; g

(6.11.26) 0=—> e, 2.(6:).
i=1

There is an evident isomorphism of A. s-modules
AnnS(az & 1)ec,c—zAx,S = Arfz,S/(az®1)S'

Hence we may again apply 5.5.30 to the equation (6.11.26). We obtain that
there are elements

vh9) ¢ Anng(a, ® 1)ece—2Azs foralli# jand 1 <i,5<n
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and elements
& € Anng(a, ® 1)ecc—, Ay s for all i

such that N N
@) = 0D for all i # j,
and
(6.11.27) e, = e;& + Z eijv(i’j) forall:>1
1
where

r ,T— 22(6161) -

Hence we have
€& € Ipz—2, s NAnng(a, ® l)ecc—xAg s = Jz 2 5.
It follows that (see (6.8.3))
§eJ;, s foralli

From lemma 5.10.1, the equations (6.11.24) and (6.11.27) then give the
equation

(61128) N{BCC zZKzz 2 77r z1 ZKzz Z; ﬁz }—

=1

- Z Z (az, — (@, 2i)) Koz gz 2, (tfas 2 (u ultd) + ”(i’j)))
i=11<j<n,ji

where

|O*

r—=z1— Z2|
| A*|
and where we have that N = 1 unless n = 2 and x = 21 + 2z9; in particular,

N is a unit in R, by the hypotheses (6.10.1).
We obtain from (6.11.28) and (6.11.5)

Jj= ZKz,szi (fi) +7
1=1

N_

1 <& - -
_N Z Z (azi - e(xﬁzi))KI*Zi,I*Zi*Z] (tfx zl( (L]) + U(17J)))

i=11<j<n,j#i

where
v € L(E\{z}, S)
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and where
1 & . o
N Z Z (az, — (@, 2i)) Koz gz 2, (tﬁ,x—zi (u(w) + ”(M)))
i=11<j<n,j#i

also belongs to L(E\{z}, S) as u(®) v € e. . A, g for all i, j. We obtain
J= ZKz,szi(ﬁi) +0
i=1

where § € L(E\{z},S) and Y ;" | Ky »—»,(&) belongs to Jp(S) as & € JZ',

)%

s
for all i. As j belongs to L(S)NJ(S) we obtain that § € L(E\{x},S)NJ(S).
This completes the proof of lemma 6.11.3 and of proposition 6.11.1.0

End of proof of theorem 6.10.7.

Put S = S/exp(G)S. By corollary 6.8.11 we have the exact sequence of
Ag s-modules

H(G, He,s)
t(H(G, Hez,5))

0 — HY(G,L(S") N J(S")) — J(HY G, S))—=

In the case where z ¢ Supp(c — z) and either z is ramified or z is split com-
pletely in K/ F then it is assumed that | P| is prime to the residue characteristic
of the infinitesimal trait S; this corresponds to the cases (2) and (3) of table
6.10.7.

By proposition 6.11.1, we then have the equality

L(S)YnJ(S") = Jr(S").
Hence we obtain the exact sequence of A, g-modules

(6.11.29)
_ 0
0 — HY(G,Jr(8)) — J(HY(G, S))it(fi(g;zii))

By lemma 6.9.7, the group H'(G,S) is a finite free S’-module; by
remarks 6.8.4(i) and (ii), we then have an isomorphism of A, s-modules

J(HY(G,S)) = J(S") ®s H'(G, S).

As G acts trivially on Jp(S’), lemma 6.9.9 (or the universal coefficient
theorem; see (6.9.8)) shows that there is a non-canonical isomorphism of
A, s-modules

HYG,Jr(8") = Jr(S") ®s HY(G, S).
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Hence we obtain from (6.11.29) the exact sequence of A, g-modules
(6.11.30)

_ 0
0— Jr(S) @s H'(G,S) — J(S') @5 H'(G,§) =t (& Mes)

HH(G, Hos5))

where the first arrow is induced by the inclusion Jp(S’) C J(S').

Case 1. Suppose that z is inert in K/F and z ¢ Supp(c — 2).
From table 6.7.16 we have

(6.11.31) J(S) =Amg(a-21) P evwAvs.

c/'<c, ! Le—z

From proposition 5.7.8(i), we have the equation

o,
(6.11.32) ec 20 = | |;1*|Z|ec,,c,_z(5 forall  <c¢,d £c—zand § € Au .

We obtain from the equation (6.11.31) and as the integer |B*|/|A*| is assumed
to be a multiplicative unit of R,

(6.11.33) J(8') = Amg/(a; @ Deeer P Acs

c’'<c, !Lc—z
We obtain from (6.11.31) for any prime divisor w, where w € Supp(c’) and
w# z,

/
;ll},z’s(S ) = AHHS/ ((lz &® 1)60’,0’—zAc’7S’ + ec/,C/_ZIC/,C/_w’S/

where I/ o_y 5 is the augmentation ideal of A g/ with respect to the sub-
group ker(te o—q) of Pic(O.). Hence we have

(61134) Kc’,c’fw( ;77273,) = Anng (az ® 1)Kc’,c’7w(ec’,c’szc’,S’)
= AnnS’(az ® l)ec’,c’fzrc’,c’fw,S“
From this we have

(61135) JI‘(S/) = Annsl(az ® 1) Z Z ec’,c’szc’,c’fw,S“

c/<e weSupp(c’)
such that ¢/Zc—z wgliu{z}

We obtain from (6.11.32) and (6.11.35)

(6.11.36) Jr(S") = Anng/(a. ® 1)ecc- > > Lve—ws

ol<ec weSupp(e’)
such that ¢/Zc—z wglu{z}

= Anng/(a, ® 1)L(S")
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where L(S’) is defined in (6.8.8).
We have the commutative diagram of A, s-modules

AC',S'
(6.11.37) By N
o Ac’—z,S’ — ec,c—zAc’,S’
Z’c’,c’—z

where the right hand arrow eqc—. : A g0 — ecc—.Ar s is multiplication by
€c,c—z. The horizontal homomorphism

letel—z - Ac’—z,S’ - ec,c—zAc’7S’

given by

1Ac’7z,S' = eC,C—Z'lﬂc/,S/

is an isomorphism of A. g-modules. We have for all prime divisors w # z

A _ A
tw Olelc'—z = le/—w,c/—z—w © tw .

1y = @ le' ¢!l —2z

c'<c,c’!Le—z

‘We write

where the sum runs over all ¢ € Divy (A) with ¢/ < cand ¢/ € ¢ — z. Thus i,
is an isomorphism, as z & Supp(c — 2),

1z : ASC—Z,S’ - @ ec7c—zAc’7S’

c’'<c,c!Le—z

given by i. —, on each component of the graded A. s-module A<._, g.
We have (by proposition 5.7.8(iii)) for all w # z, where w, z € I are prime
divisors,
tZA o Kc’,c’—w = Kc’—z,c’—z—w o tzA

Hence we have
10 tZA o Kc’,c’—w =10 Kc’—z,c’—z—w o tZA

From the commutative diagram (6.11.37) above, the action of i, o t2
on P, <. g, ,Ae,s is multiplication by ec.—.. Hence we obtain for all
d € Ac’,S’

ec,cfch’,c’fw((s) = ich’fz,c’fsz(tzA((s))-



6.11 Proof of theorem 6.10.7 317

Hence the isomorphism i, : A<._, s — EBC,<C Otz €c,c—2A¢ g induces
an isomorphism of A. s/-modules, where J(S’) is considered a submodule of
ASC,S’7

iz_l‘J(S/) . J(S/) = AHHS/ ((J,Z X 1) @ Ad7S’

d<c—z

@ Ot EB Y(Saga.s)

c’'<c, c!Le—z d<c—z

given by

Hence we obtain an isomorphism of A. g-modules induced by i,
J(S/) = Annsl(az X I)Agcfz,s’

and we have a commutative diagram where the vertical maps are inclusions

(6.11.38)

1z
ASC—Z,S’ - @ ec,c—zAc’,S’ c ASC,S’
c'<c,c!Le—=z
7 T
Annsl(az [029] I)Agcfz,s’ >~ J(S’)

Futhermore, we have from (6.11.32) and (6.11.34)

Koo —w(JY , g) = Anngi(a; @ 1)ec el o w50

From the equality

Cero—zKeror—w(0) = i2Ke o oo (t2(5)), for all 6,

the isomorphism 7, then gives an isomorphism (proposition 5.7.8(iii))
Kool ) 2 A (a: © D oo smun s

Hence by (6.11.36) the map i ! restricts to an isomorphism of A, g-modules

iz_1|JF(S/) :Jr(S") 2 Anng/(a, @ 1)<, g

The commutative diagram (6.11.38) may then be extended to a commutative
diagram where the vertical arrows are the obvious inclusions

Agc—z7S’ - ASC,S’
T T

(6.11.39) Anng (a, ® I)Agcfzvsl >~ J9)
T T

Anng (a, ® 1)F§c—z,S’ = JF(S/)
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The inclusion Anng/(a, ® 1)I'<c—, v € Anng/(a, ® 1)A<._, s fits into
the commutative diagram with an exact top row, where the vertical arrows
are the evident inclusions,

0 — Fgcfz,S’ e Agcfz,s’ e Hcfz,S’ —0

T 7
Anng (az X 1)F§cfz,S’ C Anng (az X I)Agcfz,s’

The top row here is the standard presentation of the Heegner module H._, s-.
As the modules I'<.—. s/, A<c—s 57, He—2 g are finite flat S’-modules and as
there is an isomorphism of A, g-modules (see proposition 5.9.2 and
corollaries 5.9.5, 5.9.6)

(61140) Annsl(az ® I)Hcfz,S’ = Hc—z7S’/(az®1)S’
we obtain that the cokernel of the inclusion
Anng (a; ® 1)I'<c— s C Anng/(a, ® 1)A<c—s s

is A, g-isomorphic to Anng/(a, ® 1)Hc—, s/. From the diagram (6.11.39) we
obtain the exact sequence of A. g-modules

0— Jr(S") — J(S") — Anng/(a, @ 1) He—».50 — 0.

From the exact sequence (6.11.30), we obtain that tensoring this sequence
with — ®g H(G,S) it remains exact. Hence we obtain an isomorphism of
A, s-modules

HO(Ga HC,S)

~ HYG. S) 95 Anns (0. © 1) H, s 5.
HH (G, Hooz 5) (G, 5) ®s Anng (a: @ L)He-z.s

As there is an isomorphism of S-modules
S (a, ®1)S" = (S/(a, ®1)S) ®s 5’

and H'(G, S) is a finite free S’-module (lemma 6.9.7) we obtain from corollary
5.9.5 and (6.11.40) the isomorphisms of A, s-modules

HO(Ga HC,S)
t(H(G, He—2,5))

~ HY(G,5) ®s Hees 5 (0. 01)S"

= Hl(G7 S) ®s HC—Z7S/(CLZ®1)S
~ HY(G,S) ®s Anng(a. ® )He_. 5

as required.
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Cases 2 and 3. Suppose one of the following:

a) z € Supp(c — z) and z is ramified in K/F;

b) z & Supp(c — z) and z is split completely in K/F.
Suppose further in both these cases that |P| is a unit of S.

We treat these two cases simultaneously. Let m, be the ideal of A defining
z.

Let ¢ < ¢ be a divisor of Divy (A4) such that ¢/ € ¢ — z. If z is ramified in
K/F, let w/, be the prime ideal of O, _, lying above m,. We put

f=<[m]7 ¢ —2>.

Let P.s be the cyclic subgroup of Pic(O./_,) generated by f. The group P = P,
is, by definition, the cyclic subgroup of Pic(O._,) generated by the class of
the ideal of O._, lying over m/. There is an evident surjective group homo-
morphism P — P, for all ¢ < c. Hence the order of the group P, is prime
to the residue characteristic of S.

Similarly, if z is split completely in K/F, let p;1, p2 be the prime ideals
of O. _, lying over the prime ideal m, of A. We put

g=<I[p]] "¢ —2z>

h=<[lpa]] "¢ —2>.
Let P. be the subgroup of Pic(O._.) generated by ¢g and h. The group
P = P, is, by definition, the subgroup of Pic(O._.) generated by the classes
of the prime ideals of O._, lying over m,. There is an evident surjective group
homomorphism P — P, for all ¢/ < c. Hence the order of P,/ is prime to the

residue characteristic of S.
Let 0 be the element of A, _, g defined by

P a,®1—f, if z is ramified in K/F
" la.®1—g—h, if z is split completely in K/F.

By definition of J. . ¢ (definition 6.7.3; see also theorem 6.7.16) we have
Jc’7z7S = AnneQszAc,,S (5)

Let x be the residue field of S” and let m be a local parameter of S’. As in
(6.7.51) and (6.7.52), we have in both instances (a) and (b) above that Jer , g
is A.,s-isomorphic to

(6.11.41) PAama, 000
X
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where the sum runs over all the irreducible representations x : P — GLj, (k)
of P and where Ay _, g/(x) is the x-isotypical component of e .—, A s
(see (6.7.15)). In case (a) where z is ramified in K/F and 6 = a, ® 1 —
f, the component Annﬂcuz,s/(x) (6) is non-zero for at most one irreducible
representation .

As any irreducible representation x : P, — GL,, (k) induces an irreducible
representation x : P — GL,(k) by composition with the homomorphism
P — P, in the formula (6.11.41) the representations x may be allowed to
run over all irreducible representations of P over k.

By (6.7.15) and (6.7.28) we have

P = @S (x.¢)

where S’(x,c’) is the x-isotypical component of S'[P.]. The S’-algebra
S’(x,c') is an infinitesimal trait with the same local parameter as S’ and
whose residue field is a finite separable extension (x) of the residue field &
of S’; in fact S’(x, ') is a finite étale S’-algebra. For each irreducible repre-
sentation x of P over k, there is a group homomorphism

X P —r(x)"

where x(x) is a finite separable extension field of k and the character of this
representation x is a trace of the form Tr,(y)/x(X)-
The algebra S’'[P./] acts on the module S’(x, ¢’). We have that

AHHS/(X7C/) (6)

is an ideal of the algebra S’(x,¢’) and hence is of the form #™S’(x,c’) for
some integer m > 0 where 7 is a local parameter of S’; hence there is an ideal
I(x) of S’ such that we have the equality of ideals of S’(x, )

I(X)S/ (Xa Cl) = AnnS’(x,c’)((s)'

The ideal I(x) of S’ is independent of the divisor ¢ and depends only on
the representation x of P over k. For if x : P — GL, (k) is an irreducible
representation of P over x and ¢ < ¢, ¢ £ ¢ — z, is a divisor such that
the homomorphism x factors through the surjective homomorphism P — P,
then the y-isotypical component S’(x, ¢) of S’[P.] is S[P]-isomorphic to the
X-isotypical component S’(x,c) of S’[P]. Hence there is an isomorphism of
S[P]-modules, as required,

AnnS’(x,c’) ((S) = Anns/(xvc) (5)
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The module A._, s/ (x) is a direct sum of copies of S’(x, ¢’); more precisely,
we obtain an isomorphism of A. g-modules

Ac’—z7S’ (X) = @ hSl(X7 C/)

hGPIC(Ocliz)/PC/

where the sum ) cpic,, )/p, TUnS over a set of coset representatives of

c/—z

P in Pic(Op —). We then obtain

Annﬂc/fzys/(x) (5) = I(X)AC/*ZS/ (X)

As there is a decomposition of A, s-modules
€c,c—2 c’ S = @Ac’fz S’

we then have an isomorphism of A, g-modules

(6.11.42) Jo 50 = EB[ Ao 5(X)

where the sum runs over the irreducible representations x : P — GL, (k) of
P and where I(x) is an ideal of S’ for all y which is independent of ¢/. We
have Ao —; s/(x) = 0 unless x factors through the homomorphism P — P, .

Let w be a prime divisor in Supp(c¢’) \ I distinct from z. Each component
Ac—. s(x) is a finite free S’-module, as is also ecc—wAe—z 5/ (x). We then
have, as I(x) is an S’-ideal

(61143) ec7c—wAc’—z7S’ (X) n I(X)AC/—Z7S/ (X) = eac—w—[(X)Ac’—z,S’(X)-

To prove this equality, Ay_, s/(x) is a direct summand of Ay._, g and
hence it is a cohomologically trivial G(¢' — z,¢’ — 2z — w)-module. Hence
eco—wAe—2,9(x) is the G(¢ —z,¢ —z — w)-invariant submodule of
Ac'fz,S’ (X) Hence ec,cfwAc’fz,S’ (X) n I(X)Ac’fz,S'(X) is the G(C/ —z,c —
z — w)-invariant submodule of T(x)As _. s/(x). But we have an isomorphism
of A; g-modules

I(X)AC’*ZS'(X) = Ac’—z7S’/AnnS/ (I(x)) (X);

hence the G(¢' — z, ¢ — z — w)-invariant submodule of I(x)Aq . s/(x) is equal
t0 ecc—wl(X)Ae—2,5(x); this proves (6.11.43).
We have by definition of JJ | ¢, for any prime divisor w # z in Supp(c’)

w
Yos =T € Cocsos | eoowt € Juss ).

It follows from (6.11.42) and (6.11.43) that if w # 2

Jg/j,z,s/ == ec,clec’,c’fw,s’ + @ ec,cfzI(X)Ac’,S’(X)

X
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where I/ o/, g is the augmentation ideal ker (¢4 '—w,s)- Hence we obtain

(6.11.44) Kerormw(JY . 50) = Ko or— EBI CeczDer 51(X))

—@I €c,c—z c c’—w(Ac’7S’(X))‘
We obtain from (6.11.42) and (6.11.44) the formulae

(6 11. 45)
@ Z Z I(X)ec,c—ch’,c’—w(Ac’7S’ (X))

c/<e 7 I
such that ¢/ Lc—z weSupp(c)\(TU{z}

N@I F<c zS’()

(6.11.46) %@ B 10A-—s () =P I)Ac—s5(X)

c/<e
such that ¢/ Lc—z

where the sums run over the irreducible representations x : P — GL, (k) of
P over x and where I () is an ideal of S for all x.
The Heegner module H._, s/ is defined by the exact sequence

0— FSC—z,S’ E— ASC—Z,S’ — Hc—z,S’ — 0.

The group P acts on each element of this exact sequence and as |P| is prime
to the residue characteristic of S’ we have the decomposition into isotypical
components

0— Precss) — PAcczs () — PHezsr(x) — 0
X X X

where the sums run over the irreducible representations x : P — GLy (k)
of P. As I'cc_ 51, A<e—s 57, He—z s are flat S’-modules it follows that the
X-isotypical components I'<._, s/(x), A<c—z,5(X), He—2 5/ (Xx) are also flat S’-
modules. Hence we may tensor this last exact sequence with — @ H'(G, S)
and obtain the exact sequence (using lemma 6.9.7(ii)) for all y where we write
H! for HY(G, 5)

(6.11.47)
0— FSC—Z,S’(X) Qs Hl - Agc—z7S’ (X) ®s Hl - HC—Z7S/ (X) ®s Hl — 0.
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From (6.11.30), (6.11.45) and (6.11.46), we obtain a commutative diagram
of A; g-modules with exact rows

0—  Jp(9) ®s H! — J(S)esH' S H°—=0
= 1
0— @I V<o) @s H' — @PI(0)A<c—25(x) @5 H'

where we write
H'=HY(G,9)
and
HO(Ga HC,S)
t(HO(G, He—>z5))
Comparing this diagram with the exact sequence (6.11.47) we obtain the
isomorphism of A, s-modules

H° =

HO(G Hcs 1
6.11.48 ~ (D I(x)Ho—z50( HY(G, S).

By lemma 6.9.7(ii), the group H!(G,S) is a finite free S’-module. Further-
more, we have the decomposition of A, g-modules

Hezs =P He25(x)
X

hence we have by corollary 5.9.5 the isomorphism of A, g-modules

HC—Z7S(X) ®s S/ = HC—Z7S/ (X)

Hence we obtain from (6.11.48) the isomorphism of A, s-modules

HYG, Hes)
e 5 = DIz s(0 95 HI(G.5)

as required.

Case 4. Suppose that z € Supp(c — 2).

Let ¢’ be an effective divisor such that ¢’ < ¢ and ¢’ £ ¢ — z. By table
6.7.16 we have

Jc’7z7S’ = AHHS’ (az & 1)60’,0’—zlc’,c’—2z7S’ .
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Let z € J , 5 where w € Supp(c’) and w # z. Then we have
T € 6c,cszc’,S’

where
ec’,c’fw(az X I)LE =0 and ec/vc/fwtﬁvc/72z(x) =0.

‘We obtain

(az @ I)I € Ic’,c’fw,S’ and t§7C/72Z(I) € Ic’72z,c’72sz,S’

where o o_y s is the augmentation ideal in Ay g of the subgroup
ker(ter, s~ ); that is to say

Ic’,c’—w,S’ = AHHAC/YS/ (ec’,c’—w)~
The kernel of the map of multiplication by e.r /s,
6c,cszc’,S’ - ec,cszc’,S’a €c,c—z V7 €/ c/—wCc,c—2

is equal to ecc—»lercr—w,s. The condition (a, ® )z € Iy o_yw,s,
where z € ec ., A, g, is then equivalent to

S 60’70’—210’70’—11)75’ + AHHS/ (az ® 1)60’,0’—zAc’7S’-
We then obtain

w
Jc’,z,S’ = ec’,c’fch’,c’fw,S’ + AHHS/ (az oy l)ec’,c’lec’,c’flz,s’

= 60’70’—z10’7c’—w75’ + Jc’,z,S’~
We have by definition (see (5.3.6))

0%,
Kc’,c’—w(x) = (aw - E(Cl7w))t§,c’—w(x) - ﬁecﬂc’—waﬁ

Hence we have
Kc’,c’—w(ec’,c’—zlc’7c’—w75’) =0

and therefore we obtain
KC/aC/—w(Jg’),z,S’) = KC',C’—w(Jc’,z,S’)

= c',c’72z,S’AnnS’ (az & 1)66/,c/7ch',c’7w,S’-

As we have

/
107072Z,S’Ac’,s’ = de' e’ —22,5" for ¢ ﬁ c—z,



6.11 Proof of theorem 6.10.7 325

we then obtain the equalities of submodules of A<, s

(6.11.49)
JF(S/) = c,c—2z7S’AnnS’(az ® 1)6070—2 Z Z Fc’,c’—w7S’
¢'<c weSupp(c)\I
such that ¢/€Lc—z w#z
and

(6.11.50)  J(S') = I..c—2..5Anng(a, @ 1)ec s Z Ay 5.
d'<e

such that ¢/ Lc—z

The family of isomorphisms, which are compatible with all restriction
A
maps tg

c'—w>

ec,cszc’,S’ = Ac’fz,S’

induces by restriction a family of isomorphisms of A. g--modules, for w # z,

Y
ec7c—ch’7c’—w7S’ = Fc’—z,c’—z—w,S’

which are compatible with the restriction maps tcA',cuwv for all w and ¢’. Hence
we obtain an isomorphism of A, g--modules
JF(S/) = c,c—2z7S’AnnS’(az & 1) Z Z Fcﬂc’—w,S’-
c'<c—z weSupp(c)\T
such that ¢’ €c—2z wH#z

Put
S"=5"/(a,®1).

We further obtain that the isomorphism
Anng (a, ® 1)Ac g0 = Apr g
induces by restriction an isomorphism of A. s--modules
Anng (a; @ Dl ew,sr & Lo s

Hence we have a commutative diagram of A, g-modules compatible with the
obvious inclusions in A<, s/ and in A<, g», where the horizontal maps are
isomorphisms and the vertical maps are inclusions,

(6.11.51)
JF(S/) = 1070—2z,S“ Z Z Fc’7c’—w7S”
'<c—z weSupp(¢" )\
such that ¢’€c—22 wH#z
1 1
J(S/) = Ic,c—2z7S” Z Ac’,S”
/<c—z

such that ¢/ Lc—2z
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As in (6.1.1), let H. be the Heegner module attached to
p:Zp\I — R, v ay,
with coefficients in R. Let
p*Xp\(IU{z}) — R, v ay,

be the restriction of p to the subset X \ (I U {z}). Let H’ be the Heeg-
ner module attached to p* with coefficients in R. Let I'Z.__ be the module

I'<._, where the exceptional set of primes is taken to be TU{z} in place of T
(see (5.3.7)).

Put
FC7S” - § § Fc’7c’—w7S”~
¢'<c weSupp(c)\T
such that ¢/€Lc—z wH#z

We obtain an equality of A. g-modules

t
Iz, .sn= @ I'e_pz,sv where t = ord,(c).

n=1
Let
Te—z - Agcfz,S - @ Ac’,S

c'<c—z, ¢!Lc—2z

be the projection homomorphism onto the submodule @, .., L2z Ay.s
of A<c—, s with kernel A<, 5. g. Then 7., induces a projection homomor-
phism denoted by the same symbol

Te—» :F§67Z,S” chfz,s“-
We then obtain (from (6.11.51)) an isomorphism of A, g-modules
(61152) JI‘(SI) = 67C72Z7S/7TC7Z(F;C_Z,S//).

As above, the projection homomorphism

Te—z - Agc—z7S - @ Ac’,S

¢'<c—z, ¢! Le—2z
induces a projection homomorphism denoted by the same symbol
Te—z: Moz g0 — He g
By proposition 6.11.1, we have the equality
(6.11.53) L(S"yNnJ(S") = Jr(S")
where

L(Su) = E § 6c,clejc’,c’fw,s” = Fcfz,S’“
¢'<e e’ Le—z weSupp(c )\ T
wH#z
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We have the commutative diagram of A, g-modules with exact rows (see the
isomorphisms (6.11.49))

(6.11.54)
O — FC*Z,S” — Z AC',S” — chz(H:_%S,,) — O
c'<c—z
such that ' Le—2z
fr1 1
0—Jr(S") — J(S")

where the vertical homomorphisms fr, f are the natural injections induced
by

J(S/) = c,c—2z,5' Z Ac’,S” - Z Ac’,S”-

' <c—z c/<c—z
such that ¢/ Lc—2z such that ¢/ Lc—2z

From (6.11.53), we obtain

Tez5n N [(J(S) = fr(Jr(S")).

Hence from the above commutative diagram (6.11.54) we obtain that the
kernel of the composite homomorphism

J(8') = me—a(Hi_, 1)

is equal to Jp(S'); furthermore, the image of this latter homomorphism is
evidently equal to Ic,c—2. 5/mc—»(H:_, ) (from the isomorphisms (6.11.51)).
Hence we obtain the exact sequence

0— Jp(S") —J(S") — cre—22,8'Te—z(He_, g1) — 0.

By (6.11.30), tensoring this previous exact sequence with — @ H*(G, S) it
remains exact and we obtain the exact sequence, where H! = H*(G, S),

0— Jp(9)@s H' = J(S') @5 H' = Icc—9e5me—2(Hi_. g1) @5 H — 0.
From this and (6.11.30), we obtain the isomorphism of A, g-modules

H(G, He,s)
t(H(G, Hez,5))

As we have isomorphisms of A, s-modules (corollary 5.9.5)

= c,c—2z7S’7rc—z(Hz_z,S“) s Hl(G> S)

H:—Z7S” = AHHS(az & 1)H:_Z,S ®s S/> Ic,c—227S’ = c,c—2z7SAc7S’
we obtain the isomorphism of A, g-modules in this case where z € Supp(c—z2)

HY(G, He..s)
t(H(G, He—25))

This completes the proof of theorem 6.10.7.0

= lee2z5Anng(a; @ e (He_, 5) ®s Hl(G, S).
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Finiteness of Tate-Shafarevich groups

Let E/F be an elliptic curve with split multiplicative reduction at oo, with
the notation of §2.1 of Chapter 2. In this chapter we extend the main result
on the Tate conjecture for the elliptic surface corresponding to E proved in
[Br2] to general global fields of positive characteristic; we also eliminate some
of the technical hypotheses contained therein.

The point is to prove the finiteness of the [-primary component of the
Tate-Shafarevich group [[[(E/F) of the elliptic curve E/F for at least one
prime number [; this then implies both the finiteness of the group [[[(E/F)
and the Tate conjecture for the corresponding elliptic surface by known results
on étale cohomology (due to Artin, Tate, and Milne).

The contents of this chapter are the following. After some preliminaries
on quasi-groups in §7.1, Igusa’s determination of the galois action on torsion
points of an elliptic curve over a global field of positive characteristic is pre-
sented in §§7.2-7.4, as well as some of its consequences. Further preliminaries
are given in §§7.5-7.12 on the Tate conjecture.

The Heegner module H, g of the elliptic curve E//F is introduced in §7.12;
in §7.13 the determination of the galois invariants of the Heegner module
(theorem 6.10.7) provides a homomorphism

N Hes @5 M(c) — (He,g)F /Y

(see proposition 7.13.4 for the notation) for the case where the primes com-
ponents of ¢ are distinct, inert, and unramified in K/F and where S = Z/1"Z
for a suitable prime number [. The parametrisation of the elliptic curve E by
the Drinfeld modular curve XP*®(I), where [ is the conductor of E without
the component at co, provides the homomorphism

(H\)EE/Y — HY (K, E)

M.L. Brown: LNM 1849, pp. 329-434, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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whose domain is the galois invariant part of the Heegner module. If ¢ is prime
to the conductor I, composing this map with 7 gives a homomorphism

Hes ®s M(c) — H' (K, E)

whose image is a principal S-module generated by a cohomology class §(c)
in H'(K, E) (lemma 7.14.9, notation 7.14.10). It is these cohomology classes
d(c), whose properties are considered in §7.14, that provide annihilators by
duality (Tate-Poitou duality §§7.15-7.16 and Pontrjagin duality §7.17) of the
Tate-Shafarevich group [[[(E/F) in §7.18; this suffices to prove the finiteness
of the [-primary component of the Tate-Shafarevich groups for a set of prime
numbers [ of positive Dirichlet density.

7.1 Quasi-modules

In this section we introduce quasi-modules, trival quasi-modules, and quasi-
isomorphisms.

Partially ordered sets and quasi-modules

(7.1.1) Let A be a set equipped with a partial order written >, that is to say
> is reflexive, transitive, and verifies the condition: if z > y and y = z then
T =y.

Let Acat be the category associated to A; that is, there is a bijection
between A and the objects of Acyy noted

A — Ob(Acat), «— [x],

and there is a unique arrow [z] — [y] between two objects [z], [y] of Acat if
and only if x > y.

7.1.2. Examples. The main examples of partially ordered sets A that we
consider are these.

(i) Let R be a commutative ring. Let {Iy}rca be a family of ideals of R
partially ordered by inclusion; that is to say, for A1, Ao € A we have Ay = A¢
if and only if Iy, C I,,.

(ii) Let A be the set
P = {p"| p is a prime number and n € N}

the set of all prime powers of IN where the partial order is given by divisibility:
p® = ¢° if and only if ¢°[p°.
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This is a special case of the example of (i), where we identify a prime
power p” with the ideal p"Z of the ring Z. The partially ordered set P is
isomorphic to the partially ordered set of non-zero primary ideals of Z ordered
by inclusion.

(iii) Let A be the set IN* of all non-zero natural numbers where the partial
order is given by divisibility.

This is also a special case of the example of (i), where we identify a positive
integer n with the ideal nZ of the ring Z. The partially ordered set IN* is then
isomorphic to the partially ordered set of non-zero ideals of Z ordered by
inclusion.

7.1.3. Definition. Let R be a commutative ring and {Ix}xca be a family of
ideals of R which are partially ordered by inclusion (as in example 7.1.2(i)).
A quasi-module G over R with respect to {Ix}xen is a family

G = {Gx}rea

of R-modules GG indexed by A such that for each pair of comparable elements
A1 = Ag there is an R-module transition homomorphism

f>\1>\0 : G>\1 - GAO
and each module G is annihilated by the ideal Iy:
I,Gyx =0 forall A € A.

Furthermore, the maps fx,», satisfy the compatibility condition that if
A2 = A1 = Ao are elements of A then the diagram

Faixrg
—

G)\l G)\O
f>\2)\1\ / f>\2)\0
G,

is commutative.
If R = 7Z we speak of a quasi-group instead of a quasi-module over Z.

7.1.4. Definition. A homomorphism h : G — H of quasi-modules over R,
with respect to {I)}xe4, is a family of R-module homomorphisms

h)\:G)\—>H)\, forallAe A

such that for every pair of comparable elements A; = A there is a commuta-
tive diagram of R-module homomorphisms

Fairo
G, — Gy,

by, 1 (5%
Hy, — Hy,

9x1 )Xo
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The homomorphism h is an isomorphism of quasi-modules if the h) are iso-
morphisms for all A € A. The quasi-modules over R with respect to {Ix}rca
form a category noted [{Ix}rca|r or more simply [A]r.

(7.1.5) Let h: G — H be a homomorphism of quasi-R-modules in [A]g.
The kernel of h is defined as a quasi-module in the evident way, namely

ker(h) = {ker(hx)}rea

where the transition homomorphisms are given by restriction of the transition
homomorphisms of G.
The cokernel of h : G — H is defined as a quasi-R-module by

coker(h) = {coker(hy)}rca

where the transition homomorphisms are the quotients of the transition ho-
momorphisms of H.
One may check that [A]g is an abelian category.

(7.1.6) Let R—mod be the category of R-modules. Then the category of quasi-
R-modules [{Ix}xca]r is equivalent to the category of covariant functors

F : Aoy — R —mod
such that for all A € A we have

LF(A) =0.

7.1.7. Examples. (1) Consider the category [A]z of quasi-groups where A is
a subset of IN* with the partial order given by divisibility, and in particular
the categories [N*|z, [P]z.

An element of [A]z is a family

G= {Gn}neA

of abelian groups G,, indexed by the elements of A such that for each pair of
integers m,n € A such that m|n there is a homomorphism of abelian groups

fannHGm

and each abelian group G,, is annihilated by n for all n € A. Furthermore, the
transition homomorphisms satisfy the compatibility condition

fnm Ofpn = fpm

whenever m|n and n|p.
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(2) Let A be a subset of IN* and [A]z the corresponding category of quasi-
groups. Let A be an abelian group and for each n € A put

nA=ARy Z/nZ
A, = ker(A-5A)
where A,, denotes the subgroup of A of elements annihilated by n. Then
A= {nA}nGA

A= {An}ne/l

are quasi-groups associated to A which are denoted . A and A, respectively.
If A, B,C are abelian groups fitting into an exact sequence

0—-—A—-B—-C—0

then the snake lemma gives an exact sequence of quasi-groups in [A]z, where
the index runs over the integers in A,

0—-A,—-B,—-C, - ,A— ,B—.,.C—0.

(3) Let E/L be an elliptic curve over a field L and let A be a subset of IN*.
If the characteristic p of L is positive, we assume that the integral powers of
p are excluded from A. Let £ denote the sheaf of abelian groups for the étale
topology on Spec L induced by FE.

Then we have these quasi-groups attached to E:

{E(L)n}neA
{E(L)/nE(L)}nea
{Hélt(speC(L)v g)n}nEA
{H;(Spec(L), €)/nH (Spec(L), €) }nea
{Hé}t (SpeC(L), En)}ne/l-

Quasi-constants

7.1.8. Definition. Let A be a partially ordered subset of IN*, which is ordered
by divisibility; this partial order is written >. A function

y:A— N
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is called quasi-constant if
(i) v(A) is a finite subset of IN;
(ii) for some finite set S of prime numbers and for all n € A coprime to all

elements of S we have y(n) < 1.

7.1.9. Remarks. (i) It is evident that a function v : A — IN is quasi-constant
if and only if there is a quasi-constant I" : IN* — IN which extends ~y, that is
to say I'|a = 7.

(ii) Let 4,6 : IN* — IN be functions such that 0 < v < ¢ and J is quasi-
constant. Then ~ is quasi-constant.

(iii) A function v : IN* — IN is quasi-constant if and only if there is a function
0 : N* — IN such that

(a) 0 <y < 6;

(b) 0 is multiplicative: §(mn) = 6(m)d(n) whenever the integers m,n are
coprime;

(c) 6(p™) =1 for all n € IN and for all except finitely many prime
numbers p;

(d) for all prime numbers p, §(p™) is bounded as n — +oo.

Clearly, a function ¢ satisfying these conditions is also quasi-constant.

(iv) A function 6 : IN* — IN satisfies conditions (b),(c), and (d) of the
remark (iii) above if and only if ¢ is multiplicative and bounded.

Hence a map v : IN* — IN is quasi-constant if and only if it is majorised
by a bounded multiplicative function.

Trivial quasi-groups. Quasi-isomorphisms.

Let A be a partially ordered subset of IN*.

7.1.10. Definition. A quasi-group G of [A]z is finite if all G, for all n € A,
are finite abelian groups and their order is bounded independently of n.

7.1.11. Definition. A quasi-group G of [A]z is trivial if G is finite and the
map n — |G|, A — N, is quasi-constant.
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7.1.12. Remarks. (i) A quasi-group G of [A]z is trivial if and only if there is
a bounded multiplicative function v : A — Z such that

|Grn| < 7(n) foralln e A.

[See remarks 7.1.9 (ii), (iii), (iv).]

(ii) A quasi-group G of [A]z is trivial if and only if these conditions hold:

(a) there is a finite set S of prime numbers such that for all n € A coprime

to all elements of S the group G, is trivial;
(b) G is finite.

7.1.13. Definition. A homomorphism of quasi-groups f : G — H of [A]z is
a quasi-isomorphism if the kernel and cokernel of f are trivial quasi-groups of

[A]z.

7.1.14. Examples. (1) For any finitely generated Z-module A let m(A)
denote the minimal number of generators of A. Let M be a finitely generated
Z|G)-module where G is a finite group. Then the order of the finite Tate
cohomology group H(G, M) is bounded by

\Hi(G, M) < |GmMDIE for all i € Z.

[We prove this by induction on i. We have that H°(G, M) is a quotient of M&
which is annihilated by |G|. Hence H%(G, M) has at most |G|™™) elements,
which proves the result for ¢ = 0.

Assume the result has been proved for all M and for an index ¢ > 0. The
G-module M is a submodule of the coinduced module N = Homy(Z[G], M);
the action of G on N is given by: if ¢ € N then g.¢ is the homomorphism

g = old'9), ZIG]— M.
We have the short exact sequence of Z[G]-modules
0—-M-—N-—->M —0

which is split exact as a sequence of Z-modules and where the injection
M — N is given by

m = {¢pm 1 g — gm}.
The long exact sequence of cohomology of this sequence provides isomor-

phisms N N
HY(G,M") = H (G, M)
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for all i € Z, as I;Ti(G, N) = 0 for all ¢ by Shapiro’s lemma. Evidently, we
have
m(Homy(Z[|G], M)) < m(M)|G]|.

Hence we have
m(M') <m(M)|G|.

But we then have
‘HH_l(G M)‘ _ ‘HZ(G M )‘ < ‘G‘m(JV[ G| < |G|m ‘G‘Hl

This proves the result for all ¢ > 0 by ascending induction on ¢ > 0.

Assume now that the result has been proved for an index ¢ < 0. Then
we may argue similarly as follows. The G-module M is a quotient module of
the induced module N’ = Z[G] ®z M; the action of G on N’ is given by:
gla®@m) = (ga) @ m, for a € Z|G],m € M. In fact the Z[G]-modules N, N’
are isomorphic where the isomorphism is given by

NN, ¢—=> god(g)

geG
We have the short exact sequence of Z[G]-modules
0—-M"—->N —->M-—=0

where the surjection N’ — M is given by
D e @my— ) am
J

The long exact sequence of cohomology of this sequence provides isomor-
phisms N N
HY (G, M") = H~Y(G,M)

for all i € Z, as H'(G, N’) = 0 for all i. As m(N’) < m(M)|G| we have
m(M") < m(M)|G|.
As i < 0 we then obtain
[HNG, M| = [HY(G, M| < |G < jgprenialt,

This proves the result for all ¢ < 0 by descending induction on ¢ < 0.]

(2) Let M be a finitely generated Z[G]-module where G is a finite group. Then
foralli>1 _
{Hi(G, M ®z Z/nZ)}nG]N*
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and _
{H"(G, M) }nen~

are trivial quasi-groups.

[With the notation of example (1) above, we have evidently
m(M ®z Z/nZ) < m(M)

and
m(M,) < m(M)

for all integers n > 1. The cohomology groups H(G, M ®z7Z/nZ.), H (G, M,,)
coincide with the Tate cohomology groups H' (G, M ®77/nZ), H (G, M,,) for
all i > 1. Hence by example (1) above, we have that the orders of the groups
HY(G,M ®z Z/nZ), H (G, M,), are for all n > 1 bounded by |G|™M)IGI"
which is independent of n. Furthermore, H' (G, M ®z Z/nZ.) and H (G, M,,)
are both annihilated by |G| for all ¢ > 1; hence we have for all ¢ > 1

HY(G,M ®z Z/nZ) = H'(G,M,) =0

for all non-zero integers n prime to |G|. Hence, for i > 1,
{HY (G, M ®7 Z/nZ)}nen+ and {H (G, M,)}nen+ are trivial quasi-groups,
as required.]

(3) Let E be an elliptic curve defined over a finite field & of character-
istic p > 0. Let IN(®”) be the set of positive integers prime to p. Then
{HY(Gal(k*P /k), En) b hent i a trivial quasi-group.

[For the proof, we have the exact sequence of Gal(k**P/k)-modules obtained
by multiplication by n
0 — E,(k*P) — BE(k*P) B E(k%P) — 0

where E,, (k%°P) is the submodule of n-torsion points of E(k*P). The associated
long exact sequence of cohomology gives the isomorphism

HY(Gal(k*® /k), E,) = E(k)/nE(k)

because
H'(Gal(k*P/k), E) = 0

by the theorem of Lang. As E(k) is a finite abelian group the result immedi-
ately follows.]
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(4) Let
0—-H — Hy— H3 —0

be a short exact sequence of quasi-groups in [IN*]z.
(i) If two of these quasi-groups are trivial then so is the third.

(ii) If H is a trivial quasi-group then so are H; and Hs.

(5) Suppose that A is a subset of IN* with its usual partial order by divisibility.
Let {E;]n}neA for all integers 7, j > 0 be quasi-groups. Suppose for each n € A
there is a (convergent first quadrant) spectral sequence of abelian groups

By = B
If E! is annihilated by n for all i, then we have:
(i) the {E! } e are quasi-groups in [A]z;

(i) if {E;Jn}ne 4 are trivial quasi-groups for all integers 4, j then for all 7
the quasi-group {E? },,c is trivial in [A]z.

[For the proof, part (i) follows immediately. For part (ii), the differentials of
the spectral sequence

i i+j
£y, = B

,n
are given by
qra - gra _, pptra—r+l
rn ° rn N

and where we put for all p,q >0

po_ Ker(@rg)

rHin = W

We put E%7, to be the stationary group ET; for all r sufficiently large.
We have that EF} is a sub-quotient of ES,’Z for all p,q,n hence EP is
annihilated by n for all p,q,r. Hence EL:%, is annihilated by n for all p, g, 7.
The quasi-group {E5'},ea is trivial for all p,q > 0, by hypothesis, and
the abelian group Ej’ is zero unless p > 0 and ¢ > 0. Hence for all p,q > 0
there are bounded multiplicative functions

P4 IN* - N

such that
|E5al < ¢74(n) for all p, g, n.

Hence we have
P,q
‘Er,n

< ¢”(n) for all p,q,r,n.
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Hence we have |ER:%, | < ¢P(n) for all p, q,r, n. Hence {ERY, }rea is a trivial
quasi-group for all p, q.
The abutment E] of the spectral sequence is equipped with a filtration

E,=FE,D>FE,>...0FE ,D>0

such that

o~ [P, TP
/ p+1l,n — Eoon .

As {E%%, }nea is a trivial quasi—group for all p,q and E! is annihilated by n
for all ¢, it follows that {E” },c4 is a trivial quasi-group for all r > 0.]

7.1.15. Remark. As in the preceding example 7.1.14(5), assume we are given
the quasi-groups {E;Jn}ne A for all integers 4,5 > 0 and the first quadrant
convergent spectral sequences of abelian groups for all n € A

E27] = Ez-‘rj

Assume that E? is annihilated by n so that {E! } e is a quasi-group in [A]z.
Then we have a first quadrant spectral sequence of quasi-groups in the abelian
category [A]z N N

&7 = (B Inea = € = (Ef7)ea.

For we have, with the notation of the preceding example, that the intermediate
convergent E%7 is annihilated by n for all n € A hence {E}, }nea is a quasi-
group of [A]z for all i, j,7.

This spectral sequence €57 = £ of [A]z is not convergent in general
because the sequence of quasi-groups

EPl ={EM }nea forr=2,3,...

need not stabilise. We therefore say that this spectral sequence of quasi-groups
Ey? = £ is semi-convergent in the abelian category [A]z
The conclusion of the preceding example 7.1.14(5) may be stated as fol-
lows. If 51’] are trivial quasi-groups for all 4, j and the E? are annihilated by
n for all 4 and n then the first quadrant spectral sequence of quasi-groups in
[A)z . - w w
&' = (Bl bnea = €% = (¥ }oe

is semi-convergent and £° is a trivial quasi-group for all i.

7.2 Igusa’s theorem

We shall summarise the results of Igusa for the Galois action on torsion points
of elliptic curves over global fields of positive characteristic.
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(7.2.1) Let F be a global field of positive characteristic p. Let E/F be an
elliptic curve with modular invariant j € F. Assume that the finite field k is
the exact field of constants of F. Let

G = Gal(F*? /F), where F*°P is the separable closure of F
n be an integer prime to p;

E,, be the finite F-group scheme of n-torsion points of F;
E be the torsion subgroup of E(F*P) of order prime to p.

The elliptic curve is said to be usotrivial if there is a finite galois extension
field F’ of F such that the curve E x p F' is definable over a finite subfield of
F’; otherwise, the curve E is said to be not isotrivial.

(7.2.2) The action of the galois group G on E,, provides a homomophism
pn 2 G — Aut(E,) = GLy(Z/nZ).
The determinant
det : Aut(E,) — (Z/nZ)*

induces a homomorphism

G — (Z/nZ)".

Let H,, be the subgroup of (Z/nZ)* generated by the powers of ¢ = |k| modulo
n. Then H, is naturally isomorphic to the Galois group of the field of nth
roots of unity over k. Let I, be the subgroup of GL2(Z/nZ) defined by the
exact sequence of finite groups

det

(7.2.3) 0 — SlLs(Z/nZ) — I, — H, — 0.

(7.2.4) Passing to the projective limit of the previous exact sequence over all
integers n prime to p we obtain the exact sequence of profinite groups

0—SLy(ZP) =T — H—0

where H is the subgroup of 7.(P)* topologically generated by g, where

20 =

l#p

is the profinite prime-to-p completion of Z, and I" is a closed subgroup of
GLy(Z™).
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(7.2.5) Passing to the projective limit of the exact sequence (7.2.3) where n
runs over all powers of a prime number [ where [ # p, we obtain the exact
sequence

0— SLQ(Z[) — E — FI[ — 0.

7.2.6. Theorem. (Igusa [I]). Suppose that E/F is not isotrivial. Then the
profinite group Gal(F(F«)/F) is an open subgroup of I'. a

This result may be restated as follows.

7.2.7. Theorem. Suppose that E/F is not isotrivial. Then for all prime
numbers | # p the profinite group Gal(F(Ej~)/F) is an open subgroup of I
and is equal to I} for all but finitely many . a

7.2.8. Remarks. (1) Suppose that the curve E/F is isotrivial. Then it is easy
to show that the group Gal(F(E)/F) is an extension of a finite group by
the abelian profinite group AN

(2) Let E be an elliptic curve defined over a number field L. Let E be the
torsion subgroup of E(L), where L denotes the algebraic closure of L. Then
the nature of the galois group Gal(L(FE«)/L) is as follows.

Let P be the set of all prime numbers. For any prime number [, let T;(F)
be the Tate module of E and let Z; be the l-adic completion of Z. Then
the galois action of G = Gal(L/L) provides a continuous homomorphism
pi: G — GL(Ti(E)).

(a) Suppose that £ has complex multiplication. Put R = Endz(E), which
is an order of an imaginary quadratic extension of . Assume that the elements
of R are defined over L. Put R; = R ®z Z;. Then T}(F) is a free R;-module
of rank 1. The image of G = Gal(L/L) by p; : G — GL(T}(E)) commutes
with the elements of R; and is therefore contained in R;. The image of G by
p = [L,ep o1 is an open subgroup of the product [[,.p R}

[See [S5, §4.5] for more details.]

(b) If E does not have complex multiplication then the image of G =
Gal(L/L) by p = [T,cp o is an open subgroup of GL3(Z) where Z is the
profinite completion of Z (see [S5]).

7.3 Consequences of Igusa’s theorem

For a finite group G and a Z[G]-module M, let H'(G, M) denote the stan-
dard cohomology groups of G acting on M (see §5.6 or [CF, Chap. IV]). Let
H(G, M) denote the Tate cohomology groups of G acting on M (see [CF,
Chap. IV]).
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7.3.1. Proposition. Let E/F be an elliptic curve and let IN(®) be the set of
positive integers prime to p, where p is the characteristic of F. Write G,, for
the group Gal(F(E,)/F).
(i) Let ¢ =0 or 1. Then ‘

{Hz(Gny En)}ne]N(P)
is a trivial quasi-group.
(ii) There is a finite set N of prime numbers including p such that for all
prime numbers | ¢ N we have

HY(Gpn,Ejn) =0 for all n>1 and all i>0.

7.8.2. Remark. The proof below of this proposition shows that if E/F is
isotrivial then for all integers i > 0

{Hl(Gn’ En)}nelN(P)

is a trivial quasi-group. Does this also hold if E/F is not isotrivial?

Proof of proposition 7.3.1. Case 1. Suppose that E/F is not isotrivial.

With the notation of §7.2, for any integer n > 1 prime to p, let H, be
the subgroup of (Z/nZ)* generated by the powers of ¢ = |k| modulo n. As
in §7.2, let I, be the subgroup of GL2(Z/nZ) defined by the exact sequence
(7.2.1) namely

det

(7.3.3) 0 — Sls(Z/nZ) — I, — H, — 0.

The group Gal(F(Ew)/F) is a subgroup of finite index s, say, of the profi-
nite group I' = lim I3, by Igusa’s theorem 7.2.2. The homotheties A5, where

A € H,, and I, is the identity of GLq, are contained in the centre of the group
I,,. Identifying G,, with a subgroup of I,,, we obtain that

Z, ={NIL | € H,}

is a subgroup of G,, contained in its centre.
By definition of Z,,, we have

H*(Z,,E,)={P€E, | ¢°P = P}.

If the exact order of P € F,, is m then we have ¢°P = P if and only if m
divides ¢° — 1. Hence we have an isomorphism of G,,-modules

HO(Zna En) = Egcd(qs—l,n)'

It follows that {H%(Zn, En)}nene and {H(Z,, En)}nene are trivial quasi-
groups. The group Z,, is cyclic and the group E,, is finite hence its herbrand
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quotient hZ,, E,) is equal to 1. Hence for a fixed integer n, the groups
H(Z,, E,) have the same order for all i. As H'(Z,,, E,,) = H (Z,, E,,) for all
1 > 1, it follows that for all integers ¢ > 0

{Hl(ZTu En)}nelN(p)

is a trivial quasi-group.
The group SLs(Z) is generated by 2 elements namely the matrices

1 1 0 1
0 1)”\—-1 0/~
The natural homomorphisms

are surjective for all integers n > 1. Hence the group SLo(Z/nZ) is generated
by at most 2 elements for all n.

The subgroup I, of GL3(Z/nZ) defined by the exact sequence (7.3.3) is
finitely generated with a set of at most 3 generators, as H,, is generated by 1
element. The group G, is a subgroup of I, of index < s. Hence by Schreier’s
formula [S4, p.43], we have that G,, is generated by at most 2s + 1 elements
for all n prime to p. We then have that the group

Hl(Gn/Z'm HO(Z’I’L7 En)) = Hl(Gn/Z’n> Egcd(qsfl,n))

has order bounded by
ng(qs _ 171’L)2(2S+1).

This holds as a 1-cocycle in Cocy'(G,,/Zy, FEgcd(gs—1,n)) is uniquely deter-
mined by its values on a set of generators of G,,/Z,,. It follows that the quasi-

group
{HY(Gw/Zn, H(Zn, En)) b new

is trivial.
We have the Hochschild-Serre spectral sequence

HYGn/Zn, H (Z,, Ey)) = H(G,, E,).

The short exact sequence of low degree terms of this spectral sequence begins
with the sequence

(7.3.4) 0— Hl(%,HO(Zn, E,)) — HY (G, E,) — HO(%,Hl(Zn,En)).

n n

As {HY(Z,, En)}nene is a trivial quasi-group we obtain that

{HO(Gn/Z'm Hl(Z'm En))}nelN(p)
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is as well. As {HY(Gp/Zn, H*(Zn, En))}pene is also a trivial quasi-group,
from the exact sequence (7.3.4) we obtain that

{Hl (Gn’ En)}ne]N@)

is a trivial quasi-group. It is obvious that

{HO(G'M En)}ne]N(p)

is a trivial quasi-group and this proves part (i) of the proposition in this case.
For all integers n > 1 prime to p and to ¢° — 1 we have

HY(Z,,E,) =0 forall i >0.
Hence the Hochschild-Serre spectral sequence
H (Gp/Zn, H (Z,,Ey,)) = H™ (G, E,)
degenerates and we obtain for all n > 1 prime to p and to ¢° — 1
HY(G,,E,) =0 foralli>0.
This proves part (ii) of the proposition in this case where E/F is not isotrivial.
Case 2. Suppose that F/F is isotrivial.
Then there is a finite galois extension field L/F such that F xp L is

definable over a finite subfield IF of L; that is to say, there is an elliptic curve
E'/F and an isomorphism

FE XpL=2FE Xp L

of elliptic curves over L. By enlarging I if necessary, we may take F to be the
largest finite subfield of L, that is to say we may assume that I is algebraically
closed in L. Let L(E,,) be the join of the fields L and F(E,,). We write U, for
the galois group

U, = Gal(F(E,)/F(FE,)NL).

Then U, is a normal subgroup of G,, such that the quotient group is a homo-
morphic image of Gal(L/F).
We have isomorphisms of galois groups

U, = Gal(L(E,)/L) = Gal(F(E.,)/F(E.) N L).

As T is algebraically closed in L, we have F(E!) N L = T for all integers n
prime to p. Hence we have isomorphisms for all n prime to p

U, = Gal(F(E.)/F).

In particular, U, is a finite cyclic group.
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We obtain the commutative diagram of fields

L(E,) <  F(E,)
/ Un{ 7 T }Un
(7.3.5) F(E") L — F(E,)NL G,
Un{ 7 / AN 7
F F

where each vertical arrow denotes a galois field extension.

The quasi-group {H(U,, E!)},ene 1S a trivial because E'(F) is a finite
group. As E! is a finite group and U, is a finite cyclic group, its Herbrand
quotient as a U,-module is equal to 1; hence I;Ti(Un, E!) has the same order as
HO(U,, E") for all i > 0. Hence { H'(U,, E,) }nenw is a trivial quasi-group
for all 7 > 0. It follows that for all ¢ > 1

{ Hl(Unv E»:l) }nelN(p)
is a trivial quasi-group. We obtain from the diagram (7.3.5) that for all ¢ > 1
{ Hl(Unv En) }ne]N(p)

is a trivial quasi-group.
We have
H°(U,,E,) = E,(F(E,)NL).

In particular, H°(U,, E,) is a subgroup of E,(L). As {E,(L)},enm is a
trivial quasi-group by the Mordell-Weil theorem, we have that

{H(Un, B }nenw
is a trivial quasi-group. Hence
{H](U'fh En)}ne]l\](p)7 fOr all j Z O7

are trivial quasi-groups.
We have the Hochschild-Serre spectral sequence

HYGp/Upn, H (Uy, Ey)) = H™ (G, Ey,).
For all 4,5 > 0, let Sé’j denote the quasi-group in [IN()],

& = {H(Gn/Un, H (Up, En)) e

We have already shown that

{Hj(Uru En)}ne]N(P)



346 Finiteness of Tate-Shafarevich groups

is a trivial quasi-group for all j > 0. The galois group G, /U, is a quotient
group of Gal(L/F) which is independent of n. Furthermore, for i > 1 by the
example 7.1.14(1) we have that the order of

H' = H(G,/Uy,, H (U,, E,))

is bounded by ‘ ‘
NmH (Un E))N

where N is the order of the group Gal(L/F) and m(H’ (U, E,)) is the mini-
mal number of generators of the abelian group H’ (U, E,,). Furthemore, this
cohomology group H' is annihilated by n and is zero for all n prime to a cer-
tain finite set of prime numbers as { H? (U, E,) }en is a trivial quasi-group
for all j. Hence 5§’j is a trivial quasi-group for all 4 > 1 and all j > 0.

We have that 520 Jis a sub-quasi-group of the trivial quasi-group
{H?(Uy, En)}neno for all j > 0 hence £97 is a trivial quasi-group for all j.
We conclude that Sé’j is a trivial quasi-group for all # > 0 and all j > 0.

The Hochschild-Serre spectral sequence above then provides a semi-
convergent first quadrant spectral sequence of quasi-groups in [IN®)]z (see
remark 7.1.15) N

=&
where

gi = {HZ(G'M En)}ne]N(P)-

As the Eé’j are trivial quasi-groups we have by example 7.1.14(5) and remark
7.1.15 that &£ is a trivial quasi-group for all i > 0; this proves both parts (i)
and (ii) in this case where E/F is isotrivial.O

The following group-theoretic result is proved in the next section §7.4.

7.3.6. Proposition. Let | > 5 be a prime number. Let
¢ :SLo(Zy) — G

be a continuous surjective homomorphism where G is a non-trivial discrete
finite simple group and SLo(Z;) is an l-adic group. Then G is isomorphic to
the finite simple group PSLy(Z/17Z).

7.3.7. Corollary. Let E/F be an elliptic curve which is not isotrivial. Then
for all except finitely prime numbers | and for all integers n > 1 the only
intermediate fields of F(En)/F which are solvable over F' are those obtained
from F' by adjoining [th power roots of unity.

Proof. This follows from Igusa’s theorem 7.2.2 and the preceding proposition
7.3.6.0
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7.3.8. Proposition. Under the hypotheses of (6.1.1), let

K= |J K[

ceDivy (A)

which is an infinite abelian extension of K composed of ring class fields. Let
E/F be an elliptic curve. Then the quasi-group

{E(K[ADn}newm

is trivial.

Proof. 1st argument. Let n be a positive integer prime to p. Let M(n,c) =
K[c]NK(E,) which is a galois extension of K. Then as F(E,,) is an unramified
extension of F' we have that M (n, ¢)/K is unramified. As K[c|/K is an abelian
extension which is split completely at the place of K above co we have that
M(n,c)/K is also an abelian extension which is split completely at oo. But
then we have M (n,c) C KJ[0] for K[0]/K is the maximal abelian unramified

extension of K which is split completely at co. Hence we obtain the inclusion
for all ¢ € Div, (A) and all n € IN(P)

E(M(n,))n C E(K[0])n.

But E(K|[0]) is a finitely generated abelian group by the Mordell-Weil theorem
hence {E(K[A])n}nene is a trivial quasi-group.

2nd argument. We shall prove using proposition 7.3.6 the weaker statement
that if £/ F is not isotrivial then for all prime numbers [, except finitely many,
and for any effective divisor ¢ on Spec A we have

E(K[))i~ = 0.

Let I be a prime number distinct from p. Let M; = K|c] N F(Ej~) which
is a finite galois extension of F'. Let H; be the closed subgroup of Z;‘ which
is topologically generated by the powers of ¢ = |k|. Then H; is naturally
isomorphic to the Galois group of the cyclotomic field F'((;o) of all ith power
roots of unity over F.

For all except finitely many prime numbers [, we then have a commutative
diagram of groups with an exact row (see theorem 7.2.2) and where «, 3 are
surjective homomorphisms

0 —  SL(2,7) l Gal(F(Ei~)/F) — H, — 0
la
Gal(K[d/F) 2  Gal(M;/F)
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The surjection Gal(F(Ej~)/F) — H; corresponds to an inclusion of fields
F(§e~) C F(Ei~). As Gal(K|c]/F) is a generalised dihedral group (propo-
sition 2.5.6), we have that Gal(M;/F), which is a homomorphic image of
Gal(K|c]/F), is either abelian or generalised dihedral. But then the compos-
ite homomorphism

aoy:SL(2,Z;) — Gal(M;/F)

is zero for all prime numbers | > 5 by proposition 7.3.6. Hence the map «
factors through H; which is the galois group of F((~) over F. It follows
that, for all except finitely many prime numbers [ the field extension M;/F
is abelian, unramified, and is a subfield of a cyclotomic field F'((;m ) for some
m > 1, where (;m is a primitive [™th root of unity.

The extension K[c]/K[0] is ramified at all places in the support of ¢ (see
(2.3.13)) and we have M; C K|c]. Therefore we have M; C K[0] for all except
finitely many prime numbers [. We obtain that for all except finitely many
prime numbers [

E(K[c])ie © E(K[0]).

As E(K]0]) is a finitely generated abelian group, by the Mordell-Weil theorem,
we have that for all except finitely many prime numbers [ and for all divisors
c>0

B(K[d)i~ =0

where the finite exceptional set of prime numbers is independent of c. O

7.8.9. Remark. A variant of the 2nd argument in the previous proof also holds
for elliptic curves over number fields. For example it shows the following. Let
E/Q be an elliptic curve without complex multiplication and let K be an
imaginary quadratic extension of Q. Denote by K, the ring class field of K of
conductor n € IN. Then for all except finitely many prime numbers [ we have
E(Kp,)~ =0 for all n.

7.3.10. Proposition. Let E/F be an elliptic curve which is not isotrivial.
Let L be a finite extension field of F' in which k is algebraically closed. Then
there is an infinite set S of prime numbers of positive Dirichlet density such
that for alll € S we have

(a) the fields F(Ej~) and L are linearly disjoint over F’;

(b) E(L)i =0;

1 0
(c) <O _1> € Gal(F(E~)/F).
Proof. For any prime number [ distinct from p, let H;» denote the subgroup
of (Z/1"Z)* generated by the powers of ¢ modulo ™. Put

I‘i[l = lirlen
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which is the closed subgroup of Z; topologically generated by g.
For any positive integer s let (o: € C be a primitive 2°th root of unity.
Put

Ko = Q(Gr), K{=Q(Gr, ™).
Then K;/Q and K./K; are Galois field extensions

Step 1. Let [ > 2 be an odd prime number distinct from p. Let 2° be the exact
power of 2 which divides [ — 1. Then we have —1 € Hj if and only if ¢ is a
2°th-power non-residue modulo .

For we have by Hensel’s lemma that —1 € Hj if and only if the congruence

(7.3.11) ¥ = ¢ (mod 1)

has no solution for x € Z. This latter condition is equivalent to ¢ being a
2°th-power non-residue modulo I, as required.

Step 2. Put for any integer s > 0

T prime numbers which split completely in Ks+1/Q and in K./Q
8 but do not split completely in K7, /Q

T'=U,>oTs

Let I > 2 be an odd prime number distinct from p. Then we have
(7.3.12) —1€ H;if and only if [ € T.

For the galois field extensions K,/Q and K /K, we have these inclusions
for all integers s > 0
Q ¢ Ky C K|
N N
K s+1 C K ;+1

Furthermore, for any prime number [ > 2 we have that 2° divides [ — 1 if and
only if [ splits completely in the field extension K,/Q. If 2° divides I — 1, we
then have that the congruence (7.3.11) above has no solution for z if and only
if I does not split completely in the field extension K./Q. Then we have from
the above discussion that

—1€ H; if and only if [ € T.

Here T is the disjoint union of the sets T of prime numbers.
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Step 8. The set T of prime numbers has non-zero Dirichlet density.

Write q as ¢ = p™ where p is the characteristic of F' and m > 1 is an integer.
Let 2" be the highest power of 2 which divides the integer m. Suppose first
that p > 2. Then the the field extensions K/Q, K./ K, have degrees given by

K, :Q =21, ifs>1,
[Kl:Ks]=25". ifs>r.

as the field extensions K, and Q(q'/?") are linearly disjoint for all 7,5 > 0. In
particular, if p # 2 then K7 is distinct from K for all s > r; by the Chebotarev
density theorem we then have that T, has non-zero Dirichlet density for all
integers s such that s > r if p # 2. On the other hand, we have

T,=0fors<r—1
because for s < r we have

K; = Q(C257q1/2s) = Q(C257p2ris) = Ks.

Suppose now that p = 2. These field extensions are no longer linearly
disjoint as we have V2e K 3. We assert that

¢ 1/2 ift>1and s>3
7.3.13 9l/2'y g, — 4 Q277), ift > >
( ) a ) { Q, otherwise.

On the one hand, if ¢t = 0 or if s < 2 then we have
QY*)NEK, =Qq.
On the other hand, if ¢ > 1 and s > 3 then we clearly have
Q22N K, D Q(2'/?).

If equality did not always hold here then for some s > 3 and ¢ > 2 we would
have .
Q2'*) N K, > Q@2'").

This would imply that the field K, contained Q(i,2'/%); this is impossible
as Q(i,2Y4) is a Galois extension of Q with Galois group isomorphic to the
non-abelian dihedral group with 8 elements and K/Q is an abelian Galois
extension. This proves the statement (7.3.13).

We obtain from (7.3.13) that

[K.: K, =2"""for all s > max(3,r+1).

It follows from this that K7, , is a quadratic extension of the compositum
Ksiq. K] for all s > max(3,r + 1). Hence by the Chebotarev density the-
orem, the set Ts of prime numbers has non-zero Dirichlet density for all
s> max(3,7+1).
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In résumé, for any s > r the set T consists of all prime numbers which split
completely in the join K,i1.K/ over Q but the prime ideals lying over these
prime numbers do not split completely in the Galois extension K7 /K,1.K;
it follows from the preceding discussion that for all prime numbers p > 2,
the set T has non-zero Dirichlet density for all s > max(3,r + 1). As T is
the disjoint union of the sets T, for s > 0, we obtain that T has non-zero
Dirichlet density and, in particular, contains infinitely many prime numbers,
as required.

Step 4. End of proof.

Let E denote the prime-to-p torsion subgroup of E. We now apply Igusa’s
theorem theorem 7.2.3 on the structure of the Galois group Gal(F(E)/F);
we have that for all except finitely many prime numbers [ # p, the group
Gal(F(E;~ )/ F) is the subgroup of GL2(Z;) determined by the exact sequence

det
0 — SLy(Z;) — Gal(F(E~)/F) — H — 0.
Here the map det is the restriction of the determinant homomorphism. We
then obtain that for all prime numbers [ € T, except for finitely many, the
group Gal(F(E;~)/F) contains all elements of GLy(Z;) with determinant
equal to -1, in particular, this group for all prime numbers [ € T, except
finitely many, contains the semi-simple element

(b %)

Let k be the exact field of constants of the global field F', that is to say
k is the largest finite field contained in F'. Let L be a finite extension field of
F in which k is algebraically closed, as in the statement of the proposition.
Then for all prime numbers | € T except for finitely many we have

E(L) =0

by the Mordell-Weil theorem.

Let k°°P be the algebraic closure of k. Let j € F' be the j-invariant of the
elliptic curve E/F. Then j is transcendental over k as F/F is not isotrivial.
Let Fy be the subfield k(j) of F. Then the curve E is definable over F; and the
fields k5P Fy (Ej ) are linearly disjoint over k%P Fy for distinct prime numbers
[, as shown by Igusa. It follows that F(E;~) N L is equal to F for all except
finitely many prime numbers [. In particular, for all except finitely prime
numbers [ € T the fields F(Ej~) and L are linearly disjoint.

The set S of prime numbers in the statement of the proposition may
therefore be obtained from the set T" by deleting a finite set of elements.O

7.3.14. Remarks. (1) The set S of prime numbers of this proposition 7.3.10
consists of all but finitely many prime numbers [ of the form 2°n + 1 where
s> 1 and n is odd such that ¢ = |k| is a 2°th power non-residue modulo I.
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(2) The Dirichlet density of the set S of prime numbers may be computed;
for the case where p > 2 the density is equal to 73% where 2" is the highest
power of 2 which divides m and where ¢ = p™. If p = 2 the density is equal
to 1.

(3) The cohomological vanishing proposition 7.3.1 for the Galois action is a
refinement of [Br2, Cor. 3.3]. Proposition 7.3.10 is a refinement of [Br2, Cor.
3.4], where the hypothesis that ¢ be a square has been eliminated.

7.4 Proof of proposition 7.3.6.

This proof is entirely group theoretic.
(7.4.1) For any commutative ring A let

E(A) be the subgroup of SLy(A) generated by elementary matrices
i.e. matrices which coincide with the identity except for a single
off-diagonal entry;

D(A) be the subgroup of diagonal matrices of SLa(A);

N(A) be the normal subgroup of SLy(A) generated by F(A);

SLo(A)/N(A) denote the group of cosets of N(A) in SLa(A).

(7.4.2) Let P be the set of pairs (a, b) of elements of A such that aA+bA = A
i.e. the ideal generated by a,b equals A. Define a map of sets
f: P — SLy(A)/N(A)

(a,b) — (Cc” Z) (mod N(A)).

where b,d € A are any elements such that ad — bc = 1. This map f is well

defined as the image (CCL Z) (mod N(A)) is independent of the choice of

coset representative (CCL Z) of N(A); for if ad’ — b¢’ =1 then we have

a b a b 717 1 0
c d cd d T \ed —dd 1)

This map f is clearly surjective. Let P be the quotient of P by the equivalence
relation (a,b) ~ (a/,0') if and only if f(a,b) = f(a’,b"); we write [a, ] for the
equivalence class of the pair (a,b).
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(7.4.3) We have a symbol which is a bijective map
SLy(A)/N(4) —P

<‘c’ Z) (mod N(A)) > [a, b].

This symbol is closely related to the Mennicke symbol on on the K-group
SKj(A) [Mi, pp.124-125]. Unlike the Mennicke symbol, this symbol [a, b] is not
bi-multiplicative. But like the Mennicke symbol it satisfies these conditions:

(A) [a,b] = [a,b+ Aa] and [a,b] = [a + Ab,b] for all A € A, since elementary
column operations on a matrix correspond to multiplication on the right by
elementary matrices.

(B) [a,b] = [b, —a], as follows from (A).
7.4.4. Lemma. Let A be a local ring. Then we have N(A)D(A) = SLy(A).

Proof of lemma 7.4.4. Let [a,b] be a symbol of P. Then either b or a is a unit
of A, as this symbol represents a unimodular matrix. If @ is a unit then we
have

0. = [, a”] = [a,0]

Furthermore, the symbol [a,0] is represented by the unimodular matrix

8 a01> which lies in D(A). On the other hand, if b is a unit then by

(B) we have [a,b] = [b, —a] and the preceding argument applies to show that
[a, b] is represented by a diagonal matrix in D(A). We have shown that the
elements of SLa(A)/N(A) are represented by elements of D(A), as required.

[This result N (A)D(A) = SLa(A) also holds when A is a euclidean domain.
O

7.4.5. Lemma. If A is a local ring then N(A) = SLa(A).

Proof of lemma 7.4.5. By lemma 7.4.4, it suffices to show that N(A) contains

D(A). Suppose then that (8 2) € D(A). Then ad = 1 and a,d are both

a i 1 (1)> is unimodular. We have the identity

(0 1) (alor o2a)

units of A. The matrix S = (
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11\ .. . B
0 1 S is [a, 1]; but [a,1] =

[a,0] as a is a unit (see (A) above). Furthermore, M lies in N(A) and the

Hence the symbol corresponding to M = S—!

matrices M and have the same symbol namely [a, 0]. It follows that

a 0
0 d

(8 2) lies in N(A), as required.d

7.4.6. Lemma. Let D be a discrete topological group and Z; be the l-adic
completion of Z, where [ is a prime number. A continuous homomorphism ) :
SLo(Z;) — D factors through the surjective homomorphism 1), of reduction
modulo ", for some integer n > 1,

b : SLo(Zy) — SLo(Z/1"Z).

Proof. The homomorphisms 1), are surjective for all n as SLy is a smooth
group scheme over Z. That v factors through some v, follows immediately
from the continuity of ¢: the kernel of 7 is an open subgroup of SLo(Z;). O

7.4.7. Lemma. Let M = <i (1)) be an element of SLy(Z/1"Z) such that

c is a unit of Z/I"Z.. Then the normal subgroup of SLy(Z/1"Z) generated by
M is equal to SLy(Z/1"Z).

Proof of lemma 7.4.7. Suppose that P is a normal subgroup of SLo(Z/I"Z)

containing M = Lo CAs M™ = Lo for all integers m > 1, then
c 1 me 1

P also contains all matrices of the form (slc (1)) for all x € Z/I"Z. Hence P
-1 0

)=l V)

Hence P contains the normal subgroup N(Z/I"Z) generated by the elemen-
tary matrices. The equality P = SLy(Z/I"Z) now follows from lemma 7.4.5.0

also contains all matrices of the form, where T = ( 0 1>7

End of proof of proposition 7.3.6. Let | > 5 be a prime number. By lemma
7.4.6, the homomorphism ¢ : SLa(Z;) — G factors though ), for some n > 1

¥ SLo(Z/1"Z) — G.

Let I be the kernel of t,,. Then I is a normal subgroup of SLy(Z/I"7Z).



7.4 Proof of proposition 7.3.6. 355

Suppose first that all elements M of the subgroup I where
a b
- 2)
(7.4.8) belZ/I"Z.

0 1
r=(4)
lies in SLo(Z/1"Z) and we have, where M € I is the matrix above,
T 'MT = ( d _C> :
b a

But T7'MT lies in I and hence the preceding condition (7.4.8) shows that
¢ € 1Z]I"Z for all elements M of I; that is to say

satisfy the condition

The element

(7.4.9) b=c=0 (mod [) forall M € I.
Suppose that the matrix M € I satisfies
a%d (modl).

Then as b, ¢ are non-units of Z/I"Z, we have that a,d are units of this ring.

We have, where U = (} (1)>,

a b -1 a—1b b
U(c d> ve= (a+c—b—d b+d>'
But a + ¢ — b — d is not then divisible by ! and this matrix UMU ~! lies in I.
This contradicts the condition (7.4.9). Therefore we must have a = d (mod [)

and b = ¢ = 0 (mod [) for all M € I. That is to say I is contained in the
kernel of the surjective homomorphism, where Z is the centre of SLy(Z/I17Z),

SLy(Z/1"Z)  — SLy(Z)1Z))Z
<‘; Z)H<‘C‘ Z) (mod 12).

It follows that we have the diagram of homomorphisms

G581y (Z)1"Z) /1 — SLo(Z)17) ) Z
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where the first arrow is an isomorphism and the second is surjective. This
shows that the finite simple group G is isomorphic to SLa(Z/1Z)/Z and this
proves the result in this case.

Suppose now that the condition (7.4.8) does not hold for some matrix

M= (Ccl Z) of I that is to say b is a unit of Z/I"7Z for some M € I.

The next paragraphs largely follow W. Burnside, Theory of Finite Groups,
§311, 1911. Let o € (Z/I™"Z)*. Then SLy(Z/1"Z) contains the element

= <<1+a%32>/<ab> —acwba)'

The element S satisfies

52_<_01 _01> MS_(aacd(l+%a2a2)/(0‘b) —Oa)

Hence I contains the element M S~'MS which is equal to

/ ) _a2 0
§'=MS™'MS = (‘(1+a2)(d+a2a)/(a2b) _0‘2)

The group SL2(Z/I"Z) contains the matrix

U_G ?)

Hence I contains the element S'U~1S~'U which is equal to

1 0
1—a* 1/

Suppose now that I > 5. Then we may choose « € (Z/I"Z)* such that

1—at

is a unit of Z/1"Z. Then by lemma 7.4.7 we obtain I = SLo(Z/I"Z), which
completes the proof in this case.

Suppose finally that ! = 5. Then the matrix S’ = MS™'MS as above
where we put a = 1 satisfies

= (sara 1)

and S’ € I. If d+a = Tr(M) is not divisible by [ then this implies by lemma
7.4.7 that I = SLy(Z/I"Z). Suppose on the other hand Tr(M) is divisible by
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I. Then the matrix M’ = UMU'M~" is equal to

; 1—bd b?
M= (1—bd—d2 1+b%+bd )
This matrix M’ belongs to I and the top right hand element b2 is a unit of
Z./1™Z.. Furthermore, we have

Tr(M') = b* + 2.

But then Tr(M’) # 0 modulo 5 because —2 is a quadratic non-residue modulo
5. Hence the element S” = M’S™1M'S satisfies

n2 1 0
"= (4mon 1)

and S”? lies in I. Hence we again have that I = SLy(Z/I"Z) by lemma 7.4.7.
O

7.5 Preliminaries

(7.5.1) The notation we use is the same as that of chapters 1 and 2:

k is a finite field with ¢ = p™ elements;

0 is the Frobenius z — xP;

C/k is an integral smooth 1-dimensional projective k-scheme, where k is
the exact field of constants;

o0 is a closed point of C'/k;

Cagt is the affine curve C — {o0};

A is the coordinate ring H%(Cug, Oc,,,) of the affine curve Cag;

F is the fraction field of A (that is, the function field of C'/k);

K is an imaginary quadratic field extension of F', with respect to oo;

B is the integral closure of A in K.

(7.5.2) If L'/L is a Galois field extension, we shall write H*(L, M) for the
Galois cohomology group H®(Gal(L*°?/L), M), where L*°P is the separable
closure of L, and we write H*(L'/L, M) for H*(Gal(L'/L), M).

7.6 Statement of the main result and historical remarks

(7.6.1) Let E/F be an elliptic curve equipped with an origin, that is to say
E/F is a 1-dimensional abelian variety. Let I be the ideal of A which is the
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conductor of E/F without the component at oco. Let € = 1 be the sign in
the functional equation of the L-function of the elliptic curve E/F. Assume
that:

(a) oo is a place of F with residue field equal to k;
(b) E/F has split multiplicative reduction at oo (see §4.7);

(¢) K is an imaginary quadratic field extension of F, with respect to oo,
such that all primes dividing the conductor I split completely in K
and K # F'®p, .

These hypotheses (a),(b),(c) are assumed for the remainder §§7.6-7.18 of
this chapter.

(7.6.2) Let | be any prime number distinct from the characteristic of F. Let
p be the 2-dimensional l-adic representation of Gal(F*°P/F') corresponding to
E where F*°P is the separable closure of F'; that is to say p is the continuous
homomorphism

p: Gal(F*? /F) — Endg, (H(}t(E QF F*P,Q)).
For each place v of F' put
a, = Tr(p(Frob,)| Hi(E ®@p F*P,Qu)"™)

where T, is the inertia subgroup of Gal(F*°?/F) over v. The representation p
satisfies
a, € Z for allv € Xp

(see example 5.3.18).

(7.6.3) Let H(p) be the Heegner module of p and K/F with exceptional set
of primes those dividing I and the place oo with coefficients in Z (see §5.3).
By §4.7, there is a finite surjective morphism of curves over F'

T XPM(I) — E.
By example 5.3.18 there is a homomorphism of discrete Gal(K%°P /K )-modules

H(r): H(p)? — E(FP)
<b,c>— (b I1,¢,m)

for all ¢ € Divy(A), b € Pic(O.). Here I; denotes a fixed ideal of B such
that I I7 = IB and 7 is the non-trivial element of Gal(K/F). The image of
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this homomorphism H(w) consists of the Z-linear combinations of Drinfeld-
Heegner points of E rational over all the ring class fields K|[c] for all c.

(7.6.4) Let < 0,0 > be the element of the Heegner module H(p)® given by
the principal class of Pic(B), where B is the integral closure of A in K. Let

<0,1,0,m >=H(m)(< 0,0 >)
be the corresponding Drinfeld-Heegner point of F(K[0]) (see (4.8.2)). Let

xrg = TrK[O]/K <0,1;,0,m >€ E(K)

7.6.5. Main Theorem. Suppose that xy has infinite order in the group
E(K). Let £/k (resp. £'/k) be a proper smooth model of the Néron model of
the elliptic curve E/F (resp. E xp K/K). Then we have:

(i) E(F) is a finite abelian group if € = +1, and is an abelian group of rank
life=-1;

(ii) E(K) is an abelian group of rank 1;

(iii) The Tate conjecture holds for the elliptic surfaces € /k and £' [k (see §1.1);
(iv) The Birch and Swinnerton-Dyer conjecture holds for the elliptic curves
E/F and E xp K/K (see [Br2, Introduction] );

(v) The Artin-Tate conjecture holds for the elliptic surfaces £/k and &'/k
provided that char.(F) # 2 (see [Br2, Introduction)]).

Historical remarks on the Tate conjecture for surfaces over finite fields

(7.6.6) The special case of this theorem 7.6.5 where F' is the rational field
F,(T), q is not a square, and p # 2, was proved in [Br2] by a similar method
to that given here.

(7.6.7) The smooth projective surfaces X/k over the finite field & for which
the Tate conjecture is also known are the following (for the exact references
see [Br2, §1]):

(a) X/k is a product of 2 curves (Tate and Milne);

(b) X/k is a rational surface (Milne);

(¢) X/k is a K3 surface equipped with a pencil of elliptic curves
(Artin and Swinnerton-Dyer);

d) X/k is a K3 surface of finite height and p > 5 (Nygaard and Ogus);
( g p yg gus);
(e) Fermat surfaces X{' + X7+ X% + XJ = 0 in P} (Tate, Katsura and

Shioda [SK]);
(f) X/E is birationally equivalent to a surface for which the Tate conjecture
holds;
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(g) X/k has a finite covering for which the Tate conjecture holds.

In particular, from (f) the main theorem 4.6.5 implies that the Tate conjecture
holds for any projective surface in the birational equivalence classes of the
surfaces £, &’ under the stated hypotheses.

There appears to be little in common in the proofs of the various results
(a) to (e) above.

(7.6.8) For the case of elliptic surfaces over finite fields, the conjectures of
Tate, Artin-Tate, and Birch Swinnerton-Dyer are known to be equivalent if
the characteristic of the ground field is different from 2.

[For further details see §7.8 below.]

Kolyvagin’s work on the Birch and Swinnerton-Dyer conjecture for elliptic
curves over number fields

(7.6.9) Our proof of theorem 7.6.5 is close to Kolyvagin’s method of proving
the Birch and Swinnerton-Dyer conjecture for a class of elliptic curves over

Q.

(7.6.10) Kolyvagin’s proof of the Birch and Swinnerton-Dyer conjecture for
a class of elliptic curves over @ is contained in the papers [K1], [K2], [K4];
the paper [K2] is also an exposition of Kolyvagin’s method of Euler systems,
which with further amplification is also given in the book of Rubin [R1].

(7.6.11) To state one of the main results of Kolyvagin, let E be an elliptic
curve over Q with conductor N € IN. Let

")/X()(N)—>E

be a Weil parametrisation of E, where Xo(N) is the modular curve over Q
which classifies isomorphism classes of isogenies of elliptic curves £/ — E”
with cyclic kernel of order N.

[That such parametrisations exist is known for all semi-stable elliptic
curves over Q by the results of Wiles [W].]

(7.6.12) Suppose that L = Q(v/D) is an imaginary quadratic field extension
of Q where D < 0 satisfies that D is a quadratic residue modulo 4N and that
D # —3 and # —4.

Let O; be the ring of integers of L and let I; be an ideal of O; such that

01/11 = Z/NZ,

that such an ideal exists follows from the hypotheses imposed on D. If A is a
positive integer, denote by L[)] the ring class field of L with conductor A. If
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A is a positive integer coprime to N, O, is the order
7.+ \Oq

of L, and Iy = I; N O, is the corresponding ideal of Oy, let z) be the Heegner
point of Xo(N) rational over L[A] corresponding to the isogeny of elliptic
curves

C/Oy\ — C/[;l.

Put
yr =(2x) € E(L[A])

P= > gn

g€Gal(L[1]/L)

Here L[1] is the Hilbert class field of L, that is to say the maximal unramified
abelian extension of L.

and put

(7.6.13) Let O be the ring of endomorphisms of E and let @ be the fraction
field of O. Let I be a rational prime number and let T;(F) be the l-adic Tate
module of E. Let B(FE) denote the set of all odd rational prime numbers I
which do not divide the discriminant of O and for which the homomorphism
of continuous groups

Gal(Q/Q) — Auto(Ti(E))

is surjective. It follows from the known galois action (see remark 7.2.8(2)) that
B(FE) contains all but finitely many prime numbers; in particular, if O = Z
and N is square-free then according to Mazur, all prime numbers [ > 11
belong to B(E).

7.6.14. Theorem. (Kolyvagin) Suppose that P, has infinite order in E(L).
Then the group E(L) has rank 1, the index [E(L) : ZP,] is finite, the Tate-
Shafarevich group [[[(E, Q) is finite and has order dividing d[E(L) : Z.P;]?
where d is an integer coprime to all elements of B(E). O

(7.6.15) Kolyvagin also determines the structure of the Tate-Shafarevich group
II(E, Q) in terms of Heegner points, under the stated hypotheses.

Kato [Ka] has given another proof of the finiteness of the Tate-Shafarevich
group of the modular elliptic curve E/Q under the hypothesis that L(E, 1) # 0;
Kato defines an Euler system for E/Q different from that obtained from Heeg-
ner points using Beilinson elements in the K-theory of modular curves.

Kolyvagin in [K3] generalised the argument used to prove theorem 7.6.14
to include the case where P; may have finite order and rank (E(K)) > 1
but the argument relies strongly on hypotheses. Furthermore, Kolyvagin [K3]
states a hypothetical condition on Heegner points generalising the condition
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that P; have infinite order of theorem 7.6.14; Kolyvagin conjectures that this
generalised condition always holds
[See the end of §7.14 below for an analogue of this conjecture for the
present case of elliptic curves over function fields.]
An important special case of Kolyvagin’s work on the Birch and Swinnerton-
Dyer conjecture is clearly explained in [GB2]. See also [PR] for more details.

(7.6.16) Bertolini and Darmon [BDa] made a further refinement of Kolyvagin’s
theorem 7.6.14 by considering isotypical components of Mordell-Weil groups.
To state the result of Bertolini and Darmon, let G = Gal(L[1]/L). The group
G acts naturally on the abelian group F(L[1]) and E(L[1]) ®z C decomposes
as a sum of eigenspaces under GG

E(L[1]) ®z € = @) E(L[1]))¥

where the sum runs over all irreducible complex characters x : G — C* of G.

Put i
= Ta > x 9
geqG

Then e, is an idempotent in the group ring C[G] giving the projection onto
the x-eigenspace.

7.6.17. Theorem. (Bertolini, Darmon [BDa]) Suppose that E does not have
complex multiplication and that eyy, # 0 in E(L[1])]) ®z C. Then we have
dimcE(L[1])*=1. O

(7.6.18) Bertolini and Darmon [BDa] prove a more precise result under the
stated hypotheses, namely that the p-component of the Tate-Shafarevich
group of the curve E x L[1]/L[1] is trivial for infinitely many prime numbers
p. The theorem 7.6.14 of Kolyvagin implies the special case of the theorem
7.6.17 of Bertolini and Darmon when y is the trivial character.

(7.6.19) The method of Kolyvagin’s Euler systems also applies to ideal class
groups of number fields. In particular, Kolyvagin and Rubin [Ru4] prove by
this method the “main conjecture” of Iwasawa theory first proved by Mazur
and Wiles [MW].
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Rubin’s work on the Birch and Swinnerton-Dyer conjecture for elliptic curves
with complex multiplication over number fields

(7.6.20) Prior to the work of Kolyvagin, Rubin gave the first known examples
of elliptic curves with finite Tate-Shafarevich groups. His method applies to
elliptic curves over number fields with complex multiplication.

To state one of the main results of Rubin, let E be an elliptic curve defined
over an imaginary quadratic extension L of  and with complex multiplica-
tion. Let L(E, s) be the L-function of E/L.

7.6.21. Theorem. (Rubin, [R2]) Suppose that L(E,1) # 0. Then we have
(i) the group E(L) is finite;

(ii) the Tate-Shafarevich group [[[(E, K) is finite;

(iii) for every prime number p > 7 such that E has good reduction above p,
the p-part of the Tate-Shafarevich group [[[(E, K) is finite and has the order
predicted by the Birch and Swinnerton-Dyer conjecture.O

(7.6.22) Part (i) of this theorem was already known and is due to Coates and
Wiles [CW]. Rubin [Ru3] has also proved a stronger version of part (iii) of
this theorem. See also [PR] for more details.

7.7 Tate-Shafarevich groups

For the rest of this chapter the notation is that of (7.5.1).

(7.7.1) Let E/F be an elliptic curve. Let £ /C be the Néron model of E/F;
then &,/C may be considered as a sheaf of abelian groups on C for the étale
topology. The Tate-Shafarevich group of E/F is defined to be

[(E, F) = H;, (C, &).

As k is a perfect field, this is equivalent to the usual definition that [[[(E, F)
is the group of principal homogeneous spaces of E/F which are everywhere
locally trivial [Gro, Complément 4.9].

7.7.2. Remarks. (1) The Tate-Shafarevich group [[[(E, F) is known to be a
torsion group and is conjectured to be a finite group. This conjecture is almost
identical with the conjectures of Tate, Artin-Tate, and Birch and Swinnerton-
Dyer for the elliptic curve F//F and the corresponding elliptic surface over
k.

[See [Gro], [T3], [M1], [M3], as well as remark 7.7.6(3) below, for the rela-
tions between these conjectures.]
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(2) More precisely, [[[(E, F) is known to be a torsion group of cofinite type: for
every prime number [, there is an integer r({) such that there is an isomorphism
of groups

HI(E, F)e =G (%)T”).
where G is a finite [-group and G is trivial for all but finitely many prime
numbers [. The conjecture that [[[(E, F') be finite is then equivalent to the
statement that (1) = 0 for all prime numbers .

That [[[(E, F) is a torsion group of cofinite type follows from the known
structure of the Tate-Shafarevich group [[[(E x k, F' x}, k) for the elliptic
curve E Xy, k over the field F x;, k, where k denotes the algebraic closure of
the finite field &k (formula of Grothendieck-Ogg-Shafarevich, see [Ral).

(7.7.3) Assume the hypotheses (7.6.1) for the elliptic curve E/F hold. If the
Drinfeld-Heegner point x of (7.6.4) has infinite order of E(K), for each prime
number [ let ¢(I) be the greatest integer such that

(7.7.4) zo € 'WE(K).

As E(K) is a finitely generated abelian group (Mordell-Weil theorem), if
has infinite order then the integer ¢(I) exists for all I and is zero for all except
finitely many prime numbers [.

7.7.5. Theorem. Suppose that xo has infinite order in the group E(K). Then
xo generates a subgroup of finite index of E(K) and there is an infinite set of
prime numbers Py such that

(i) the highest power of | dividing the index [E(K) : Zxy)| is at most [0) for
all'l € Py;

(i) P*OT(E/F)e = POTI(E xp K/K)j~ = 0 for all | € P,.

7.7.6. Remarks. (1) The set Py of prime numbers is obtained from the set P
of prime numbers of definition 7.10.3 below by deleting a finite set of primes.
Hence (see remark 7.10.4 below) the set Py consists of all but finitely many
prime numbers [ of the form 2°n + 1 where s > 1 and n is odd such that
q = |k| is a 2°th power non-residue modulo .

(2) The method of proof of theorem 7.7.5 given below should extend to
all prime numbers and not just those primes in Py. For this it is neces-
sary to consider the Heegner module H. where c is a general divisor on
Spec A. Below we only consider the Heegner module H,. where ¢ is a divi-
sor on Spec A which is a sum of prime divisors which are inert and unramified
in K/F. This is precisely the reason for the restriction I € Py in theorem 7.7.5
above.
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(3) Let p > 0 be the characteristic of the field F'. Then it is known that if
HHI(E/F);= is finite for one prime number ! then the Tate-Shafarevich group
IHI(E/F) is a finite group. This is proved by Kato and Trihan in [KT] and
refines earlier results of a similar kind due to Tate [T3, Theorem 5.2] and
Milne [M1, Theorem 8.1].

Theorem 7.7.5(ii) above therefore shows that the Tate-Shafarevich groups
in question are finite and gives explicit annihilators for the [-primary compo-
nents for all [ € Py.

Note that for elliptic curves defined over number fields, the implication
corresponding to that proved by Kato and Trihan (loc. cit.) is not known in
general.

7.8 Proof that theorem 7.7.5 implies theorem 7.6.5

That theorem 7.7.5 implies the main theorem 7.6.5 is a consequence of known
results on the relation between the conjectures of Tate, Artin-Tate, and
Birch-Swinnerton Dyer (due to Artin, Tate, Milne, Kato and Trihan).

To be precise, let Ey/Fy be an elliptic curve over a global field F; which
is one of the following two possibilities

(a)EOZEaHdFOZF;
(b) EOZEXFKaHdFOZK.

Let Cy/k be the smooth projective curve whose function field is isomorphic
to Fy. Let £y /k denote the Néron model of the elliptic curve Ey/Fy. Then there
is a smooth morphism of k-schemes

50 —>Co.

Let £/k denote the minimal proper smooth model of the surface &. Then the
corresponding morphism
& — Co

admits a section and is proper with geometrically connected fibres. We
then have isomorphisms between the Brauer group and Tate-Shafarevich
group ([Gro, Proposition 4.3, Corollaire 4.4] or [T3, Proposition 3.1]), where
Br(£/k) = HZ(X,G.,),

(7.8.1) Br(€/k) = [[1(Eo/Fy).

By theorem 7.7.5 and (7.8.1) we obtain that Br(£/k);e is finite for infinitely
many prime numbers [. Therefore by [T3, Theorem 6.2] the Tate conjecture
holds for the surface £/k; by [M1, M3], the Artin-Tate conjecture then holds
for £/k provided that char.(Fp) # 2. By [KT], the Birch and Swinnerton-Dyer
conjecture then holds for the elliptic curve Ey/Fy. O
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7.9 The Selmer group

(7.9.1) In this section the index set of all quasi-groups is IN(®) which is the set
of positive integers prime to p, where p the characteristic of the global field F’
(see §7.1 for more details on quasi-groups).

(7.9.2) For a place v of the field F, we write F, for the completion of F' at
the place v. We have a commutative diagram of quasi-groups, where the maps
res, are the restriction homomorphisms and the rows are exact sequences

0 — LE(F) — Hl(F,E(FSCP)*) — Hl(F,E(FSCP))* — 0
1 | res, | res,
0 — .E(R) — H'(F.E(F).) — H\F,E(FF®). — 0

As in example 7.1.7(1), . E(F') denotes the quasi-group {E(F)/nE(F)},enm
and E(F®P), denotes the quasi-group {E(F®*P),},cne given by the
n-torsion subgroups associated to E(F®°P) where n ranges over all positive
integers prime to the characteristic of F'.

(7.9.3) The Tate-Shafarevich group [[[(E/F) of E/F is then given equiva-
lently as [Gro, Complément 4.9]

[I[(E/F) =ker{H"(F,E) — [[ H'(F,,E)}.
veEX R
The Selmer quasi-group is defined as

SN E/F) = m res, E,)).

veX

Thus S®)(E/F) is a sub-quasi-group of { H(F, E(F*?),,)},en - Each com-
ponent S (E/F) of the Selmer quasi-group is a finite abelian group. We
then have the exact sequence of torsion abelian quasi-groups

0— LE(F)— SYNE/F)—]I(E/F). —

For the imaginary quadratic extension field K of F' we write [[[(E/K) in place
of [TI(E x x K/K); similarly, for the Selmer quasi-group, we write S*)(E/K)
in place of SU)(E xp K/K).
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7.9.4. Proposition. If n is an odd integer, the restriction homomorphism
provides an isomorphism

[(E/F), — TI(E/K)$ED),

Proof. The definition of the Tate-Shafarevich groups provides a commutative
diagram with exact rows

0 — [I[(E/K)CMEE) — gl(K, B)S«1E/E) — ( H Hl(KmE))Gal(K/F)
veEX K
T 0 1
0 -~ IE/F) - HEE - II #'F.. B
veEX R

For any place v of F', the F,-algebra F,, @ K is étale and is the product of the
completions of K at the places lying over v. The inflation restriction sequence
provides isomorphisms because n is an odd integer and Gal(K/F') has order
2

HY(F,E), ~ HY(K, E)5*5/F)

HY(F,,E), = H'(F, ®p K, E)¢™® /") for all places v of F.

The isomorphism of the proposition now follows by a diagram chase.O

7.9.5. Remark. It may be shown that if the characteristic of F' is not equal to
2 then the restriction homomorphism of Tate-Shafarevich groups

H_[(E/F)—>]_H(E/K)Gal(K/F)

has finite kernel and cokernel which are elementary abelian 2-groups.

7.10 The set P of prime numbers

We define a set P of prime numbers by arithmetic conditions; the purpose of
this definition is that for all but finitely any prime numbers [ of P we shall
prove that the I-primary component of the Tate-Shafarevich group [[[(E/F)
of E/F is finite and give an explicit annihilator, under the hypotheses of
theorem 7.7.5.
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(7.10.1) For a place v of F, let

F, denote the completion of F' at v;

F' denote the maximal unramified extension of the local field F;,
(that is, F))* is the field of fractions of the strict henselisation of the
valuation ring of F),);

O, denote the discrete valuation ring of the local field F;

& denote the Néron model of the elliptic curve E x g F,/F, over O,;

&o denote the closed fibre of £/0,;

mo(&o) be the group of connected components of &
as a Gal(F}"/F,)-module.

7.10.2. Theorem. ([M4, Prop. 1.3.8]). Write G = Gal(F™/F,). There is an
isomorphism
HY(G,E(F)")) = H' (G, m0(£0))-

In particular, H'(G, E(F™)) is a finite group for all v and if E has good
reduction at v then H'(G, E(F™)) = 0. ad

7.10.3. Definition. We may select an infinite set P of prime numbers (in
fact P has positive Dirichlet density) such that for all [ € P we have

(a) p, 2, and the prime factors of |B*|/|A*| are not in P;
(b) H(K(E;n)/K, Ejn) = 0 for all integers n > 1 and for all i > 0
(see proposition 7.3.1); R
(c) the natural map Gal(F(E;~)/F) — I is an isomorphism
(see §7.2 and Igusa’s theorem 7.2.3);
(d) HY(K™/K,, E);~ = 0 for all places z of K (see theorem 7.10.2 above);
(e) K and F(Ej~) are linearly disjoint over F' (see proposition 7.3.10);
() ((1) _01) € Gal(F(E;~)/F) (see proposition 7.3.10, which is a
consequence of Igusa’s theorem 7.2.2);

7.10.4. Remark. The first 5 conditions (a),(b),(c),(d),(e) of this definition hold
for all except finitely many prime numbers [. Only the last condition (f) fails
to hold in general for all but finitely many prime numbers.

The set P can therefore be obtained from the set S of prime numbers
provided by proposition 7.3.10 by deleting a finite number of elements. That
is to say (see remark 7.3.14(1)) the set P consists of all but finitely many
prime numbers [ of the form 2°n + 1 where s > 1 and n is odd such that
q = |k| is a 2°th power non-residue modulo .
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7.11 Frobenius elements and the set D;» of divisors

The set D= is defined for any prime number [ in P and contains only effective
divisors on Spec A consisting of sums of distinct prime divisors whose cor-
responding Frobenius conjugacy classes in Gal(K (FEj»)/F) are all the same.
This unique Frobenius conjugacy class is of a special kind, in particular its
elements have order 2.

(7.11.1) For each integer n > 1 and each | € P let 7o, € Gal(K(Ej»)/F) be
the unique element satisfying the two conditions:

1 0
(@) Toolp(min) = (0 _1>

(b) Too| i is the non — trivial element of Gal(K/F).
We write 7 for the non-trivial element of Gal(K/F). The elements 7, 7o

have exact order 2.

(7.11.2) For any semi-simple Z[Gal(K/F')]-module M, we have a decomposi-
tion of M as a sum of eigenspaces

M=MteoM~
where M€, for e = =+, is the submodule of M on which 7 acts like €l.
7.11.3. Definition. (i) For a prime divisor z in Spec A, unramified in K (Ejn),
let Frob, denote the conjugacy class of Gal(K (E»)/F) containing the Frobe-
nius substitutions of the prime factors of z.
(ii) For [ € P, let Di» be the set of effective divisors on Spec A, of support

prime to Supp(I) and the discriminant of K/ F', all of whose prime components
z have multiplicity 1 and satisfy

Frob, (K (Epn)/F) = [Too]

where [7] denotes the conjugacy class of 7. The prime divisors in Dj» are
infinite in number, by the Chebotarev density theorem, remain prime in the
field extension K/F, and their liftings to K split completely in K(E;»)/K.
Furthermore, F has good reduction at all prime divisors of Djn.

(7.11.4) For any prime number A distinct from the characteristic of F, let
p: Gal(F*P/F) — Autq, (TA(F) ®z, Qx)

denote the galois representation on the A-adic Tate module Ty (FE) of the
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elliptic curve F; that is to say
TA(E) ®z, Q\ = Hg(E ®F F*P,Qy)*

where * denotes the dual Q-vector space.
If z is a prime of F' let I, be an inertia subgroup of Gal(F*P/F) at z; let

a; = Tr(p(Frobs) | (TA(E) ®z, Qx)").

That is to say, a, is the trace of the Frobenius at z on the part of the Tate
module invariant under I,. Then we have a, € Z (see examples 5.3.18(1)).

7.11.5. Lemma. Suppose that z € D~ is a prime divisor, where l € P.

(i) We have a, = |k(z)| +1 =0 (mod ™).

(ii) If &, denotes the reduction modulo z of the Néron model of E/F then
we have group isomorphisms, for e = + or —,

Eo.2(K(2*))6n = &2 (K(2))in = Z)I"Z.

Proof. As a, is the trace of a Frobenius above z we have by the trace formula,
where k(z) is the residue field of A at z,

a, = |k(2)] + 1 = [&,2(Kk(2))]-

Let K’ be the field K(E;»). As z € Dj», the prime z is a place of good
reduction of E/F (see (7.11.3)). Hence the characteristic polynomial of the
Frobenius Frob,(K’/F) above z acting on Ej» is equal to

X? —a.X + |k(2)| (modulo I™).

Let o be the element of Aut(Ej») given by

(b %)

Then the characteristic polynomial of the element ¢ is equal to
X% -1

Comparing these two polynomials modulo I™ proves part (i) of the lemma, as
Frob,(K'/F) = [1] acts like o on Ejn.

For (ii), let z* be the unique place of K lying over the place z of F
where z € Djn. Then (z*) is a quadratic extension of x(z). Furthermore, as
Frob,(K'/F) = [Teo] where 7o has order 2 (see (7.11.1), (7.11.3)), the prime
2% splits completely in the extension K’/K. The map of reduction modulo a
prime of K’ over z

E(K )i — o, (k(z))m
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is an isomorphism. Hence we have

Eo,2 (K (%)) =2 (%) 2.

The action of 7o, on & . (k(2*)) decomposes into a sum over the eigenspaces
corresponding to 7., = +1. Hence we have for ¢ = +, as the Frobenius
Frob,(K'/F) = [7] acts on E(K')» like the element o,

Eo,-(K(2"))j== 2 Z/I"Z.
On the other hand we have
&0, (K(z")™=T" = & 2 (K(2)).

The result follows from this.O.

7.12 The Heegner module attached to E/F
(7.12.1) Let A be a prime number distinct from the characteristic of the field F.

As in (7.11.4), let p be the representation of the galois group Gal(F®P/F)
given by the A-adic Tate module T (E) of the elliptic curve E

p: Gal(F*P/F) — Autq, (T\(E) ®z, Qx).

The character of the representation p we denote by the same symbol p; as the
character of this representation takes values in Z, rather than Z,, we have a
map of sets

p:Xp— 14

v a, = Tr(p(Frob,)|(Ta(E) @z, Qx)™).

where I, is an inertia subgroup of Gal(F*°?/F) at v.

(7.12.2) Let |
T X(])D”n(l) — F

be the surjective morphism of F-schemes given by §4.7 and example 5.3.18(1),
where the ideal I of A is the conductor of the elliptic curve E/F without the
component at oco.

(7.12.3) Let K/F be an imaginary quadratic field extension in which all primes
dividing the conductor of E, except the place oo, split completely in K/F.
Let H(p) be the Heegner module (see §5.3) of the character p

p: Xp\ (Supp(J) U{oc}) = Z, v+ ay,
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the imaginary quadratic extension K/F, with exceptional set the set of primes
oo and those dividing the conductor I, and with coefficients in Z. The mor-
phism 7 induces a homomorphism of Gal(K*P/K)-modules H(7) (see exam-
ples 5.3.18(1))

H(m) : H(p)® — E(KseP)
<b,c>w (b I1,c,m).

Here I denotes a fixed ideal of B such that I;I7 = IB and 7 is the non-trivial
element of Gal(K/F).

(7.12.4) The module H(p) is a direct limit
H(p) = lim H,

where the limit runs over all effective divisors ¢ on Spec A. For each divisor
¢, we have a homomorphism of Gal(K|[c|/K)-modules
H(r)e : HY — B(K[d)

which is obtained by composing the transition homomorphism H, — H(p)
with H ().

7.13 Galois invariants of the Heegner module and the
map 7

The main result of this section, proposition 7.13.4, identifies part of

(H.,5)%/% which is the submodule of the Heegner module H, g invariant
under the action of the Galois group G(¢/0). This result is restricted to divi-
sors c satisfying the conditions of the proposition, in particular that the prime
components of ¢ are inert and unramified in K/F. The proposition applies in
particular to all divisors ¢ in the set Dj» for any prime number [ in P. That
part of the module (H, s)%(¢/?) given by the proposition corresponds to the
“derivative” cohomology classes of Kolyvagin (see for example [Rul, §4.4]).

(7.13.1) Let

m > 1 be a positive integer prime to the characteristic of F' and prime to
the order of the group B*/A*;

S be the ring %;

p: Xp\ (Supp(I) U{o0}) — Z the character of the l-adic representation
attached to E/F (see (7.12.3));
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H(ps, S) = lim H, s be the Heegner module of p, K/ F and with coefficients

in .S where pg is the composite of p with the natural surjection Z — S
G(c/0) = Gal(K|c]/K|0]) for any divisor ¢ of Divy (A) (see §6.1).

The ring S is a direct product of infinitesimal traits corresponding to the
prime factors of m. For an element a € Z we write a ® 1 for its image in the
algebra S.

(7.13.2) We have isomorphisms of Gal(K®P/K)-modules as |B*/A*| is a unit
of S (see §5.9, corollary 5.9.5)

H(p) ®z S = H(pS7 S)a H.e®z S = HC,S~
The homomorphism
H(m)e : HO — B(K[d])
then provides a homomorphism of Gal(K*°P /K )-modules

H(r)e @z S : Hy — E(K[d]) @z S.

(7.13.3) If h € H,,z we write [h] for its image in H,. g, that is to say [h] is the
reduction modulo m of h. Similarly, for an element z € E(K|[c]) we write [z]
for its image in E(K|c]) ®z S.

7.13.4. Proposition. Let ¢ € Divy(A) wherec = Y__, z; is a sum of distinct
prime divisors z; such that z; is unramified and inert in K/F and z; ¢ Supp(I)
for all i. Let M (c) be the S-module (where the tensor products are over S)

M(c) = @ s Hom(G(c/c — z),5) ®g ® s Anng(a,, ®1).

Then there is commutative diagram of A. g-modules

(HC,S)G(C/O) i) HO,S Xs M(C)
n1 T ea(e))

(7.13.5) .
Hes ®@s M(e) — ch,s ®s M(c)

where h, eq(.)0) are surjective homomorphisms, ¢ is induced from the natu-
ral surjection H.s — H, g (see (5.7.4)), and 7 is obtained from Kolyvagin
elements.

Proof. As S = Z/mZ is a direct product of infinitesimal traits we may imme-
diately reduce to the case where S itself is an infinitesimal trait of the form
7./q"Z where q is a prime number.
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Definition of h. Let S be an infinitesimal trait where |B*/A*| is a unit of
S and let N be a S-module of finite type. Then we have an isomorphism of

S-modules
N =P S/1;
J
where I; are ideals of S. Hence we have
(s 5 N1 2 O
J

By theorem 6.10.7 in view of the hypothesis on ¢ =), z;, we have the exact
sequences for all 4

O—>Hc_zi,5—>(HC7S)G(C/C_“)—>H1 (G(¢/e—z;),S)®@sAnng(a,, @1)He—, s—0.

Hence we obtain a surjective homomorphism of A._., s-modules,
as Anng(a,, ® 1) ®g % = Anngy, (a., ® 1),

(He,s®gN)G(e/e=20) @H G(c/c—2i),S/1;)@sAnng (az, @) He_., s/1,

J

S S
”69{ Glefe = 20),5) ®s T ©5 Annsy, (s, © 1) (Ho—s.s O 7)}
J

= Anng(a,, @ 1)He—z,,5 @5 N ®5 HY(G(c/c — 2),5)
=Hers ®s N ®g {H G(c/c— z),5) ®s Anng(a,, ®1)}.
That is to say, we have a surjective homomorphism of A._,, s-modules
hi:(Hes ®s N)G(C/C_zi) — Heezs ®s N’
where
N’ =N ®g {Hom(G(c/c — z;),S) ®s Anng(a., ® 1)}

is also a S-module of finite type.

By induction on the number of components of ¢ we obtain from h; a
surjective homomorphism, where the tensor products are over the artin ring
Sa
(7.13.6)

H,. SC/O —Ho s®s ®H0m Z zj/c— Z Zj)s S))®S® Anng(a,,®1).
K3

Jj<i j<i+1

For all ¢ > 0, the restriction map provides a surjective homomorphism

G(efe— z) — G(e — Z zj/c—sz)

j<i-1 j<i
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whose kernel has order dividing |B*|/|A*| (see the isomorphisms (2.3.8) and
(2.3.10)). As the group B*/A* has order which is a unit in S (7.13.1), we
obtain the isomorphism of S-modules where the tensor products are over the
algebra S

®Hom(G(c/c—zi),S) = ®Hom(G(c— S ozife=Y %), 9).

j<i—1 j<i

The homomorphism of (7.13.6) combined with this isomorphism defines the
homomorphism h of the diagram (7.13.5)

B (Hes)9? = Ho s @5 M(c).

Definition of n. Let p; be the ideal of A corresponding to the prime divisor
z;. Then by (2.3.7) we have group isomorphisms

Gle/c—z) = (B/piB)"/(A/p:)" if c¢# 2z

G(c/0) = Hi(B/pg/);/*(A/pi)*'

Hence there is a surjective group homomorphism

f:HG(c/c—zi) —  G(c/0)

whose kernel has order dividing a power of |B*/A*|. Furthermore, the group
G(c/0) is the product of its subgroups G(c¢/c — z;) for all i.
Let 1; be group homomorphisms with values in the additive group of S where

¥; € Hom(G(c/c — 2;),S) for all i.

Let g be the multilinear map
Yo : HG(C/C— zi) — S

The kernel of the natural homomorphism [ [, G(¢/c — z;) — G(c/0) has order
which is a unit of S. It follows that if hy, he € [[, G(¢/c — 2;) are such that
hihy ! is in the kernel of [[, G(c/c — z;) — G(c/0) then tg(hy) = 1o (hs); for
we have ‘

h; = (951)7 .. 7gﬁi)) fori=1,2;



376 Finiteness of Tate-Shafarevich groups

hence we have
) =[] i} H% = 9o (h2).
J

Hence the map 1) factors though a map v : G(¢/0) — S where the restriction
of 1 to each subgroup G(c/c — z;) is equal to v; for all 4.
The map ¢ is a 1-cochain in Coch!(G(c/0),S). Let

> Wt

g€G(c/0)
be the Kolyvagin element of ¢ (see §5.6, definition 5.6.11), where
Ey € S[G(c/0)].

As the restriction of ¢ to the subgroup G(c/c — z;) of G(c/0) is the homo-
morphism ;, it follows from proposition 5.6.12 that for some x; € S[G(c/0)]
and for all g € G(¢/c — z;) we have

(9— 1)E¢ = Yi(g)eix;

€, = Z h.

heG(c/c—z;)

where

We have the identity for any set of elements g1, ..., gs € G(¢/0)
Hgl—l—gl—l Hgl gg—l)Hgi—F...—l-(gs—l).
i>2 i>3

Taking g; € G(c/c— z;) for all i, we obtain that for all g € G (this is a variant
of remark 5.6.13(iii))

-1)Ey, € Zez G(c/0)].
For any element g € G(c¢/0) and § € H, s we obtain
(9= 1)Eyd €Y eiHes.

For all § € Ay g where ¢ < c and all z; € Supp(¢) and as z; is inert and
unramified in K/F, we have by definition (see (5.3.6))

08—,
| A*|

Kerer—z, (0) = (az, ® 1) ¢ —z; (6) -

ec’,c’—zi(s
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‘ *
VR
c/—z;

where T is a unit of S. Hence we obtain

eiHe,s C (as, @ 1)Hce—», s for all 4.

Hence for any element

Je (®Ann5(azi ®1)) ®s He,s

7

we have for all g € G(c/0)
(g - 1)E¢(5 =0.
Hence we have the inclusion of modules

Ey (HC,S Xs ®Anng(azi ® 1)) C (HC7S)G(C/O)'

We then define the S-module homomorphism

n:Hes Qs (®H0m(G(c/c —2),9)) ®s ®Ann5(azi @1) = (He,g)¢/?
by
6@ (Yi)i ® a— Ey(ad)

where § € He.s, (¥:); € @, Hom(G(c/c — ), S), ¢ € Coch'(G(c/0), ), and
a €@, Anng(a., ® 1) where Ey is the Kolyvagin element of v; here 1 is the
multilinear map attached to the collection of homomorphisms (¢;);.

Commutativity of the diagram (7.13.5). Put, where ¢ =Y. _, z;,
S = S/(az ® 1,0z, ®1,...,a, @1).

Then the S-algebra S’ is an infinitesimal trait and there is an isomorphism of
S-modules

®Anns(azi ®1) x5

Furthermore, the Heegner module H. s ® S” is A, g-isomorphic to H,,s' (see
corollary 5.9.5). We have an isomorphism of S-modules

M(c) = @ Hom(G(c/c — z),5").
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As the image of every element a,, ®1 is zero in S’, we have for all § € Ay o
where ¢ < ¢ and all z; € Supp(c’) (see (5.3.6))

|O

c’—zl|

KC’,C’le' (6) (azz ® l)tc' o' —z; (6) ¥ 66’76’7215
|A*|
ol
|A*| k] 7

Y
z’L

|0 .
where AT is a unit of S’. Hence the Heegner module H. g decomposes as
a direct sum of A, g-modules

(7.13.7) Hesr = P = Ac.s

< Lezi€Supp(c) Ce’s¢ =z A5t

Write G for G(c¢/c — z1). By proposition 5.8.4(iii), {ker(tcc—z,)}i=1,...r i8
an S-admissible family of subgroups of Pic(O..). Taking the submodules

r
PZ@c,cleAc,S’ and N = § 6c,cfziAc,S’

=2

of A;s, we have that N is a cohomologically trivial G-module
(by lemma 5.6.19(i)) and that P¢ = P; furthermore P, NN P and P/(N N P)
are flat S’-modules (by lemma 5.6.27). By lemma 5.6.24, the inclusion of sub-
modules P C P + N gives rise to short exact sequences of A, g-modules

0— (NnP)osH™(G,S") — H™(G,P) — H™(G,P+N) — 0 for all m > 1.

For the case where m = 1 this exact sequence gives the short exact sequence
(7.13.8)
0 — (N NP)®sHom(G,S") - P®gHom(G,S") — H'(G,P+ N) — 0.

Hence by examples 5.6.3(5), the submodule of A, g

r

NNP= (Z ec7c—ziAc7S’) N €c,c—z1 AC7S/
=2

is equal to the submodule

T

§ €c,c—z;—21 AC,S’ .

=2

Put
P _ €c,c—z1 AC,S/

Q - NNP B 22:2 ec,cfzileAc,S’ '
Then the modules NN P, P,Q are flat S’-modules by lemma 5.6.27 as already
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noted. We then have the short exact sequence
0 - NNnP - P - @Q — 0.
and tensoring this sequence with the S-module H™ (G, S’) it remains exact
0 - (NNnP)®s H™(G,S") — PosH™(G,S') — QesH™(G,S) — 0.

Hence this short exact sequence (7.13.8) provides an isomorphism of A, g-
modules

(7.13.9) Q ®s Hom(G, S') = HY(G, P + N).

As A. g is a cohomologically trivial G-module, the short exact sequence of
A, g--modules

AC,S’

0
P+ N

O — P+N — AC,S' —

gives rise to a long exact sequence of cohomology from which we obtain iso-
morphisms

AC,S’

Hifl
(@, P+ N

)= HY(G,P+ N) forall i > 2

and also a short exact sequence

AC,S/

g0 0 , 0
0—- H(G,P+N)— H(G,A.s) = H (G’P+N

) — HY(G,P+N) — 0.

Hence we obtain the short exact sequence from the isomorphism (7.13.9)
(7.13.10)

A. g
0—>(P+N)G—>(AC7S/)G—>( 5

P+ N

) = Q ®s Hom(G, S") — 0.

The module A, g/ /(P + N) is A, g/-isomorphic to the component over ¢
of the Heegner module H, g/ (see (7.13.7)). Let

denote the projection homomorphism onto the component over c. Further-
more, by (7.13.7) again the module @ is A g/-isomorphic to the component
over ¢ —z1 of Hc—,, s that is to say H,__ o Hence from (7.13.10) we obtain
a homomorphism

(HC,S’)G - HC7ZI7S/ Rg HOI’H(C;7 S/)
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which is a composite homomorphism

AC,S’

255)¢ = (HL)¢ — QosHom(G, §) = Moy 5 95Hom(G, ).

HE g (
The map 71 : Hes @5 M(c) — (He,5)(¢/? of diagram (7.13.5) is given by
) (1/)2)2 ®ar— E,/,((S Rg a).
We obtain maps
Hes @5 M(c) 2L (Hes)9 Y = (Hes)Y — He—sy.50 @5 Hom(G, S).

Let 1; be group homomorphisms with values in the additive group of S

where
¥; € Hom(G(c/c — 2;),S) for all i.

Let 19 be the multilinear map
Yo : HG(C/C— zi) — S

As we have already shown above, the map 1y factors though a map ¥ :
G(c/0) — S where the restriction of ¢ to each subgroup G(c/c — z;) is equal
to v, for all 4.

Similarly each homomorphism v; for ¢ > 2 induces a homomorphism

q/;f) :Gle—z1/c—21—2z)— S, foralli>2
and in general we obtain that ; induces a homomorphism
b9 Gle—djfe— 2z —d;) — 8, forall j <i.
where

j—1
dj: E Zk-
k=1

Hence the collection (w(j )),2 ; of homomorphisms induces a multilinear map

9 G(c—dj,0) — S.

The map ) is a 1-cochain in Coch!(G(c — d;/0), ). Let

Ewm = Z ¢(j)(g)g_1 € Ac—dws
g€G(c—d;/0)
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be the Kolyvagin element of 1) (see §5.6, definition 5.6.11), where
Eyu € S[G(c—d;/0)].

As the restriction of ¢() to the subgroup G(c — d;/c — z — d;) of G(c/0)
is the homomorphism ng ), it follows from proposition 5.6.12 that for some
x; € S[G(c—d;/0)] and for all g € G(c — d;j/c — z; — d;) we have

(g - I)Eq/;(j) = %(j) (g)ec—dj,c—z,i—djxi

6C7dj,C*Zifdj = E h'

heG(c—dj/c—zi—dj)

where

This composite homomorphism
He,s @s M(c) = Hezy, 50 @5 Homg (G, S")
is given by
0® (W) ®ar Ey(r(d®a)) —{g— (9 —1)Ep(r(d @ a)), for ge G}.
But we have for all g € G
(9= DEy =1(g)ece—x E

where

E= Y y®(gg!

geG(c/0)/Gr

where G; = G(¢/c — z;) and the sum runs over a set of coset representatives
of G1 in G(c¢/0). As there is an isomorphism of A, g-modules

€c,c—2z1 AC,S = Acle,S

we obtain that

By = > P (n)n!

he€G(c—21/0)

acts in the same way as E on e c—», A s and that
He,s @5 M(c) = Heesy 50 @s Homz (G, S")
is given by
6@ (i)i @ar— Ey(m(d ®a)) —{g— (9 = 1)Ey(r(6 ® a)) forge G}
= {9 = ¥1(9)Eye (2., (7(§ ® ))), for g € G}

where 11 (g) Eye (t5,_.,(7(6 ® a))) € Ac_., 5. Hence we obtain that the

c,c—21
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composite map
He,s @5 M(c) = Hezy 50 @s Homz (G, S")
is given by
§0(1)i®a > Ey(60a) = {g — By (to_., (1(08a)))@s¢1(g), for g € G}.

It follows by induction from this last homomorphism that if h is the ho-
momorphism of (7.13.5) and a € ®Ann5(azi ® 1) then we have

ho n((5 Y a) = h(Ey(r(0 ®s a))) =

{(917 ey gr) = €cc—21€c—21,c—29 - - - ezr,Odjl(gl)wQ(gZ) s 1/)7’(97“)71-(6 & a)}

for all g; € G(c¢—d;/c—d;11) for all i and for all § € H, s. For all ¢ there are
surjective group homomorphisms

G(C — dl/C — di+1) — G(Zi/O)

induced from the inclusions of orders O, C O,, whose kernels have order
dividing |B*|/|A*|. Hence we have that if & is the homomorphism of (7.13.5)

and a € ®Anns(a2i ® 1) then

h(Ey(7(6 ®s a))) (91, -+ 9r) = €G(e/0)T(0 ® @) ® (Y1(g1)¢2(g2) - - Pr(gr))

for all § € H.s and for all g; € G(c/c — z;) for all 4. Hence the diagram
(7.13.5) is commutative. O

7.14 The cohomology classes v(c), d(c)

In the first part of this section, we define a homomorphism
(He)% — H' (K, E),

where S = Z/1"7Z and for all but finitely many prime numbers [. This map is
obtained by sending a generator < b, ¢ > of the Heegner module Hio; to the
corresponding point on the elliptic curve E. Composing this homorﬁorphism
with the part of (HS;)G(C/O) identified by proposition 7.13.4 we obtain the
cohomology class §(c) in H*(K, E) for suitable divisors ¢ (lemma 7.14.9 and
Notation 7.14.10).

In the final part of this section, we derive properties of the cohomology
classes d(c) under the action of the Galois group Gal(K/F) and also under
restriction to the completions of the field K (lemmas 7.14.11 and 7.14.14).
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(7.14.1) As in (7.13.1), let

m > 1 be a positive integer prime to the characteristic of F' and prime to
the order of the group B*/A*;

S be the ring %;

H(ps,S) = lim He s = H(p)z ®z S be the Heegner module of p, K/F and

with coefficients in S.
For any divisor ¢ of Divy(A), we have the exact sequence of finite abelian

groups
0— G(¢/0) — G. — Gal(K[0]/K) — 0

where

G(c/0) = Gal(K|[c]/K]0]), G. = Gal(K[c]/K).

7.14.2. Proposition. For any divisor ¢ of Div(A), the restriction homo-
morphism
{Hl(Kv En)}ne]N@) - {Hl(K[C]’ En)gc}nelN(P)

is a quasi-isomorphism of quasi-groups. Furthermore, there is a finite set of
exceptional prime numbers £ such that if IN® is the set of positive integers
prime to £ then for all ¢ € Divy(A)

{H'Y(K, Ey)}bnene — {H' (K], Bn) }ene

is an isomorphism of quasi-groups.

Proof. Attached to the Hochschild-Serre spectral sequence
HY(Ge, H (K[c], En(K>P))) = H' (K, E,(K*))
is the short exact sequence of low degree terms
0 — H'(Ge, En(Klc])) — HY(K, E,) — H(K[d], E)% — H?(Ge, En(K[c])).

Here n>1 is any integer prime to p. The quasi-groups { H(G., E,(K|c])) }nene
and {H?(G., En(K|c]))}nene are both trivial because {E,(K|[c])},ene is
trivial by the Mordell-Weil theorem; furthermore, by proposition 7.3.8 there
is a finite set of prime numbers £ such that for all divisors ¢ on Spec A and
all integers n prime to £ the group E, (K|[c]) is trivial. Hence the restriction
homomorphism

d(n,c): HY(K, E,) — H'(K|[c], E,)%

is a quasi-isomorphism of quasi-groups in [IN(")]; furthermore, for all divisors
c on Spec A and all integers n prime to £ the homomorphism ¢(n,c) is an
isomorphism, which proves the final statement of the proposition. O
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(7.14.3) The homomorphism H(7), : Hg% — E(K]|c]) then provides a homo-
morphism of Gal(K*®*P/K)-modules

H(m)e,s : Hy — E(K[c]) @2 5.
Hence we obtain a homomorphism of G.-invariants

f: (19 — (B(K[d) @z 5)%.

(7.14.4) A standard generator of the Heegner module H(p)z = lim H. z is

denoted as usual by < a,c > where a € Pic(O.) (see (5.3.8)). Whenever c is
prime to I, we write the Drinfeld-Heegner point (a,I1,c, ) as

Ya,c = (@, I1,¢,m) = H(m)(< a, ¢ >) € E(K]|d]).

(7.14.5) For any field extension L of F' we have the exact sequence
0 — wE(L) — H'(L*?/L, E;,(L*P)) — H'(L**P /L, E(L*P)),,, — 0.

From this and the homomorphism f (of (7.14.3)) we obtain for any divisor ¢
of Divy (A) prime to I the following commutative diagram with exact rows
and an exact right-hand column:

0
!
H'(K[d/K, E(K[c]))m
j 1nfl
0— mE(K) — HY(K,E,,) -  HYK,E),, — 0
1 res | quasi — isom. res |
0= (uBE(K[)% = H'(K[d,En)% — H'K[d,B)
U
<H{O;>gc

The middle restriction homomorphism here is a quasi-isomorphism of quasi-
groups in []N(p)}z where the finite exceptional set of prime numbers may be
taken independent of ¢, by the preceding proposition 7.14.2.

This diagram then provides the fundamental Heegner homomorphism, for
all m prime to the finite exceptional set of prime numbers,

(Hg?))gc N Hl(K, E)

whose image lies in H*(K|c]/K, E(K|c]))m.
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(7.14.6) Assume ¢ € Divy(A) is a sum Y _;_, z; of distinct prime divisors z;
which are unramified and inert in K/F. As in proposition 7.13.4, put

M(c) = ® Hom(G(c/c — z), §) ®s Q) Anng(a., @ 1).

i=1

(7.14.7) Assume c € Div4 (A) is asum ), z; of distinct prime divisors z; which
are unramified and inert in K/F, in particular ¢ is prime to I. By proposition
7.13.4 we have a homomorphism of S-modules

N Hes @5 M(c) — (He,s)¢ /Y
given by
§ ®s (¥i)i ®s a > Ey(6 ®s a)

where Ey, is a Kolyvagin element (definition 5.6.11). Composing this with the
trace
Trico)x : (Hes) " = (Heg)%, 6~ Y a6,
0€G./G(c/0)

we obtain the homomorphism of S-modules

Trijo)/x © N ¢ He,s @5 M(c) — (He,s)%.

(7.14.8) Assume ¢ € Div;(A) is a sum ), z; of distinct prime divisors z;
which are unramified and inert in K/F. We may compose the homomorphism
Tr o)/ x © 1 with the homomorphism f (see the diagram (7.14.5))

Tr k1o o 4
Hes @5 M(c) 2L N, §)9 L (B(K[]) 02 )%

and obtain the homomorphism of S-modules 7},
Ne : He,s @5 M(c) — (E(K|[c]) ®z S)gc.

By the diagram of (7.14.5), there is a finite set £ of exceptional prime numbers
such that for all integers m prime to £ we have a homomorphism of quasi-
groups where IN® denotes the set of positive integers prime to £

{(B(K[d]) @z Z/mZ)% } pene — {H' (K, En)}mene-

The exceptional set £ is independent of the divisor c. We may then compose
this homomorphism with the homomorphism of S-modules 7). and obtain the
homomorphism 7. of S-modules

Ye : Hes @5 M(c) — HY (K, E,,)
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for all integers m prime to &, where S = Z/mZ. We may then compose 7.
with the homomorphism j : H'(K, E,,) — HY(K, E),, (see the diagram of
(7.14.5)) and obtain a homomorphism of S-modules for all m prime to €

8t Hes @5 M(c) — HY(K[d]/K, E(K|c]))m.

7.14.9. Lemma. Suppose that | is a prime number where Il € P\ £ and
& is the finite exceptional set of proposition 7.14.2. Let ¢ € Dy» and put
S =7Z/1"7Z. Then we have:

(i) The divisor ¢ € Divy(A) is a sum of distinct prime divisors ), z; which
are unramfied and inert in K/F.

(ii) We have an isomorphism of S-modules M (c) = S and the maps flc, Ye, ¢
form a commutative diagram

Ne /" 1
Hes LN HY(K,Ep)
de ™\ 1

HY(K[d]/K, E(K[c]))in

Proof. The lemma holds as ¢ is a sum of prime divisors ¢ = Zz z; where z; is
inert and unramified in K/F (definition 7.11.3(ii)) and where |G(c/c — z;)| is
divisible by I™ for all ¢ and the integer a., is divisible by (" for all ¢ (lemma
7.11.5). Hence we have an isomorphism of S-modules

M(c) = ® sHom(G(c/c — 2;),5) ®s ®Anns(a2i ®lH)x=s O

7.14.10. Notation. Suppose that [ is a prime number where [ € P\ €. Let
¢ € Din where ¢ = 23:1 z; is a sum of prime divisors; the divisor ¢ is a sum
of distinct prime divisors z; which are unramfied and inert in K/F by the
previous lemma 7.14.9. Put S = Z/I"Z.

(i) Each group G(c/c — z;) for all i is cyclic of order (|s(z;)| + 1) or
(Ik(zi)] + 1)/(|B*|/]A*|) (see (2.3.11)); in particular the order is an integer
divisible by {" (lemma 7.11.5). Fix a generator o,, of G(¢/c— z;) for all i and
fix the homomorphism h,, € Hom(G(¢/c—z;), S) such that h,, : o,, — 1. The
homomorphisms h,, determine a unique isomorphism of S-modules M (c) = S.

(ii) The images 7c(He,s), Ve(He,s), 0c(He,s) are principal S-modules.

[To prove this, it suffices by lemma 7.14.9 to show that 7.(H.,s) is a princi-
pal S-module. By definition, all primes of P are odd hence (™ is an odd integer.
For any homomorphism of finite abelian groups
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X : D — S = Z/I"Z we then have ) _, x(x) = 0. From the definition
of the map 7 : Heg @5 M(c) — (He5)%(/9, given by

0®s (V)i ®s ar Ey(0®s A)

we have that Ey = Ey,x; for all ¢ and for some x; € A, g; hence we have

técfzi (EQ/J) = xit?cfzi( Z wi(g)gil) =0 foralld
9€G(c/c—zi)

by the previous remark. Hence 7 factors through the natural surjection

Hes ®s M(c) = H,, ¢ @5 M(c).

As the image of 7 lies in (M, 5)¢(¢/9) by proposition 7.13.4, we obtain that the
image of 7 lies in (M, 5)€(/9). Hence the image of 7 coincides with the image
of Acs in (M, 4)/9 under the map A. g ®s M(c) — (H, g)¢/9. The
module M (c) is itself a principal S-module as the groups G(c¢/c— z;) are cyclic
for alli = 1,...,r. Hence the image of 7. : H. s ®s M (c) — (E(K|[c]) @z )%
coincides with the image of Afcs ®g M (c); but this last module is a principal
S-module. Hence the image of Vﬁc is a principal S-module.]

(iii) Select generators P.,v(c),d(c) of the principal S-modules 7.(Hc,s),
%(Hc,s), (50(7-{075), respectively, as follows. Let < a,c > be a standard gener-
ator of the Heegner module H, s where a € Pic(O.) (see (5.3.8)). We put

P.=f(<a,c>®h,, @...0h,,) e (B(K[d) ®z S)%

where 7). is the homomorphism defined in (7.14.8). As the image of 7j. lies in
the G.-invariant submodule of F(K]|c]) ®z S, the element P, is independent
of the class a € Pic(O.).
Put
Y(c) = ve(< a,e > ®h,, ®...@h,.) € HY(K, Epn)

5(c) = 0u(< a,e> Qh,, @...®h, ) € H(K[c|/K, E(K[c]))n

The elements 7(c),d(c) are independent of the class a € Pic(O.) and are
induced by the element P. € (E(K|[c]) ®z S)9 under the homomorphisms of
lemma 7.14.9.
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7.14.11. Lemma. There is a finite set of exceptional prime numbers F such
that for all integers n > 1, for all prime numbers | € P\ F we have the
following, where S = Z/I"Z.

(i) E(K|[d])i~ = 0 for all d € Divy (A);

(ii) Let 7 be the non-trivial element of Gal(K/F). For all ¢ € Di» we have

P. € ((B(K[d]) ®z 8)%)"~

v(c) € HY(K, Epn )™= ¢
5(c) € HY(K[]/K,E)]. ¢

where €. = e(—1)9(°), g(c) is the number of prime divisors in Supp(c), and
€ = +1 is the sign in the functional equation of the L-function L(s, E) of E.

Proof. We take F to be the smallest finite set of prime numbers [ containing the
set & (of proposition 7.14.2) such that for all [ € P\ F and for all d € Div, (A)
we have E(K|[d]);= = 0. The finite set F exists by proposition 7.3.8. The
property (i) then holds by the definition of F.

For (ii), let

Cc = Zi
i=1
where z; are prime divisors. The group Gal(K|c]/F) is generalised dihedral
(proposition 2.5.7) and hence contains an element 7% of order 2 which lifts
7, the non-trivial element of Gal(K/F); namely, we may take 7% to be the
restriction to K[c] of the non-trivial element of Gal(Koo/Foo).
For a € Pic(O,.) we have that

(a,I,c,m) = H(m)ez(< a, ¢ >) € E(K|c])

is the Drinfeld-Heegner point corresponding to < a,c¢ >€ H, z, as in (7.14.4).
By theorem 4.8.6 we have

™(a, 11, ¢c,m) = —eo(a,I1,¢,m) modulo E(K5P)iom

for some o € Gal(K|[c]/K) = G.. Denote by [z] the image of € E(K][c]) in
E(K|[c]) ®zS. As E(K]|c]);= = 0 for all except finitely many prime numbers !
by part (i), we then have that for some o € G, there is an equality of elements
of E(K|c]) ®z S

m(a, I1,c,7)] = —€lo(a, I1, ¢, 7)].

As Gal(K|[c]/F) is a generalised dihedral group, for any

P € ®Hom(G(C/c —2),8)
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the action of 7% on the Kolyvagin element Ey is given by (see definition 5.6.11)

By =7t Y g7(9)

g€G(c/0)

= Y ghlert = ()" Eyr.

g€G(c/0)

Hence we have for any elements ; € Hom(G(c/c — z;),S) for all i where

= Qi
Tﬁﬁ0(< a,c> QY1 Q... Yy) = (—1)"(—€)7(0c < a,c> Q1 @ ... 1)

= —€M(< a,c> QU1 ® ... @ Y.

Hence the image 7.(Hc,s ®s M (c)) lies in the —e.-eigenspace of (E(K|c]) ®z
S)9. Similar conclusions for the images v.(H. s ®s M(c)) and 6.(H. s ®g
M (c)) now follow from this and the commutative diagram of lemma 7.14.9(ii).
O

7.14.12. Remarks. Let | € P\ £, where £ is the finite exceptional set propo-
sition 7.14.2, and let ¢ € D;» where n > 1 is an integer.

(i) The homomorphism
8o : Hozyinz — H' (K[0]/K, E)n

is zero.
[For the proof, let < a,0 > where a € Pic(B) be one of the standard

generators of the Heegner module Hg 7z with coefficients in Z. We have that
(see (7.14.4))

(a,Il,O,w) = H(W)o,z(< a,0 >) S E(K[OD

Put
T = HK[O]/K(G>Il>O7W)

where © € E(K) lies in the group E(K) of K-rational points of E. Then
Py = 7(< a,0 >) is the image in «E(K) of x for all | and n (see
notation 7.14.10). It follows from the diagram (7.14.5) that yo(< a,0 >) is
zero if and only if z is divisible by " in F(K) and that do(< a,0 >) is always
equal to 0.]

(ii) The order I of v(c) is equal to the order of P. in ;» E(K]|c]).
[This follows from the diagram (7.14.5).]
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(iii) The exponent ¢ of the order I of §(c) is the least integer ¢ such that

I"E(K[d])+ E(K)

PP EE D)

[This also follows from the diagram (7.14.5).]

7.14.13. Notation. For any place v of K, we define the restrictions res,y(c)
and res,d(c) for all suitable divisors ¢ € Divy (A) as follows.

(i) Let
res, : H' (K /K, E,) — H (K*?/K,, E,)

be the evident restriction homomorphism for all integers n > 1. This defines
the restriction res,7y(c) for all v and all suitable divisors c.

(ii) For any divisor ¢ € Divi(A), for v a place of K, let res, denote the
restriction homomorphism

res, : H'(K[c]/K,E) — H'(K°?/K,, E)
obtained as a composite
HYK[]/K,EB) ™ HY(K*?/K,E) ' HYK**/K,,E)

where the first homomorphism is inflation and the second homomorphism is
the restriction induced from the inclusion of fields K — K,. This defines
res,0(c) for all v and all suitable divisors c.

7.14.14. Lemma. Assume that ¢ € Dj» wherel € P\ F, where F is the finite
exceptional set of prime numbers of proposition 7.14.11, and where n > 1 is
an integer.
(i) We have res,é(c) = 0 for all places v of K where v ¢ Supp(c).
(ii) Suppose that ¢ = z+ ¢/, z,¢' € Din where z is a prime divisor prime to c’.
Let 2% be the unique prime of K lying over z and let 2’ be a prime divisor of
K] over z*. Let K[c'],, be the completion of K|[c'] at z'. Suppose that the
order of the class of z* in Pic (O.) is prime to l. Then the order of res_:5(c)
in H'(K :, E(K{"))im is equal to the order of res. Py in yn E(K[c].r).
Proof. (i) The field K[c] is a subfield of K, as oo is split completely in K |[c]/ K
(see (2.3.13)). We have reso.d(c) € H' (Koo, E)in and resoPe € n E(Koo).
From the diagram (7.14.5), it follows that res..d(c) = 0.

Suppose now that v is a place of K such that v # oo and v & Supp(c). We
have that

5(c) € HY(K|]/K, E(K|[c]))n.
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But K|[¢]/K is unramified at v (see (2.3.13)) and hence
res,0(c) € H' (K} /Ky, E(K)))in C H' (Ky, E(K3P))n.

Therefore res,d(c) = 0 by (7.10.3)(d).
(ii) We prove the result in several steps. We write A for the cohomology class
res,:0(c) € H' (K¢, E(K2.")).

Step 1. The prime divisor 2’ is totally ramified in the field extension K|c]/K|[¢']

That z’ is totally ramified in this field extension is shown in (2.3.13).
Let z* be the unique prime divisor of K|[c] lying over z’. The class d(c)
lies in H'(K|[c]/K,E(K]|c]));» which is contained via the inflation map in
HY (K, E(K*%P));» (diagram (7.14.5)).

Step 2. Let P. € E(K|c]) be a lifting of P. € nE(K|[c]). The class
Ae HY(K,:, E(KZ?)) is represented by the cocycle
(g — 1)Pc

g— = n )

Gal(K|c].x /K,:) — E(K.;").
To prove this, from the diagram (7.14.5) the restriction homomorphism
H' (K, Epn (K*P)) — H'(K[c], Bin (K*P))

is an isomorphism. - ~
Let f—; € E(K®*P) be a fixed {"th division point of P,, that is to say % is
any point which satisfies ["(£2) = P.. Then the cocycle

P.. P. , ,

619 9(3) = 3o GallEP/K[c]) — Epn (K*P),

represents a cohomology class in H!(K|c], Ejn (K*P))% which is the image of
P. € nE(K]|c]) under

01 1 B(K[d)) — H(K]c], Epn (K*P))%

(see the diagram (7.14.5)). The inflation of ¢ to Gal(K®°P/K) is given by the
cocycle

Py P
¢F : Gal(K*P/K) — B(K™P), g g(37) = 5
which need not necessarily be annihilated by ™.

For any element g € Gal(K*°P/K), denote by

(g — 1)Pc
[n
the unique ["th root of (g — 1)P. in E(K[c]). This root exists because P. lies

in (jn E(K|c])9; furthermore, it is unique because E(K|[c]);= = 0 (see lemma
7.14.11(1)).
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The cochain

(g_ 1)Pc

o

¥ Gal(K*P/K) — E(K]d), g— —

is a cocycle whose restriction to the subgroup Gal(K®P/K]|c]) is the zero
cochain. But ¥ need not be annihilated by [". The cochain

, P., P - 1)P.

¢F + 0 Gal(K**?/K) — E(K[d)).g = g(37) = 3 = %,

is a cocycle which is annihilated by ™ and whose restriction to Gal(K®°P/K|c])
is the cocycle

¢ : Gal(K*P/K|c]) — Epn (K°P).
Hence the cochain ¢ + 1) is a cocycle

¢ + 1) : Gal(K*P/K) — Epn (K°°P)

and this cochain represents the cohomology class v(c) in H'(K, Ej»). There-
fore the cohomology class &(c) of H*(K|[c]/K, E)n is represented by the co-
cycle

(g - 1)Pc

I
It follows that A is represented by the cocycle obtained by restriction (as
in (7.14.13)(iii)) of the cocycle 1 to the galois group Gal(K|c],x/K,:), as
required.

¢ : Gal(K[c]/K) — E(K>?), g~ —

Step 3. Let & be the closed fibre above z of the Néron model of E/F'. There
is an isomorphism

o

Hl(K[C]zX /‘szn ) E(K[C}zx ))l” - Hl(K[C]zX /‘szn ) EO(H(ZX )))l" .
The image of A under this isomorphism is represented by the cocycle
(g - 1)]50
ln
For z # oo is coprime to the conductor I, hence the elliptic curve F has

good reduction at z. Let & be the closed fibre above z of the Néron model of
E/F. The kernel J of the surjective reduction map modulo z

E(Klc].x) — Eo(k(27))
is a pro-p-group (see for example [L, Chapter 3, §3]). Hence we have
HY(K[c],« /K&, J)m =0 for all i > 1.

g — (mod z*).

We obtain from the long exact sequence of cohomology an isomomorphism
HY(K[cox /Kos, BIK[c)in — HY (K[e]ox /Ko, E(K(27)) )i

Therefore the order of A is the same as that of its image in
HY(K|[c].,x /K., E(Kk(2")))1n, where we note that k(z*) = k(2'), as required.
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Step 4. There is an isomorphism
HY(K[c]ox [ K.z, E(K[c].x))in = Hom(Gal(K[c].x /K[d].1), & () )in

The image of A under this isomorphism is represented by the cocycle

(g_ 1)Pc

e (mod 2%), Gal(K[elox /K1')) — Eo(s(29))

g— -

For the proof, we have the Hochschild-Serre spectral sequence
Ey! = H™(K[c].x /K., E0(r(2))).
where we have k(z’) = k(2*) (by Step 1) and where we write
Ey’ = H(K[¢] /Koo, HY (K[d)ox /K[ ], E0(5(2)))).

The short exact sequence of low degree terms attached to this spectral
sequence is then in part

0— Ey° — HYK|[d.x /K.:,E(k(2))) — ES' — E3°.

But we have, as 2z’ is totally ramified in the field extension K|c]/K][c/] (Step

1), . 4
Ey® = H'(K[¢]o/ Koo, HO(K[c]ox /K [¢], E0(k(2))))

=~ H(K[) /K, Eo(k(2))).

The extension of local fields K|[c¢/],//K,: is unramified. Hence by passage to
the residue fields, we obtain an isomorphism of galois groups compatible with
the action on & (k(z))

Gal(K[]. /K ,:) = Gal(k(2)/k(2%)).
Hence we have isomorphisms
By = Hi(r(2')/r(2%), Eo(r(2)))-

But the order of the class of z* in Pic (O.) is prime to I. Hence the degree of
the extension x(z’)/k(z%) is prime to I. But then

(EY%)m =0 for all i > 1.

The galois group Gal(K|c].x /K|[c'].) acts trivially on & (x(z’)) again be-
cause 2’ is totally ramified in K[c],« /K|[c]./ (see Step 1). Hence we have

Byt = HY(K[]. /Ko, HN(K[d]x [ K[c].r, E0(K(2))))

= HO(K[c']r/ K¢, Hom(Gal(K [c].« /K[c]), £(k(2))))
>~ Hom(Gal(K|[c],x /K[c]./), Eo(k(2)).
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Hence the short exact sequence of low degree terms above provides the iso-
morphism

H'(K[c]ox /K., &(k(z))in = (By')in = Hom(Gal(K[d]. /K[¢'].1), Eo(r(2F)))in-

Combining this isomorphism with the isomorphism of Step 3, we obtain an
isomorphism

HY(K[c],x /K.:, B(K[c],x )i = Hom(Gal(K|c], /K[c’]zx),go(ﬁ(zu)))ln.

The image of A under this isomorphism is given by the restriction of the
cocycle

(g B 1)pc
[n

to the subgroup Gal(K|[c|,x /K|[c']./) where this restricted cocycle takes its

values in the subgroup &(x(z%)) of & (k(2')), as required.

gr— — (mod 2*)

Step 5. We have an isomorphism
HY(K|c],x /K¢, E(K[c],x))m = Hom(G(c/c), Eo(k(2%)))in.

The image of A under this isomorphism is given by the restriction of the
cocycle

g —(g_l# (mod ZX)

to the subgroup Gal(K|c|.x/K[c].) = G(e/c).
The group Gal(K|c],x /K|[c']./) has order (see (2.3.8), (2.3.12))

[k(z)|+1 if ¢ #0;
(Ik(z)|+1)/|B*/A*| if ¢ =0.

As K # F ®p, Fp (by the hypothesis (7.6.1)(c)) we have that B*/A* is the
trivial group. Hence passage to the completions provides an isomorphism of
groups

Gal(K|c],x /K|[d].) = G(c/c)

where G/(c/c’) is a cyclic group of order |k(z)|+1 and where this isomorphism
is compatible with the action of the galois groups on P. € E(K|[c]). We obtain
the isomorphism

HY(K[c].x /K., E0(r(2%)) = Hom(G(e/¢'), Eo(r(2))).
From Step 4, we then obtain an isomorphism

HY(K|c],x /K¢, E(K|c].x))m — Hom(G(c/c'), Eo(k(2*)))im
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as required. The image of A under this isomorphism is given by the restriction

of the cocycle

(g — 1)Pc
[n

to the subgroup G(c/c’) = Gal(K|c],x /K|[c'].) where the restricted cocycle

takes its values in the subgroup &y(k(z*)) of & (k(2")).

g— — (mod z*)

Step 6. End of proof.
By Step 5, the image of A in Hom(G(c/c'), & (k(2%))) is given by the
cocycle

(g - 1)Pc
ln

This cocycle is the reduction modulo z* of a cocycle in

H(K[]/K|¢], B(K [¢]) S /5 given by g — —L70E,

Since G(c¢/c — z) = G(c¢/d) is cyclic and generated by o,
(notation 7.14.10(i)), the cohomology class A has the same order as @ (mod
2*) where

(mod 2%), Gal(K[c|.x/K[].") = G(c/c) — Eo(k(2%)).

g— -

Q- (02 lnl)Pc.
We write Q for the image of @ modulo z* in & (k(2*)) where Q lies in the
subgroup &y (k(z%)).

The definition of P, (see notation 7.14.10) is the following. Let ¢ = Y., z
be the decomposition of ¢ as a sum of distinct prime divisors, where we write
z=2z.Put S =Z/I"Z. Let < a,c > be a standard generator of the Heegner
module H. s where a € Pic(O.) (see (5.3.8)). Then we have

P.=i(<a,¢c>®h., @...@h, ) € (BE(K[) ®z S)%

where h,, are standard generators of Hom(G(c/c — 2;), S); the element P. is
an inverse image of P, under the map F(K|[c]) — E(K]c]) ®z S. The map 7.
is the composite

Hes @5 M(c) He,5)%L(E(K () ®z 5)%

where f is defined in the diagram (7.14.5).
The elements h,, are group homomorphisms with values in the additive
group of S where

Trx(o)/xom
—

h, € Hom(G(c/c — z),S) for all 4.
Let 1¢ be the multilinear map

o HG(C/C— zi) = S
(g10-+290) = [T el
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As the kernel of the natural homomorphism [[, G(¢/c — z;) — G(c¢/0) has
order which is a unit of S, it follows that the map 1y factors though
a map ¢ : G(¢/0) — S where the restriction of ¥ to each subgroup
G(c/c — z;) is equal to h,, for all i (as in the definition of 7 in the proof of
proposition 7.13.4).

The map ) is a 1-cochain in Coch!(G(c/0),S). Let

Ey= Y gy

g€G(c/0)
be the Kolyvagin element of ¢ (see §5.6, definition 5.6.11), where
Ey € S[G(c/0)].
The map 7 is then given by
0 ®aw Ey(ad)

where § € H. s and a € Q), Anng(a., ® 1).
We have an exact sequence of abelian groups

0— G(c/d) — G(c/0) — G(c'/0) — 0.
We obtain a corresponding decomposition of the Kolyvagin element E,;
Ey= Y Wlegt >, whh!
geG(c/c’) heG(c/0)/G(c/c")

where the inner sum here runs over a set of coset representatives of G(c/c’)
in G(c/0). Put, where the sum runs over a fixed set of coset representatives,

By = > Y(h)h L.

heG(c/0)/G(c/c")

Then E; is an element of S[G(c/0)]; select a lifting EY of E; where Ef e
Z|G(c/0)] and
E*=FE; (mod I™).

Let ¢§ be a lifting of 11 : G(¢/¢’) — S to Z; that is to say
wﬁ :Gle)d) = Z
is a map such that
wﬁ =11 (mod ™).
Let E;: € Z[G(c/0)] be the Kolyvagin element of wﬁ. Then E,; is a lifting of
1 1
Ey = Y dilgg™"

geG(c/c’)
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Then we have
E¢§E§ =B, (mod ™).

As in 7.14.10, the element o, is a standard generator of the cyclic group
G(c/c') and h,, : G(¢/c’) — S is the homomorphism o,, — 1. We may then
select a lifting ¥ : G(¢/c’) — Z where

0. % —s, fors=0,1,...,|G(c/)] — 1.

z1

The Kolyvagin element of ¥ is then

|G(c/c)|-1
E![, = — Z 7’0’;1.
r=1
‘We have
(7.14.15) (02, — 1) By = eg(c/e) — |G(c/d)].

Furthermore, we have

Ef/’? = Elp (rnod ln)

As E¢§ is a Kolyvagin element, we have by proposition 5.6.12,
(- VB, = i@)caeoy — S h '@ h)(hg), forall g € Gle/d).
REG(c/c")
As 9y is a homomorphism G(c¢/c¢’) — S we have that
(89! (h,g) € I"Z for all g,h € G(c/).
By definition we have
P.=foTrgx on(< a,c>®h., ®...®@h,) € (E(K[]) ®z S)%

Let S be a set of coset representatives of G(c/0) in G. = Gal(K|c]/K). The
element P, € E(K|c]), which is any lifting of P, may then be taken to be

P. = Z oEngyam.
oes

If here Ey is replaced by Eﬁ)l then P, is changed by an element of ["E(K][c]).
Put
a' =t2,(a) € Pic(Op).

We have (see (4.8.3) and the table 4.8.5), where y, . = (a, 1, ¢,7),

10%]
’I‘rK cl/K[cNYa,c = AzYa’ ¢’ -
|A*] [c]/ K]
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By definition Q = —((¢, — 1)P.)/I™ hence we have from (7.14.15)

Q=-3" UEQ(M)%C

ln
oceS
1L I KoY

geS ‘O* | i

As K is not obtained from F' by ground field extension (hypothesis 7.6.1(c)),
we have A* = O,; hence we obtain

¢

Q Z Eﬁj |GC/C|a,C_a_zyaC)

ln
oceS

As the image of A in Hom(G(c/c'),Ey(k(2%)))in is given by the cocycle

(g B I)Pc
ln

g -

(mod 2%), Gal(K[c].x/K[].) = G(c/c) — Eo(r(2Y))

we have that — =D modulo 2% lies in Eo(k(z%)). Hence the point Q lies in
Eo(k(2%)). Tt follows that —(g, — 1)P. modulo 2* lies in &y (k(2F)).

Denote by Frob, the Frobenius automorphism z +— z!*(*)l of the closed
fibre £y/k(z) of the Néron model of E/F. Theorem 4.8.9 gives that for any
prime z” of K[¢'] above z we have, where y, . = (a, 1, ¢, ),

(7.14.16) Frob.ya.c = Yo, (mod 2z").

As z is inert and unramified in K/F, theorem 4.6.19(ii) shows that the
point < a,c > of the modular curve XP"(I) ® k(z) is defined over the
quadratic extension field x(z¥) of (). As the map

7 XP(I) - E

is a morphism of F-schemes, we obtain that y,,. mod z* is defined over the
subfield k(z%) of k(2*). Hence we have from (7.14.16)

|G(;T{C/)‘ya7c - ?_;ya o = |G(C/C )‘];:Ob — % Ya' ¢! (mOd ZH).

By definition the point P € (E(K[c']) ®z S)9 is given by
Po = foTrgpxon(<a,d >®h,®...0h,,)
where f is here the map

f o (Hos)% — (B(K[c']) @z )%
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Let P € FE(K[d]) be an inverse image of P under the map
E(K|[c]) — E(K[]) ®z S. In view of the action of E; on E(K[c]) ®z S,
the element P, may be taken to be

pc/ = Z O’Egya/m/

geS

where Ef € Z[G(¢/0)] is a lifting of E;. We then have

G(
Q Z E1| c,{c‘ap ayac)

ln
o€eS

|G(c/c")|Frob, —a
[n

(7.14.17) =Q = ZP. (mod z").

The homomorphism |G(c/c’)|Frob, —a. annihilates & (x(z*)). For we have
that the frobenius Frob, acts on £y/k(z) with characteristic polynomial

2 — za, + |k(2)].

Writing F for Frob, it follows that F? — Fa, —|— |k(2)| annihilates & (k(z%)).
But F? is the identity automorphism on & (k(2%)) as x(2*)/k(z) is a quadratic
extension of finite fields. Hence F?—Fa,+F?|x(z )\ annihilates &y (x(2*)). That
is to say F(F(1+4|k(2)|) —a.) annihilates & (x(z%)). As F is an automorphism
we obtain that F(1+ |k(2)|) — a. annihilates £ (x(2%)), as required.

Let a,8 € C be the complex roots of the characteristic polynomial of
frobenius Frob, acting on &y/k(z)

22 — za, + |k(2)).
Then we have, where G(c¢/c’) is cyclic of order |k(2)| + 1,
Eo(k(2))| = [G(c/c)] — a = B =|G(c/c)] - a.
and
[Eo(k(29)] = [K(2)]* +1 = a® = 5% = |K(2)|]* + 1 — a + 2|r(2)]
= (IG(c/d)] = az)(IG(c/d)] + az).

We then obtain the decomposition under the action of 7, the non-trivial ele-
ment of Gal(K/F),

Eo(k(2%)) = Eo(k(2)) @ Eo(r(2%)~

where

1Eo(k(2%)¢| = |G(c/c)| — ea, for e = +1.
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By lemma 7.11.5, we have group isomorphisms

Z
Eo(k(2h))5m = 7 for e = 1.
In particular, as n > 1 the I-torsion subgroups of & (k(z#))~ and & (k(z%))*
are both non-trivial. As
— Z Z
Eo(k(2))r = 7 ® 7 forallt >1

we obtain that the [-torsion subgroups of &y(k(z%)). and E(k(z*))f. are

both cyclic and denoting by |.|; the normalised l-adic absolute value on @ we
have
Eo(k(2%))f| = | |G(c/c)| — eaz|t for e = +1.

Let A be the homomorphism

|G(c/c")|Frob, — a,

h:
ln

The map
h:E(r(2%) = Eo(k(2%))

is annihilated by I"; furthermore, I"£y(k(2%)) lies in the kernel of h. Hence h
induces a homomorphism

R Eo(k(2%) @z 8 — Eo(k(2%))in.

On each eigencomponent (£,(k(2%)) ®z S)¢, where € = +1, the map A’ is
multiplication by the integer

lG(e/)] — ax

N =
ln

We have
INeli = 1" |G(c/d)| = eazli = 1" (k(2F))jm | "

It follows that the restriction of A’ to each eigencomponent (& (k(2*)) ®z S)¢
is an injection. As 7 commutes with A, the homomorphism h’ preserves the
T-eigencomponents. As E(k(2%)) ®z S and Ey(k(2*))» have the same number
12" of elements it follows that A’ is an isomorphism.

The reduction PC", of P. modulo 2" lies in the —e.-eigenspace for T on
Eo(k(Z")) ®z S (see lemma 7.14.11(ii)). As we have by (7.14.17)

Q="1(P)

and that A’ is an isomorphism it follows that Q and Pcb, have the same order.
Since the kernel of the reduction

E(K[c]2n) — &o(k(2"))
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modulo z” is a pro-p-group we have that PC", and P, have the same order.
This proves the stated result. O

7.14.18. Remark. Referring to the proof of part (ii) of the previous lemma
7.14.13, the prime 2z need not split completely in K[¢']/K as 2! is not nec-
essarily a principal prime ideal of B, the integral closure of A in K. This is
unlike the proof of part (ii) of lemma 5.7.10 of [Br2] where z* splits completely
in K[¢']/K. This is the reason for some complications in the proof given above
in comparison with the proof of [Br2, lemma 5.7.10].

7.14.19. Conjecture. For all but finitely many prime numbers [ there is an
integer n(l) > 0 such that for all integers n > n(l) there is ¢ € Divy(A) such
that the homomorphism (see (7.14.5))

0
(M) ng) % — H'(K, Eyr)

is non-zero.

7.14.20. Conjecture. For all but finitely many prime numbers | we have
n(l) = 0.

7.14.21. Conjecture. Suppose that [ is a prime number where | € P\ &
and & is the finite exceptional set of prime numbers of proposition 7.14.2.
Then for all sufficiently large integers n > 0 there is ¢ € Dj» such that the
homomorphism (see lemma 7.14.9)

’YC N HC,Z/Z”Z — I{l([{7 Eln)

1S non-zero.

7.14.22. Remarks. Evidently conjecture 7.14.21 implies that conjecture 7.14.19
holds for prime numbers | € P \ €& where the divisors ¢ are sums of distinct
prime divisors which are inert and unramified in the field extension K/F (by
proposition 7.13.4).

If [ is a prime number where [ € P\ £ then

Yo : Hozyimz — H (K, Epn)

is non-zero for all sufficiently large n if and only if x = Trg,/ K (a, I1,0,7)
has infinite order in F(K) (by remarks 7.14.12(i) and (ii)).

These conjectures above are the counterparts of conjectures of Kolyvagin
[K3] for elliptic curves over Q.
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7.15 Tate-Poitou local duality

We shall briefly explain Tate-Poitou local duality for elliptic curves over a
local field. For more details see [M, Chapter 1].

(7.15.1) Let

L be a non-archimedian complete local field with valuation v : L* — Z;
A/L be an elliptic curve over L;

n > 1 be an integer prime to the characteristic of L;

G be the Galois group Gal(L*®P /L) where L*P is a separable closure of L.

(7.15.2) Let p, be the multiplicative subgroup of L*P of nth roots of unity.
Then u, is a finite G-module. Let A,, denote the G-module of n-torsion points
of A(L®*°P). We have an abelian group isomorphism

Z 7z

A, =2 — ¢ —.
nZ@nZ

1%

Denote by {, } the Weil pairing
{7}:An XAn — Hn-
This is a perfect pairing of G-modules. In particular, we have an isomorphism
of G-modules
A, = HomG’(A’m ﬂn)-
(7.15.3) The Weil pairing induces a cup-product pairing in Galois cohomology

HY(L,A,) x H'(L, A,)) — H*(L, j1,).

By local class field theory, we have a canonical isomorphism of abelian groups,
where Br(L) is the Brauer group of L,

Br(L)

1%
Nl©

This induces an isomorphism

Z
2 _ ~
H*(L,p,) = Br(L),, = T
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7.15.4. Theorem. (Tate-Poitou local duality). The cup product pairing

(7.15.5) <, > HY(L,A,) x HY(L, A,)) — %
n

obtained from the Weil pairing is an alternating and non-degenerate pairing
of %—modules.
[See [M, Chapter 1, Cor. 2.3].]0

7.15.6. Theorem. Assume that n is prime to the residue field characteristic
of L.

(i) The subgroup ,A(L) of H*(L, A,,) is isotropic for the alternating pairing
<, >

(ii) If A has good reduction at v then the pairing <,>, on H*(L, A,,) induces
a non-degenerate pairing of abelian groups

Z
v WA(L) x HY(L, A),, — —.
< >0t nA(L) x H (L, A)n — —

Proof. (i) Let L™ be the maximal unramified separable extension of L. We
have the commutative diagram with exact rows obtained by multiplication by
n
0 — A,(L™ — AIL™ &  AL™) — 0
1 1 !
0 — A, (LP) — A(L*P) 5 A(L*P) — 0

The long exact sequence of cohomology associated to these exact sequences
provides the commutative diagram with exact rows

(7.15.7)

0 — LA(L) — HYL™/L,A.(L™)) — HYL™/L,A(L™)), — 0
! ! !

0 - JAWL) — HY(L,A,) — HY(L,A), — 0

It follows that the subgroup ,A(L) of H'(L, A,,) is isotropic for the alternating
pairing <, >, as we have

H*(L™ /L, p(L™)) = 0.

ii) If A has good reduction at v then H*(L™ /L, A(L™)) = 0 (by theorem
7.10.2) and the diagram (7.15.7) then provides an isomorphism

ALY =2 HY(L™/L, A, (L™)).

The result now follows from the diagram (7.15.7) and that the subgroup
HY(L™/L, A, (L")) is a mazimal isotropic subgroup of H(L, A,) (see [M,
Chap. 1, Theorem 2.6]). O
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7.16 Application of Tate-Poitou duality

(7.16.1) We retain the notation of §§7.5, 7.6. in particular, we assume that
K is an imaginary quadratic extension field of F' with respect to oo;
E/F is an elliptic curve satisfying the conditions of (7.6.1);

n > 2 is an odd integer prime to the characteristic of F’;
7 is the non-trivial element of Gal(K/F).

(7.16.2) The element 7 acts on the Selmer group S (E/K) of the elliptic
curve Ex pK over K (see §7.9); as n is an odd integer, we have a decomposition
into eigenspaces under the action of 7 (see (7.11.2))

SM(E/K)=8"(E/K)t e S (E/K)~

where the sign + or — denotes the submodule on which 7 acts as +1 or —1
respectively.

7.16.3. Proposition. Let w be a place of K such that E has good reduction
at w. Let e = 4+ or —. Let m > 1 be an integer dividing n. Suppose that d is
an element of the eigenspace H'(K, E)¢ of T which satisfies the conditions
(i) res,(d) = 0 for all places v of K distinct from w;

(ii) res,(d) has order divisible by n/m in the eigenspace H'(K.,, E)S;

(iii) , E(Ky)€ is a cyclic abelian group.

Then the homomorphism res,, : S (E/K)¢ — ,E(K,) is annihilated by m.

Proof. Let p, be the subgroup of K*P* of nth roots of unity. Then pu, is a
finite Gal(K*°P /K )-module. Denote by {, } the global Weil pairing

{,}: E. X Ep — .

This is a perfect pairing of Gal(K®P /K )-modules. In particular, we have an
isomorphism of G-modules

E, = HomGal(KseP/K) (E’ru ,U/n)

Denote by <, > the global pairing obtained by cup product from the global
Weil pairing {, }

<,> HYK,E,)x H'(K,E,) — H*(K, u,) = Br(K),

where Br(K) is the Brauer group of K.
For any place v of K let <, >, denote the local Tate-Poitou pairing (as in
theorem 7.15.4)

<, >, H' (K,,E,) x H'(K,,E,) — Z/nZ
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where K, denotes the completion of K at the place v. This induces a non-
degenerate pairing of abelian groups (theorem 7.15.6)

WE(K,)* x H\(K,, E)f — Z/nZ.

The global pairing <,> is given in terms of the local Tate-Poitou pairings
<, >, (see §7.15) via the exact sequence obtained from class field theory

>
(7.16.4) 0 — Br(K) — @ Br(K,) — Q/Z—0

veEX K
That is to say, the global pairing is the sum of the local pairings of the re-

strictions

<z, Yy >= @ < res, (), 18, (y) >y, forall x,y € HY(K, E,).
veEX K

Via the exact sequence, obtained by multiplication by n,
0— E(K))" — H (K, E,)* — H'(K,E);, = 0

the class d lifts to a class ¢ in H'(K, E,); this element c is determined
uniquely up to the addition of an element of (,E(K))°.

Let s € S™(E/K)¢. Then we have res,(s) € (,E(K,))¢ for all places
v € Yk and we have from property (i) of d and theorem 7.15.6(i)

< resy(s),res, (d) >,=< res,(s),res,(c) >,=0 for all ve Xk \ {w}.

Hence we have

< s, >= @ < resy(s),res,(c) >y
veEX K

where all terms except at most one in the sum are zero. But

Z < resy(s),res,(¢) >y

veEX K

is equal to zero by the exact sequence (7.16.4); hence we must have (theorem
7.15.6(ii))

< 1684(8),Te8y (€) > =< T8y (), resy (d) >u= 0.

By property (ii) of d, the element res,,(d) has order divisible by n/m; hence
we have that mres, (s) = 0 as , E(K,,) is a cyclic abelian group and by the
non-degeneracy of the local pairing <, >,, (theorem 7.15.6). O
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7.17 Equivariant Pontrjagin duality

In this section we give an equivariant version of Pontrjagin duality. This vari-

ant of Pontrjagin duality explained below may be extended to general locally

compact topological abelian groups but we here only consider a special case.
[For more details on Pontrjagin duality, see [P]].

(7.17.1) Let S be a multiplicative set of non-zero integers S C Z; we may
assume that S is saturated that is to say if mn € S where m,n are integers
then m € S and n € S. Let S™!Z denote the subring of Q of rational numbers
of the form p/q where p € Z and q € S. Let S™17Z/Z denote the subgroup of
Q/Z of torsion annihilated by the integers in S.

The group S~'Z/Z is equipped with its topology as a subgroup of the
circle group R/Z over R.

(7.17.2) Let G be a locally compact topological abelian group. We assume
that G is either a discrete torsion group or is a profinite group; in the main
duality theorem 7.17.11 we assume that G is a discrete torsion group.

7.17.3. Definition. The saturated multiplicative subset S of Z is sufficiently
large if when G is torsion then the order of every element of G lies in .S and
if when G is profinite then the order of G/U for every open subgroup U of G
also lies in S.

(7.17.4) The group
G* = Homs(G, S~ 7/ 7)

denotes the group of continuous characters of G' with values in S™'Z/Z. The
group G* is equipped with a topology making it a topological group in the
following way.

For any subset U of G and any subset V of S™1Z/Z let W (U, V) denote
the set of characters x € G* such that x(U) C V.

For any integer k > 1 let Ay be the set of elements z of S™'Z/Z such
that 2 admits a representative y in S™1Z C R such that |y| < 1/(3k). Then
the set of sets of the form W (U, Ay) for any compact subset U of G and any
integer k£ > 1 forms a base of neighbourhoods of 0 of G* and this defines the
topology on the group G*.

If S is the set of all non-zero natural numbers then G* is the Pontrjagin
dual of GG, where the abelian group G is here assumed to be either discrete
torsion or profinite.

(7.17.5) Let P be a profinite group, not necessarily commutative, and let M be
a finite direct sum of n copies of S~'Z/Z equipped with its induced topology.
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Then M is an abelian topological group. Assume that there is a continuous
group homomorphism
p: P — Aut(M).

Then P acts on the topological group
G® = Homes(G, M)

which is a direct sum of n copies of the Pontrjagin dual G*. The set of sets of
the form W (U, V) for any compact subset U of G and any open neighbourhood
V of zero of M forms a base of neighbourhoods of zero of G°.

We call G° the P-character group of G.

(7.17.6) We obtain a pairing of topological groups
():GxG® — M, gxx— (9,x) = x(9)
This pairing satisfies
p(g.X) = (g,x" ) forallpe P, g€ G, x € G°.

We obtain an injection
G — Homp(G®, M)

where Homp(—, —) denotes the module of continuous homomorphisms of
topological Z[P]-modules. The topology on Homp(G®, M) is that as a sub-
space of the topological group (G°)° = Homs(G®, M).

7.17.7. Proposition. Assume that S is sufficiently large.
(i) Let H be a subgroup of the topological group G and let ¢ be the annihilator
of H that is

& ={xeG®° x(h)=0 forall he H}.

Then the map
® — Homeys(G/H, M), x+—{g+H — x(g+H)}

defines an isomorphism of topological groups ¢ = (G/H)°.
(ii) Let @ be a Z[P]-submodule of the topological group G° and let
A C Homp(G®, M) be the annihilator of & that is

A ={h € Homp(G°, M)| h(x)=0 for all x € §}.
Then the map

A — Homp(G®/®, M), x+— {x+P— z(x+P)}
defines an isomorphism of topological groups

A2 Homp(G®/®, M).



408 Finiteness of Tate-Shafarevich groups

Proof. (i) As G is torsion or profinite and S is sufficiently large, G* is topo-
logically isomorphic to the Pontrjagin dual of G. Hence

G® = é G*
i=1

is a topological isomorphism where P acts continuously on G°. The property of
the annhilator for the Pontrjagin dual [P, theorem 37, p.243] then transposes
to G°.
(ii) Let f : G° — G°/®P be the natural surjective topological homomorphism.
Let

¢ : Homp(G®/®, M) — Homp(G°, M)

be the induced map.

Let h € A. Then we have h(®) = 0 hence there is a homomorphism of Z[P]-
modules z : G°/® — M such that h = zo f. To show that z is continuous, let
V be a neighbourhood of zero of M. Let U be a neighbourhood of zero of G°
such that A(U) C V. Then f(U) is a neighbourhood of zero of G°/® which
satisfies z(f(U)) = h(U) C V. It follows that z is continuous. Furthermore,
for any h € A there is an element € Homp(G®/®, M) such that h = z o f;
hence we have ¢(Homp(G®/P, M)) = A.

The kernel of ¢ is evidently zero so that ¢ is injective. Hence ¢ defines an
isomorphism of groups which is continuous

¢ : Homp(G®/P, M) — A.

Let W(F*,V) be any neighbourhood of zero of Homp(G®/®, M) where
F* is a compact subset of G°/® and V is an open neighbourhood of zero of
M. Let U be an open neighbourhood of zero of G° having compact closure.
The compact set F'* is contained in the union of a finite number of open sets
of the form f(xz; +U), z; € G°; let F' C G° be the union of the corresponding
compact sets x; + U. Then we have f(F) 2 F*.

Let h € ANW(F, V). Then as has already been shown there is an element
x € Homp(G®/®, M) such that h = z o f; we then have x(F*) C z(f(F)) =
h(F) C V and hence we have z € W(F*, V). Hence we have ¢(W (F*,V)) D
ANW(F,V) and we obtain that ¢* : Homp(G®/®, M) — H is an open map.
Hence ¢* is an isomorphism of topological groups. O

7.17.8. Proposition. Let H be a subgroup of G and Ilet
¢ ={feG f(H)=0}and H = {f € G| f(®) = 0}. Then we have
H =H.

Proof. Evidently we have H C H'. As G° is a direct sum of a finite number
of copies of the Pontrjagin dual G* of G, the stated result follows from the
same property for the Pontrjagin dual [P, theorem 40, p.252]. O
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7.17.9. Proposition. Let H be a subgroup of G and let
& = {f € G°| f(H) = 0}. Then the Z[P]-module G°/® is topologically
isomorphic to the Z[P]-module H®.

Proof. As G° is a direct sum of a finite number of copies of the Pontrjagin dual
G* of GG, the stated result follows from the same property for the Pontrjagin
dual [P, theorem 41, p.253]. O

(7.17.10) The group S~'Z/Z decomposes as a direct sum of primary compo-

nents
s'z/z.= P~z
les

where [ denotes the multiplicative subgroup of integers which are powers of
and [ runs over all prime numbers contained in S. This isomorphism of groups
in general is not an isomorphism of topological groups.

Similarly M decomposes as @, g Mi. The profinite group P acts con-
tinuously via this isomorphism on each component M for all [.

7.17.11. Theorem. Assume that:
(1) G is a discrete torsion group;
(2) S is sufficiently large;
(3) for each prime number | € S, M; is a simple Z[P]-module and that

Endp(M,) = Z/1Z.

Then the duality (,) : G x G® — M is perfect that is to say the natural
homomorphism
w: G — Homp(G°, M)

is an isomorphism of topological groups.

Proof. Let H be a finitely generated subgroup of G. Let

®={x€G°| x(H)=0}

Let
G/ = HOIHP(GO, M)

Put
H' = {f G| f(&)=0}.

Then G°/® is the P-character group of H by proposition 7.17.9.
It follows that we have an isomorphism

H' = Homp(G®/®, M) = Homp(H®, M).
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Furthermore the natural map
H—H', h—{x€H" x(h) € M},

is an injection. For if h € H is in the kernel of this map then x(h) = 0 for
all x € H®. But H® is a finite direct sum of Pontrjagin duals of H hence by
Pontrjagin duality A = 0.

The group H is a finitely generated torsion group and therefore is finite.
Hence H admits a canonical decomposition into finite cyclic groups of the
form

H=z/mz
i=1

where the integers m; > 1 satisfy

my|ma|...|m,.
Then we have

H® = Hom(H, M) = @) Hom(Z/m,Z, M) = @5 My,
i=1 i=1
where M,,, is the Z[P]-submodule of M annihilated by m;. Hence we have
an isomorphism of topological groups
Homp (H®, M) = P Homp (M, , M)
i=1

The image of any homomorphism of Z[P]-modules M,,, — M is contained in

the submodule M,,, of M. Hence we obtain an isomorphism

(7.17.12) Homp(H®, M) = @) Homp(My,, My,).
i=1

n;
mi =[]
j

be the factorisation of m; as a product of prime powers where [; are prime
numbers of S and n; € IN for all j. Then we have

Let

HomP(Mmi ) Mmz) = H HomP(Ml;Lj ) Ml:j )

J

Let | be a prime number of S and let n > 1 be a positive integer. Put
F,. =1"""Mj~. The Z[P]-module M;~» admits a filtration of Z[P]-submodules

My =F, D> F,-1D>...2F D{0}
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where there are isomorphisms of Z[P]-modules
F./F._1 = M, for all r.

The module M; is a simple Z[P]-module by hypothesis. This Jordan-Ho6lder
filtration of M~ is unique: the only Z[P]-submodules of M~ are the modules
F..

Let s € Homp(Mjn, M»). Then the image of s is a submodule of Mjn»
which is annihilated by ("™ and is equal to F,. for some r. As s(M;») = F, we
then have

$(Fy) = s(I" " Mpn) = 1""s(Myn) = 1"""F; = Frax(r+t-n,0)-

In particular, we have s(F,,_,+1) = Fy and s(F,—,.) = 0. Hence the restriction
slp,_,., of s to F\,_,11 factors as

Fn—r+1 _)Fn—r+1/Fn—rgF1 _)F1~

The isomorphism Fj,_,41/F,—, = F; is obtained by multiplication by I"~";
furthermore Endp(Fy) = Z/IZ by hypothesis. It follows that the homomor-
phism s|f,_,,, is a homothety of the form I"~"m where m € Z is an integer
prime to (.

Similarly, we have s|p,/p,_, = n¢ where ny € Z for all t and n; is an
integer of the form ["~"q; where ¢; is an integer prime to . As F; = "t Mjn
for all ¢ it follows that there is an integer ¢ € Z such that s|g,/p,_, = ¢ for
all ¢t. It follows from this and that the F, form a filtation of M;» that the
endomorphism s is the homothety of multiplication by the integer ¢q. That is
to say, there is an isomorphism

HOIIlp(Mln,MZn) = Z/an

It follows that for any integer m in S there is an isomorphism of abelian
groups
Homp(M,,, My,) = Z/mZ.

We obtain from (7.17.12) the isomorphism of discrete abelian groups

Homp(H®, M) 2= @ Homp (My,,, My,,) = P Z/miZ = H.
i=1 i=1

Furthermore, we obtain that the injection
H — Homp(H®, M) = H'

is an isomorphism. We have proved that for any finitely generated subgroup

H of G, the natural map H — H’ is an isomorphism of topological groups.
Let a,b be arbitrary elements such that a € G and b € G’. Let V be an

open neighourhood of zero of M. Let U be a neighbourhood of zero in G°
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such that b(U) C V and let H; C G be a finitely generated subgroup such
that {f € G°| f(H1) = 0} C U; as G° is a finite direct sum of copies of the
Pontrjagin dual of G that such a finitely generated subgroup exists follows
from the same property holding for the Pontrjagin dual of G [P, §I of Section
36, p.250]. Let H be the subgroup of G generated by H; and a. Then we also
have & = {f € G°| f(H) =0} C U; as b(®) C V and P is a group, we must
have b(®) = 0 as M is a group divisible by integers belonging to S; hence we
have b € H'. That is to say, we have shown that there is a finitely generated
subgroup H of G such that a € H and b € H’. From the first part of the
proof, the theorem holds for all finitely generated subgroups of G hence the
natural map w : G — G’ is an isomorphism of discrete abelian groups; this
proves the theorem. 0O

7.18 Proof of theorem 7.7.5

The proof consists of proving separately the finiteness of the groups
HI(E/K)j and [I[(E/K)«c where € is the sign in the functional equation
of the L-function L(s, E) of the elliptic curve E. For this, the cohomology
classes d(c) provide annihilators of the corresponding Selmer groups where ¢
is a sum of at most 2 distinct prime divisors.

The field L = K(En)

(7.18.1) Let

‘P be the infinite set of prime numbers given by definition 7.10.3;

F be the finite exceptional set of prime numbers of lemma 7.14.11;

€ = £1 be the sign in the functional equation of the L-function of E/F}
le P\ F.

Let < a,0 > where a € Pic(B) be one of the standard generators of the
Heegner module Hg 7z with coeflicients in Z. We have that (see (7.14.4))

(a,1,0,7) = H(m)o,z(< a,0 >) € E(K][0]).

Put

Ty = TrK[O]/K(a7 Ila 07 ﬂ-)
where z9 € E(K) lies in the group E(K) of K-rational points of E. It is
assumed that z( has infinite order in the group E(K) (see theorem 7.7.5).

The element Py = 7jp(< a,0 >) is the image in ;» E(K) of x¢ for all [ and
n (see notation 7.14.10).
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(7.18.2) Let ¢(l) be the largest integer such that
zo € 'WE(K).

Then ¢(1) = 0 for all but finitely many primes [, as x¢ has infinite order. Let
n be a positive integer such that

n > 2t(l) + 1.

7.18.3 Lemma. Put L = K(E»). Then the restriction map
HY (K, Ein (L)) = H' (L, Byn (L)) S/

is an isomorphism.

Proof. The Hochschild-Serre spectral sequence,
HP(L/K,HY(L,E;n(L))) = HP*(K, Ein (L))
gives rise to a short exact sequence of low degree terms
0— HY(L/K,Ep (L)) — HY(K, Ein (L)) — H'(L, Eyn (L)) E/K)
— H*(L/K, Eyn(L)) — H*(K, By (L)).

The two cohomology groups H*(L/K, E« (L)) and H*(L/K, Ej» (L)) are zero
by definition 7.10.3(b); hence this exact sequence shows that restriction map
of the lemma is an isomorphism.O

Application of Pontrjagin duality

(7.18.4) As Epn (L) is a trivial Gal(L**P/L)-module we obtain an isomorphism
obtained from restriction (by lemma 7.18.3)

H'(K, E;» (L)) — Homga(r, i) (Gal(L*P /L), E;» (L)), s — 3,

where the action of Gal(L/K) on Gal(L/K) and Gal(L*P/L) is described
below.

As Em(L) is an abelian group, any homomorphism in
Hom(Gal(L**? /L), Eyn (L)) factors through Gal(L*" /L), where L" is the max-
imal abelian extension of L. Hence the restriction map gives an isomorphism

H'(K, Epr (L)) — Homgai(r/x) (Gal(L*® /L), Eyn (L)), s = 3.

(7.18.5) The action of Gal(L/K) on the module of abelian group homomor-
phisms Hom(Gal(L?"/L), Ej» (L)) is given explicitly as follows. We have an
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exact sequence of profinite groups
0 — Gal(L**/L) — Gal(L**/K) — Gal(L/K) — 0.

As Gal(L*/L) is an abelian normal subgroup of Gal(L®’/K), we obtain an
action of Gal(L/K) on the right by conjugation on Gal(L*/L); that is to say

h =g 'hg, g € Gal(L/K), h € Gal(L*"/L)

where g is any element of Gal(L*"/K) lifting g. The action of g € Gal(L/K)
on a homomorphism s in Hom(Gal(L?"/L), Ej» (L)) is given by

(%) (h) = g(s(g~'hg)) for all h € Gal(L*®/L).

where g € Gal(L*?/K) is any lifting of g (see [HS, Chap. 1, 7]).

(7.18.6) We then obtain a pairing of groups

<,>: HY(K, Ejn(L))x Gal(L*/L) — Ejn (L)
t x h <t h>=1th).

This satisfies, for g € Gal(L/K)

g <t h>=g(i(h) =gi(g7*hy 'g) =i(h9 ) =<t,h9  >.

(7.18.7) Let K, be the closed subgroup of elements h € Gal(L*"/L) such that
<t,h>=0 forallte H'(K, En(L)).

That is to say, K, is the intersection of the kernels of all homomorphisms
< t,— >. Then G = Gal(L*®/L)/Ky is the abelian galois group of an
extension field L/L. Furthermore, G, is a Z[Gal(L/K)]-module.

7.18.8. Proposition. The pairing
HY(K,Epn (L)) x G, — Ep(L)
is perfect, that is to say the natural homomorphism
w: H'(K, Epr (L)) — Homgayr, k) (G, Ein (L))
is an isomorphism of discrete torsion groups and the natural homomorphism
W' Gy — Hom(H' (K, Ejn (L)), Epn (L)).

is an isomorphism of profinite groups.
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Proof. The abelian groups H' (K, Ej» (L)) and G, are both annihilated by ™.
The group H'(K, E;» (L)) is a discrete torsion group and Gy, is a profinite
group.

Recall from definition 7.10.3(a) and 7.10.3(c) that the prime number [ is
chosen so that [ # 2 and we have a commutative diagram of finite groups with
exact rows

Gal(L/K)
=
0 — SL(,Z/I"Z) — Gal(F(Ep)/F) —  Hn  — 0
l= 1 !
0 — SL(2,Z/I"Z) — GL(2,Z/I"Z) — (Z/I"Z)* — 0

det

where Hj» is the subgroup of (Z/I"Z)* generated by the powers of ¢ modulo
[™. The isomorphism

Gal(L/K) — Gal(F(E;.)/F)

at the top of this diagram is obtained by restriction to the subfield F(E;.)

of L; that this restriction is an isomorphism holds because K and F(Ej.) are

linearly disjoint over F' (by definition 7.10.3(e)) and hence K N F(E») = F.
We now calculate the group

Homgy,(2,2/im7z) (E1, E1)

where we have the standard action of SL(2,Z/I"Z).

The module FE; is a simple Z[SL(2,Z/I"Z)]-module. Let
s € HomSL(ZZ/an)(El,El). Then either s : F; — Ej is surjective or s is
equal to 0. Suppose then that s is surjective. As F; has only finitely many
elements, the map s : £} — E; must then be an isomorphism. Hence s is given
by a matrix in GL(2,7Z/!Z) which commutes with SL(2,Z/1"Z); hence s is a
homothety. That is so say, there is an isomorphism of rings

Homgy,2,z/inz) (E1, £1) = Z/1Z.

As SL(2,7Z/I"7Z) is a subgroup of Gal(L/K), we obtain an isomorphism of
rings
Homgai(L/x) (B, B1) = Z/1Z.
The conditions of theorem 7.17.11 are then fulfilled for the discrete torsion
group H!(K, Ej» (L)) and the finite group Gal(L/K) acting on Ej.. We obtain
from this theorem the equality

['I<> - Homcts(Hl(K7 El" (L))7El” (L)))
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and the isomorphism
Homgay (k) (H®, Ein (L)) = H' (K, En (L)).
By (7.18.4), we obtain an isomorphism obtained from restriction
HY(K, En(L)) = Homgar ) (G, Ein (L)), s — &.

The group G is a Z[Gal(L/K)]-submodule of Homey(H! (K, Epn (L)),
Ej»(L)); that is to say we have an inclusion of Z[Gal(L/K)]-modules

G C H®.

Let
A C Homgay(r k) (H®, Epn (L))

be the annihilator of G ; that is to say
A ={h € Homgar/x)(H®, En(L)) | h(g) =0 forall g€ Gr}.

As we have
Homga (1 x)(H®, En (L)) = H' (K, Ein (L))

we obtain A = 0. By proposition 7.17.7(ii), we obtain
Homga(r/x)(H®/GL, Ein (L)) = A = 0.

The module Ej is a simple Z[Gal(L/K)]-module and Ej» has a composition
series whose composition factors are all isomorphic to E;. We have

H® = Home(H' (K, Epn (L)), En (L))

where H® is a profinite group annihilated by ["; it follows that every com-
position factor of every finitely generated Z[Gal(L/K)]-submodule of H® is
isomorphic to E;. As A =0, it follows that H®/G, = 0 and hence G|, = H°.
O

(7.18.9) Let S be a finite subgroup of H*(K, Ej«(L)). Let G be the open and
closed subgroup of elements g of Gal(L*/L) for which < s,g >= 0 for all
s € S. Let Lg be the finite galois extension field of L which is the fixed field
of Gg. Then the pairing <, > induces a pairing

S x Gal(Lg/L) — En(L), s,g—<s,g>.
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7.18.10. Corollary. The pairing
S x Gal(Lg/L) — Er (L), s,g—< 8,9 >

is non-degenerate that is to say it induces an isomorphism of Z[Gal(L/K)]-
modules

Gal(Ls/L) 2 Hom(S, Ein (L))

and an isomorphism of abelian groups (if S is a Z|Gal(K/F)]-module then an
isomorphism of Z[Gal(K/F)]-modules)

S = Homgai(z/x)(Gal(Ls/L), En (L))

Proof. This follows from proposition 7.18.8, proposition 7.17.9, and theorem
7.17.11.0

The cocycles v;(0)

(7.18.11) Let IN(®) be the set of positive integers prime to p, where p is the
characteristic of the global field F.

(7.18.12) For a place v of the field K, we write K, for the completion of K
at the place v. We have a commutative diagram of groups for all n € IN®),
where the maps res, are the restriction homomorphisms and the rows are
exact sequences

0 — .B(K) — HYK,E(K*?),) — HYK,E(K*P)), — 0
l | res, | res,
0 —- ,BEK, — HYK, E(K:*),) — HY{K, EK*P)), — 0

For any integer n prime to p, the Selmer group of F x p K/K is defined as

"(E/K) = m res, K,)).

veEX K

Then S™(E/K) is a finite subgroup of H (K, E,,(L)).

(7.18.13) Let 72 € E(K®P) be a fixed ["th division point of x¢, that is to say
79 is any point which satisfies {"(72) = xo. We have zq € E(K) and by
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definition v(0) = OP,. The cocycle

10) : g g(72) — 22, Gal(K*P/K) — Eyn (K*7),

)

represents a cohomology class in H!(K, Ej» (K®°P)) which is the image of
Py € ;n E(K) under the homomorphism

9:mB(K) — H' (K, Ejn (K°P))

(see the diagram (7.14.5)).
We obtain that v(0) is an element of the Selmer group

7(0) € SU(E/K).
The restriction of this cocycle (0) to Gal(L**P /L) is a group homomorphism

¥(0)]1 : Gal(L*P /L) — Epn (L), g g(>2) — 22,

2

The kernel of this homomorphism ~(0)|r, is the subgroup of elements which
fix 72, that is to say the fixed field of ker(v(0)|z) is precisely the field

1
L,= L(l—nxo).
which is an abelian galois extension of L.
(7.18.14) For any integer 4 such that 0 <4 < n put
1
The element xq induces cocycles v;(0) € H' (K, E;i) represented by

g Hg(%) — %, g € Gal(Ksep/K).

The cocycle v;(0) is equal to " ~%y(0).

7.18.15 Proposition. (i) The cocycle ;(0) is zero in HY (K, Eyi) if and only
if 29 € 'E(K).

(ii) We have L; = L if and only if o € I'E(K); in particular, we have
Lyayr1 # L.

Proof. (i) The cocycle v;(0) is zero in H'(K, Ej:) if and only if it is of the
form (g — 1)@ where Q € Ej: that is to say if and only if

g(% Q)= ’5—0 — Q for all g € Gal(K*P/K).
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This happens if and only if 22 — @ is an element of E(K); as I'Q = 0, this is
to say 7;(0) = 0 if and only if zg € I'E(K).
(ii) Letting S be the subgroup generated by " ~*y(0) in the corollary 7.18.10,
we obtain an isomorphism

Gal(Ls/L) = Hom(S, Ey (L)).

The field Lg is equal to L; for the same reason that the fixed field of ker(y(0)|1)
isequal to L,,; hence L; = L if and only if S = 0. That is to say, we have L; = L
if and only if zy € I'!E(K); in particular by (7.18.2) we have Lyy41 #L. O

(7.18.16) By the isomorphism of lemma 7.18.3
HY (K, Ej» (L)) = Homga (1 1) (Gal(L**P /L), Epn (L))

there is a smallest finite abelian extension field M of L, Galois over F' and of
order a power of I, through which all elements of the finite group S¢")(E/K)
factor. By corollary 7.18.10, we have

SUNE/K) = HY(Gal(M/L), B (L)) (/K
and we have
Gal(M/L) = Hom(S"")(E/K), En(L)).
(7.18.17) We have the inclusions, where L # Ly1y41 by proposition 7.18.15,
(7.18.18) L=Ly=1L1=...= Lt(l) C Lt(l)+1 c...cL,CM.

Let I; = Gal(M/L;) and H = Gal(M/L). Then I; is a nested sequence of
subgroups of H

H:IOZIlz...:It(l)Dlt(l)_HD...DInD{l}.

We have a diagram of fields

(7.18.19) L=K(En)

Let 7o € Gal(L/F) be as in (7.11.1). Then 7 has order 2. Let
7' € Gal(M/F) be a lifting of 7. As M/L is a galois extension of order
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a power of [ where | # 2 (by (7.18.1)) we may assume that 7’ has order 2.
Then we have

2
=1

(7.18.20)
The element 7., acts on H by conjugation by 7’: this action is independent of
the choice of lifting 7. As [ > 2, the group H, and its subgroups, decompose
into a sum of eigenspaces under the action of the involution 7,: namely

(7.18.21) H=H"oH .

Lemma 7.18.22. Let h € H and let z be a closed point of Spec A prime to
the conductor I and the discriminant of K/F such that Frob,(M/F) = [7'h]
where [g] denotes the conjugacy class of an element g. Then z remains inert
in K; let 2% be the unique place of K lying above z. We have

(i) 2* splits completely in L/K and z € Djn;

(ii) h'*7= € I if and only if xg € I'E(K :);

(iii) h'*7> & I if and only if res,s6(z) (notation 7.14.13) has order at least
["=*1 provided that | is prime to |Pic(B)].

Proof of lemma 7.18.22. (i) We have Frob,(L/F) = Frob,(M/F)|r = [7'h]|L =
Too- Hence we have Frob: (L/K) = [r2] = [1]. This shows that z* splits com-
petely in L/K and that z € Dj» by definition 7.11.3(ii).

(ii) We have z¢ € I!E(K,:) if and only if Frob,x(L;/L) = [1] where 2* is
any place of L over zf. But, by part (i), we have Frob_x (L;/L) = (7'h)?|L,,
the restriction to L; of (7h)?. Hence we have zg € I'E(K ) if and only if
(7'h)? € I; which is the case if and only if

Thr'he
as 7/ has order 2 by (7.18.20). As H is abelian, we have 7/h7'~'h € I if and
only if (by (7.18.21))
BT = pTh = 7'hr ‘he I = [N HY.

(iii) By lemma 7.14.14(ii), the order of res 4Py in ;» E(K,:) is equal to the
order of res,:0(z) as the order of z* in Pic(B) is prime to I by hypothesis. As
2% splits completely in L/K by (i), it follows that

E(K ) = (Z)1"Z)%.

Therefore the exponent w of the order [* of res,: Py is the least integer u such
that
29 EI"TUE(K ).

Now for any integer u we have ¢ € [""“E(K ) if and only if h!*7~ € I,
by part (ii) above.O
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7.18.23. Lemma. The field extension M /K is unramified at all primes of K
not dividing I and oo.

Proof. Let S be a finite set of primes of K containing the primes at which
FE has bad reduction; that is to say, S is a set of primes of K containing all
the primes dividing the conductor I of E/F and the prime co. Let Kg be the
maximal subfield of K*°P containing K which is ramified only at the primes
in S. Let G be the galois group Gal(Kg/K). Write E(m) for the m-primary
component of E that is E(m) = J,~; Enr. If m is prime to the characteristic
p of F, by [M, Chap. 1, Prop. 6.5] we have an exact sequence

0— H'(Gg, E(m)) —» H'(K,E(m)) — [[ B (K., B).
vgS

Furthermore, by the definition of the field M and (7.18.16) we have the in-
clusions for any n prime to p

S(n) (E/K) — Hl(M/L,En(L))Gal(L/K) C Hl(L, En(L))Gal(L/K).
It follows from this previous exact sequence and that

SM(E/K) = m res, ' (,E(K,))

veEX K

that any prime of K not dividing I and oo is unramified in M/K. O

7.18.24. Lemma. We have an isomorphism of groups, for § = +,

H /1)y = Z/IZ.

Proof. By definition of #(I) (see (7.18.2)), we have
zo =1'Wy where y e E(K)\IE(K).
We then have isomorphisms of 7,.-modules
H/ L4 = Gal(L(%y)/L) ~ Fi(L).
As H/I;;y41 is a group of order 12 where [ > 2 it follows that
H [Ty q =2 (H/Ligys1)’ = E(L)°.

As | € P we may select a prime divisor z € Dj»n. Then z remains inert in
K/F (definition 7.11.3); let z* denote the place of K lying over F. Let & .
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denote the reduction modulo z of the Néron model of E/F. The reduction

homomorphism
B(L) — &o,-(k(2*)):

is then an isomorphism. By lemma 7.11.5, we obtain
E(L)] = &o.2(s(z))} 2 Z/1Z

whence the result holds.O

Finiteness of [I1[(E/K )fw

(7.18.25) Let h € H be such that

14700
RS nA

This choice is possible because Ij(l)ﬂ # H* by lemma 7.18.24. By Cebotarev’s

density theorem, we may select a closed point z of Spec A, unramified in M/ F,
such that
Frob,(M/F) = [7'h].

7.18.26. Lemma. If [ is prime to |Pic(B)|, we have

'Wres . (SU)(E/K)) = 0.

Proof. We have z € Dj» by lemmas 7.18.22 and 7.18.23. Again by lemma
7.18.22, z remains inert in K and the place z* lying over z splits completely
in L/K.

Let 6(z) € H' (K, E)§. be the class given by notation 7.14.10 and lemma
7.14.11. By lemma 7.14.14(i), 6(2) is locally trivial at all places of K except
possibly at zf. By lemma 7.18.22(iii) we then have the order of res:§(z) is at
least ["~t(1),

Let s € SU")(E/K)¢. By proposition 7.16.3 we have

(7.18.27) 1'Ores ;s = 0.

as required.Od

7.18.28. Proposition. If is prime to |Pic(B)|, we have
'OSUN(E/K) = 0.
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Proof. Let s € SU")(E/K)¢. Let z be as in (7.18.25). The place z* of K lying
over z splits completely in L/K. Let z* be a place of L lying over 28 As z is
unramified in M/F any place above z in L is unramified in M /L. Hence the
frobenius element Frob,x (M /L) is well defined and we have

res,i(s) = §(Frob,x (M/L)).
where § is the image of s under the isomorphism (see (7.18.4))
H'(K, Epn (L)) — Homgai(r/x) (Gal(L*® /L), Eyn (L)), s = 3.

By definition res,:(s) is the restriction to Gal(K(”/K,:) of the cocycle
s. As s is trivialised over M, an extension of L unramified at z, we have
that the restriction of s lies in H'(K"'/K +, Ejn) where KU} is the maximal
unramified extension of K ;. This holds because

0— HYKY /K, Epn) — H (K, Epn) — HY(K 4, E)

is exact (from [M, Chap. I, Prop.6.5]). But the group Gal(K}'/K ) is gen-
erated topologically by the Frobenius element at z#. We have

Frob,(L/F) = [1s]

and
Frob,x (M/L) = [(7'h)?].

Hence by lemma 7.18.26 we have

1'O5((r'h)?) = 0.
Hence we have (as 7/ has order 2 by (7.18.20))

1'O5(+'hr' " h) = 0.
Whence we have, as § is a homomorphism H = Gal(M/L) — Ejn,
1O5(h™) + 1"V 5(h) = 0.
As s is in the € eigenspace under the action of 7, this equation becomes
1D (er,0)5(h) + 110 3(h) = ' (1 + e750)3(h) = 0.

We have therefore shown that for every g € H such that

1+700 +
¢ It(l)Jrl

g
then

(7.18.29) 'O (1 + e750)3(g) = 0.
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Let
a=1"0(1 + ery0)s.

Then « is a homomorphism H —  Ei»  which is zero on

H\(H™ @I, ). As H-® 1), is a proper subgroup of H (lemma 7.18.24),

the map a must be the zero homomorphism on H. It follows that we have
from (7.18.29)
(7.18.30) 1'Os(H) C EL-.

That is to say, the image of H under {3 is cyclic and defined over K and
hence is contained in a Borel subgroup rational over K. But Gal(L/K) is
not contained in a Borel subgroup of GL(2, Ej») by definition 7.10.3(c) and
7.10.3(e). Hence we must have

*Ws(H) = 0.

Therefore we have
'OSsUN(E/K) = 0.

as required.Od
7.18.31. Corollary. If is prime to |Pic(B)|, we have
FOTII(E/K)jw = 0

and
(‘E(‘Kv)/'E(*K')Q—torsiom)6 is finite.

Proof. We have the exact sequence (see (7.9.3))
0 — (mBE(K)) — S(E/K) - [II(E/F)j. — 0.

By taking arbitrarily large values of n we obtain from proposition 7.18.28 and
this exact sequence that

IOTTI(B/K )i = 0.
Furthermore we have that
'O B(K))] = 0.

Taking again n to be arbitrarly large we obtain that, as the group F(K) is
finitely generated by the Mordell-Weil theorem,

(E‘([()/E/‘([{)thorsion)E is finite
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as required.O

Finiteness of [I11(E/K);s
(7.18.32) As in (7.18.2), let n be an integer satisfying n > 2¢(I) + 1.
As in (7.18.25), let h € H be such that
1+700
W E Ly
and let z be a closed point of Spec A, unramified in M/F, such that
Frob,(M/F) = [7'h].
7.18.33. Lemma. Let m > 0 be an integer. Suppose that [ is prime to
|Pic(B )| We have that these are equivalent:
(2) € SUN(E/K);

(a) I

(b) res,: (I™d(z)) = 0;
(c) I™zg € I"E(K 1);

(d) h1+7'0C c I+

(e) I™é(z) € [II(E/F )i

n—m?’

Proof. We have the commutative diagram of torsion abelian groups with exact
rows and an exact right-hand column

0
!
0 — LEK) — SUE/K) -  JIE/F. - 0
= ! !
0 - LEK) — H'(K,E) — HYK,E), — 0
! | res, | res,

0 — HU*E(KU) - Hv Hl(K’U>E*) - Hv Hl(KU7E)* — 0

(a) = (b) follows from this diagram as ["™~(z) € S")(E/K) implies that
I™8(z) € [II(E/F);» and hence that res,, (I"™d(z)) = 0 for all places w (lemma
7.14.14(1)).

(b) = (c) follows from lemma 7.14.14(ii) (or lemma 7.18.22(ii) and (iii)).

(¢) & (d). From lemma 7.11.5(ii) it follows that

B(K )i = (Z)1"7).

Hence the implications (c¢) < (d) follow from lemma 7.18.22(ii).
(d) = (e) by lemma 7.18.22 and as 6(z) is locally trivial at all places different
from z.
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(e) & (a) from the above diagram as 0(z) is the image of v(z) under the
homomorphism
HYK,Epn) — HY(K,E)». O

7.18.34. Remarks. (i) We have z € Djn; this holds because for any z with
Frob,(M/F) = [r'h] we have Frob,(L/F) is the restriction to L of the conju-
gacy class [T h] but this restriction is equal to [7] (see (7.11.1)). Furthermore,
again by lemma 7.18.22, z remains inert in K and the place 2 lying over z
splits completely in L/K.

(ii) Suppose that [ is prime to |Pic(B)|. By lemma 7.18.22(ii) and (iii), the
element

§(z) € HY(K, Epm)©

satisfies that the order of res,:d(z) is precisely equal to "=,

It follows that, by lemma 7.18.33 above, that " *W~(z2) € S (E/K)*
and that "W =1~(2) ¢ SU")(E/K). It also implies that the order of res,:y(2)
is at least [ (1),

(7.18.35) Suppose that [ is prime to |Pic(B)|. Denote by 4 the image of v(z)
under the isomorphism (see lemma 7.18.3)

HY(K, Epn) = Homgay () k) (Gal(L*P /L), Eqn).

There is smallest finite abelian extension field L’ of L through which (*~*() 14
factors; that is to say we have a commutative diagram of groups

ln_t(l)_l’ﬁl

Gal(L5P/L) — Epn

\ /g
Gal(L'/L)

where the homomorphism g is injective. Let L” be the smallest extension
field of L through which I"~*"4 factors. Then " *y(z) € S )(E/K)
(remarks 7.18.34(ii)) and we have a diagram of fields

L M
AN !
L" L,
T/
L

Furthermore we have isomorphisms of Gal(L/K)-modules
Gal(L'/L") = E,

Gal(L”/L) = Elr
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where [” is the order of "~ t(Dy(2).

7.18.36. Lemma. Suppose that [ is prime to |Pic(B)|. Let w € Dj», where
w # z, and let w* be the unique place of K above w. The following statements
are equivalent:

() Frob,s(L'/L) = L;

Proof. The place w* is unramified and splits completely in L/K by definition
7.11.3; we denote by the same symbol w® any place of L lying over the place
w? of K. The equivalences of (a), (b) are evident.

The implication (b)=-(c) is evident. That (c)=-(b) follows from the fact
(see (7.18.35)) that the homomorphism

g:Gal(L'/L) — Ejn
representing "~ ‘)=l is injective and hence
1" ~*O=13(Frob,,: (L' /L) = g(Froby:(L'/L)) = 0&Frob,: (L' /L) = 1.

To show the equivalence of (¢) and (d), by the diagram 7.14.5 we have the
exact sequences

0— mE(K) — HY(K,E,,) -  HYK,E),, — 0
1 res | quasi — isom. res |
0= (WB(K[)% %  HY(K[d,Bn)% — H(K[d,E)%

As w # z, we have res,:0(z) = 0; hence we have that res,:v(z) € n E(K,)
(see §7.9). That is to say res,:y(z) is in the image of the homomorphism

nB(K i) — H (K, Ep)

and we have
P P

1)) =9(7) - =
for some P € E(K,:). As vy(2) € HY(L'/L,E;x) the restriction of ~(z)
to K, is then an element of Hl(LQUX/Lwn,Em) where w* is a place of
L’ over w*. As Gal(L! . /L,:) is cyclic and generated by the Frobenius el-
ement Frob,:(L//L) we obtain that res,:" ‘®~1y(z) = 0 if and only if
" ~*W=13(Frob,: (L' /L)) = 0. The equivalence of (c¢) and (d) follows from
this. That (d) and (e) are equivalent follows from remark 7.14.12(ii). O

(7.18.37) Let 7" € Gal(M/F) be as in (7.18.20), that is to say it is a lifting
of Too. We may then select a lifting 7/ € Gal(L’/F) of 7o such that 7" has
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order 2 and that 7'|p» = 7”|p~. That such an element 7" of order 2 exists is
a consequence of the group Gal(L'/K) having odd order namely a power of [.

7.18.38. Lemma. Suppose that [ is prime to |Pic(A)|. For any element i € H
such that i' T~ € I'* there is a prime divisor w € D, w # z, of Spec A, and
with lifting w® to K, satisfying the four conditions

(
(
(
(

a) Frob,(M/F)=[r'i where i*™= € IF;
b)  Frob,(L'/F)=[r"j] where j € Gal(L'/L) satisfies j1T7 #£ 1;
c) Frob,:(K|[z]/K) has order prime to I,
d) Frob,:(K[w]/K) has order prime to I.

Proof. The two conditions (a) and (b) on w are simultaneously satisfiable
provided that

il = jlur

as we have L' N M = L”; for then the restrictions to L” of the Frobenius
elements Frob,,(M/F) and Frob,,(L'/F) coincide.
If I” is the order of I"~*)4, we have by corollary 7.18.10

Gal(L'/L) = Hom(ZI"*W=14, B (L)) = Ejrsa (L)

and
Gal(L"/L) = Hom(ZI"*D4, B (L)) = Ep-(L).

Hence we have an isomorphism of 7,,-modules

Gal(L'/L") = Epr41 (L)/E-(L).
The surjective homomorphism

Ep ()-S5 E,
shows that there is an isomorphism
Gal(L' /L") = E(L).

It follows from this and from lemma 7.11.5(ii) that we have

Gal(L'/L")* = E(L)* = 7/1Z.

In particular, Gal(L'/L"”)" is not reduced to the identity element. We have
surjective homomorphism of galois groups

Gal(L'/L) Gal(M/L)

N\ v
Gal(L" /L)
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It follows that for any element i € Gal(M/L) such that i'*7> € I} there is
at least one element j € Gal(L’/L) such that j'*7= =1 and j|1» = i|1~ that
is to say for any element 7 satisfying (a) there is an element j satisfying (b)
where

i‘L// :j|L//,

Hence for any element i € Gal(M/F) satisfying i'*7™~ € I there is a prime
divisor w € Dy» and satisfying the conditions (a) and (b) above.

Furthermore, as w € Dj» the prime w remains inert in K/F (definition
7.11.3). It follows from the conditions (a) and (b) that Frob,, (K[z]/F) = [m],
where m € Gal(K[z]/F) and m ¢ Gal(K[z]/K). Hence we have
Frob, (K|[z]/F) = [rk] where T is the nontrivial element of Gal(K/F) and
k € Gal(K[z]/K). Then we have Frob,:(K|[z]/K) = [(7k)?]. As Gal(K|[z]/F)
is a generalised dihedral group (proposition 2.5.7), it follows that (7k)? lies
in the subgroup Pic(A) of Gal(K|[z]/K). As [ is prime to |[Pic(A4)], it follows
that Frob,: (K[z]/K) € Pic(A) has order prime to I; this gives the condition
(¢).

Similarly, as z € Dj» the prime z remains inert in K/F (definition
7.11.3). Hence we have Frob,(K[w]/F) = [m], where m € Gal(K[w]/F)
and m ¢ Gal(K[w]/K). Hence we have Frob,(K[w]/F) = [rk] where T
is the nontrivial element of Gal(K/F) and k € Gal(K[w]/K). Then we
have Frob,:(K[w]/K) = [(7k)?]. As Gal(K[w]/F) is a generalised dihedral
group (proposition 2.5.7), it follows that (7k)? lies in the subgroup Pic(4) of
Gal(K[w]/K). As | is prime to |Pic(4)|, it follows that
Frob,: (K [w]/K) € Pic(A) has order prime to [; this gives the condition (d).O

7.18.39. Lemma. Suppose that is prime to |Pic(A)| and is prime to |Pic(B)|.
Let i € H be any element such that i'*™ € I*. Let w € Djn be as in
lemma 7.18.38 applied to i. Let w® be the unique place of K above w. Then
lt(l)é(z + w) is locally trivial at all places except at w* and its restriction at
the latter place has order at least ["~2t().

Proof. The place w' splits completely in the extension L/K. For we have
Froby (L/F) = Frob,(L'/F)|L = [7"j]|lL = Too s0 we have Frob,:(L/K) =
[T//]Z =1.

Since i'*7> € IF by lemma 7.18.22(iii) we obtain that res,:(§(w)) = 0.
Hence by lemma 7.14.14(i), d(w) is locally trivial everywhere. Therefore we
have (by lemma 7.14.11(ii) and lemma 7.18.33)

S(w) € [II(E/K);. and ~(w) € SU)(K/F)e.
But by proposition 7.18.28 and corollary 7.18.31, we then have

'Oy (w) = 1'O§(w) = 0.
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By remark 7.14.12(ii) we then have
(7.18.40) 'OP, =0 in mE(Kw).
By lemma 7.14.11(ii) we have
§(z+w) € HY(K[z +w]/K, E).°

and by lemma 7.14.14(i)
res,d(z +w) =0

for all places v # 2%, w* of K. On the one hand, by (7.18.40), lemma 7.14.14(ii)
and condition (d) of lemma 7.18.38, we have

res,: "W (z +w) = 0.

On the other hand, let w’ be a prime of K [2] lying over w?; then res,,: (16 (2 +
w)) has the same order as res, /"D P, in jn B(K[z]y), by lemma 7.14.14(ii)
and condition (c) of lemma 7.18.38. But we have by lemma 7.18.36

res, (1" 71p) =0

if and only if
Frob,/(L'/L) = 1;

but we have, as w® splits completely in L/K (remark 7.18.34),
Frob, (L'/L) = [(r"3)?]

hence Frob, (L'/L) = 1 if and only if (7”5)> = 1. As 7” has order 2,
Frob, (L'/L) = 1 then holds if and only if j**7~ = 1 which contradicts
the hypothesis (b) of lemma 7.18.38 on j. Therefore the order of res,,I*() P,
is at least 1" ~2*(). Hence the order of res,:I*V§(z +w) is at least " ~2t(), We
have in conclusion that [*()§ (z + w) is locally trivial at all places except at
w? and its restriction at the latter place has order at least [~ 2().0

7.18.41. Proposition. Suppose that [ is prime to |Pic(A)| and is prime to
|Pic(B)|. We have the inclusion

POSENE/K) ™ C Zy(0)

and we have
POTII(B/K) = o.

Proof. Let s € SU")(E/K)~¢. Let i € H be an element such that i'*7~ ¢ I}
and let 6(z +w) be the cohomology class given by lemmas 7.18.38 and 7.18.39
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applied to i. Applying proposition 7.16.3 to I*)§(z + w), we obtain that (by

lemma 7.18.39)
reswnl%(l)s =0.

Therefore as Frob,,(M/F) = [7'i] (by condition (a) of lemma 7.18.38) we have
2W3((1'1)?) = 0.
Hence we have as 7' has order 2
2Og(7'hr' " h) = 0.
Whence we have (as § is a homomorphism H — Ejn)
PtOg(p™) + 12O 5(h) = 0.
As s is in the —e eigenspace under the action of 7., this equation becomes
2O (—er)3(h) + 12*W5(h) = 12D (1—er40)3(h) = 0.

We obtain for all i € H such that i!¥7~ e [F
(7.18.42) 120 (1—e740) (i) = 0.
In particular, (7.18.42) holds for all ¢ € I,,. Hence we have from (7.18.42)
(7.18.43) 120 (1—er50)3(I,) = 0

that is
12W3(1,) C Ef..

But then 12/(D5(1I,,) is a cyclic subgroup of Ej» defined over K and hence is
zero by definition 7.10.3(c) and (e). Therefore we obtain

12*W3(1,) = 0.

Hence 12!V induces a homomorphism H/I,, — Ej». But we have that H/I,
is isomorphic to the galois group of the field extension L,,/L (see the commu-
tative diagram (7.18.19)). Hence we have that

10 € Homgu(r/ i) (Gal(Ln /L), Byn).
But by the corollary 7.18.10 we have
Homgai(r/x)(Gal(Ly, /L), Epn) = Zry(0)

as the field L, is precisely the field Lz, (o) in the terminology of the corollary
7.18.10. It follows that (2! s is an integral multiple of ~(0). We then have the
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inclusions, as s is any element of SU")(E/K)~¢,
OSSN E/K)=¢ C Z(0).
We have the exact sequence of quasi-groups (see (7.9.3))
0— LE(K)— SYE/K)—]I(E/K). — 0.
Hence as 1S (E/K)~¢ is contained in the image of j» E(K) we obtain

(7.18.44) POTIE/K)E =0. O

End of proof of theorem 7.7.5

7.18.45. Proposition. Suppose that [ is prime to |Pic(A)| and is prime to
|Pic(B)|. We have:

(i) the highest power of | dividing [E(K) : Zxo| is at most 150,

(ii) PYOTI(E/K )i = 0;

(iit) Z*OT[(E/F);~ = 0.

Proof. We have from proposition 7.18.41 and corollary 7.18.31
POI(E/K ) = 0.

We then obtain from proposition 7.9.4
POTII(E/F)ie = 0.

This proves parts (ii) and (iii) of the proposition.
For part (i), from proposition 7.18.41 we have

POSE(E/K) ™ C Zy(0)
and we have from proposition 7.18.28
POSWNE/K) = 0.

It then follows that
12O (1. B(K)) C Z~(0).

That is to say we have, as y(0) = Py, where P, is the image of zg € E(K)
in j» E(K) (see the diagram of 7.14.5)

P'WE(K) ®z Z/I"Z C Py C E(K) ®7 Z/1"Z.
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We may then take the inverse limits over n of these inclusions and obtain
the inclusions of Z;-modules, where Z; is the l-adic completion of Z, (cf. [H,
pp-190-192])

POE(K) ®z 2 C Zyzo C E(K) @z 7.

As Zjx is a free Zj-module of rank 1; it follows that >V E(K) ®z Z; is a
free Z;-module of rank 1. Furthermore by the Mordell-Weil theorem F(K) is
a finitely generated group; hence we obtain an isomorphism

EK)®ozZ = ZioT
where T is a finite abelian [-group such that
2O = .

As F is an elliptic curve, the [-torsion subgroup of 7' is a vector space of
dimension < 2 over the prime field IF;; we obtain

‘T‘ g l4t(l).
The group
E(K)®z 7
le‘o
is then a homomorphic image of the quotient group

;T - 7

20(Z, & T) = 12t 7, oT.

This group has order
l2t(l)|T| < lﬁt(l).

We obtain that, where |.|; denotes the usual l-adic valuation of Z,

[E(K) : Zao)l; > 1750, O

7.19 Comments and errata for [Br2]

We would like to take this opportunity to give some comments and corrections
on the first paper [Br2] of this series. The page numbers and proposition
numbers are that of [Br2] unless otherwise stated.

p-490. 1.]13. The second sentence should read: “Let F' be the rational function
field k(T) over k.

p.490. Theorem 1.1(i). The statement concerning E(F') is not correct. It
should read that E(F) is of finite order if the sign e = +1 in the func-
tional equation for the L-function L(E/F,s) of E/F is equal to +1 and is
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an abelian group of rank 1 if e = —1. The same change should be made in the
corresponding statement of Theorem 5.2.6.(1).

p-491. In this list of surfaces over finite fields, for which the Tate conjecture is
known, should be included all Fermat surfaces over finite fields. This has been
proved by Shioda and Katsura [SK, Theorem 2.6]. They have also proved the
Tate conjecture for many higher dimensional Fermat varieties.

p-501. 1.]16-17. This definition of split multiplicative reduction should read
that the closed fibre above oo of a co-minimal model of E//F is a nodal cubic
where the tangents at the node are rational over the residue field x(c0).

p-501. Theorem 4.1. A proof of this function field analogue of the Taniyama-
WEeil conjecture has been given for the general case of Tate elliptic curves
over global fields of positive characteristic by Gekeler and Reversat [GR]. The
original Taniyama-Weil conjecture has been proved by Wiles [W] for semi-
stable elliptic curves over the rational numbers Q.

p-504. Lemma 5.5.6. In the statement of this lemma, finitely many primes of P
must be excluded, namely the primes [ = 2,3 and the primes dividing ¢® — 1,
where ¢ = |k|. The reason for excluding 2 and 3 is that the group SL(Z;) has
no non-trivial abelian homomorphic images for [ > 5 but such images exist
for I = 2 and 3. The reason for excluding /|¢? — 1 is that the implication in
the proof that M C K|0] implies M C K need not be true otherwise. In fact
this lemma 5.5.6 holds for all except finitely many prime numbers [ and not
just the primes [ lying in P as is stated in the lemma.

[See proposition 7.3.8 of the present paper for an improved version of
lemma 5.5.6.]

p.505. Lemma 5.5.10.(ii) This should read & .(k(z)) i» = Z/I™Z. Similarly,
p.506. 1|2 should read Ej°" = 7,/I1"Z.

p-507. 1.71-3. Let € be the sign in the functional equation of E; then the
Atkin-Lehner involution w; acts on E as —e. The e in this paper [Br2] is
used confusingly for both these two opposite roles. In Lemma 5.7.9, € is the
opposite of the sign of functional equation. Furthermore, p.510 1.]2-3 should
also read that € is the opposite of the sign of functional equation.

p.512 1.|21. ?Then L' N M = L...” this is true if ¢(I) = 0, which holds for
all except finitely many [; this is sufficent to prove the main theorem 5.2.6.
Nevertheless L'NM # L if t(l) # 0 and in this case the proof can be completed
by the modification of the same argument given in lemma 7.18.38 above.



Appendix A

Rigid analytic modular forms

This appendix is an introduction to rigid analytic modular forms of charac-
teristic p > 0 and rigid analytic spaces. Rigid analytic modular forms were
first introduced by Goss. The application to elliptic curves over function fields
is explained in §A.13 and is the following; with the notation of theorem 4.7.1,
if f: XP(I) — E is a finite surjective morphism of F-schemes where E is
an elliptic curve over F', and if w is a Néron differential on E then f*w is a
rigid analytic modular form on the rigid analytic space (X" (I) ® p Fuo)an
associated to the curve XP*n(I)/F.

[We only give here a brief résumé of the definition and main properties of
rigid analytic spaces and also of modular forms; in particular, most proofs are
omitted. For more details see [T4], [BGR],[Hu], [Gol], and [Go2].]

A.1 Basic definitions

(A.1.1) Let L be a fixed ground field, complete with respect to a non-trivial
non-archimedean absolute value denoted by |z| for all 2 € L. The absolute
value |.| satisfies for all z,y € L
|yl = [x]-ly]
and
|+ y| < max(|z], |y[).
The field L is complete with respect to the metric d(z,y) = |z — y|.

(A.1.2) Let L be the algebraic closure of L. The absolute value |.| then extends
uniquely to an absolute value |.| on L. Let L denote the completion of L with

respect to this absolute value |.|. Then the field f is also algebraically closed.

M.L. Brown: LNM 1849, pp. 435-505, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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(A.1.3) Let R ={x € L | |z|] < 1}. Then R is the ring of integers of L and
possesses a unique maximal ideal m = {x € L | |z| < 1}. The quotient R/m
is the residue field of R.

(A.1.4) Let
fz) =) ai'
=0

be a formal power series with coefficients in L; that is to say f € L[[z]]. Let
x € L; then the power series f(x) converges in L if and only if a;2* — 0 as
i — 00, as the absolute value is non-archimedian.

A.2 The Tate algebra
(A.2.1) Let D™ be the polydisc
D" ={(z1,...,2,) € L™ | |z;] <1 for all i}.
Let L{z1,. .., zn} be the ring of all formal power series in n variables z1, ..., 2z,
which converge in D™. The algebra L{z1,...,2,} is called a Tate algebra.

For an n-tuple i of non-negative integers i = (i1,...,4,) we write z' for
the monomial z*...z4; we write

n
HEDIES
r=1

Then we have that a formal power series f € L[[z1,...,2,]] is an element of
the Tate algebra L{z1,...,2,} if and only if

fz1, o oy2n) = Zaizi

where
lai| — 0 as ||i|]| — oo.

We write T,, in place of L{z1,...,2,}.
(A.2.2) The Tate algebra T, is noetherian. Define a norm on T,, by
| Zaiz | = max|as].

Then this norm is multiplicative on the algebra T;, and T, is then a Banach
algebra over L with respect to this norm.
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(A.2.3) For any maximal ideal J of T;, the L-algebra T,,/J can be shown to
be a finite field extension of L. Let

max(T;,) = the set of maximal ideals of T;,.

A.3 Affinoid spaces, rigid analytic spaces

(A.3.1) Let I be an ideal of T;,. The algebra A = T,,/I is called an affinoid
algebra. The L-algebra A is noetherian and is a Banach algebra with respect
to the quotient norm

I£1l = inf{|lf" + gl| | g € I}, for any lifting f" of f.

(A.3.2) Let Y C max(T,) denote the zero set of I: the set Y is the set of
maximal ideals m of T;, such that all elements of I induce zero in the residue
field T,,/m, that is to say m D I. Denote by max(A) the set of maximal ideals
of A. The natural surjection T,, — A induces a map of the maximal spectra

max(A4) — max(T,).

This map induces a bijection between max(A) and Y.

(A.3.3) Let U be a subset of X = max(A) such that the functor which
associates with each affinoid algebra B over L the set of homomorphisms
¢ : A — B such that ¢*(max(B)) C U is representable; then a subset U of X
of this type is called an open affinoid subset. Thus U is such a subset of X if
and only if the following two conditions hold:

(a) There is an affinoid algebra B and a homomorphism f : A — B such
that the induced map f* : max(B) — max(A) has its image contained in U;

(b) If C is an affinoid algebra and g : A — C is a homomorphism such
that the induced map g* : max(C) — max(A) has its image contained in U
then there is a unique homomorphism h : B — C such that g = h o f.

(A.3.4) If U C X is an open affinoid subset corresponding to the homomor-
phism f: A — B and V C max(B) is an open affinoid subset corresponding
to the homomorphism ¢ : B — C then f*(V) C U is an open affinoid subset
of X corresponding to the homomorphism go f: A — C.
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A.3.5. Definition. Let fo,..., fn € A be elements such that A =>"" | f;A,
that is to say fo,..., fn have no common zeros on X = max(A). The set

X(fos--5 fn) = {w € X [ fi(z)] < [fo(x)], for all i}

is an open affiniod subset of X called a rational subset of X.

(A.3.6) The affinoid algebra corresponding to the rational open affinoid
X(fo,.-., fn) of X is

A{Th...,Tn}/(fon—fi, 1= 17...,71).

If R; is a rational subset of X and Ry is a rational subset of the affinoid
R then Rs is a rational subset of X. The intersection of two rational subsets
of X is also a rational subset of X.

A.3.7. Theorem. (Gerritzen-Grauert, [BGR, p.309]) Every open affinoid
subset of X is a finite union of rational subsets of X. O

(A.3.8) An admissible open subset of X is a rational affinoid open subset; de-
note by G the category of admissible open subsets of X, where the morphisms
U — V are just the inclusion morphisms U C V| if any.

A covering U of an admissible open subset U € G is admissible if U is
finite and all elements of U are rational open subsets of X. Let cov(U) denote
the set of all admissible open coverings of the admissible subset U, that is to
say cov(U) is the set of finite coverings of U by admissible open subsets.

The category of admissible subsets G of X together with the admissible
coverings cov(U) of all U € G form a Grothendieck topology on X in that it
satisfies the following conditions:

The admissible subsets satisfy:

(a) B, X are admissible subsets;

(b) for all U,V € G then U NV is admissible;
The admissible coverings satisfy:

(c) for all U € cov(U) and for all V € U then V is an admissible
subset;

(d) {U} is an admissible covering of U;
(e) if U € cov(U) and if V' C U is an admissible subset then
({U' NV | U eu}

is an admissible covering of V;
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() if (U;)ier is an admissible covering of U and if I; is an admissible
covering of U; for all ¢ then
Uu

iel

is an admissible covering of U.

(A.3.9) Let X = max(A) be equipped with its Grothendieck topology of
admissible open subsets and admissible coverings, that is to say X is a site.
A presheaf of abelian groups (or rings, modules etc) on the site X is then a
contravariant functor

F:GP" — Ab

where Ab denotes the category of abelian groups.
A presheaf F on X is a sheaf if for any admissible subset U of X and for
any admissible covering U = {U;, };cs of U then the sequence

—_
FU) =170y _ [IF@w:nvy)
i i
is exact.
[See [M2, Chapter 2] for more details of presheaves and sheaves for a
Grothendieck topology.|

(A.3.10) Let X be the maximal spectrum max(A) of the affinoid algebra A.
Denote by O(U) be the affinoid algebra of a rational subset U C X. The
algebras O(U) together with their natural restriction homomorphisms form a
presheaf O on X.

A.3.11. Theorem. The preasheaf O is a sheaf. More precisely, let {Uyx}, be
a finite covering of X by rational affinoid subdomains Uy C X. Denoting by
H(U,0) the Cech cohomology of the presheaf O with respect to {Uy}x, we
have HO({Ux}x,0) = A and H'({Ux},0) =0 for all i > 0. O

[See [T4, §8] or [BGR, §8.2] for the proof. For full details of Cech coho-
mology of a presheaf on a site see [M2, Chapter 3, §2] or for the case of the
rigid analytic site, see [BGR, §8.1]; for a particular case of Cech cohomology
on a site, see §5.4 above.]

(A.3.12) An affinoid space over L is a topological space max(A), where A is
an affinoid L-algebra, and where this space is equipped with its Grothendieck
topology of admissible subsets and admissible coverings and is equipped with
the structure sheaf O. The space max(A) is then a locally ringed space.

A morphism ¢ : max(A) — max(B) of L-affinoid spaces is a pair (f*, f)
where f : B — Ais an L-algebra homomorphism and f* : max(A4) — max(B)
is the map induced by f.
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A.3.13. Remarks. (1) If X = max(A) is an affinoid space over L then a map
¢ : X — D", where D" is the polydisc over L (see (A.2.1)) is affinoid if and
only if there are functions f1,..., fn € A such that ¢(x) = (f1(z),..., fo(z))
for all z € X.

(2) That an L-algebra morphism of affinoid algebras f : B — A induces a map
of the corresponding maximal spectra, that is to say f~!(m) is a maximal ideal
of B for all maximal ideals m of A follows from A/m being a finite extension
of the ground field L. This is Hilbert’s Nullstellensatz for affinoid algebras
[BGR, §7.1.2].

(A.3.14) A rigid analytic space is triple (X,G,O) where X is a topological
space equipped with a Grothendieck topology G and a sheaf of L-algebras O
such that there is a covering (X;);cr of X, with respect to the Grothendieck
topology, such that each triple (X;, G|x,,O|x,) is an affinoid space.

A morphism of rigid analytic spaces (X, Ox) — (Y, Oy) is an L-morphism
of locally ringed spaces.

A.3.15. Remarks. (1) Let X be a rigid analytic space over L. Assume that X
is reduced in that it has no nilpotent functions. Then X is said to be connected
if a rigid function with zero Taylor series at a point is everywhere zero. The
space X is said to be geometrically connected if it is connected when viewed
as a rigid analytic space over all finite extensions of L.

(2) The Grothendieck topology on a rigid analytic space (X, G, Q) in (A.3.14)
is not uniquely determined by its restrictions to each open subset X; of the
covering (X;)ier (see [BGR, §9.1.3] for more details).

A.4 Etale cohomology of rigid analytic spaces

In Drinfeld’s paper [Drl], the étale cohomology of rigid analytic spaces is
defined for the first time but only for the sheaves Z/nZ and j,, and only for H°
and H'. The cohomology of rigid analytic spaces was subsequently developed
by Berkovich [Be], Huber [Hu], Fresnel and van der Put [FP], Schneider and
Stuhler [SS].

Drinfeld’s original definition is presented in this section and the properties
that Drinfeld [Drl] states are here proved, as this is all that is necessary for
these appendices A and B.
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(A.4.1) Let X be arigid analytic space over L. The following étale cohomology
groups are then defined in terms of global sections of rigid analytic sheaves,
where Z/nZ is the constant sheaf and p, is the sheaf of nth roots of unity on
X,

Hg (X, Z/nZ) = Hgyia(X, Z/0Z))
and

Hr(’:)t(X> /jfn) = H?igid(X7 /j'n)'

(A.4.2) The group Hgt (X, up,) is defined to be the group under tensor product
of pairs (£, ¢) up to isomorphism where £ is an invertible sheaf on X and ¢
is an isomorphism ¢ : Ox = L&7,

The group H} (X,Z/nZ) is defined by the equation

Hy (X, Z/nZ) = He (X, i) @ piy
where p,, 1 is the Gal(L*°P/L)-module

p, " = Hom(pun, Z/nZ).

(A.4.3) Let L*°P be the separable closure of the field L. Let M denote one of
the sheaves Z/nZ or p,. Then the cohomology groups Hf (X @ L*P, M),
for ¢+ = 0,1, are then defined by the equation

HE(X @p L7, M) = lim H}, (X @1, K, M)
K

where K runs over all finite separable extension fields of L contained in L®°P.
The group Gal(L*P/L) acts on all these cohomology groups.

A.4.4. Proposition. If f : X — Y is a finite étale morphism of rigid analytic
spaces with galois group G of order prime to n then the induced map

g HY (Y, ) — HE (X, pn)©

is an isomorphism.

Proof. Let K denote the sheaf on Y whose sections I'(U, K) are obtained by
inverting the non-zero divisors of the ring I"(U, O) for all open affinoid subsets
U of Y. Let K* denote the corresponding sheaf of multiplicatively invertible
elements of K.

Let £ be a line bundle on Y such that there is an isomorphism
¢ : L2 — Oy. Suppose also that there is an isomorphism of Ox-modules
¥ : Ox = f*L. There is an admissible open covering {U;}; of Y such that £
is represented by (U;, f;) where f; € I'(U;, K*) and f,»f;1 is a unit on U; NU;
for all i # j.
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As f*L is trivial, there is h € I'(X, K*) such that (f~1(U;), fi/h) is equiv-
alent to a trivial Cartier divisor, that is to say f;/h is a unit on f~1(U;) for all
1. As the isomorphism class of the line bundle f*£ is G-invariant, we then have
that for all o € G, f;/h° is a unit on f~1(U;) for all i. Hence h/h° is a unit
on f~1(U;) for all i and all 0. Hence e(o) = h° /h is a cocycle G — I'(X, 0%)
and its corresponding cohomology class is in H'(G, I'(X, O*)).

Via the isomorphism ¢, there is then an element f € I'(Y,K*) such that
[/ f is a unit on U; for all 4. It follows that ho™/f is a unit on f~1(U;) for
all ¢ and all 0. That is to say there is an element € I'(X, O*) such that
h™n = f. We then obtain the equation for all 0 € G

e(a)"n? = .

That is to say, o — €(0)" is a coboundary. Hence the class of ¢ in

HYG,I'(X,0%)) is annihilated by n. As it is also annihilated by |G|, the
class of € is therefore zero as |G| and n are coprime. It follows that there is
a unit u € I'(X, O*) such that uh is G-invariant and hence is an element of
I'(Y,0%), as f~1(U;) — Uj is a finite étale morphism for all i. It follows that
fi/uh is a unit on U; for all 4 and hence L is a trivial line bundle. This shows
that the kernel of the homomorphism g is reduced to zero.

Suppose now that (Z,) is a line bundle on X whose cohomology class
lies in Hélt(X, pn)¢ and where 1 is an isomorphism Z®" = Oy. We have the
two projection morphisms ¢1, ¢ : X Xy X — X. Furthermore, as X is finite
and étale over Y with galois group G, the product X xy X is isomorphic
to the disjoint union H X, of copies of X. As the isomorphism class of Z

ceG
is G-invariant, the pullbacks ¢;Z and ¢357 are isomorphic. Furthermore, the

isomorphism 1 : Z®™ = Ox is also G-invariant up to isomorphism. Hence by
descent, there is a line bundle £ on Y such that Z = f*£ and such that there
is an isomorphism y : £L&" =2 Oy which induces the isomorphism ). Hence
the map g is surjective. O

A .4.5. Proposition. (Kummer sequence) Let X/L be a rigid analytic space.
Then there is an exact sequence of abelian groups induced from multiplication
by n: 0% — O%

0 — HE (X, pn) — Higia(X, 0%) — Higia(X, 0%) —

rigid rigid

H(}t(Xa ) — rligid(Xr Ox) — Hrligid(X’ O%)-

Proof. The exactness of the sequence at every point except the term H'(X, u,,)
is obvious. In particular, it is clear that the kernel of

Hrligid(X, O%) — Hrligid(X, O%) is the image of H}, (X, pn) — Hrligid(X, O0%)-

Suppose then that (£, ¢) is an element of H*(X, u,,) which is in the kernel

of H (X, pn) — Hpyq(X,0%). Here L is a line bundle on X and ¢ is an

isomorphism £%" = Ox.
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As (L,¢) is in the kernel, we have that there is an isomorphism
¥ L= Ox. It follows that 1 o ¢! is an automorphism of Ox and hence is
given by an element of Hggid(X ,O%). Hence the above sequence is exact.O

A.4.6. Proposition. Let {X;};c; be an admissible open covering of a rigid
analytic space X with nerve of dimension < 1. Then there is an exact sequence

i i#j

He (X, ) — HH(}t(Xiaﬂn) - HHélt(Xi N Xj, fin)
@ i#]

Proof. Tt is assumed that the index set I is well ordered by > and that the
products Hl ; are over pairs i, j such that ¢ > j. That the nerve of the covering
{Xi}ier has dimension < 1, means that X; N X; N X}, is empty for any triple
of distinct indices 4, j, k.

That the sequence

0 — H&(X, pin) — HHgt(Xia fin) — HH&(XZ- N X, fin)
i ij
is exact is then the definition of u, being a sheaf on X.
The coboundary map

HHgt(Xi N X, pn) — Hélt(X7 fn)
i#]

is defined as follows. Let f;; € H2 (X;N X, py) for all i # j, where i > j. It is
required to define an element (£, ¢) of HZ, (X, i1,). On every open subscheme
X; we have the sheaf Ox,. Define an isomorphism of sheaves for every i > j

¢ij 1 Ox,nx; — Ox,nx;

by h — hf;;. We have that gb?;-” is the identity map Ox;nx;, — Ox;nx,. We
may then use the ¢;; to glue the sheaves Ox, together to obtain a locally free
rank 1 sheaf £ on X. As qﬁ?}" is the identity map for all ¢ > j we have that
there is an isomorphism of sheaves of Ox-modules ¢ : L& — Ox. This pair
(L,¢) € HL (X, pn) is the image of {f;;}ij. It is now evident that the kernel
of the coboundary map [],_.; H& (X; N Xj, pin) — H (X, pin) is equal to the
image of [, H& (Xi, ptn) — [1,; HE(Xi N X, pin)-

Suppose now that (£,¢) in HZ}(X,u,) is in the kernel of
H} (X, ) — 1, H3 (Xi, ptn). Then the restriction of (£,¢) to each X; is
isomorphic to Ox. But ¢ is an isomorphism £®" = Ox. Hence there is an
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isomorphism for all ¢
(e E‘X'i = OX'i‘

such that
PP LOT

x;, 2 0x

coincides with the restriction ¢|x, of ¢ for all i. We obtain that on each open
subset X; N X there are isomorphisms

Pilx; ¥ x,
£|X7;ij %OXViOXj — £|ijX7;'

We then have that f;; = 1| x; O¢;1 x, is an isomorphism Ox,;nx; — Ox;nx;
and hence f;; € HY (X; N X;,0%); by the compatibility of the w?" with ¢,
we have that g?" is equal to the identity automorphism of Ox,nx,. Hence
we have that {fi;}i; € [1;5; H&(Xi 0 Xj, pn) and that (£, ¢) is the image
of {fij}ij under the coboundary map [],; H& (Xs N X, pn) — Hi (X, pn).
This proves the exactness at Hj (X, fi5,).

Suppose now that [],(L;, ¢;) in ], H& (Xi, s,) is in the kernel of

HHélt(Xi7Nn) - H Hclt(Xl N X5, pn).
i i#]

Then the image of [[;(Li,¢i) in [, H}(X; N Xj, p1y) is the product
Hi;&j([’i ® E;l, ¢i ® ¢;); here ¢; denotes the isomorphism L?fn >~ Ox ob-
tained from ¢;. Hence we have that for all ¢ # j then £; ® £;1 is isomorphic
to Ox on X; N Xj; that is to say the restrictions of £; and £; to X; N X; are
isomorphic for all ¢ # j. As this holds for all 7, j there is then a locally free
sheaf £ of rank 1 on X whose restriction to X; is isomorphic to £; for all ¢; it
follows easily that £®" is isomorphic to Ox on X and hence there is a pair
(L, ) whose restriction to X; is isomorphic to (£;, ¢;) for all 4. O

A.5 The space ¢

(A.5.1) We have the following notation, as in §2.1 of the main text:

k is a finite field with ¢ = p™ elements;

C'/k is an integral smooth 1-dimensional projective k-scheme, where k is
the exact field of constants (a curve);

o0 is a closed point of C/k;

Cag is the affine curve C' — {o0};

A is the coordinate ring H%(Cug, Oc,,,) of the affine curve Cag;

F is the fraction field of A (that is, the function field of C/k);

k(z), where z is a closed point of C, is the residue field at z.



A.6  The moduli scheme M¢ 445

(A.5.2) Let Fi be the completion of the field F' at oo; in this way, Fix is a
local field of positive characteristic and containing F'. Let F'o, be the algebraic

closure of F,.. Let F o, be the completion of F.
(A.5.3) Let

Qd(%w) = Pd—l(%oo) \ LJ(FOO — rational hyperplanes).

That is to say, 29(F) is obtained from P4_1(F+) by removing all hyper-
planes which are rational over the subfield Fi. R

The subset 2¢ of Py_;(F) is open. Denoting a point of Py_1(Fs) by
homogeneous coordinates (21 : ... : &), the group GLg4(Fu) of invertible
matrices g = (a;;) with coefficients in F. acts on £2¢ via the linear fractional
transformations, for all w € 29, w = (wy : ... : wq),

gw=((gw)1:...: (gw)a).

(A.5.4) Let

~

W= {x € Ay(F) |z is not contained in any hyperplane defined over Fi.}.

The spaces W?, 24 have a natural action of GLg(Fy) as rigid analytic auto-
morphisms.

Let A denote the ring of finite adeles, that is, the subring of the ring of
adeles A without the component at co. We have A, = A® A F where A is
the profinite completion of A.

A.5.5. Theorem. (Drinfeld) (i) The spaces W¢, 24 are admissible open sub-
sets of Ay, Py_1, respectively.

(ii) The group GLg(Fs) acts by rigid analytic automorphisms on W% and
4.

(iii) If I' € GLg(Fs) is a discrete subgroup then the quotients 2¢/I’
and W?/I' have natural rigid analytic structures where the natural maps
24— 041, We — W4/I' are rigid analytic morphisms. O

A.6 The moduli scheme lei

Let S be a locally noetherian A-scheme.

(A.6.1) A Drinfeld module of rank d over a locally noetherian scheme S is
given by a pair (G, ¢) where L is a line bundle on S and ¢ is a k-algebra
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homomorphism
gb A — End(Gg)

where G is the additive S-group scheme

G = Specp, @E®".

n=0

This pair (G, ¢) further satisfies the conditions that if a € A and the cardi-
nality of A/(a) is equal to ¢, where ¢ = |k| and F is the Frobenius z — 9,
then

dm
¢(a) = aF®+ > ¢i(a)F"
=1

and the section ¢4, (a) is nowhere zero.

(A.6.2) Let (D1, ¢1), (D2, ¢2) be two Drinfeld modules over a locally noethe-
rian scheme S. A homomorphism from D; to Dy is a homomorphism of S-
group schemes f € Homg (G, ,Gr,) such that fo; = ¢af.

(A.6.3) Let I be a non-zero ideal of A. A full level I-structure on the rank
d Drinfeld module D/S is a finite flat subgroup-scheme Z/S of G./S and a
homomorphism of A-modules

¢ (I7H/A) — Ge(9)

such that there is an equality of relative Cartier divisors

Y wm) =2z

me(I~1/A)?

Note that G, (S) = I'(S, £); hence the image of the full level I-structure
¥ lies in I'(S, £).

A.6.4. Theorem. (Drinfeld, [Drl1, Prop. 5.3], [DH, Chapter I, Theorem 6.2])
Let I be a non-zero ideal of A such that the ring A/I contains at least two
distinct maximal ideals. Then the functor on the category A — Sch of locally
noetherian A-schemes given by

A —Sch — Sets

S — isomorphism classes of pairs (D,Z) where D/S
S — is a Drinfeld module of rank d and Z/S is a
full level I — structure on D

is representable by a scheme M of finite type over Spec A and of relative
dimension d — 1. O
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Compactification of M?

(A.6.5) For the case where d = 2, the moduli scheme M7 admits a compacti-
fication as described in the next theorem.

A.6.6. Theorem. (Drinfeld, [Drl, Prop.9.3]) The modular surface M} can

—2
be compactified into a smooth surface M /k containing M? as an open ev-
erywhere dense subscheme such that the morphism M? — Spec A extends to

—2 —2
a proper smooth morphism M} /k — Spec A and M} \ M? is finite over Spec
A, O

(A.6.7) If J C I is an ideal of A contained in I then we have a transition
morphism

M$ — M.
Set
M =lim M¢

where the limit is over all non-zero ideals I of A such that A/I has at least
two maximal ideals.

The compactification M? of M? (theorem A.6.6) is compatible with the
transition morphisms M3 — M?, where J C I, and one puts

M? = lim M?.

Action of GL(d, Ay)/F* on M4

(A.6.8) Let Ay denote the ring of finite adeles, as in (A.5.4). Then
F*\GL(d, A s) acts on M¢9; the action is described in this way.

Let D/S be a Drinfeld module of rank d represented by the pair (£, ).
Let G be the additive S-group scheme associated to £ (see (A.6.1)). Let

¢: (F/A)? — GL(S)

be a homomorphism of A-modules such that for each non-zero ideal I of A
the restriction of ¢ to (I71/A)? is a full level I-structure. Let g € GL(d, A )
be a matrix with coefficients in A where A is the profinite completion of A.
Then g can be considered as an endomorphism of (F/A)<. Its kernel P is a
finite A-module. The divisor

H="Y [¢a)]

a€P
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is then an A-invariant subgroup scheme of G, and the quotient D/H is a
Drinfeld module over S of rank d represented by a pair (£1,1), say. Let G,
be the additive S-group scheme associated to £;. We may then define a homo-
morphism of A-modules ¢; : (F/A)Y — G, so that we have a commutative
diagram

¢
(F/A)? — G,
gl !
(F/A)?* — G,
o)

We have that for any non-zero ideal I the restriction of ¢; to (I=1/A)¢
is a full level I-structure. This defines the action on M?® of matrices in
GL(2,A ) whose coeflicients are in A. The diagonal elements of GL(2, A )
with coefficients in A act trivially on M? hence we finally obtain an action of
GL(2,A)/F* on M9. This gives the first part of the next theorem A.6.9

For the case where d = 2, the action of GL(2,Af)/F* on M? extends to
an action on the compactification M?2.

A.6.9. Theorem. (Drinfeld) (i) There is a left action of GLq(A)/F* on M<.
(ii) Let U; be the kernel of the natural map GLg(A) — GLy(A/IA). Then we
have Uf\M¢ = M¢. O

A.7 An analytic description of M}i

(A.7.1) Let L be a finite extension field of F,, the completion of F' at oco.
Let L¢P be the separable closure of L. A lattice over L is a finitely generated
discrete A-submodule A of L*°P invariant with respect to Gal(L*®?/L). The
rank of a lattice A is the dimension of the F-vector space A ®4 F.

For 2 lattices A1, Ay over L of rank d, a morphism from A; to As is an
element a € L such that aAd; C As. Composition of morphisms is obtained
by multiplication by elements of L.

(A.7.2) Let A be a lattice of rank d over L. Put

ea(z) =z H (1- ;)

AEANAD

Then e, is an entire function on L, the algebraic closure of L, and is called
the exponential function associated to the lattice A.
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(A.7.3) This function e, has an expansion of the form, where ¢, € L for all

n7
oo

ea(z) = Z enz?

n=0

and is a surjective additive k-linear homomorphism L — L with kernel equal
to A. It induces an isomorphism of rigid analytic spaces L/A = L. The result-
ing composite homomorphism ¢ : A — L — L/A = L where the first map is
the natural inclusion, the second is the quotient map by A, is then a Drinfeld
module D(A) of rank d over L.

This construction A — D(A) then gives rise to the equivalence of categories
of the next theorem A.7.4.

A.7.4. Theorem. (Drinfeld, [Drl, Prop. 3.1]) The category of Drinfeld mod-
ules of rank d over L is isomorphic to the category of lattices of rank d over
L. O

.7.5) Take to be a discrete set and put
A.7.5) Take Ay to be ad d
2% = (GLg(Ay) x 27)/GLa(F)

W= (GL4(A;) x W) /GL4(F).

(A.7.6) The isomorphism classes of rank d projective A-modules are repre-

sented by direct sums EB?:l I; where I; are fractionary ideals of A. Let Pic?(A)
denote the set of isomorphism classes of rank d projective A-modules.

(A.7.7) We have isomorphisms, where U is as in theorem A.6.9,

U\Q*= | GLO)\(2 x GLa(Y/IY))
Y €Pic?(A)

U \Wi= ) GLOY)\W?x GLa(Y/IY)).
Y €Pict(A)

The sets [}I\de and ﬁI\VT/d are then disjoint unions of rigid spaces of the
form GL(Y)\2¢ and GL(Y)\W . These images of GL(Y)\£2¢, GL(Y)\W¢ in
the above decompositions are called the components.

A.7.8. Remark. The quotients U7\ 2% and U;\W are rigid analytic spaces
associated to the moduli scheme M¢ of rank d Drinfeld modules with level I
structure (see theorem A.8.7).
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A.8 Rigid analytic modular forms

In this section we define rigid analytic modular forms. These were first defined
by Goss [Go2]. They are modular forms associated to Drinfeld modules and
with values in algebras of finite characteristic.

(A.8.1) Let w € Z. Let R be a noetherian A-algebra. A modular form over R
of rank d weight w is a rule F which to each Drinfeld module D = (G, ¢) of
rank d defined over a locally noetherian R-scheme S assigns a section

F(D) e I'(S,L£~%")

which satisfies the two conditions for any morphism of locally noetherian R-
schemes g : S’ — S:

(a) We have F(g*D) = g*F (D).

(b) Suppose over S’ there is a nowhere vanishing section « of g*£. Then
the element
F(g*D).a®" € (S, 0g)

depends only on the S’-isomorphism class of (D, «).

A.8.2. Remarks. (1) Modular forms may be defined on the category of Drinfeld
modules of rank d equipped with supplementary structures.

For example, let I be a non-zero ideal of A. A modular form F of full level
I and weight w is defined in the same way except that F is a rule on pairs
(D, 1) where D is a Drinfeld module of rank d and equipped with a full level
I-structure 1.

Similarly, for modular forms of rank 2 and weight w defined on pairs (D, Z)
where Z is an I-cyclic subgroup of D (see definition 2.4.2).

(2) A modular form satisfying the previous definition is more precisely called
an algebraic modular form, to distinguish it from the analytic modular forms
defined in §A.9.

A.8.3. Examples. (1) Let a € A. With the notation of (A.6.1), then ¢;(a)
is a form of weight ¢* — 1.

(2) Let ¢ be a full level I-structure on any Drinfeld D/S module of rank d.
Then by definition ) is a homomorphism of A-modules (see (A.6.3))

Y (I /A — Ge(S) =T'(S, L).

satisfying the conditions of the full level I-structure. Let a be a non-zero
element of (I=1/A)4. Then 1 (a), as (D, ) varies, is a modular form of weight
—1 and level 1.

(3) Eisenstein series provide examples of modular forms (see §A.11).
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A.8.4. Definition. Let H? be the graded ring of modular forms of rank d
over A. Let H¢ be the graded ring of modular forms of rank d and level I over

A.

A.8.5. Theorem. (Goss, [Go2, Theorem 1.18]) (i) The scheme Spec H? rep-
resents isomorphism classes of pairs (D,w) where D = (G, ¢) is a Drinfeld
module of rank d and w is a nowhere vanishing section of L.

(ii) Assume that A/I has at least two elements. The scheme Spec H{ repre-
sents isomorphism classes of triples (D, w, 1)) where D = (G, ¢) is a Drinfeld
module of rank d and w is a nowhere vanishing section of L and where v is a
full level I-structure on D. O

A.8.6. Remarks. (1) The natural map Spec H¢ — M¢ is a principal G-
bundle.

(2) The rings H¢, H? are regular finitely generated k-algebras of dimension
d + 1. As A-algebras they are flat and are smooth away from Spec A/I (see
[Go2, Theorem 1.21]).

A.8.7. Theorem. (Drinfeld, Goss, [Go2, Theorem 1.39]) Assume that A/I
has at least two maximal ideals. Then there are isomorphisms of rigid analytic
spaces

ﬁ[\fzd = (MId ® Foo)an

UI\Wd = (SpeC(H}i) ® Foo)an~ ]

A.9 Analytic modular forms

(A.9.1) Let 29, W be as in §A.5. The spaces W%, 27 have a natural action
of GL4(F') as rigid analytic automorphisms. As in (A.5.4), let A ¢ denote the
ring of finite adeles, that is, the subring of the ring of adeles A without the
component at oco.

A.9.2. Theorem. (Goss) Let F be a modular form of rank d, full level I and
weight w defined over a finite extension field K of F,. Then F gives rise to a
rigid analytic function f on W defined over K. On each component we have
flex) = f(x) for all z € W and ¢ € F..

[This follows immediately from theorem A.8.7.] O

(A.9.3) For any projective A-module Y of rank d, put
Iy = GL(Y)

and
Iy (I) = ker(GL(Y) — GL(Y/IY)).
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Recall that we have (see (A.7.7))

U \We= ) GLOY)\W?x GLa(Y/IY)).
Y €Pic¢(A)

In particular, a rigid analytic function on U I\Wd has a restriction to each
component I'y (I)\W<. for every projective A-module Y of rank d.

(A.9.4) Let f : W — F, be the rigid analytic function associated to the
modular form F of rank d, full level I and weight w defined over a finite
extension field K of F.

Let f also denote the restriction of f to a component £2¢ by sending = € £2¢
to (z,1) € W% and where the component is associated to the projective A-

module Y of rank d.
¢ (G b
9=\¢ d

Let g € I'y(I) and let
where GG is a d — 1 x d — 1-minor and d is a scalar. Then we have, where the
dot notation is the scalar product,

G + b’ w
(EED) - st + oy

A.9.5. Definition. A rigid function f : W? — F satisfying the above
transformation property of (A.9.4) is said to be an analytic modular form of
level I, weight w and type Y.

In the particular case of rank 2, a rigid analytic modular form f of weight
w, level I and type Y satisfies the transformation property for all g € I'y (1)
and where

we have

A.9.6. Remark. Analytic modular forms f: W? — %Oo may be defined simi-
larly for any discrete group of finite index I" of GL(Y").

A.10 g-expansions at the cusps of Mi

(A.10.1) Let I be a non-zero ideal of A such that A/I has at least two maximal
ideals. By theorem A.8.7 and (A.7.7) we have for d = 2 an isomorphism of
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rigid analytic spaces

(M7 @ Fo)an = |J  GLO\(£2 x GLo(Y/IY)).
Y €Pic?(A)

(A.10.2) Let Y be a projective A-module of rank 2. The rigid analytic space
I'y (I)\£2? is the analytification of a smooth connected affine curve over F.
This affine curve has a natural compactification to a smooth projective curve
which is obtained by adding a finite set of points called the cusps.

More generally for any discrete subgroup of finite index I" of GLo(Y'), the
rigid analytic space I'\£2? is the analytification of a smooth connected affine
curve over F,, which can be compactified by the addition of a finite set of
cusps.

A.10.3. Theorem. The cusps of I'\§2? are in bijection with the elements of
I'\P{(F). In particular, the cusps of GLa(Y)\2? are in bijection with Pic(A).
O

[For more details see [Go2, Prop. 1.78] and [PT]; see also definition
B.5.14(2) and theorem B.5.18 of Appendix B].

A.10.4. Remark. A point of P1(F) represents a 1-dimensional subspace over
F of F?. This line then induces a cusp (or an end) of the Bruhat-Tits building
T associated to F with respect to the valuation at co (see §B.5 of Appendix
B).
The above theorem A.10.3 is then equivalent to the assertion that the
cusps of the quotient I'\T are in bijection with the elements of I"'\IP;(F'). For
the case where I' is the group GL2(Y") this is proved in theorem B.5.18(i) of
Appendix B.

(A.10.5) Let Y be a projective A-module of rank 2. Let o € P1(F') so that «
corresponds to a cusp of I'y (I)\£22. Select an element p, € SLa(F) such that

pala) = o0o.
(A.10.6) Let I, C I'v (I) be the stabilizer of a, where I'y(I) is as in (A.9.3).

Then polap;’ is the group of translations by a fractional ideal C,, of A (for
the proof see [Go2, Prop. 1.69]).

A.10.7. Definition. Put

ea(z) =2 H (1—2/8) and g, = 1/eq.
BeCa, BF0
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A.10.8. Theorem. (Goss, [Go2, Theorem 1.76]) At the cusp « of I'y (I)\ 22,
Qo is an analytic local parameter. O

(A.10.9) Let f be an analytic modular form of level I, weight w, and type Y

(definition A.9.5). If
az+b

cz +

f(pa'(2))
(cz 4+ d)w

pat(z) = for all z

then

determines an analytic germ

> ang

—oo<n<+o00

by theorem A.10.8 where ¢, is the analytic local parameter at co.

The series Z anqn, is the analytic q-expansion at the cusp « of f.
—oo<n<+oo

A.10.10. Theorem. (Goss, [Go2, Theorem 1.79]) (i) An analytic modular
form of level I, weight w, and type Y is an algebraic modular form (see
(A.8.1)) if and only if at each cusp the g-expansion is finite tailed.

(ii) The space of analytic modular forms of full level I, weight w, type Y, and

holomorphic at the cusps, is finite dimensional over Fo, O

A.11 Eisenstein series

(A.11.1) Let L be a finite extension field of F,,, the completion of F' at co. Let
L®°P be the separable closure of L. Let A be a lattice over L of rank d, that
is to say A is a finitely generated discrete A-submodule A of L*°P invariant
with respect to Gal(L*°P/L) (see (A.7.1)).

(A.11.2) For any positive integer j € IN'\ {0}, the Eisenstein series E’(A) is
the element of L given by

EI(A) = A
A€EA
A#0

Suppose that A is equipped with a full level I-structure, where I is a non-zero
ideal of A; that is to say, there is an isomorphism of A-modules

U (I A =174/ A

Let = be an element of (I7!/A)?. The Eisenstein series Ei,I(A) is the element



A.11 Eisenstein series 455

of L*°P given by
Eil(/l) = Z a7,

acI—1A, a0
a=¥(xz) (mod A)

A.11.3. Examples. (1) Let Y be a projective A-module of rank 2 which is a

submodule of Fo. Then Y is isomorphic to I1 @ 1/2\ where Iy, I are invertible
ideals of the Dedekind domain A. For all z € 22(F,) we have

Ej(112+12) = Z (Clz—FCg)ij.

(c1,c2)€Y
(e1,e2)#0

By multiplying ;2 + I by elements of k*, it is evident that E’(I;z + I3) is
zero unless the weight j is divisible by |k| — 1. Furthermore, z — EJ (12 + I3)

is then a function £2° — F., which evidently satisfies the transformation
property of (A.9.4), that is to say for all g € Iy (I) where

t a b
/= (2 0)

F(EE2) = s+ ay.

we have

(2) More generally, let I, ..., I; be invertible ideals of A. and let Y = EB?:lAIi.

Let w = (w1,...,wq) € W% Then A(w) = >, Liw; is also a lattice in Foo
and is isomorphic to Y as an A-module. Suppose that there is given an iso-
morphism of A-modules

(I /A =17y,

That is to say, ¥ is a full level I-structure on Y. By composing ¥ with the
natural isomorphism I='A/A = [71A(w)/A(w), the isomorphism ¥ induces
a full level I-structure on A(w)

U(x): (I71/A) = T A(w)/ A(w).

For any element = of (I=1/A)?, we have the Eisenstein series, F7(A(w)) and
E7 ((A(w)); these series as functions of w are then defined on wd.

A.11.4. Proposition. ([Go2, Theorem 2.3, Corollary 2.4]) The functions
w — B (A(w)) and w — E’ ;(A(w)) are rigid analytic on W% and are rigid
analytic modular forms of Vé/eight j, type Y, for the groups I'y and I'y(I),
respectively. O
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A.11.5. Remark. It may be shown (see [Go2]) that the functions
w — E/(A(w)) and w +— E} ;(A(w)) are algebraic modular forms in the
sense of (A.8.1) and are holomorphic at the cusps.

A.12 Hecke operators

(A.12.1) Let A be a lattice in %OO of rank d, that is to say A is a finitely

generated discrete A-submodule of %oo (note the difference of this definition
with that of (A.7.1)).

(A.12.2) Let z be a closed point of the affine curve C,g/k. Let m, be the
maximal ideal of A corresponding to the point z. The Hecke operator T, is

then defined on the set of rank d lattices in Fo, by

T.(A)= Y A

A'DA
here the right hand side here is a formal sum of A-lattices A’ of rank d in %OO

such that there is an isomorphism of A-modules

A A
A m,

(A.12.3) Suppose that A is equipped with a full level I structure, that is to
say, there is an isomorphism of A-modules

U (I /A =171 A)/A.

Let A’ be an A-lattice of F*°P containing A and such that there is an isomor-
phism of A-modules A'/A =2 A/m,. If z is prime to A/I then the inclusion
A C A gives rise to an isomorphism of A-modules

I*AjA=T A A,

Hence ¥ lifts to a full level I-structure ¥’ : (I71/A)? = 171A’/A" on A'.
The Hecke operator T, is then defined on the set of pairs (A, ¥) where A
is an A-lattice equipped with a full level I-structure ¥; we have

T.(A7) = 3 (4,0

A'DA

here the right hand side here is a formal sum of pairs (A’,¥’) where A’ is an



A.12 Hecke operators 457

A-lattice of rank d in L*°P such that there is an isomorphism of A-modules
A A
AT m,

and ¥’ is a full level I-structure on A’ which lifts ¥.

(A.12.4) Let F be a modular form of rank d and weight w, and of full level I.
Let f be the rigid analytic function on W4 with values in Fo associated to
the modular form F (theorem A.9.2).

Let I,...,I; be invertible ideals of A. and let Y = @?:1 I;. Let w =
(w1, ...,wq) € W Then A(w) = Y, Lw; is also a lattice in Fo and is
isomorpic to Y as an A-module. Suppose that there is given an isomorphism

of A-modules
v (I71/A) =1y Y.

That is to say, ¥ is a full level I-structure on Y. By composing ¥ with the
natural isomorphism I='A/A = [71A(w)/A(w), the isomorphism ¥ induces
a full level I-structure on A(w)

U(w) : (I7H/A)T = I A(w) / A(w).

Assume that Y is equipped with a full level I-structure for each represen-
tative Y of the elements of Pic?(A). We then define T f via the formula: let
A(w), where w € W9, be a lattice isomorphic to Y. Put

(T ) Aw), ) = > f(A,P)

A A(w)

where the right hand side here is a sum of pairs (A’,¥’) such that A’ is an
A-lattice of rank d in F ., equipped with an isomorphism of A-modules
AL A
A m,
and ¥’ is a full level I-structure on A’ which lifts ¥.

A.12.5. Remark. Let I be a non-zero ideal of A. Let A be the profinite com-
pletion of A and let I'H(I) be the compact open subgroup of finite index of

GLoy(A) of matrices <(; Z) such that ¢ € TA. Then I'h(I) is an arithmetic

subgroup of GLy(A) as it contains U; (definition B.4.7).
Let F be a modular form of rank 2 and weight w, with respect to the
subgroup Ip(I); that is to say an algebraic modular form of weight w on

Drinfeld modules of rank 2 equipped with an I-cyclic structure (see remarks
A.8.2(1), and (B.11.14) of Appendix B).
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Let f be the rigid analytic function on W2 with values in %OO associated
to the modular form F.
Let Iy, I be invertible ideals of A. and let Y = EB?:l I;. Let w = (wy,ws) €

W2. Then A(w) = 3", Lw; is also a lattice in Fo and is isomorpic to Y as an
A-module. Suppose that there is given an isomorphism of A-modules

I Y/ A=Y')Y.

That is to say, ¥ is an I-cyclic structure on Y. By composing ¥ with the
natural isomorphism I='A/A = I A(w)/A(w), the isomorphism ¥ induces
a Hecke level I-structure on A(w)

T(w): I A= A (w)/A(w).

Assume that Y is equipped with an I-cyclic structure for each represen-
tative Y of the finitely many elements of Pic?(A). We then define T f for z
prime to Spec A/I via the formula: let A(w), where w € W2, be a lattice
isomorphic to Y. Put

(T- £)(A( = > )

A'D A(w)

where the right hand side here is a sum of pairs (A’,¥’) such that A’ is an

A-lattice of rank d in F o, equipped with an isomorphism of A-modules

and ¥’ is an I-cyclic structure on A’ which lifts .

A.13 Elliptic curves over F' and modular forms

(A.13.1) Let E/F be an elliptic curve with split multiplicative reduction at co.
Let I, which is an ideal of A, be the conductor of E without the component
at co. Then there is a finite surjective morphism of F-schemes (theorem 4.7.1;
see also theorem B.11.17 of Appendix B).

¢ Xg"(I) — E.

(A.13.2) Let [ be a prime number different from the characteristic of F. Let
T;(E) be the l-adic Tate module of E equipped with its action by the Galois
group Gal(F*=°P/F)

p: Gal(F®*? /F) — Endg, (T;(E)).
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For z a place of F' we write a, for the trace of a Frobenius above z
4. = Tr(p(Frob.)|Ti(E)~)

where I, denotes an inertia subgroup of Gal(F*®P/F) over z and Frob, de-
notes a corresponding Frobenius element above z. We then have (see examples
5.3.18(1))

az = |E-(r(2))] =1 —[x(z)]

where F, denotes the closed fibre above z of the Néron model of E.

(A.13.3) The curve XP™"(I)/F admits the analytic parametrisation over %OO
To(D\2* — XP™(1)(Foc).

where I'h(I) is the arithmetic subgroup of GLo (/T) of matrices (Ccl Z) such

that ¢ € TA (see also (B.11.14) of Appendix B).

Let K be the canonical line bundle on F and let w € I'(E, K') where w # 0;
that is to say, w is a non-zero differential on E and is uniquely determined up
to multiplication by a scalar. Then ¢*w is a rigid analytic modular form on
2% with respect to the arithmetic subgroup I'o(I) of GLy(A).

(A.13.4) The Hecke correspondances T, for all closed points z # oo of C' dis-
joint from Spec A/I are defined in (4.5.2) and in §A.12 on the curve X" (1);
we have that T, acts on the elliptic curve E by multiplication by a, for all
closed points z # oo of C disjoint from Spec A/I (theorem 4.5.7 “Eichler-
Shimura congruence”). We then obtain that T, acts on the space of differen-
tials I'(E, K) by multiplication by a, modulo p, where p is the characteristicof
F. The integer a, satisfies the congruence

a, = |E.(k(z))] =1 (mod p).

We then have that T}, acts as multiplication by a, on the rigid analytic mod-
ular form ¢*w for all z disjoint from Spec A/I and co. The following theorem
is then an immediate consequence.

A.13.5. Theorem. The rigid analytic modular form ¢*w is an eigenvector
of the Hecke operators T, for all z disjoint from Spec A/I and oo and the
corresponding eigenvalues are the reductions modulo p of the traces a, of the
Frobenius elements for all such z. O

[This result is given in [Br2, Theorem 4.1] for the case where F' is the
rational field Iy (T').]
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Automorphic forms and elliptic curves over
function fields

In this appendix Drinfeld’s proof is given for GLy of global fields of positive
characteristic of the Langland’s conjecture for automorphic representations
and galois representations which are special at oco; furthermore, we give the
application of this to elliptic curves over function fields, that is to say the
analogue for function fields of the Shimura-Taniyama-Weil conjecture (see
§B.11 and theorem 4.7.1 in the main text).

In the final part, we briefly state the generalisation of Drinfeld’s work to
the Langlands conjecture for GL,, by Lafforgue [La].

[The proof given in appendices A and B of the main theorem B.9.4 is
complete except that the existence of the moduli schemes M? (theorem A.6.4)
and their analytic description (theorems A.7.4 and A.8.7) are assumed. For
proofs of these results on the moduli schemes M?, see [Drl] or [DH].]

B.1 The Bruhat-Tits building for PGL over a local field

(B.1.1) Let L be a non-archimedean local field with discrete valuation ring R.
Let |.| be the absolute value on L normalised so that |r| = ¢~! where 7 is a
local parameter of R and g is the cardinality of the residue field of R.

Let V' be a finite dimensional vector space over L.

A normon V is amap a : V — R such that

(i) a(x) > 0 for all x € V and a(z) = 0 if and only if z = 0;
(i) a(z +y) < max(a(x), aly)) for z,y € V;
(iii) a(ax) = |a|a(x) for all a € L and all x € V.

The properties (i) and (ii) say that d(z,y) = a(x—y) is an ultrametric distance
onV.
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(B.1.2) If o is a norm then the dialation ta is a norm for any real number
t > 0. Let N(V) denote the set of dialation classes of norms on V.

(B.1.3) We write a(V) for the set of values taken by the norm o on V. A
norm « is integral if for some real number ¢ > 0 then ta(V) C ¢% U {0}.

In the same way, a norm « is rational if for some real number ¢ > 0 then
ta(V) C ¢Q U {0}.

Let A be an R-lattice of V' (that is to say, A is a noetherian R-submodule
of V' which generates V' as an L-vector space). Define

ap(z) = inf{l/]a| | ax € A}.

Then a4 is an integral norm on V (exercise B.1.9(2)). Furthermore, a norm
« is in the dialation class of such a norm a4 constructed from a lattice A if
and only if « is integral norm (exercise B.1.9(3)).

(B.1.4) Let PGL(V) denote GL(V)/L*. The Bruhat-Tits building I(V') for
the group PGL(V) over L is the simplicial complex whose vertices are the
dialation classes [4] of lattices A in V' and whose simplices are sets of vertices
(v, - .., v,) where up to permutation of the indices v; = [A(¢)] there is a chain

A(0) D A1) D ... > 7A(0)

of strict inclusions. The group GL(V') acts as a group of automorphisms of
the building I(V).

[For the case of SLy(L) see §3.1. For details on the apartments of this
building I(V') and the associated Tits system, see [Bro2].]

(B.1.5) The geometric realisation of the Bruhat-Tits building I(V)R is the
subset of elements (¢,), of

IT (1]

vevert(I(V))

where vert(I(V)) is the set of vertices of I(V) and such that {v] t, # 0} is a
simplex of I(V) and }_ ¢, = 1.

For each simplex o = {vg, ..., v, } of I(V), its geometric realisation |o| C
I(V)R is the subset of (t,), € I(V)r with ¢, = 0 for all v € 0. The subset
|o| of I(V)R is compact for all simplices o; the complex I(V)g is the union
of all |o] where o runs over all simplices of I(V') and the topology on I(V)g
is defined to be the inductive topology on this union where M is closed in
I(V)R if and only if M N |o| is closed for all simplices o of I(V'). In this way
I(V)R is a CW-complex.

(B.1.6) The set I(V)q C I(V)g of elements (t,), such that ¢, € Q for all v, is
dense in I(V)g. The set I(V)q corresponds to the dialation classes of rational
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norms; the set I(V)z may be identified with the dialation classes of integral
norms, that is to say with the vertices of I(V).

(B.1.7) Define a map from I(V)g to the dialation classes of norms on V'
O:1I(V)r — N(V)

in the following way. Let ¢ = {vg,...,v,} be a simplex of I(V) and let
t = (ty)y € |o| be a point. Write ¢; = t,,. By permuting the indices may
suppose that ¢, > 0 and that there are lattices A(7) € v; with A(0) D A(1) D
... D wA(0) and where all inclusions of this chain are strict. Put

O(t) = sup(¢" T ay)).

K3

B.1.8. Theorem. The map © : I(V)g — N(V) is a bijection taking the
vertices onto the set of classes of integral norms and I(V)q onto the set of
classes of rational norms.

[The proof of this theorem is exercise B.1.9(5) below.] O

B.1.9. Exercises. (1) Let v1,...,vmn be a basis of V and let r1 > 0,...,7rm > 0 be
real numbers. Show that the map a: V — R given by

m

a(z a;v;) = max ri|a;|
3

i=1
is a norm on V. Show that every norm on V takes this form for a choice of basis
V1,...,Un and real numbers r; > 0.
(2) Let A be an R-lattice of V. Define

aa(z) = inf{l/|a| | ax € A}.
Show that a4 is a norm on V.

(3) Show that the following are equivalent for a real number ¢ > 0 and a norm a on
V:

(i) a = taa for some lattice A of V;

(ii) (V') = ¢|L| where t|L| denotes the set of values of |.| multiplied by ¢;

(iii) for some basis v1, ..., v, of V we have

m

a(z a;v;) = tmax |a;.

i=1

(4) Let a be anorm on V. Put S = «(V)N|1, ¢, where |1, g] is the semi-open interval
of the real line joining 1 and gq. For any r € S, put A(r) = B(0, gr), the open ball in
V of centre 0 and radius gr.
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(i) Show that A(r) is a lattice of V' for all r € S.
(ii) Show that dimz (V) > #5, where 45 denotes the cardinality of the set .S, and
that a = sup,.cg(raa)).

(5) Prove theorem B.1.8 above.
[To show that © is bijective, use part (ii) of the preceding exercise B.1.9(4).]

(6) Let R be a discrete subring of a local field K archimedean or non-archimedean.
Assume that K/R is a compact abelian group. Let W be a finite dimensional vector
space over K; then W is a normed vector space over K and its topology is uniquely
determined.

(i) Suppose that the subgroup G of W is discrete, that is to say there is a
neighbourhood N of 0 in W such that N N G = {0}. Let M be a
neighbourhood of 0 of W such that M + M C N. Show that if
M+ zxzNM +y # 0 where z,y € G then we have x = y.

(ii) If A is a discrete R-module contained in W show that
dimK(A RRr K) < dimK(W).

(iii) Suppose that A is a projective R-submodule of W. Show that A is discrete
if and only if the natural map A ® g K — W is injective.

B.2 The building map on £2¢

(B.2.1) The notation we use is principally that of §2.1, namely: let

C be a smooth geometrically irreducible projective curve over a finite field
k of characteristic p;

F be the field of functions of C/k;

oo be a place of F;

Cat = C'\ {0} be the affine curve obtained from C' by removing oo;

A = I'(Cagr, Oc) be the coordinate ring of Cag;

A be the adele ring of F;

At be the ring of finite adeles of F' (see (A.5.4));

F, be the completion of F' at oo;

Oxo be the ring of valuation integers of Fi;

(oo be the order of the residue field of O;

|.| be the valuation on Fi, given by oo and normalised so that if 7o is a

local parameter at oo then |ms| = ¢!

%OO be the completion of the algebraic closure F o of Foo;
NUFs) =Py 1(Fu) \ U(Fx — rational hyperplanes) (see (A.5.3)).

The valuation |.| has a unique extension to the field F, which is also denoted

|.|. If S is a subset of F,, write |S| for the set of real numbers which are
absolute values of elements of S.
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(B.2.2) Let z = (#21,...,24) € Qd(%oo). The function on F4 given by

d
a,: a=(a,...,aq) — az(a) = |Zaizi|
=1

is a norm on the d-dimensional F-vector space FZ (exercise B.2.3(1)).
Define the building map A by

A4 I(Fl)q, 2+ Az) = dialation class of ..

The image of A lies in the subset I(FZ)q of I(FZ)r because the absolute

values of elements of F, lie in ¢ U {0}.

~d
B.2.3. Exercises. (1) Let 2z = (z1,...,24) € Fo. Show that the map on FZ given
by

d
a=(a1,...,aq) — as(a) = \Zaizi\
i=1

~

is a norm on the Fio-vector space Fgo if and only if z € Qd(foo). Show that for
= =~d
¢ € Fs and z € F, we have ac. = |c|as.

(2) Show that the map X : 2% — I(F%)q is GL4(Fx)-equivariant for actions on the
left. Deduce that for any subgroup I" of GL4(Fs ), there is a corresponding quotient
map

Ar: I\ — D\I(F%)g.

(3) For 2 norms «, 3 on the vector space V = F2 over Fs, define the distance
p(a, B) by the formula
() B(x)
pla, B) = log sup ———=) +log sup —=).
(e, 8) oo (ZGV,z;ﬁO 5(55)) o (IGV,Z7$O a m))
Show that p(a, 3) depends only on the dialation classes of a and . Show that p is
a metric on the space of dialation classes N (V') of norms on V.

(4) (i) Let M D N D w5 M be lattices of V = F& over Og and let aas, an be their
corresponding norms on V' (exercises B.1.9(2)). If .o M 2 N 2 75 ' M
show that p(aam,an) =r.

(ii) Show that a set of lattices Mo, ..., M, of V determines a simplex in the
building I(F%)g if and only if plang, an;) =1 for all i # j.
[Under the isomorphism © : I(V)r — N(V) of theorem B.1.8, it follows from
this exercise that the metric p is induced by the standard metric on the Euclidean
Bruhat-Tits building I(V)r.]

(5) Let a be the norm associated to the standard lattice O% contained in F%. Let
z=(z1,...,24) € R%Fs) and suppose that |2|/|z;| & ¢ for all i # j. Show that
max; |z

p(A(z), ) =log, m
J1~7
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B.3 Fibres of the building map on 22

(B.3.1) For the case where d = 2, the Bruhat-Tits building I(F2)R is a tree
T (a contractible 1-dimensional simplicial complex; see for example figures
1,2,3,4 of §3.8). The standard metric p on T is such the distance between
adjacent vertices is equal to 1 (exercise B.2.3(3) and (4); see also §3.1).

For any element u € F, the imaginary norm |uliy of u is defined to be

[ulim = inf fu—al.

[This is the analogue for F o, of the imaginary parts of numbers in the complex
upper half-plane.]

B.3.2. Proposition. Let o be the norm associated to the standard lattice
O2, contained in F2. Let A : 22 — T be the building map. Then for all
u € 22 we have

[ —log,__ [u|im, if ul <1
pNw),0) = { Tt (e S

Proof. Put
S =02 \ 1,02

The building map A : 22 — T is given by (see (B.2.2))
Au)(a,b) = |a+ub| for all (a,b) € FZ u € 02

If |u| <1 then we have
sup |a+ bu|=1.

(a,b)eS
Furthermore, we have
inf |a+bul= inf |a+ bul
(a,b)es la]<1,[b|=1
= 1 f = im-
aé%m @+ u| = |ulim

Therefore we have (by exercise B.2.3(3))

p(Mu), o) = log,_ (1/[ulfim)

as required.
If |u| > 1 then we have by the first part

p(AM(u), @) = p(A(1/u), a) = —log,_ (1/[ulim)

as required.Od
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(B.3.3) The reduction map 7 : ]Pl(%oo) — Py(F,), where I is the al-

gebraic closure of Iy, admits a section s : P1(IF,, ) — P1(Fo) such that
s(0) = 0 and s(00) = oo and rs is the identity on Py (IF,_ ).
For a metric space, we write B*(z, ¢) for the closed ball with centre x and

radius ¢ and we write B(z, ¢) for the corresponding open ball; for the point z
at infinity of P1(F ), write B(z,¢) = {2} U{u € Foo| |u| > 1/c}.

B.3.4. Corollary. Let x be the vertex of T' corresponding to the standard
lattice O%, contained in F2. For ¢ a real number in [0,1] we have that
A"Y(B*(z,c)) is equal to P1(Fs) minus qs + 1 disjoint open discs; more
precisely we have
AMHB (@ e) =Pi(Fs)\ ) Bls(@),qx).
z€P; (Foo)

Proof. Let u € §22. Suppose first that |u| < 1. By proposition B.3.2, we have
u € A\™Y(B*(z,¢)) if and only if

I < 4o < Julim < 1.

This is the case if and only if u does not lie in one of the (goo + 1) discs
B(s(x),qx’) for all z € P1(F), as required.

The case where |u| > 1 now follows from this and proposition B.3.2 where
we note that u lies in one of the discs B(s(x), ¢=°), where z € P1(F,), if and
only if 1/u does so. O

B.3.5. Exercises. (1) Show that |.|im has the following properties.

(i) For uw € Fo, we have |u|im = 0 if and only if u € Fw.

(ii) For u € Foo and ¢ € Feo, we have |culim = |¢||t|im-

(iil) If u € Foo and |u| € ¢% then |ufim = |u].

(iv) Suppose that u € Foo and |u| = 1; let r(u) denote the residue class of u in

Fy... We have |u|im = 1 if and only if r(u) € Fq, \ Fq.. .
(2) Let m be an integer > 0 and let ¢ be a real number in the interval [m,m + 1.
Let z be the vertex of T corresponding to the standard lattice O%, contained in F2,.
Show that A~ (B*(z,¢)) is equal to P1(Fe) minus (goo + 1)¢% discs of radius g5.°.
(3) Let = be the vertex of T' corresponding to the standard lattice O%. Let y €
P (Fq. ) and let y* be the corresponding open edge emanating from x. Show that
all the points of B(s(y),1) \ B*(s(y),qx) of £2% project via A onto the edge y*.
Describe similarly the inverse images in 2% by X of all the open edges of T

Replacing P1(Fo) by the complex Riemann sphere P;(C) and replacing cor-
responding open discs by complex open discs, explain why 22, equipped with the
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building map X : 22 — T, resembles intuitively the boundary of a tubular neigh-
bourhood of the tree T" in 3-dimensional Euclidean space (see [DH, pp.63-64]).

B.4 Structures of level H on Drinfeld modules; the
moduli scheme Mgr

(B.4.1) Let U be a non-empty open subscheme of the projective curve C/k.
as in (B.2.1). Let S be a finite set of closed points of U. A locally free sheaf £
of rank n on U is trivialised over U \ S if there is an isomorphism of sheaves
of O¢-modules

Eluns = O& o\ s-

(B.4.2) Let V be the localisation of £ at the generic point of U. Then V is a
vector space of dimension n over the function field F' of C'/k. Then £ defines
for all closed points x of U a finitely generated O¢ ,-submodule L(z) of V,
where O¢ , is the local ring of C' at x.

Let F, denote the completion of the field F' at x. Let (50793 denote the
completion of the discrete valuation ring O¢ ,; thus F), is the fraction field of

@C@. We obtain a commutative diagram of bijections

GL,(F)/GL,(Ocz) — {Oc¢, — lattices in F™}

1 R R 1
GL,(F;)/GL,(Oc ) — {Oc, — lattices in F'}

(B.4.3) If £ is trivialised over U \ S then there is a basis x1, ..., z, of V such
that for all points = of U \ S we have

L(z) = é 2,0¢ ¢
i=1

This gives the diagram of bijections where the vertical map is a homeomor-
phism

R isomorphism classes of
H GL,(F;)/GL,(O¢,s) — locally free sheaves of rank
zes n on U trivialised over U \ S

!
[T GLuF) x I GLu(Ocu)/ I GLa(Oc.a)

zeS zeU\S zeU

(B.4.4) Let I be an ideal of A. Let Z be the corresponding sheaf of ideals of
Oc¢. Suppose that £ is equipped with a full level I-structure; that is to say
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there is an isomorphism of Og-modules
E®o. Oc/T = (Oc/I)".

Assume that the support of Spec A/ is contained in the finite set of points
S. For all z € U put

GLn(Oc 4, 1) = ker{GLy,(Oc¢.2) — GLn(Oc.2/I0¢.2)}.

We then have the diagram of bijections

isomorphism classes of
R locally free sheaves of rank
H GL,,(Fy)/GL,(O¢ s, I) — n on Uequipped with a
z€S trivialisation over U \ S
with full level I structure

i
[T cLa() x [ GLa(@cw)/ I CLn(@c.o. 1)

z€S zeU\S zeU

(B.4.5) Take now the particular case where U = C'\ {oco}. We have, where A,
is the ring of finite adeles (see (A.5.4)),

GLn(Ag) =lim ] GLa(F:) x ] GLn(Oc.)
S zes zeC\S

where the limit runs over all finite subsets S of closed points of the open
subscheme C'\ {co} of C'/k. We obtain

isomorphism classes of locally free
sheaves on C'\ {oo} of rank n
equipped with a trivialisation outside
Spec (A/I) with full level I structure

GLn(Ay)/ [] GLa(Oc.a, D)=
zeC\{c0}

(B.4.6) Let A be the profinite completion of A; then we have an isomorphism
of groups which is a homeomorphism

GLd(A\) = H GLd(O\c’m).
z€C\{oo}

For any ideal I of A, let U; be the kernel of the natural map
GL4(A) — GL4(A/IA) (as in theorem A.6.9).
B.4.7. Definition. An arithmetic subgroup H of GLd(fT) is a compact open

subgroup of GLd(Z) such that H contains a compact open subgroup of the
form Uy for some non-zero ideal I of A.
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-~

(B.4.8) Let H be an arithmetic subgroup of GL4(A). Then H contains a
normal subgroup of finite index U; for some non-zero ideal I of A; furthermore,
by taking a subgroup of U; if necessary, it may be supposed that A /I contains
at least 2 maximal ideals.

Let M¢ be the fine moduli scheme of rank d Drinfeld modules equipped
with a full level I-structure. By (A.6.8) there is an action of GLg(Af)/F* on
M9, We define Mg to be the quotient scheme of M? under H

Mg = (MHHE,
As the quotient H/U; is a finite group, we obtain
My = (M)

The quotient M§, of the scheme M¢ by the finite group H/ U; exists and is of
finite type over A. We say that scheme Mg is the moduli scheme of Drinfeld
modules with an H -structure.

B.4.9. Proposition. Let S C GL4(Ay) be a finite set of representatives of
the double cosets H\GLg4(A)/GL4(F). The isomorphism of rigid analytic
spaces o

(Mj'i & Foo)an = UI\Qd
induces bijections

M (Fo) = H\2?
= [ 2*/(@Hz" N GL4(F))

z€eS
where the disjoint union here is over the finitely representatives of S.
Proof. The first bijection M (Fo) = H\2? follows immediately from theo-

rem A.8.7 and the definition M¢ = (M;i)H/ﬁf. For the second bijection, we
have y
24 = (GLa(Af) x 24)/GL4(F).

Hence we obtain

H\2% = H\(GLg(Ay) x 2%)/GL4(F)
= H\(( 1T yH) x 29)/GLq(F)
yHEGL4(Ay)/H

= [[ 2*/(zHz7' NGL4(F)). ©
€S
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B.5 Action of arithmetic subgroups of GLy(F') on T

We consider the action of the subgroup GLa(A) of GL2(F') on the Bruhat-Tits
building I(F?) with respect to the valuation on F arising from co. The main
results of this section are theorem B.5.18 and corollary B.5.19 which are used
to prove the isomorphism of cuspidal cohomology of proposition B.7.10 (see
also exercise B.7.16(1)).

B.5.1. Remarks. (1) Tt is assumed in this section that the ground field k is
finite. Nevetheless, most of the results here are valid with minor modifications
for any ground field.

[For more details on the results of this section, see [S4, Chapitre II, §2].]

(2) The tree I(F?) is that associated to the global field F' with respect to the
discrete valuation corresponding to the point co. The tree I(F?) is isomorphic
to the tree I(F2 )R corresponding to the local field F,,, the completion of F
at oo. Nevertheless, the two corresponding buildings are not isomorphic as
I(F%)R contains many more apartments than I(F?). This is unimportant
for the application to cuspidal cohomology in proposition B.7.10 and exercise
B.7.16(1).

(B.5.2) Let R be the local ring O¢ « of the curve C/k at co. Put
d = deg;,(00).

Let Z, be the sheaf of ideals of O¢ corresponding to the closed point co. We
write T for the tree I(F?)g.

A locally free sheaf of rank 1 on C is called a line bundle. Note that as k is
a finite field the greatest common divisor of the degrees of k-rational divisors
on C is equal to 1. An isomorphism between sheaves on C will always mean
an isomorphism of sheaves of O¢-modules.

(B.5.3) Let A be an R-lattice in F2. Associated to A is the vertex x4 of the
tree T and the coherent sheaf of Oc-modules €4 on the projective curve C/k
defined by the properties:

(a) €4 is a subsheaf of the constant sheaf F? on C;

(b) at every point = of Cyg the localisation €4 ,, is equal to A2 where A,
is the localisation of the ring A at x;

(c) the localisation €4, at co is equal to A.

As a sheaf is uniquely determined by its stalks, the existence and uniqueness

of the coherent sheaf £, defined by these properties is clear.

(B.5.4) Two locally free sheaves £,&" on C are Zo-equivalent if there is an
integer n € Z such that &’ is isomorphic to € ®p, I .
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A locally free sheaf of rank n on Cug is trivial if it is isomorphic to the
sheaf associated to the free A-module A™ of rank n.

B.5.5. Proposition. The applications A — x, and A — £, induce a bijec-
tion between the vertices of GLa(A)\T and the set of Z.-equivalence classes
of locally free sheaves of rank 2 on C' whose restrictions to Cyg are trivial.

Proof. By construction, the restriction of the sheaf £4 to Cyg is trivial.
If « € F* and n = v(«) where v is the valuation on F' corresponding to oo,
then we have an isomorphism of sheaves of Ox-modules £, = I?;” ®os Ea.
If A, A" are R-lattices in F?2 then the sheaves £, and £, are isomorphic if
and only if there is g € GLa(A) such that gA = A’, because the subgroup of
GLy(F) stabilising the sublattice A% is GLy(A). O

B.5.6. Lemma. Let £ a locally free sheaf of rank 2 on C. Write det(€) for
the locally free sheaf of rank 1 which is the determinant of £. The following
conditions are equivalent:

(a) the restriction to Cyag of € is trivial;

(b) the restriction of det(€) to Cug is trivial;

(c) there is n € Z such that det(&) is isomorphic to Z&™.

Proof. The equivalence of (a) and (b) results from C being of dimension 1;
more precisely, the projective modules of rank 2 over the Dedekind domain A
are isomorphic to A & M where M is an invertible ideal of A.

The equivalence of (b) and (c) is evident.O

B.5.7. Proposition. The correspondence A — £, induces a bijection be-
tween the vertices of GLo(A)\T and the set of isomorphism classes of locally
free sheaves of rank 2 on C such that det(€) is isomorphic to O¢ or Ts.

Proof. Let £ be a locally free sheaf of rank 2 on C' such that the restriction to
Cagr is trivial. Then by lemma B.5.6, there is an isomorphism det(£) = Z&™
for some n € Z. As we have det(€ ®p. Z7) =2 IF2™ the result follows. O

Sub-bundles of rank 2 bundles

(B.5.8) The line bundles on C form a group Pic(C). Let J/k denote the
jacobian of C; then J(k) is the finite group of k-rational points of J as k is
finite. We have the exact sequence obtained from the degree homomorphism
Pic(C) — Z

0 — J(k) — Pic(C) ¥ 7z — 0.
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B.5.9. Definitions. (1) Let £ be a locally free sheaf of rank 2 on C'. Let £ be
a line bundle on C which is a subsheaf of £. Then L is contained in a unique
line bundle £’ which is a subsheaf of £ and which is maximal with respect to
this inclusion property. This subsheaf £’ can be defined as the subsheaf which
is the intersection of £ with the line of the generic fibre of £ containing L.
When £ = £/, then £ is said to be sub-bundle of £; in this case when L is
a line sub-bundle, of &, the quotient sheaf £/L is also a line bundle.
(2) Let £ be a line bundle. Put

AEL)=E®p, L1
and put
When L is a line sub-bundle of £, we then have

N(&, L) = deg(L) — deg(E/L) = 2deg(L) — deg(E) = deg(L o (E/L)71).

Furthermore, we have that I'(C, A(E, L)) is the space of O¢-module homo-
morphisms £ — € and if £ is a line sub-bundle, of &, then
HYC,L®0o, (E/L£)71) is the space of isomorphism classes of extensions of £
by £/L.
Put
N(&)=supN(, L)

where the supremum runs over all line sub-bundles £ of £.
B.5.10. Proposition. (i) If £ contains a sub-bundle L of rank 1 such that

N(E,L) > 0 then this sub-bundle is unique.
(ii) Let g be the genus of the curve C/k. We have that N () is finite and

N(E) > —2g.

Proof. (i) Suppose that & contains another rank 1 sub-bundle £’ such that
N(&,L') > 0. We then have

deg(A(E, £)/(L B0y £1)) = —%N(E, L) — %N(S,E’) <.

Hence we have
I(C,AE L)) (Lo, L71) =0.
Hence the exact sequence

0—I(C,LR0. L™ = T(C,ER0. L") = T'(C,AE, L)/ (LRo. L))

shows that the non-zero element of I'(C,€ ®o. L'~!) corresponding to the
injection £ — & is also an element of I'(C, £ ®o. £'~1); that is to say the



474 Appendix B. Automorphic forms

injection £’ — & factors through the injection £ — £. As £’ is a rank 1
sub-bundle of & it follows that £’ = L.

(ii) Select a line bundle £ on C/k such that
1 1
Edeg(é’) —g<deg(L) < §deg(5) +1-g.

This is possible as the greatest common divisor of the degrees of line bundles
on C/k is equal to 1. Then we have

—29 < N(&, L) <2-—2g.
By the Riemann-Roch theorem we have
dim I'(C, A(E,L)) > —N(E,L) +2—2g > 1.

Hence there is an injection of sheaves of Og-modules £ — £. Let £’ be the
line sub-bundle of £ containing the image of £, that is to say £’ is the maximal
subsheaf of £ which is a line bundle containing the image of £. Then we have

deg(L') > deg(L).

Hence we have

‘We obtain
N(&) > —2g.

Suppose that N (&, L) were not bounded as £ runs over all rank 1 sub-
bundles of £. Then there would be a rank 1 sub-bundle J of £ such that
N(E,J) > 0; hence by part (i), J would be the unique sub-bundle with
N(&,J) > 0 and hence N (&, L) would be bounded, a contradiction. Hence
we must have that N () is finite. O

B.5.11. Definition. A locally free sheaf £ of rank 2 on C' is decomposable
if it is the direct sum of 2 line bundles on C. Such a decomposition is unique
up to an automorphism of £ (exercise B.5.21(2)).

B.5.12. Proposition. A locally free sheaf £ of rank 2 on C' such that
N(€) > 2g — 2 is decomposable.

Proof. As N(€) > 2g — 2, there is a rank 1 sub-bundle £ of the locally free
sheaf € of rank 2 such that N(&,L£) > 2g — 2. Put £ = £/L. Then & is
an extension of the line bundle £’ by the line bundle £ and the extension is
classified by an element of the space H(C, £ ®o. L'~1). As we have

deg(L ®o. L) = N(E,L) > 29— 2
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this cohomology group is zero by Serre duality. Therefore this extension is
trivial. O

The graph GLa(A)\T

(B.5.13) A graph G is a set vert(G) of vertices and a set line(G) of lines
where the two extremities of every line are vertices in vert(G); line(G) may
be considered as a subset of vert(G)? x E for some set E, in particular, two
vertices may be joined by more than one line.

B.5.14. Definitions. (1) Let Pic(A) be the group of locally free sheaves
of rank 1 on Spec A. The finite group Pic(A) is isomorphic to the quotient
of Pic(C) by the subgroup generated by Z, and, from (B.5.8), it lies in the
exact sequence

0 — J(k) — Pic(A) ¥ z/dz — 0

where d = deg,(c0). Let ¢ € Pic(A). Then there is a unique element ¢* €
Pic(C') which extends ¢ and such that

0 < deg(c") < d.

Let F. be the line bundle on C of class ¢*; this line bundle is determined
uniquely up to isomorphism. We put

fc = deg(}_C)'

(2) For ¢ € Pic(A), the cusp A, is the subgraph of GL2(A)\T defined as
follows. Let F. be the line bundle defined above and let n € Z. Put

f’;L,c:I(%n ®(')C fgl7 5C7n:fc@f:r/l7c

Then &, restricted to Cag is trivial (lemma B.5.6) and so by proposition
B.5.7 it defines a vertex x., of GL2(A)\T. We have

deg(&c,n) = —nd and N (& pn, Fe) = 2f. + nd.

. . 1 . . .
The inclusion Z&" C I?;("+ ) defines the inclusion of Eem in Ec ny1. Hence
this gives a line y., joining z., to Z¢n+1. In the same way, there is a line
Yo joIning xcp with ¢ p—1.

B.5.15. Proposition. The vertices z.,, for all ¢ € Pic(A) and all n > 1,
are distinct.

Proof. If n > 1 then N (&, F.) > 0 which shows that F, is the unique rank 1
sub-bundle of maximal degree of &, . (proposition B.5.10). Suppose then that
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Zem = Tp,m where b, ¢, € Pic(4) and n > 1, m > 1. By proposition B.5.5, it
follows that for some integer s there is an isomorphism

gcm = 5b7m ®Oc I?;S

Therefore there are isomorphisms, by the uniqueness of the decomposition of
Ec.n as a sum of line bundles (see exercise B.5.21(2)),

Fe2 Fy Q0. I3 and F, = F} . Qo IS

As F. is uniquely determined in its Z,.-equivalence class, by the definition of
F. it follows that ¢ = b and s = 0. Hence we have m = n. O

B.5.16. Proposition. If N(&, ¢, F¢) = nd + 2f. > 2g — 2+ d then the only
lines of GL2(A)\T emanating from z., are ye, and Y, .

Proof. Let € be a locally free sheaf of rank 2 corresponding to the vertex x
of GLy(A)\T. Then the lines of GL2(A)\T with origin x correspond to the
orbits of the group Aut(£) acting on the space of k-lines of the fibre £(c0) of
& at oo, this fibre being a vector space over x(co) of dimension 2. When we
take x = ¢ n, & = & n, the fibre of £ at oo is the direct sum of two lines

Een(0)2 DD

where D is the fibre of F, and D’ is the fibre of F, at oo. The line D cor-
responds to the line y., and the line D’ to the line 7, ,. If we put G =
Aut(&.n), then the proposition is equivalent to the assertion that every line
of D@ D’ distinct from D is G-conjugate to D'.
The group G contains automorphisms of the form ((1) i) where s is a
section of the line bundle
H =Hom(F,,, Fo) = FE? 20, IS

c,m?

Such an automorphism acts on the fibre D @ D’ by the unipotent matrix

<(1) s(c1>o) where s(c0) denotes the value of the section s at oco.

The degree of H satisfies
deg(H) =nd+2f. >29—2+d

and we have the exact sequence

O
L(CH) = T(C,H® z-) — H'(C.Zx @00 H)-

o0
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We then have H(C,Z ®0, H) =0 as
deg(Zoo ®o H) > 29 — 2.

The homomorphism
@
I'(C,H) —» I(C,H® I—C)
of evaluation at oo is therefore surjective. Hence every line of D & D’ distinct
from D is G-conjugate to D’. O

B.5.17. Definition. (1) Put
m =sup(2g — 2+ d, 3d — 2).

Let n. be the largest integer such that dn. + 2f. < m, that is to say
N(&n ., Fe) < m. We have, as may be checked,

(a) ne>1

(b) dne > 29 — 2 — 2f.

(2) Let A, be the subgraph of GL2(A)\T having for vertices the points x. ,
n > n. and for lines Y n, n > n.. Then A, is an infinite half-line with origin
T = Ten Where n = ne.

The inequality (a) together with proposition B.5.15 shows that the paths
A, are disjoint. The inequality (b) together with proposition B.5.16 shows
that A, intersects the rest of GL2(A)\T only at the point ..

(3) Let Y;,, be the sub-graph of GL2(A)\T whose vertices correspond to locally
free sheaves € of rank 2 such that N(€) < m and whose lines are those of
GL2(A)\T both extremities of which lie in Y;,.

As N(&.p.) = 2fc+ dn. is < m, the points z. are vertices of Yy,.

B.5.18. Theorem. (i) The graph GLo(A)\T is a union of subgraphs Y,
and A, for all ¢ € Pic(A).

(ii) We have vert(Y,,) Nvert(A,) = {z.} and line(Yy,) Nline(A.) = 0.

(iii) The graph Y, is finite.

Proof. (i) Let x be a vertex of GL2(A)\T and let £ be the locally free sheaf of
rank 2 corresponding to z. If N(€) < m then z is a vertex of Y,,, by definition
of Yy,. If N(E) > m there is a line sub-bundle £ of £ such that N(&, L) > m.
As m > 2g — 2, proposition B.5.12 shows that £ is a direct factor of £.
Therefore £ = L & L'. Let ¢ € Pic(A) be the class of the restriction of £ to
Cagr. Tensoring £ by a power of Z, if necessary, we may assume that £ = F,
(definition B.5.15). As det(&) is a power of Z, (lemma B.5.6), we then have
that £’ is isomorphic to Z&" ®e, F. ' where n € Z. That is to say, £ = Een

Cc
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and x = x . The hypothesis N (&, £) > m means that 2f. +nd > m; in view
of the definition of n., this implies that n > n. and shows that = is a vertex
of A.. We therefore have

vert(GLa (A)\T) = vert(Y;,) U U vert(A,).
cePic(A)

Suppose now that y is a line of GLy(A)\T. If the two extremities of y
lie in Y, then y is a line of the graph Y,, by definition of Y;,. If one of the
extremities does not lie in Y}, it is a vertex z. , of one of the A, and we have
Zem # To whence n > n. + 1 and

(n—1)d>n.d>29g—2-2f,

(see (b)). By proposition B.5.16, this gives that y is a line of A.. Therefore
we have

line(GLa(A)\T) = line(Yy,,) U | Jline(A,).

(ii) Let zc,n € vert(Yy,) Nvert(Ae). As x.p lies in Y;, we have N(&.,) < m,
that is to say that 2f. + dn < m. In view of the definition of n. and the
hypothesis that n > n., as z., € vert(4.), this implies that n = n. and we
then have vert(Y,,) N vert(A.) is reduced to one point z .

That we have line(Y,,) Nline(A.) = @ is evident because no vertex of A,
can have both extremities equal to z..

(iii) The vertices of GLa(A)\T corresponding to indecomposable bundles on
C are vertices of Y,,, as all vertices of A, correspond to decomposable bundles.
This subset of vert(Y,,) is finite by exercise B.5.21(1).

Furthermore, the decomposable bundles £ = L& L' on C corresponding to
vertices in Yy, satisfy —2g < N(€) < m and det(€) is isomorphic to O¢ or Z
(see proposition B.5.7); it follows that both deg(L£) and deg(L’) are bounded.
Hence there are only finitely many isomorphism classes of such decompos-
able bundles €. Hence this subset of vert(Y;,) corresponding to decomposable
bundles is also finite. Therefore Y;,, is finite. O

B.5.19. Corollary. The inclusion Y,, — GL2(A)\T is a homotopy equiva-
lence. The graph Y,, is connected and finite.

Proof. The only point to check is the connectedness of Y;,. This holds as Yy,
is obtained from a quotient of a tree.O

B.5.20. Corollary. Suppose that I" is a subgroup of GL2(A) of finite index.
Then the graph I'\T is homotopic to a finite connected graph.
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Proof. As there are surjective morphisms of graphs T — I'\T — GLa(A\T
where the second morphism is a finite covering and T is a tree, this result
follows from the preceding corollary. O

B.5.21. Exercises. (1) (i) Let £, £’ be two line bundles on C. Show that there

are only finitely many isomorphism classes of extensions of £ by £'.

(ii) Let ¢ € Pic(C'). Show that there are only finitely many isomorphism classes
of indecomposable locally free sheaves £ of rank 2 such that det(€) is of
class c.

[Show that N(&) takes only finitely many values, by propositions B.5.10 and

B.5.12, and then use (i).]

(iii) Show that that part of GL2(A)\T which corresponds to indecomposable
rank 2 locally free sheaves on C'is finite.

[It is essential for this exercise that the ground field k be finite.]

(2) Suppose that the locally free sheaf £ of rank 2 on C' is decomposable. Show that
the decomposition &€ = L1 @ L2 as a sum of 2 line bundles £1, L3 on C' is unique up
to automorphism of £.

[Let J1 @ J= be a second decomposition of £ and consider I'(C, L; ®o j;l)
for all 4, j.]

(3) Suppose that C' is the projective line Py over the finite field k. Let d be the
degree over k of the point co. Let F be a line bundle on C of degree 1.
(i) Show that every locally free sheaf £ of rank 2 on C' is decomposable and that
there are integers a,b € Z such that £ = &, , where

Eap = FO" @ F&°.

[Use propositions B.5.10 and B.5.12.]
(if) Show that the restriction of £, to C'\ {oo} is trivial if and only if
a = —b (mod d). Denote by v(a,b) the vertex of GL2(A)\T corresponding
to Eq,p in this case where a = —b (mod d).
(iii) Show that the distinct vertices of GL2(A)\T are precisely the vertices
v(nd — b,b), where n,b € N, 0 < b < d, n > 1, and where n > 2 if d > d/2.
(iv) Show that if d = 1 then GL2(A)\T is the infinite half line v(n,0), n € IN,
where there is at most one line joining a pair of vertices.
Show that if d = 2, then GL2(A)\T is the infinite line with vertices v(2n, 0),
v(2n+1,1), n € IN, where there is at most one line joining a pair of vertices.
[For the cases where d > 2 see [S4, §2.4 and Exercice 2.4(2)].]

B.6 Cohomology of £22 and harmonic cochains

The étale cohomology of rigid analytic spaces is defined in §A.4 only for H°
and H' and for the coefficients the group w, of nth roots of unity and the
group Z/nZ where n is any integer prime to the characteristic of the ground
field; this is all that is required for this appendix.
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[For more details on the étale cohomology of rigid analytic spaces, see [Be]
and [Hu].]

B.6.1. Proposition. Let Dy,...,D,, be m + 1 pairwise disjoint open discs

in P1(Fs) of radius in |F«|. Let n be an integer prime to the characteristic
of the field F,. Then the rigid analytic space

X =Pi(Fo)\ | Ds

has cohomology given by

(a) HY(X @, P2, /) = Z/nZ;
(b) HY\(X @p. F2P, 1) = (Z/nZ)™,

Proof. (a) The open unit disc {z| |z| < 1} is geometrically connected, as it
is the maximal spectrum of the Tate algebra F{x} (see §A.2); hence every

open disc in P1(F ) is geometrically connected. Since X U Dy U ...D,, =

P1(Fso)\ Do is a disc and hence geometrically connected and since the spher-
ical boundaries of the D; are geometrically connected, it follows that X is
geometrically connected.

(b) Every divisor on X is principal hence we have Hrligid(X, 0%) = 0. The set
of rational functions without poles on X is everywhere dense in Hggid(X ,Ox).
Iffe Hggid(X, Ox) and sup,¢ x | f(z)—1| < 1 then evidently f = ¢ for some
g€ Hroigid(X, Ox). Therefore every element of Hggid(X, 0%)®zZ/nZ can be
represented by a rational function. Furthermore, the natural homomorphism
H}yiq(X,0%) ®z Z/nZ — HY (X, py) is surjective by proposition A.4.5.

If f is a rational function on P;/F,, whose divisor in P;(F) is con-
tained in precisely one of the discs D; then there is ¢ € F,, such that
sup,cx |cf(x) — 1| < 1 (see exercise B.6.4); hence we have ¢f = g™ for some
g€ H?igid (X, Ox). We then obtain a surjective homomorphism

¢ (Z/Z)™ — Hi (X, i) /[F5/FL].

The algebra F,{z, 27!} (see §A.2) has maximal spectrum which is a circle
B of radius 1 given by |z| = 1. Let j be an integer such that n does not
divide j and let m be the maximal ideal of O. If 27 were an nth power in
Foo{z, 271}, we would have 2/ = f™ where || f ||= 1 and where || . || is the
norm on Fy. {2,271} (see §A.2); it would follow that 2/ (modulo m) would be
an nth power in k(00)[z, 27| which is not the case. Hence 27 is not an nth
power in F{z,21}. It follows that

Hy (B, pin) [ |F5 | FX) 2 Z /L.
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Let S; be thAe boundary of D; for all . Then S; is a circle of radius ¢;, say,

where ¢; € |F|. We then obtain the isomorphism
Hy (S, 1) [ [Fi | F33') 2 Z/0 L.

It follows that the homomorphism ¢ is an isomorphism and we then obtain
the exact sequence

0 — FL/F2 — HA(X. o) — (Z/nZ)™ — 0.
Passing to the separable algebraic closure of Fi, gives the isomorphism

Hiy(X ®p,, FXP,pn) = (Z/nZ)™. O

B.6.2. Definition. Let M be an abelian group and let G be a (possibly
infinite) graph (see definition B.5.13). Let E be the set of oriented edges of G.
The edge with the opposite orientation to an edge e € E is denoted e* € F.

The group of 1-cochains C'(G, M) is the subgoup of ME of elements ¢
such that c(e*) = —c(e).

The group of harmonic cochains Hi, . (G, M) is the subgroup of ¢ €
C1(G, M) such that the sum of the values of the cochain ¢ on all edges ema-
nating from a single vertex is equal to 0 and where this holds for every vertex
of G.

B.6.3. Proposition. Denote by T the Bruhat-Tits building I(F2)r (see
§B.3). Let n be an integer prime to the characteristic of the field F.,. The
building map A : 22 — T induces isomorphisms which are compatible with
the action of GL2(Fx)

HY (% xp F5P Z/nZ) = 7./nZ

Hy (922 X poy 5P, i) 2 Moo (T4 Z/0Z).
The group Gal(F5P/F..) acts trivially on both groups.

Proof. Put X = 22. Define an admissible affine covering X = Uier Xi of X
where T is the set of vertices and edges (the simplices) of the tree T as follows.
If i is a vertex v, then X; is A™1(B*(v,1/3)) and if i is an edge e then X; is

equal to
A e\ | B(,1/4))

where the union is over all vertices of 7. The nerve of this covering has ver-
tices I and is the first barycentric subdivision of the simplicial complex T'.
Furthermore this covering is GLg(Fy )-invariant.

We have by corollary B.3.4 and exercise B.3.5(3) that if ¢ is a vertex then

X; is P1(Fo) minus (geo + 1) closed discs and if ¢ is an edge then X; is
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P (F ) minus two disjoint closed discs. Furthermore, if 7 is a vertex and j is
an edge emanating from i then we have that X; N X; is P1(F ) minus two
disjoint closed discs.

For two simplices 7, j € I, the space X;N X} is isomorphic to a space of the
type considered in proposition B.4.1. Since X; N X is geometrically connected
and the tree T is connected, it follows that X = 22 is geometrically connected.
This proves the isomorphism HY, (2% x g F5%,Z/nZ) = Z/n’Z.

Let E be the subset of I of elements ¢ € I corresponding to the edges.
Choose orientations for each edge i € E. Select isomorphisms for all edges
el

H(Xi, i) = Z/0L
by proposition B.6.1 and exercise B.3.5(3). Furthermore, if i is a vertex we
have an isomorphism by proposition B.6.1

H(Xi, i) 2 (Z/nZ)".

We have for all i # j
HE (XN X, pn) 20

unless 4 is a vertex and j is an edge emanating from ¢ (or vice versa); in the
latter case we have
HL(X; N X, ) = Z/nZ

by proposition B.6.1. By proposition A.4.6 we have the exact sequence

O - Héot(X7 ﬂn) - HHgt(Xluu‘n) - HHeOt(XZ ﬂijun)

i€l i#£]
i€l i#£]

We have the composite homomorphism
HY (X, pn) = [T HE (X 1) — T] HE (X ) = 1] 2/0Z.
icl icE icE
This provides an isomorphism
Hélt (X7 /J“n) - Hlllarm(T7 Z/HZ)

where this map is injective, by the previous exact sequence and proposition
B.6.1, and the image consists precisely of those functions in [], ., Z/nZ, ex-
tended to be alternating on all ordered edges, which are harmonic.O

B.6.4. Exercise. Let f be a rational function on P;/F. defined over Fo, whose
divisor in Py(Fe) is contained in the open disc D = {z| |z — a] < |b|} where

a,b € F5P and where z is a parameter on P1/F. Let X = IPl(FOO)\D. Show that
there is & € Fio such that sup,cx |af(z) — 1| < 1.
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B.7 Cohomology of the moduli space M7,

(B.7.1) Let U be the congruence subgroup of GLz(A) corresponding to the
ideal I of A, that is to say

Z where a,b,c,d € A
and b, c € I and whose determinant is a unit of A. As in §A.6, we put

Thus the subgroup U; consists of those matrices

U; = ker{GLy(A) — GLy(A/IA)}.
The building map A induces a morphism

U\2? — U\T.

(B.7.2) Put
T = GLa(F)\(T x GLa(Ay)).

where GLa(A ) is considered as a discrete set. As in (A.7.5), we put
2?2 = GLy(F)\(£2% x GLa(Ay)).

We have by theorem A.8.7 that if A/I has at least two maximal ideals then
there is an isomorphism of rigid analytic spaces

01\92 - (M12 & Foo)an-

-~

(B.7.3) Let H be an arithmetic subgroup of GL2(A) (see §B.4). Then there is a
corresponding moduli scheme M where we have (proposition B.4.9), for S C
GL2(Ayf) a finite set of representatives of the double cosets
H\GL2(Ay)/GLy(F),

M3 (Foo) = H\GLa(Ay) x 02(Fay)/GLs(F) =

= [[ 2*/(zHa™" N GLy(F))
reS
where the disjoint union here is over the finitely representatives of S.
We say that this space M% is the moduli space of Drinfeld modules
“equipped with an H-structure”.
Put
H, =xHz ' NGLy(F)

for any double coset HxGLa(F) of H\GLy(A f)/GLo(F).
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B.7.4. Proposition. Assume that the stabiliser in H, of any vertex or edge
of T is a p-group. We have the cohomology sequence, where the coefficients
are in Z/nZ or i,

(B7.5) 00— H'(H\T) — He(Ho\$2%) = My (1) @ pi" — 0.

Proof. Let n be an integer prime to the characteristic p of F. The group H,
acts on the Bruhat-Tits tree T = I(F2)gr. The building map modulo H, is
then

g, © H\2? — H\T.

The Leray spectral sequence of this map is the covering space spectral se-
quence whose exact sequence of terms low degree gives the exact sequence,
with coefficients in Z/nZ or uy,

0 — H'(H\T) — Hg, (H;\$2%) — Hg (2%)" — H*(H,\T)

As H, acts on T with stabilizer subgroups of edges and vertices which are p-
groups the groups H*(H,\T') are the cohomology groups of the discrete group
H, with coefficients in in Z/nZ or p,. As T is a tree, we have furthermore
that H2(H,\T) = 0.

By proposition B.6.3, the group HJ (22, — is isomorphic to
H o (T, —)H= the group of H,-invariant harmonic cochains with coefficients
in p,!orZ/nZ. O

)i

B.7.6. Corollary. Assume that the stabiliser in H, of any vertex or edge of
T is a p-group. We have the cohomology sequence, where the coefficients are
in Z/nZ or iy,

(B1.7) 0= H\H\T) — HY(M} & FP) = Moo (D)7 @ ;" — 0.

Proof.  This follows from the isomorphism of rigid analytic
spaces H\$2? = (M% @ Fu)an (theorem A.8.7 and (B.7.1)). O

B.7.8. Definition. The cuspidal cohomology H} y,.m(T,Z/nZ, H,) is the
subgroup of H},..(T, Z/nZ)"= of harmonic H,-invariant cochains with com-
pact support modulo H,. Similarly, the cuspidal cohomology
H oo (T Z/0Z, H) is the subgroup of H}, (T, Z/nZ)" of harmonic H-
invariant cochains of T' with compact support modulo H.

The cuspidal cohomology H!'(M3% ® F5P,Z/nZ) is then defined by the
exact sequence (B.7.7) to be the subgroup of H} (M# ® F5P, Z/nZ) of classes
with image in H} .. (T, Z/nZ, H) @ p;t.
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B.7.9. Proposition. Let Iy be the inertia subgroup of the galois group
Gal(FP /F.). Assume that the stabiliser in H, of any vertex or edge of
T is a p-group. Then (o, x) — cx — x, for o € I

Iy x H (H\Q?% 7. /nZ) — H}(H,\2?, 7./nZ)
induces a homomorphism
fon i Moo (T, 20 Z) > — HY(H\T, Z/nZ).

This map associates to a H,-invariant harmonic cochain on T' the cohomology
class of the corresponding cochain on H,\T.

Proof. In the short exact sequence obtained from (B.7.5) by taking coefficients
in Z/nZ

0 — H'(H,\T,Z/nZ) — Hi(H,\2* Z/nZ) — Hiurm (T, Z/0Z)"* @ pp* — 0

the inertia group Iy acts trivially on the extremities H'(H,\T,Z/nZ) and
H oo (T, Z/0Z) P @ it Tt follows that (0, z) — ox — z defines a map

Iy 1 2 1

7 % HA AR Z/nZ) — H (AT, Z/nZ)
which is bilinear and Gal(F5P/Fy)-equivariant. The group Ip/I} may be
identified with p,,; hence p, x H'(H,\T,Z/nZ) lies in the kernel of this map
and we obtain a homomorphism

fn : Hlllarm(T7 Z/HZ)HI - Hl (HZ\T7 Z/HZ)

This map associates to a Hp-invariant harmonic cochain on 7" the cohomology
class of the corresponding cochain on H,\T. O

B.7.10. Proposition. Let | be a prime number distinct from the charac-
teristic of F. Assume that the stabiliser in H, of any vertex or edge of T
is a p-group. Letting n run over all powers I’ of | and tensoring with Q,
the homomorphisms hi{l fii ®z, Q; above induce an isomorphism of cuspidal

cohomology

lim f: @z, Qi : Hi o (T Quy Hy) — HY(H AT, Q).

Proof. Let | be a prime number distinct from the characteristic of F'. The
quotient H,\T is a graph, possibly with multiple edges joining two vertices.
Let A be the affine coordinate ring I'(C'\ {00}, O¢) of the affine curve C\ {oco}.
As H, is a subgroup of finite index in GL2(A), by theorem B.5.18 and corollary
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B.5.20, there is a finite subgraph Y of H,\T where (H,\T) — Y consists of a
finite number of half-lines. Letting n run over all powers I’ of [ and tensoring
with @, we obtain that the homomorphisms f,, above induce an isomorphism
of cuspidal cohomology (exercise B.7.16(1))

Hllharm(Ta QhHE) —>H1(H$\Ta Ql) O

B.7.11. Proposition. Assume that for all x the stabiliser in H, of any vertex
or edge of T is a p-group. For all integers n prime to p, we have the short
exact sequence of cuspidal cohomology

(B.7.12)

- 7 A ~
0— Hl(H\Tz _Z) - H}(Mé@FOSSP’ _Z) - H!lharm(T7 H)®.U“:Ll — 0.
n n

YA
nZz’
In the limit we obtain the non-split exact sequence of Gal(F3P / F,)-modules
for any prime number [ distinct from p

0— Hl(H\T> QZ) - H'l(M%I ®F§§p7 Ql) - H'l harm(T7Ql>H) ®Ql(_1) — 0.

Proof. The exact sequence (B.7.7) restricted to cuspidal cohomology provides
the exact sequence (B.7.12). Taking the projective limit of this sequence as n
runs over all integers [?, and tensoring this with — ®z, Q; we obtain the final
exact sequence. The sequence is non-split as by propositions B.7.9 and B.7.10,
the invariant subgroup of H!'(M3% @ F5P, Q;) under the inertia subgroup Iy
of Gal(F3P /F..) is precisely H'(H\T,Q;). O

(B.7.13) Let 7o be a local parameter of O . Let I be a prime number distinct
from the characteristic p of Fix;. Let yj: be the multiplicative subgroup of F5ZP

of l’the roots of unity. Let L(i) be the subfield of F5P given by Foo(ﬂ'iéll NN
The field extension L(i)/Fw is galois and the galois group is generated by
two elements ¢; and u; which satisfy the relation qﬁiuigb;l = uJ>. The element

u; acts as ) _
Ui(’ﬂ'l/l ) — Cﬂ_l/l

where ¢ is a primitive [°th root of unity. The element ¢; is any element of
the galois group Gal(L(i)/Fs) which induces the Frobenius automorphism
x — x> on the extension of residue fields.

The fields L(i) form a direct system L(i) C L(i + 1) for all ¢; the elements
¢i,u; for all i may then be chosen to be compatible with respect to these
inclusions that is to say the restrictions of ¢;41,u;+1 to L(i) are equal to
oi, u;, respectively.

The field L = (J,;c L(4) is galois over F, and its galois group is profinite
and topologically generated by two elements ¢, u which induce elements ¢;, u;
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of the group Gal(L(i)/F) for all i. The elements ¢, u satisfy the relation
pugp™! = ud=.

B.7.14. Definition. The special representation spg, of the Galois group
Gal(F5P/F) is the 2-dimensional representation over Q; which factors
through the profinite galois group Gal(L/F); this group is topologically gen-
erated by the two elements ¢ and v with ¢u¢—! = u9>~. This representation

Gal(FP/Fao) — GL(SPgal)

is given explicitly by the formulae

¢H(é q01>
11

The representation spg, has an invariant 1-dimensional subrepresentation
and is the unique representation of Gal(F5P/F,), up to isomorphism, for
which there is a non-split exact sequence (exercise B.7.16(2))

0— Q; — spga — Ql(_l) — 0.

B.7.15. Proposition. Assume that the stabiliser in H, of any vertex or edge
of T is a p-group. We have an isomorphism of Gal(F5P / F,)-modules

H!l(Ml%I ® F§§p> QZ) = H'l harm(T7 Qb H) ®Q; SPgal-

Proof. From proposition B.7.10., we have the isomorphism
M e (T, Qus He) — H' (H\T, Qi)

where H, = xHz~! N GLy(F) for any coset 2H of H in GLa(Ay). It follows
from (B.7.3) that we have an isomorphism

H hawen (T Qi H) — H'(H\T, Q).

Hence from proposition B.7.11 we obtain the non-split exact sequence of
Gal(F5P / Foo )-modules

O_)Hll harm(T7 Qh H)_)H!l(MI%I(X)F;Sp? QZ)_)H'I harm(T7 Ql7 H)®Ql(_1)_>0‘

The result now follows immediately. O

B.7.16. Exercises. (1) Let G be a graph (possibly with multiple edges joining
pairs of vertices) on which the group U acts as a group of automorphisms. Let R
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be a ring. The wvalency of a vertex of GG is the number of edges emanating from that
vertex. Assume that every vertex of G has finite valency and that the valency of
every non-isolated vertex of G is a unit of the ring R.

(i) Show that U\G is also a graph.

(ii) Assume that U\G is a finite graph. Let

£+ Hiaem (G, R)Y — H'(U\G, R)

be the map associating a harmonic U-invariant cochain on G to the
corresponding cochain on U\G. Show that f is an isomorphism.

(iii) Let H{ harm (G, R,U) denote the group of harmonic cochains on G invariant
by U and with compact support modulo U. Let

f! : H‘l harm(G7 R7 U) - Hl(U\G7 R)

be the map associating a harmonic U-invariant cochain on G to the
corresponding cochain on U\G. Suppose that there is a finite subgraph Y
of U\G such that (U\G) — Y consists of a finite number of disjoint half
lines. [A half line is a graph isomorphic to IN where there is an edge
joining every pair of consecutive integers.] Show that fi is an isomorphism.

(2) Let V be a 2-dimensional Q;-representation of Gal(F5sP /F) which is a non-split
extension

O—>Ql—>V—>Ql(—1)—>O

of the 1-dimensional representations Q; and Q;(—1) of Gal(F5P?/F). Show that V
is isomorphic to the special representation spgaj.

B.8 Harmonic cochains and the special representation
of GLz(Foo)

(B.8.1) For any z € P;(F), considered as a 1-dimensional subspace of FZ ,
denote the quotient linear homomorphism by

Ve : F2 — F2 /x.

If A is a lattice of F2 then ~,(A) as also a lattice in F2 /x.

(B.8.2) For an ordered edge e of T represented by a pair of Ox-lattices Lo D
Ly, let P(e) denote the subset of © € P1(Fx) such that v, (L1) = vz (Lo).

The sets P(e) generate the Boolean algebra of all open compact subsets
of P1(Fy) (exercise B.8.13).

B.8.3. Remarks. (1) Denote by T the Bruhat-Tits building I(F2)r (see §B.3).
For an oriented edge e of T' (see (B.6.2)) represented by an ordered pair of
lattices Ly D L; the opposite edge e* is represented by L1 D s Lg. We then
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have the inclusions of lattices in the 1-dimensional Fi.-space F2, /x
TooYa(Lo) = Va(Too Lo) C Ya(L1) C Ya(Lo)-

It follows that either (oo Lo) = vz (L1) or that v,(L1) = vz(Lo) but not
both equalities simultaneously. In particular, we have a partition of P;(Fy)
as P(e) U P(e*).

(2) The elements of Py (Fu) may be identified with the ends of the tree T'.
A point z of IP1(Fy) corresponds to a 1-dimensional subspace aF,,. Let
O2, be the standard lattice of F2. Then the end associated to x is the half
line in T given by the classes of the lattices m3"aOy + O% for n € IN.
Let e be an oriented edge of T. Then the subset P(e) of P1(Fx ), under this
identification with ends, is precisely the set of ends of 7" beginning with the
edge e.

(B.8.4) For a ring R, define a map from the harmonic 1-cochains of T" into the
set of R-valued measures on P (Fy)

Ho (T, R) — Meas(Py(Fy,), R)

C e

by pe(P(e)) = c(e).

B.8.5. Proposition. The map ¢ — p. is an isomorphism
Hlllarm(T> R) = MeaS(IPl(Foo)> R)O

from the set of R-valued harmonic cochains of T onto the set of R-valued
measures on P1(Fy) of total mass zero.

Proof. Let eq, ..., es be the ordered edges emanating from a vertex. The har-
monic condition c(e}) = Y ;_, c(e;) (see exercise B.8.13) gives the equation

pe(P(e1)) = Zuc(P(ei))

It follows that p. is a finitely additive function on the set of compact open
subsets of P1(F ), as the sets P(e) generate the Boolean algebra of all open
compact subsets of Py (F ). From the partition P (F) = P(e) U P(e*) (see
remarks B.8.3) we obtain that u.(PP1(Fx)) = 0.

The inverse of ¢ — p. is given by u — ¢, where ¢,(e) = pu(P(e)). The
harmonic condition for the cochain ¢, follows from the finite additivity of u
and that u(P1(Fu)) = 0 (see exercise B.8.13(iii)). O

B.8.6. Remark. The measures on Py (F) with values in R are linear func-
tionals on the space of R-valued locally constant functions on P (Fu). This
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space denoted C*°(IP1(F), R) is a representation space of GLg(Fy) and is
related to the special representation of the group GLa(Fio).

B.8.7. Definition. Let R be a ring. Then the special representation Vip(R)
of GLy(F ) with values in R is the module

Vep(R) = C(P1(Fx),R)/R

that is to say Vip(R) is the GLo(F,)-representation on the space of locally
constant functions
PY(F.)— R

factored out by the constant functions R.
The action of GLa(Fi) on Vgp(R) is given by

(s/)(x) = f(s™ )

for f € C®°(P1(Fx),R), z € P1(Fx) and s € GLa(Fx). If R is the field @,
the algebraic closure of the [-adic field @, then this representation Vip(R) is
an admissible irreducible representation of GL3(Foo).

B.8.8. Proposition. The map ¢ +— p. is an isomorphism
Hlllarm (T7 R) = HomR(‘/SP (R)’ R)

where Hompg (Vi (R), R) is the R-module dual of Vgp,.

Proof. To the element c is attached the measure p. by proposition B.8.5. For
any locally constant function f € C*°(P1(Fx), R) we may integrate with

respect to the measure . and obtain fdue € R. As the measure p.
Pi(Fuo)

has total mass zero, the map f — fdpe then induces an element
P1(Foo)
Homp (Vip(R), R). The map is evidently bijective. O

B.8.9. Proposition. There is a natural isomorpism of R-modules
Homgr, p..)(Vep(R), €% (GL2(Fi), R)) = Homp(Vep (R), R)
given by, where i is the identity of the group GLa(Fy),

{: f=p(N)} =S = o(N@} for feVip(R).
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Proof. The inverse map is given by, for f € Vi, (R) and ¢ € Hompg(Vip(R), R),

{f—=o(f)}—{f—{s— &(sf) for all s € GLy(F)}}. O

B.8.10. Notation. (1) Let I" be a subgroup of GLa(F). Then I" acts on the
tree T', the space P (F ), and the representation V. Hence the isomorphisms
of propositions B.8.5, B.8.8, B.8.9 restrict to isomorphisms of I'-invariant
subgroups

Hlllarm (T, R)F = HomR(‘/SP (R), R)F

= Homgp, (p.,) (Vap(R), O (GL2(Foo) /T R)).
(2) Assume now that I" is a subgroup of GL3(A) of finite index. Let f be a

locally constant function on GL2(F)/I". For each parabolic subgroup P over
the global field F' of GLo(F') with unipotent radical U we put

T) = zu)du.
fP( ) /uGU/(I’ﬂU) f( )

The subgroup U is conjugate to <1 ¥

0 1) by an element of GLy(F).

B.8.11. Definition. A locally constant function f on GLy(Fu)/I is cuspidal
if fp(x) = 0 for all parabolic subgroups P of GLa(F).
Write Lo(GL2(Fs)/I, R) for the subspace of cuspidal elements of

B.8.12. Proposition. The isomorphism of proposition B.8.8 and B.8.10
Hisarm (T B)' 22 Homar, (r.0) (Vap(R), O (GLa(Fu ) /T R))
restricts to an isomorphism
H} porm (T, R, I') = Homgr, (.. ) (Vep(R), Lo(GL2(Fso) /T, R)).
[As in (B.7.8), the group M}, (T, R,I") denotes the group of harmonic

cochains which are I'-invariant and have compact support modulo I'.]

Proof. Let f € C*°(GL2(Fw)/I', R) be the image of an element of Vs, (R)
by a homomorphism in Homgr, (s )(Vsp(R), C*(GL2(Fu)/ I, R)). Then the
function f is cuspidal if and only if it has compact suppport modulo I" and
the centre of GLy(F.) (see [Ha, 1.2.3]). O

B.8.13. Exercise. Let z be a parameter on the projective line P1/Fss.
(i) Show that there is an ordered edge e of the Bruhat-Tits tree T" such that P(e) is
the open unit disc {z € Fso| |2| < 1}.
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(if) Show that any finite open disc {z| |z — a| < ¢}, and any open disc at infinity
{z| || > ¢}, is of the form P(e) for some ordered edge e of the tree T'.

(iii) Let e be an ordered edge of T" and e* be the edge with the opposite orientation.
Show that P1(F) = P(e) U P(e*) is a partition of P1(Fu). If €1,...,es are the
ordered edges issuing from a vertex show that there is a partition of P1(Fu)

Pi(Fx) = | Ples)
i=1
and that there is a partition of P(e})
Per) = | P(es)
i=2

(iv) Shows that the subsets P(e) of IP1(Fs) generate the Boolean algebra of all
compact open subsets of P1(Fuo).

B.9 Automorphic forms and the main theorem

(B.9.1) Let Q, be the algebraic closure of the [-adic field Q;, where [ is a prime
number distinct from the characteristic of F. Let A denote the adele ring of
the global field F.

The space
Ao = Lo(GL2(F)\GL2(A))

of cuspidal automorphic forms with values in Q; is the set of functions
[+ GLa(F)\GL2(A) — @
such that
(a) f is invariant by a compact open subgroup;

(b) the GLa(Fx )-transforms of f generate a finite direct sum of irreducible
representations;

(c) f is cuspidal, that is to say

fre(h i)

for all x € GLa(A).

Let f be a function satisfying the conditions (a) and (b). Then f is in Ay if
and only if f has compact support modulo the centre of GLy (see [Ha, 1.2.3]).
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B.9.2. Proposition. We have an isomorphism
Hlllarm (T7 COO(GLQ (Af)> Ql))
2= Homgr, (r..) (Vep(Qy), O™ (GL2(Ay) x GL2(Fix), Qy))-
Proof. We put .
R=C%(GLa(Af), Q)
in proposition B.8.12, where A ¢ denotes the ring of finite adeles. O

B.9.3. Proposition. Let H be an arithmetic subgroup of GLy(A), where

A is the profinite completion of A. Assume that the stabiliser in H, of any
vertex or edge of T is a p-group. There is isomorphism of (centralizer(H) in
GL2(Ay)) x Gal(F5P / Foo )-representations

O : H (M @ F5P, Q) =

Homgr,(r..)(Vep(Q), Lo(GL2(F)\GL2(A)/H, Q) ®q, SPGal-

Proof. From proposition B.9.2 we have an isomorphism
0: Hlllarm(T7 COO(GLQ (Af)a Ql))

2 Homgr, (r..) (Vep(Q)), O™ (GL2(Af) x GL2(Fi), Q).
We have from proposition B.7.15 the isomorphism
H!l(MI2{ ® F§§p7Ql) = H'l harm(Ta leH) ®Ql SPGal-

We have the two coset descriptions of M% (proposition B.4.9)
M3 (Foo) = GLo(F)\GLa(Af) x Q*(Foo)/H

- I F.)/(xHa ' 0GLy(F)).
cHEGLy(Ay)/H

Put, as in proposition B.7.4, H, = aHx~! N GLy(F) for any coset xH of H
in GL2 (Af)
From proposition B.8.12, we have the isomorphism

Hllharm(T’ Ql’ HI)gHomGLz(Foc) (‘/SP(QZL LO(GLQ(FOO)/HM Ql))

Hence we obtain the isomorphisms

H'l harm(T> Qh H)



494 Appendix B. Automorphic forms
= Homgr, (r.) (Vep(Q)) Lo(GL2 (F)\GLa(Fio) x GL2(Af)/H, Q)
= Homgr, (r,.)(Vap(Q;), Lo(GL2(F)\GL2(A)/H, Q).

We obtain an isomorphism
On : Hy (Mf ® FXP, Q) =

Homgr, (r.)(Vip(Q;), Lo(GL2(F)\GL2(A)/H, Q) ®q, sPga- U

B.9.4. Main Theorem. We have an  isomorphism  of
GL2(Ay) x Gal(F5P / Fo )-representations where the limit runs over all arith-

-~

metic subgroups H of GLy(A)

YLHH!l(MEI X ngpv@) = HomGLz(Foo)(Vsp(Ql)aAO) ®Q, SPGal-

Proof. The subgroups U; are cofinal in the category of arithmetic subgroups
of GLa(A); the groups U; satisfy the condition that the stabiliser in H, of any
vertex or edge of T' is a p-group. Hence the theorem follows from proposition
B.9.3 by passing to_the limit over all H, where H runs over all arithmetic

subgroups of GLa(A). O

B.9.5. Remarks. (1) This last theorem is one of the principal results of Drin-
feld’s paper [Drl].

(2) A fundamental result [J-L, prop. 11.1.1] in the theory of automorphic
forms for GLo, is that the representation of GL2(A) on Ay decomposes as a
sum of admissible irreducible representations with multiplicity 1

Ao:@w

where I is a set of irreducible admissible representations of the adele group
GLy(A).

Each representation 7 in II decomposes as a tensor product m = ®,7,
over all places v of F' where 7, is an irreducible admissible representation
with a GL2 (O, )-invariant vector for all but finitely many places v of F', where
O, denotes the completion of the local ring Ox , of X at v.

B.9.6. Corollary. We have an isomorphism of GLa(Af) x Gal(F3P/F,,)-

representations

lim H! (M? x F5 Q) = ( b & m) ® SPGal-

el ytoo
Too2Vsp (Qr)
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Proof. The module V;,(Q;) is an admissible irreducible representation of
GLa(Fy). For a representation 1 € II over Q, of GLy(A), we have
HomGLg(Foc)(‘/sp(Ql)77r) is equal to zero unless the component my, of 7 is
isomorphic to Vi, (Q;). This gives the isomorphism of the corollary where
Gal(F5P /iy ) acts trivially on () Ty) @ SPga €xcept for the last compo-
nent spg,- U

VF£0O

(B.9.7) Let Il be the subset of IT of irreducible admissible representations of
the adele group GL2(A). which are isomorphic to the special representation

V;p(Ql)7 at oo.

(B.9.8) Let X be the set of isomorphism classes of 2-dimensional

Q,-representations of Gal(F>P/F)
p: Gal(F*P/F) — GL2(Q))

which are ramified at only finitely many places of F' and such that the re-
striction of p to the subgroup Gal(F3iP/F,,) is isomorphic to the special
representation spg.,;-

B.9.9. Corollary. There is a map
Iy — Yo, 7w o(m)

and an isomorphism of GLa(A ) x Gal(F®*P/F)-modules

n€lloe = v#oo

Proof. The group Gal(F5P/F) is a subgroup of Gal(F*P/F). It follows that
as a GLa(Ay) x Gal(FP/F.)-module, the cohomology group
lim H! (M} x F*°P Q,) is isomorphic to @ [( ® Ty) @ SPeqy) from the

well _ PEZeS)
Too2Vsp (Qr)

previous corollary B.9.6. The action of Gal(F*®°P/F) commutes with the action
of GLa(Ay); for any 7 € I, the module &), T is an irreducible represen-

tation of GL2(A f) hence the group Gal(F*°P/F) acts on the 2-dimensional Q-
space spg,1, Where this representation depends on 7. Denoting this represen-
tation of Gal(F*P/F') by o(7), we obtain the isomorphism of the corollary.O

B.10 The Langlands correspondence w — o ()

(B.10.1) Let W be the Weil group of the global field F; that is to say, W
consists of elements of Gal(F*°P/F') whose image in Z belongs to Z under the
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restriction homomorphism to Gal(k®°P/k) = 7. The topology on W is that
induced by the embedding W C Gal(F*P/F) x Z.

If v is a place of F, let F,, denote the completion of F' at v. Let W,
denote the Weil group of F,, that is to say, W, consists of elements of
Gal(Fs°P/F,) whose image in Z belongs to Z under the restriction homo-
morphism to Gal(k*P/k) = Z.

(B.10.2) Let E be a number field, that is to say a finite extension field of Q.
Denote by ¥(F) the set of isomorphism classes of compatible systems {px}a
of absolutely irreducible 2-dimensional A-adic representations of W

P W — GLQ(E,\)

where A runs over all non-archimedean places of E which do not divide the
characteristic of F.

The system of representations {px}» of the Weil group W is compatible
if for every place v of F' and every element g € W then the trace tr(px(g))
belongs to E and is independent of the place A.

(B.10.3) Put
v = lim ¥(E)
E
where E runs over all number fields.
Let ¥, denote the subset of ¥ of compatible systems of representations

which are isomorphic to the special representation spga at oo
(see also (B.9.8)).

(B.10.4) Let IT be the set of isomorphism classes of irreducible admissible
cuspidal representations of GLg(A) over Q. Let Il be the subset of IT of
representations which are isomorphic to the special representation Vg, (Q,) at
00, as in (B.9.7).

(B.10.5) Let E be a number field and p = {px} be an element of ¥(E) and
let m € II. The representation m is said to be compatible with p if for some
place A of F and almost all places v of F' then

1 s _
L(S - 5,7@) = det(l - quv 7P/\) !

where L denotes the Jacquet-Langlands L-function, f, € W is a geometric
frobenius element at v and g, is the order of the residue field of F, at v.

Let p = {pr}x be an element of ¥ and let 7 € II. The 7 is said to be
compatible with p if there is a number field F and an element pg of ¥(FE) such
that p is the image of pp and 7 is compatible with pg.
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B.10.6. Theorem. (Drinfeld) Let I" be the subset of pairs (p, ) € Voo X I
such that 7 is compatible with p. Then I' is the graph of a bijection Wy, = Il,.

Sketch proof. The surjectivity of the projection I' — ¥, is a consequence of
results of [D1]. The projection I' — W, is injective because an irreducible
cuspidal representation of GLa(A) is uniquely determined by all but finitely
many local components.

That I' — IT, is injective follows from the Cebotarev density theorem. It
remains to prove the surjectivity of I" — I1.

Let m € Il. By theorem 8.3 and corollary 8.8, there is a representation
o (). It remains to show that 7 is compatible with o(7); for this see [Drl] or
[DH]. O

B.10.7. Remark. Drinfeld [Dr2, Dr3] also proves that the compatibility of
representations of IT and ¥ induces a bijection II — W¥. For this, Drinfeld
introduces the moduli schemes of stukas; Drinfeld modules are special cases
of Drinfeld’s stukas, but this is not an obvious consequence of the definition
of stukas.

Lafforgue has generalised Drinfeld’s proof to GL,, for all integers n (see
[La] or §B.12 below).

B.11 Elliptic curves as images of Drinfeld modular
curves

The conductor of an elliptic curve

(B.11.1) Let L be a local field of residue characteristic p. For a finite galois
extension of fields J/L, let G be the galois group of J/L. Let R be the valu-
ation ring of the field J and let p be the maximal ideal of R. The ¢th higher
ramification group is then

Gi={oeqG| v(@® —a)>i+1forall o € R}.

That is to say, G; is the normal subgroup of G' which acts trivially on R/p**+1.
In particular, Gy is the inertia subgroup of G. Put g; = |G,].

(B.11.2) Let [ be a prime number distinct from the residue characteristic of
L. Let I be a finite field of characteristic [. Let W be a finite dimensional
representation over IF of Gal(J/L) that is to say a homomorphism

p: Gal(J/L) — Endgp(W).

Let I be the inertia subgroup of Gal(J/L). The tame part of the conductor
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of p is equal to
e(p) = dimpW/ W7,

The wild part of the conductor (or the Swan conductor) of p is equal to

i w
SW Z gi dlm]F (WG )
The exponent of the conductor of p is then equal to

f(p) = e(p) +sw(p).

(B.11.3) Let E be an elliptic curve defined over the local field L of residue
characteristic p. Let T;(F) be the l-adic Tate module of E/L; put V; =
Ti(F) ®z, Q;. Then V} is equipped with an action by Gal(LP/L)

p: Gal(L***/L) — Endg, (V).

Let I be the inertia subgroup of Gal(L*®P/L). The tame part of the con-
ductor of E is equal to
e(E) = dimg, Vi/V}.

Let E[l] be the I-torsion subgroup of E. Let J = L(E[l]), that is to say
J is the smallest field of rationality over L of the [-torsion points of E. Thus
E[l] is a 2-dimensional vector space over Z/IZ.

The wild part of the conductor of E/L is equal to

-~ i B[]
= =d — .
2 g0 ENE (Emai
The exponent of the conductor of E/L is then

f(E/L) = €(E) 4 6(E).

The conductor is independent of the choice of prime number { (see [Si2, Chap.
6, Theorem 10.2]). The conductor f(E/L) is zero if E/L has good reduction.

(B.11.4) Suppose that E is an elliptic curve defined over a global field K. The
conductor of E/K is then the divisor

f(E/K) = Zf E®x K,/ K,

where the sum runs over all non-archimedean places v of K and where
f(F®k K,/K,) is the local exponent of the conductor of E ®x K, over
the local field K, and where K, denotes the completion of K at v. This sum
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is finite as the curve E/K has good reduction at all but finitely many places
of K.

Elliptic curves with split multiplicative reduction

(B.11.5) With the notation of (B.2.1) Let O¢,« be the local ring of the curve
C/k at 0o. Let F be the completion of F at co. Let |.| be the corresponding
valuation on the local field F.

(B.11.6) Let E/F be an elliptic curve (that is to say a 1-dimensional abelian

variety). The curve E/F has split multiplicative reduction at oo if the closed

fibre over oo of the minimal proper smooth model C of E at co has a node

and the tangents at the node are rational over the residue field k(c0) at co.
[See [Sil] for more details.]

(B.11.7) If E/F has split multiplicative reduction at oo, then the curve E/F
is a Tate curve at oo. That is to say, there is an element x € F, such that
|z]oo < 1, and an isomorphism of rigid analytic tori

Fr Jx% = E(F..).

[See [Si2, Chapter V] for more details.]

B.11.8. Proposition. Suppose that E/F has split multiplicative reduction
at oo. For any prime number [ distinct from the characteristic of F', let T;(F)
be the Tate module of E/F. Then there is a non-split exact sequence of
Gal(F5P / Fs )-modules

0 —-Ti(p) — T(E) — Z; — 0.

where Gal(F5P /F.) acts trivially on Z;.

Proof. There is an isomorphism of abelian groups compatible with the action
of G = Gal(FP /F,,) for some element x € FZ% with |2]|e <1

F5eP * Jo?  B(FS°P),

The ["-torsion of E is isomorphic to (Z/I"Z)?. Fix an ["th root ¢ of z in F5¢P.
The ["-torsion of F5P * /2% is isomorphic to

H = i CZ.
It follows that there is a non-split exact sequence of Gal(F5P /F.)-modules

0 — un — En(FEP) — Z/I"7 — 0.
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where Gal(F5P/F,,) acts trivially on Z. Passing to the projective limit gives
the exact sequence of the proposition.0

B.11.9. Corollary. The representation of Gal(F®*P/F') on the l-adic coho-
mology H},(E x g FP,Q;) is isomorphic to the special representation spgg
at oo. The exponent of the conductor of E at oo is equal to 1. O

Analogue of the Shimura- Taniyama- Weil conjecture for elliptic curves over F

(B.11.10) Let E//F be an elliptic curve. Then for all prime numbers [ distinct
from the characteristic of F', the cohomology groups Hj (E X p F*°?, Q;) pro-
vide a compatible system of 2-dimensional /-adic representations of the galois
group Gal(F*=°P/F)

pi: Gal(F*°P /F) — Endq, (Hg (E x ¢ F5?,Q))).
For all places v of F, we put (see examples 5.3.18(1))
0 = Tr(p(Froby )| HA (B xp F*7, Q™)

where I, is an inertia subgroup of Gal(F®°?/F) at v. Let E, denote the re-
duction at v of the Néron model of E/F. Then we have

ay = [Ey(r(v))] =1 = [r(v)].

(B.11.11) The local L-function at v of the elliptic curve E' is then defined to
be, where g, is the order of the residue field x(v),

Ly(s) = (1 —ayq, * 4+ ¢ 72%)~1 if E has good reduction at v
Ly(s) = (1 — auq, *)~" if E has bad reduction at v.

The global L-function of E/F is then defined to be

L(E7 5) = HLU(S)
where the product runs over all places v of F'.

(B.11.12) Suppose that the elliptic curve E/F' is not isotrivial.

For each place v of F' (see [D2, §3]), the representation of Gal(F5P/F,) on
H},(E xp F*°? Q) defines an irreducible admissible representation m,(E) of
GL3(F,). As the representations H},(E X p F*°P, Q) are compatible for all [
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distinct from p, the representation m, (F) is defined over Q and is independent
of I. Let m,(FE) also denote the corresponding representation over Q;. The
centre F* of GLy(F,) acts as the quasi-character wy : a +— |a|? on m,(E)
where |.|, is the normalised absolute value of F,. For all but finitely many
places v, the representation m,(F) has a GLz2(O, )-invariant vector, where O,
is the valuation ring of the local field F,.

By [D1, Exemple 9.6] and [JL, theorem 11.3, 11.5] the tensor product

m(E) = ®7TU(E) is then a direct factor of the representation
v

Lo(ws, GLa(F)\GL2(A), Q)

in the space of cuspidal locally constant Q,;-valued functions with compact
support on GLg(F)\GL2(A) transforming the centre via the quasi-character
wa. The representation m(E) has by construction the same local L-factors as
{p1}1. That is to say, 7(F) is compatible with {p; };. Furthermore the conductor
of m(E) is equal to the conductor of the representation p; provided by the curve
E/F (see [D2, §3.2(C)]).

(B.11.13) Suppose now that F/F has split mutliplicative reduction at oo;
in particular, E/F is not isotrivial. The conductor of E is then equal to
div(I)4o0, where I is an ideal of A and div([) is the divisor on C/k associated
to I.

The component 7 (E) at oo of the automorphic representation 7(E) at-
tached to E/F is then isomorphic to the special representation Vi, (Q,;).

(B.11.14) Let I'y(I) be the Hecke subgroup of GLy(A), where A is the profinite
completion of A; that is to say, the subgroup given by

(1) = { <‘; Z) € GLy(A) | ¢=0 (mod 1?1)}.

-~

Then Ih(I) is an arithmetic subgroup of GL2(A); in particular, it contains
the principal congruence subgroup U;. We write spa,(Q;) for the special
representation over Q;, that is to say,

sPcal(Q;) = sPaa ®q, Q-

Write I' in place of IH(I). The group I satisfies the hypothesis of propo-
sition B.9.3 that the stabiliser in I, of any vertex or edge of T is a p-group.
By proposition B.9.3 we have for the arithmetic subgroup I" an isomorphism
of (centralizer(I") in GLa(Ay)) x Gal(F5P/Fy )-representations

br : H} (M} F3P,Q) =

Homgr, () (Vip(Q;), Lo(GL2 (F)\GL2(A) /I, Q;)) ®g, SPGal (Q)-
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The representation Lo(GLa(F)\GL2(A)/I,Q;) decomposes as a direct
sum of irreducible representations of multiplicity 1 [JL, proposition 11.1.1]

Lo(GLy(F)\GLy(A)/ T, Q) = €P =

wellp

where I is a set of irreducible admissible representations of GLa(A). As
7(E) is a direct factor of Lo(GLo(F)\GL2(A)/I,Q,;) and as 7o (E) is iso-
morphic to Vip(Q,) it follows that there is an isomorphism of (centralizer(I")
in GLa(Ay)) x Gal(F®°P/F')-representations

01 HE (M2 @ PP ) = {<® M(E))®0(7T(E))} o @ (R m)eo(n)

VF0O well}, v#oo

where II}. is a subset of IIp. Here o(n(E)) is a 2-dimensional representation
over Q, of Gal(F*°?/F) compatible with 7(E). Hence o(w(FE)) is isomorphic
over Q, to the l-adic representation p; given by E (see (B.11.10)).

Let XP'(I)/F be the smooth projective curve obtained from M2 by
adjoining the cusps. Let T;(XP"™(I)/F) be the l-adic Tate module of the jaco-
bian of XP(I)/F. As H} (M2®F*P, Q,(1)) is isomorphic to Ty (X" (1)) @z,
Q,, we obtain a surjective homomorphism of Gal(F*°P/F)-modules

T(XDrm( )) ®z, Ql - CZ—‘l('E) ®z, Ql'

B.11.15. Theorem. (Zarhin, [Z1], [Z2], S. Mori) Let A, B be abelian varieties
over F and let | be a prime number distinct from the characteristic of F.
Let T;(A), T;(B) be the Tate modules of A, B, respectively. Then there is an
isomorphism

Homp(A, B) ®z Z; = HOmGal(Fsep/F) (T;(A), Ty(B)). O

(B.11.16) By this theorem of Zarhin, completed for the case of characteristic
2 by S. Mori, we obtain the next theorem, which is a restatement of theorem
4.7.1 of the main text.

B.11.17. Theorem. Suppose that E/F has split mutliplicative reduction
at co. Let I, which is an ideal of A, be the conductor of E/F without the
component at co. Then there is a finite surjective morphism of F-schemes

xPingy B O

B.11.18. Remarks. (1) Let A, B be abelian varieties over a field K which is
finitely generated over its prime subfield. Let | be a prime number distinct
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from the characteristic of K. Let T;(A),T;(B) be the Tate modules of A, B,
respectively. Then “the isogeny conjecture” is that there is an isomorphism
(see [T1, p.98])

Homg (A, B) ®z Zi = Homgakser /i) (T1(A), Ty (B)).

The conjecture states that if a group homomorphism of Gal(K®°P /K )-modules
[ A[l*°] — B[l*°], is given, where A[l*°] and B[I°°] denote the I-power torsion
subgroups of A, B, respectvely, then for all integers n there is a homomorphism
of abelian varieties f, : A — B over K where f, coincides with f on points
of order [".

(2) The result stated in the theorem B.11.15 is the “isogeny conjecture” for
global fields of positive characteristic. Zarhin proved the isogeny conjecture for
abelian varieties over function fields of characteristic p # 2 (see [Z1], [22]); the
proof for p = 2 was completed by S. Mori (see [Mo] Chapitre XII, Corollaire
2.4, Théoreme 2.5). Faltings [F] proved the “isogeny conjecture” for abelian
varieties over number fields.

(3) In [GR], the theorem 4.7.1 is also proved for elliptic curves over global
fields of positive characteristic. The method of [GR] is different from that
explained above (see remark 4.7.2).

B.11.19. Examples. The following examples are taken from [GR]. Suppose
that ¢ = 2 and F is the rational field IFo(T). Let oo be the point at infinity
of F' with residue field IF.

(1) Let I = T?(T — 1)F3[T]. Then XP"*(I) has genus 1. Let E/F be the
elliptic curve with Weierstrass equation

Y24 TXY = X3+ TX.

This has j-invariant 78 /(T —1)? and conductor I.co. It has split multiplicative
reduction at co. It follows from theorem 4.7.1 that there is an isogeny of elliptic
curves (in fact there is an isomorphism)

Xy — E.

(2) Let I = T®F3[T]. Then XP(I) also has genus 1. Let E/F be the elliptic
curve with Weierstrass equation

Y24+ TXY = X3+T2.

This has j-invariant 7% and conductor I.co. It has split multiplicative reduc-
tion at oo. It follows from theorem 4.7.1 that there is an isogeny of elliptic
curves

XPrin([) - E.
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In fact XP""(I) is isomorphic to E.

(3) Let I = T(T? + T + 1)F[T]. Then XP*®(I) has genus 2. Let E;/F be
the elliptic curve with Weierstrass equation

Y24 (T+D)XY +Y = X3+ T(T* 4+ T +1).
Let E5/F be the elliptic curve with Weierstrass equation
Y24 (T+DXY+Y =X+ X2+ T+1.

Then E; has j-invariant (7' + 1)'2/[T(T? + T + 1)} and E, has j-invariant
(T +1)¥2/T5(T% + T + 1). The curves E7, E5 have split multiplicative reduc-

tion at co. The jacobian of the curve XP*"(I) is isogenous to F; x Es.

B.12 The Langlands conjecture for GL,, over function
fields (according to Lafforgue)

Lafforgue [La] has extended the method of Drinfeld for proving the Langlands
conjecture for GLy to GL,, for all integers n > 1. Lafforgue considers instead
of moduli schemes of Drinfeld modules, the cohomology of moduli schemes of
Drinfeld’s stukas.

(B.12.1) To state the main result of Lafforgue, with the notation of (B.2.1), fix
a prime number [ different from the characteristic of F. For every integer r >
1, let A" (F') denote the set of automorphic irreducible cuspidal representations
7 of GL,(A) of which the central character x, is of finite order. Let G] (F')
denote the set of I-adic representations of Gal(F*°P/F') which are unramified
everywhere except for finitely many places and are irreducible of dimension r
and such that the determinant representation is of finite order. The Langlands
correspondence for the function field F' can then be stated as follows.

B.12.2. Theorem. (Lafforgue) For every integer r > 1 we have:

(i) To every automorphic cuspidal representation m € A" (F) there is associ-
ated a unique Galois representation o, € G/ (F') which is unramified at every
place x of C where 7 is unramified and has eigenvalues for the Frobenius equal
to the eigenvalues of Hecke z1(w), ..., z,(m) of m.

(ii) Conversely, to every Galois representation o € GJ (F') there is associated
a unique automorphic cuspidal representation m, € A"(F') where the Hecke
eigenvalues z1(m), ...,z (m) of m, are equal to the eigenvalues for the Frobe-
nius of o. O

(B.12.3) Lafforgue also proves the Ramanujan-Petersson conjecture for the
automorphic cuspidal representations of A”"(F') as well as the Generalised
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Riemann Hypothesis for the corresponding L-functions of these automorphic
representations for function fields. The precise statement is as follows.

B.12.4. Theorem. (Lafforgue)

(i) (Ramanujan-Petersson conjecture) For every integer r > 1 and every au-
tomorphic cuspidal representation m € A"(F') the local factors m, of m are
tempered at all places x of C. In particular, at every place x € C' where m,, is
unramified, its Hecke eigenvalues satisfy

|zi(me)| =1 for all 1<i<r.

(ii) (Generalised Riemann Hypothesis) For every pair of cuspidal automorphic
representations m € A"(F) and ' € A" (F) of ranks r,r’ > 1, all zeros of the
global L-function L(w x 7', Z) are on the circle

|Z| = k|72 O
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